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Accurate semiempirical analytical formulas for spontaneous polarization by
crystallographic parameters of SrTiOs-BaTiOzsystem by ab initio calculations

Yukio Watanabe

Department of Physics, Kyushu University, Fukudiegan 819-0395

Spontaneous polarizatisr{Ps's) of BaTiOs; and SrTiQ under various conditions are calculatsial
initio using different exchange-correlation functiondlee extensive theoretical setsR¥vs. ion positions
are found to lie on a single curve, despite themtbal differences and the wide variationsRgfand lattice
parameters. This uncovers accurate simple andlytioaulas ofPs of SrTiOs-BaTiO; system expressed by
ion positions; a single formula predicts both macapic and atomic-scalBs of SrTiG;, BaTiO; and
SrTiOs-BaTiO alloys. The accuracy of the formula is destoated by the application to experiments,
BaTiOs-SrTiOs (-CaTi(;) alloys, SETisO12with Ps // a-axis, a parallel domain, and a headon domain. In
addition, the present results verify empiricallatttoxygen displacement is the primary identified ahe
origin of Ps of SrTiO;andBaTiO; and indicate that BaTgand SrTiQ maytransforms into new state by an
extremely large strain, e.g., -3%. Furthermore ghier prediction of headon domain without aicdefects

was confirmed. The present procedures for findorgntilas can be applied to other materials.
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1. Introduction

Electrically reversible spontaneous polarizatiesis the principal property of ferroelectrics|. Ps
depends on chemical composition, lattice parametgsvth processes, and ambient conditions such as
temperature and strain. Althou@lais estimated by polarization loop measurementsyosgiectric current
[1], these measurements cannot work occasionally becaluhigh conductance, strong pinning, or small
sizes. In such cases, crystallographic estimatibfPocan be useful and effective for ultrahigh speed
measurements d?s. Moreover, the value oPsvaries within a given material due to domains, acef
interface with other materials, electric field, astdain. In these cases, the estimation of IBgabr atomic
scale Ps, is essential for the understanding ferroelecfrioperties. Such measurements are frequently

performed through the identifications of ion pasis by transmission electron microscopy (TE¥))

The ferroelectricity of AB@-type perovskite oxides (A: A-site ion, B: B-sitenj O: oxygen) are
conventionally explained by displacement of iommsfrthe positions of a centrosymmetric structurg.(E),
where the displacement patterns are describeddtgr&i|, Last[4] and Axe modé5]. These displacements
in BaTiOs are considered to occur in a cage formed by Ba|[idjp which suggests that the ferroelectricity
can be described by the displacements of Ti amh€® Consequently, the position of B-site ion sashTi
and Zr is used to represent lo€gl[7]. On the other hand, Bilz et aB] have successfully explained the

ferroelectricity by O-ion displacements.

Indeed, we found that the plot Bf vs. the distance between dind O ion of BaTi@ under various
strains calculated with several exchange-correlg¥¢C) functionals lay precisely on a single curgdespite
widely varying Ps [9]. The present paper reveals that all the set®soénd certain ion positions of
prototypical ferroelectrics BaT#dand SrTiQ lie precisely on a single curve, despite chemitiierence,
structural difference, and widely varyirgs. This is probably due to the similarity betweenTE% and

SrTiOsthat the bonding between A-site ion and Ti is wiggk

The variations oPs were mostly due to some ion positions. Therefthrese plots uncover analytical
expressions oPs by ion positionse.g., given by experimentsf which validity is confirmed in Sec. 4.
These examinations show also that the oxygen paosis more appropriate than the Ti position as an

identifier of Ps consistently with Bilz et al8], which is more evident in SrTi@han in BaTiQ. The present



paper shows also the distance between Ti and Regximary order parameter.

2. Computational method

Under stress-free condition, BaEi® tetragonal (&') at room temperature (RT) (Table 1 and Fig.
1(a)). RT-phase and low-temperature ([Byvphase SrTi@under stress-free condition are cubigjGand
tetragonal (%), respectively[10, 111 The RT-phase SrTi{dcan be referred to SrTiQwith the

antiferro-distortive (AFD) rotation angle) = O.

As for ferroelectric distortions, small uniform piacements of ions //c-axis, I.e.,
Slater-mode-like-displacements d¢faxis, are applied as an initial perturbation 8¢ except for the
calculations in Sec. 4 (Table 2). Consequentlyttake phases are tetragonal under biaxial intness

(Table 1).

The unit-cell of lowT, i.e., 105K phase SrTgxonsists of 20 atond.0] (Table 1), but the results of
low-T phase SrTi@are presented in pseudo cubic unit¢ell] (Fig. 1(b)). That is, all the results are
presented for 5-atom unit cell, afd // c-axis except for two data in Sec. 4. The suffix™gtands for

pseudo cubic unitcell. For example, we use [J{0} thea-axis of pseudo cubic unitcell.

The XC functionalg12-19] used in the present calculations are listed in €&l Although the XC
functionals used for each data point are showegernds of Figs. 3-@he distinction of the XC functionals is
unnecessary in the present wollk HSE (HSE06)18], screening lengtly was the default value (0.2*4[16,
17]. TPSS U agreed best with experiments of stress-free Ba&i@ong the examined density functiongél +
approache&9]. Here, both Liechtenste[i9] and Dudarev20]| schemes for TPS&*without exchange term
(J = 0) yielded mutually similar results. Therefothe present paper reports the results with Liectésm

scheme with) = 0[9].

All calculations were performed using the projectaugmented wave (PAW) methodl]| as
implemented in the Viennab-initio simulation package (Vaspj2| with a plane wave energy cutoff of 650
eV. PAW potentials were chosen from those suppbgdVasp, so that the calculations with each XC
functional agreed best with stress-free BarTiBor the Brillouin-zone integration, Monkhorst-Rameshes

[23] of 6X6X6 and 6X6X4 were used in geometry relaxation and Berry phasaulation[24] of Ps for 5



and 20 atom unit cell, respectively. In the caltales in Sec. 4, Monkhorst-Pack mesh&s| of 8X8X4, 6
X6X2, and 2<6X6 were used for BaSrTDs, a headon-domain, and a parallel domain, respgtiin
the calculations of biaxially strained cases, gaoynaas fully relaxed under the constraint of fixemlues of
the a-axis lattice constant. After the geometry relaxasi all the calculated forces were always lesa tha
0.001 eV/A, except for the calculations of domdmSec. 4 where a few atoms in the middle of eamrhain
were fixed. These results were the same for demssh and more strict criteria of calculated forCHse
effects of different PAW potentials and the scragriength of HSE and HSEsol were much smaller than

difference of XC functionals. The consistency aodusacy of the present calculations were repdfied5|.

The external straimey for each phase is defined by = (a— ay)/ap where the theoretical-axis
lattice constanggof the stress-freminimum-free-energgtructure of each phasecalculated withreachXC
functional. The results below are for -092.x < 0 except for lowF phase SrTiQ@and PBEsol calculations
[9]: In the PBEsol calculations of BaT4@nd RT-phase SrTi)-0.04< uex < 0, while -0.01< Uy < O for
low-T phase SrTi@ The ¢ dependence of low-phase SrTi@was calculated by PBEsol fof € ¢ < 8°[25]
in Sec. 3The illustrations of lattices and electron densiiee drawn by VESTA6]. Figure 1(a) shows the

ion positions, where O1 and O2 stands for the oxyges in BaO (SrO) and Tiplane, respectively.

3. Crystallographic estimation of Ps

3.1 Empirical formula oPsfrom ab initio results

The electronic ground state of a given ferroeleagricalculable, when the positions of all the suate
determined, because the ground state electrontgenisi calculable from these positions (Fig.2). TherefPs
at the ground state, which is due to the non-ceptnmnetric electron and ion distribution, is calcléa when the

positions of all the nuclei are known.

From now, we focus on the periodic systems, idinite single crystals. In these cases, the posstof all
the nuclein a unitcellare sufficient for the preceding conclusions. Ef@re, “ion positions” below means “all
the ion positions in a unitcell” of a given ferreefric material. According to the preceding coniclos, when
both of the electron densigycalculated for given ion positions and the calsafaof polarization24| are exact,

Ps should be a well-defined single-valued functionoof positiond: Ps =f (ion positions).



Indeed, we can assume that the calculations of patid the polarization are accurate, bec#yse
calculated with all the XC functionals using expegntal ion positions and lattice constants at 303K agreed
with the experimentd®s at 298 K (exp.: 0.25 C/i28]) [9]. In addition,Ps by different XC functionals was
virtually the same when the crystallographic pararsewere the same for all the calculatigiis althoughPs
varied with crystallographic parameters and XC fuomals (Figs. 2 and 3). Therefore, the wide vaoiat of the
ab initio pandPs in Figs. 2 and 3 are considered predominantlytdube difference in the estimation of the ion

positions.

The next question is “how to find the functidnor the most effective ion positions féis.
Exemplarily in Fig. 3, each XC functional tendsyield specific deviations of crystallographic projmes
from ideal experimental ones, because it underastisnor overestimates some interactions dependitigeo
approximations that each XC functional uses. Sushadions of ionic positions from ideal positionse a
considered to occur also locally in experimentsngMo ambient temperature, defects and local strain
Therefore, thab initio Psdeviating from ideal experiments can be reintergueds exact calculations ot P
of the lattice deviating from ideal one$hat is, we regard that all theb initio Ps's in the present
calculations correspond exactly to some experinhesitiaations or all the theoretical data in Figs: 8

represent some experiments.

In other words, the correlations between theorketi%aand theoretical crystallographic properties
correspond to those in experiments. Therefore, ethesrrelations are used to identify the primary
crystallographic property responsible 8 that can be used for crystallographic identificasi of Ps in

experiments.

Consequently, the fitting to the data in each #gyields a semiempirical analytical formdldor Ps
expressed by crystallographic parametéirshe selected crystallographic parameter reprdsethe ion
positions essential and necessary fgr &l the data of Bvs. of this parameter should be on a single curve.
These arguments show that formulasPefexpressed by crystallographic parameté&s3 éxist for a given

ferroelectric material.

Furthermore, in both SrTiQand BaTiQ, Ps is expected to be a function of Ti, O1 and O2 s

(Fig. 1(a)), because the contribution of Ba is sihhdw be small6] and that of Sr is probably also small.
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Therefore, an analytical formufathat works forboth SrTiO; and BaTiQ may exist. Indeed, Fig. 6 shows

that a single formula applicable for Srgi@nd BaTiQ exists, although it was unexpected.

3.2 Overview of results in Sec. 3

Section 3 presents the following results.

e Figure 2 illustrates how polar charge distribons@ppear and grow and how the difference betwedid3

and SrTiQ originates.

e Figure 3 shows strain-dependenc®&nd ion positions, which suggests the primary i@sponsible for

Ps. In addition, Fig. 3 demonstrates exemplarily wideiations ofPs and ion positions due to XC functionals.

e Figure 4 examines conventionally accepted crggpedphic parameters f¢ls. These parameters are used

frequently, because they are obtained by basicrempats.

e Figure 5 examines the representationBgdfy the position of a single ion, where Ti positisrmostly used

currently.

e Figure 6 examines the positions of multiple iforsthe representation &%.

In Figs. 3-6, the legends and captions explain Mittionals, e.g., PBEsol, and “ LT” in Figs. 4-®sis
a result for lowT phase SrTi@ However, they can be completely ignored for théarstanding of the primary

crystallographic parameters, while the resultsBariO; and those for SrTigshould be distinguished.

3.3 Dependence ofs®n crystallographic parameters

The electron density distributiop in Fig. 2 shows that Ti-O distance changes with{ [in both
BaTiOsand RT-phase SrTi)which explains the origin of the increaseRyf These displacements change
chemical bonding between ions, which was evidenjufg] > 0.03 as seen in Figs. 2(c), 2(f), 2(i) and. 2()
particular, Ti-O2, Ti-O1 and Ba (Sr)-O1 bonding gFil(a)) were evidently fortified foruds > 0.03.
Consequently, the bonding Ba, O1 and Ti are coedebly strong bonding, and the charge distribution

around Ti changes from spheres to pancakes asrstden[110] planes (Figs. 2(f) and 2(l)).

Despite the clear difference mat uex:= 0 (Figs. 2(a), 2(d), 2(g) and 2(j),of BaTiO;and RT-phase



SrTiOs are mutually similar at these large strain (F&(s), 2(f), 2(i) and 2(I)). This is consistent whkg and
Azti02 Of RT-phase SrTi@similar to those of BaTi@in Fig. 6(a). In addition of BaTiOs at Uex= 0
resembles of RT-phase SrTi@at uex= -0.01 (Figs 2(a) and 2(h)), which is consisteithWs of RT-phase
SrTiOzat uex = -0.01 similar toPs of BaTiOsat uex= 0 in Fig. 3(a)) and ref9] (both by PBEsol). However,

the difference between BaTi@nd SrTiQ still exists at lowo's in Figs. 2(d) and 2(k).

In Fig. 3(a),the Ps- uex curves of RT-phase SrTi@xhibit wide variations depending on XC functiona
The displacements of Ti, O1 and O2 atom from cploisitions along-axis of pseudo-cubic 5-atom unit cell ir
fractions of thec lattice constant ~ 4A are denoted Mg, Azo01, and Azo», respectively (Table 2), anflzrioz=
Azti — Azo,andAzyi01 = Azt — Azo1. Throughout the present papeg use the coordinate system in which Ba
Sr atom is always fixed at the origin (0, 0, O)bwth paraelectric and ferroelectric phaseor example, the
coordinate of Ti ion is in paraelectric {Q P4mmm) and ferroelectric phasesifiCare 0.5 and 0.5 #zr;,

respectively (Table 2).

In Fig. 3(b), the ionic displacementglz{i, Azo,, Azrio2) VS. Uext curves depend critically on XC
functionals but correspond excellently to the uex curves of each XC functional. Similar results were

found for BaTiQ [9]. This suggests that these ion displacements cgondu representations fB%.

In agreement with established knowledde, c-lattice constant, andzr; of BaTiO; correlated withPs in
ref. [9]. In RT- and lowT phase SrTig) on the contrary, the correlationsRywith c/a, c and4z;; are ambiguous
and are scattered by XC functional dependencegs. Bi and 5(a). Thereforega, c-lattice constant, andz; are
not the primary crystallographic parameter resgmador Ps of SrTiO; (Nonetheless, thelattice constant in the

limited range > 0.392 nm can be used to estirRatE SrTiO; very approximately).

In Figs. 5(b) and 5(c), both oxygen ion displacetsetro; andAzo, correlated withPs markedly
better thamdzr;. In Fig. 5(b), thePs- Az, plots of BaTiQ and RT- and lowr phase SrTi@lie mostly on a
single curve. Especially, the plots®f - 4zo; of RT- and lowT phase SrTi@lie on a straight line. In Fig.
5(c), the plots oPs- 4z, of BaTIiO; lie on a single curve, while the plots of RT- doad-T phase SrTiGlie
excellently on another single line. This indicatiest Azo,is an essential part of the primary crystallogrephi

property forPsand can be used for the estimatioriPaf



In Fig. 6(a), all thePs - Azrio2 plots lie on a single straight line, despite th#ecence in XC
functionals, the magnitude of strain, AFD rotatmmgle ¢, lattice, symmetry, and material. In addition, all
the Ps- Azri.01 plots lie almost on a single curve in Fig. 6(b).efiéfore, Azri.0, and Azrio1 are primary
crystallographic properties fd?s. These correlations yield analytical formulasPgexpressed bylzri.o, or
Azri01, Which is summarized in Table 4. Almost the saa®ilts as Figs. 5 and 6 were obtained changing the

unit of the displacements, e.glzri.o» from fraction ofc-lattice constant to absolute value (A).

As mentioned above, the ground state electron tepsis determined from the ion positions.
Therefore, even when we claim thg is determined by the displacement of some ioresotiigin ofPs is
still ion and electrons. Under this presumptiorg tlrroelectricity of BaTi@ and SrTiQ is considered as
oxygen-driven, becaus$®; correlated excellently witdz,, andAzri.o, and the main contribution zri.oz is

from Azo,. This is mainly due to the value alzh,| and Qzo4| far larger thamizr; as seen in Fig. 5.

The oxygen mechanism is considered more dominan&rifiO; than in BaTiQ, becausePs
correlated with4zo, and Azo; better in SrTiQthan BaTiQ and correlated witldzr worse in SrTiQthan
BaTiOs (Figs. 5(b) and 5(c)). In terms 6fl5 zone-center phonon of cubic lattice, the predemlacement
patterns were equal to a mixture of Slater, LadtAaxe modes$3-5], whereas the weight of Slater mode was
larger in BaTiQthan the othergnd the weight of each mode was nearly the sartigeifierroelectricity of

SrTiCs.

In Figs. 5 and 6, the results for Srgi&hd BaTiQ atuex = -0.03 and -0.04, which are shown by small
filled red circles and small half-filled brown cles, respectively, exhibit th&.-dependence different from
those for e < 0.02. Here, the growth of SrTiGand BaTiQ at Uex < -0.03 without defects is
experimentally difficult. Indeed, Fig. 3(b) suggeshat the strain dependence A, 470, and,4zri02
changes fouex < -0.03; for exampledz decreased withudy] = 0.03 in Fig. 3(b). In addition, the unit cell
volume increased withudx| = 0.03, while it decreased withe}]| < 0.02. These characteristics were also

found in BaTiQ|[9]. Therefore, SrTi@and BaTiQ for uex < -0.03 are not included in the fitting.

4. Validity of the present formulas

Among the formulas obtained in Sec. 3, the formbased omlzr;.0, and4zi.01 were accurate, while



the formula based odz,, was also accurate when different formulas are udsedrTiO; and BaTiQ.

Because the formulas based 4ni.o, and 4zri.o1 work for both SrTiQand BaTiQ, the validity of the

following formulas (Table 4) are examined with espental values andb initio calculations:
Ps(UC/cm”) = 97zri.02 + 0.04, (1)

Ps(UC/cm’) = 8674zri.01—273MZri.01+ 0.82 (2)

Because Egs. (1) and (2) uderio, and 4zrio1, respectively, we define an oxygen position using
“O*”: O* in Azrio2 (O*) is an O on a Ti-O bonding perpendicular te threction of &scomponent, and O*
in Azri.01is an O on a Ti-O bonding alongPgcomponent. For example, O* dizri.o2is O2 of Fig. 1(a) for

Ps // [001},c and O1 of Fig. 1(a) foPs // [110e.

When the unitcell consists of multiple pseudo cutglis as in BaSrIOsand lowT phase SrTiQin
Fig. 7,Ps is defined as aaverage of all the pseudo cubic ceNghenPs // [001},c(“pc” stands for pseudo
cubic),

Azrioz = distance between Ti and O* ion (A)c-lattice constant of pseudo cubic 5-atom cell (A).

For simplicity, thec-lattice constant of pseudo cubic cells can be@pprated by an average of all the
pseudo cubic cells: For example, thattice constant of pseudo cubic cells in Bagofis a half of the

c-lattice constant of BaSrXs.

Using these definitions, we examine Baeobtained by Egs. (1) and (2). The first comparisothat
with experiments: In Fig. 7, the two black squaregresent the comparison between experime?yalf

BaTiO; [28] andPsestimated by Egs. (1) and (2) using experimefitalo, andAzri.o1 of BaTiO; [27].

The second comparison is the validity for the aloyBaTiQ and SrTiQ(CaTiGs): The two red circles
represent the comparison al initio Psof BaSrTOs with Psestimated by Eqgs. (1) and (2) usialy initio

Azri.opandAzrio; of BaSrTiOg. Similarly, the comparisons of BarTsOgand BaCaSrgOg are shown.

The third comparison in Fig. 7 is the validity ¢ // a-axis in the unit cell of STi4012, where O2’s
on the diagonal positions (illustration of Fig. afe rotating around the Ti-O1 axis, i.e-axis. In this case,
we assumed O* as O1 of Fig. 1(a), i.e. oxygens alaow below Ti in the green-framed illustratioraf. 7.
The green diamond in Fig. 7 represents the congrabstweerb initio PsandPsestimated by Egs. (1) and

9



(2) usingab initio Azri.o2. All the three comparisons confirm the validityEds. (1) and (2).

The variation of localPs within parallel and headon domains of Bagi®©shown in Figs. 8(a) and 8(b),
where the locaPs's were estimated by Egs. (1) and (2) aid initio calculations of extracted 5-atom
unitcells like Fig. 1(a). The distribution of locB§ in the parallel domains agreed with literatizé, 30}
Azriozand Azrior Used in Eqgs. (1) and (2) was those of the extdaBtatom unitcells. The-axis is along
c-axis, and the parallel domain runs aloagxis @-axis). In both types of domains, lodad's by Eqgs. (1)
and (2) agreed excellently with locB's by ab initio calculation. In addition, smak-components oPs
(Psx) existed in parallel domain, and lo¢&l's by ab initio calculation and Egs. (1) and (2) agreed mutually.
Headon domains like Fig. 8(b) were conventionaltgtable but predicted to exist even in the abseice
defects owing to the formation of free electror¢hddyers|31, 32] of which experiments are recently

frequently reported.

5. Summary
The data sets &% vs. crystallographic parameters of Bag#@hd SrTiQ under various conditions
calculated with different XC functionals were foutadlie precisely on a single curve (Figs. 5(bk)%nd 6),
despite the wide variations of these data (FigH®&re, the origin of these variationsR¥was found due to
the variations of crystallographic parameters. Beeasuch variations of crystallographic parameterse
expected to exist in experiments, the paramethesretical variations were regarded as the exp@etehe
ones. These considerations have yielded empiricalyacal formulas ofPs by Azi.02, Azri01, 4202, and

A70: (Table 4), wherelzo; and so forth are explained in Fig. 1(a) and Table

The parameters that correlated best Wiglwere Azri.o0z, Azri.o1, anddzo,, suggesting the importance
of oxygen position and, hence, requesting accutatection of oxygen positions. The coefficientsthe

formulas using these displacements are in Table 4.

The validity of the formulas based diari.o, and 4Azri01 (EQs. (1) and (2)) was successfully shown in
comparison with experimentg RT, BaTiQ-SrTiOs; (-CaTiO;) alloys, a complicated unit cell (8i4012), a
parallel domain, and a headon domain. As showngn; the present formulas such as Eq. (1) worlPgp
at any temperature as long as ion positions suet st temperature is used. Therefore, ion postgiven

by various kinds of experiments can be used foptlkeent formulas.
10



The validity of Egs. (1) and (2) in applicationBaTiOs-SrTiO; alloys shows that Eqgs. (1) and (2) are
applicable to BaTi@SrTiO; systems with good accuracy. However, it did notkwior PbTiQs;, where the
major difference between PbTi@nd BaTiQ-SrTiOsis the bonding of A-site atom with Té|. Therefore,
Egs. (1) and (2) may hold for titanate perovskiteghich the bonding between Ti and A-site atorwésak,

although the inclusion of Ca may decrease the acgwf Egs. (1) and (2).

For an extremely large strain, e.gsx: < —0.03 in both BaTi@and SrTiQ, the correlations between
Ps and displacements and those between propertiestasid changed slightly. In addition, the unitcell
volume increased withudy| for uex < —0.03, while it decreased withe}q for uex: = —0.02. This suggests that
BaTiO; and SrTiQtransforms into new states by an extremely largarstThis view is supported by the
sharp enhancement of the bonding between atom&imBaTiGQ and SrTiQin the charge density for Uex

< -0.03 (Fig. 2).

The present correlations B with Azo,and Azo; far better than those withizr; verifies empirically
oxygen-driven ferroelectricity by Bilz et al3] for BaTiOs-SrTiO; system, where this mechanism is
considered more dominant in Srgifhan in BaTiQ. Accordingly, the conventional identifiedzr; [7] was
inaccurate and had possibility to estimB&teincorrectly. This may be important for delicateses such as
flux-closure domain at strained interfacg. In addition, the earlier prediction of stable d¢ea domains

without aid of defect§31, 32]was confirmed.
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Appendix: How to use the formulas
The formulas in Table 4 are for the casé’p£ 0. ForP, < 0, the sign of A and C should be reversed.

Here, the convention of the sign Bf is such thatP, > 0 for Ti —-O2 > 0, which may be opposite to the

convention ofab initio calculations.
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These formulas are foP, in 5-atom unit cell, and the length of the lattialbng P, is unity. In
application to ferroelectrics consisting of manyiteglls, local P, i.e. P, in each 5-atom unit cell is
calculated, and the average of lofalgives the bulkP,. For example, locaP, in BaSrTOg in Fig. 7 is
calculated as follows:

By denoting the coordinates of Ba, Sr, two Ti's, two O2’s and t@a’s as zBa, zSr, z{,izTh, zO2,
z02, zOlz, and zO%, respectively,
Az = (zTih-2z02)/(zSr-zBa) and
Az, = (2T - zO02)/(zBa* - zSr),
where zBa*= 1 and zBa = 0. Here, Ti-O2 distanceoismalized by the local lattice constants zSr — zBa
or zBa*- zSr. Alternatively, we magpproximate(zSr— zBa)= (zBa* — zSr)= c®>7/2, wherec®®" is the
c lattice constant of BaSrXDs. Similarly, by noting that the distance betweenaihd O1 in paraelectric
phase is 0.5,
Az, . = (zTh - z0%gy)/(zSr- zBa)- 0.5 and
Az, = (zTh—zOl)/(zBa*- zSr)- 0.5.
Local P, is obtained by the substitutions of the&s, ,,and4z, . into Egs. (1) and (2). For general
case ofP, // layer-direction, e.g., headon domain (Fig. B(b)
4z, Y= (zTi*- z02)/(zA“*- zA") and
4z, K= (zTi*- zO1¥)/(zA“"- zA" - 0.5,
wherezA¥ is the z coordinate of A-site ion in tk8 unit cell. For general case Bf [ layer-direction, e.g.,
parallel domain (Fig. 8(a))

4z, Y= (zTi*- z02) and

4z K= (zTi*- z01) - 0.5.

Alternatively, we maypproximatezA***~ zA* = c"°"/n except for the surfaces, wher®" is the totat

lattice constant of the system, i.e., supercellraigdthe number of 5-atom unitcells in the supercell

In applications of these formulas, especially tdemnals that are not BaT§5rTiOs, the user should
test them by comparing a feR's given by the formulas with those given by theeotimethods such as

experiments or Berry phase calculations.
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Table Captions

Table 1.

Symmetry of SrTi@ and BaTiQ studied in the present work. The calculated SsTilases are cubic (5,
tetragonal havin@s // ¢ (Ca}, Dart, Dar®, and G,'%), and orthorhombic (§%%). The calculated BaTigphases
are tetragonal havinBs // ¢ (C4%). In the experiments at RT, SrE@ O,' under stress-free condition and igD
or G4 under biaxial strain. The loW-SrTiOsis Da'® in stress-free experiments. The 1GW8rTiOs with Ps // ¢

andPs // a;are G,*° and G\, respectively, whereis ana-axis of 20-atom tetragonal cell.

Table 2.

Atom positions in unitcells of paraelectric cub@,t) SrTiO; and ferroelectric tetragonal {&(P4mm)) BaTiQ
and SrTiQ that havePs // c. In Figs. 2-6Ps // c. Ba or Sr atom is always fixed at (0, 0, 0) intbparaelectric
and ferroelectric phase. The unitis ¢ = 1, wherea andc are thea andc lattice constant of the unitcell,
respectively. The displacemeiss, 4zo; and4zo, shown by the arrows in Fig. 1(a) are measured frobic
position of each ion alongaxes ¢-axis) in fractions of the lattice constant. O1 and O2 are defined in Fig).1(
In pseudo cubic unitcell representations of Bwhase SrTi@ thez-coordinates of atoms of paraelectrict)
and ferroelectric (6'°(14cm)) that ha®s // c are similar to those of the paraelectric and fdeaigc in Table 2,

respectively.

Table 3.
List of exchange correlation (XC) functionals usedhis work. However, it is unnecessary to knowackh
XC functional was used in Figs. 2-8. “ LT” showe ttalculations of lowF phase SrTig whereas those

without “_LT” are for the RT-phase.

Table 4.
Coefficients of fittings toab initio results.R?* and o stand for the coefficient of determination and the
standard deviation, respectively. These formulasfar the case oP, > 0. “How to use the formulas” is

explained in Appendix.
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Figure captions

Fig. 1. (a) Unit cell consisting of 5 atoms, while gregmhares, light blue spheres, and red spheres
represent Ba(Sr), Ti and O ions, respectively. ¢berdinates are defined such thaty and z-axis are
along thea-, a- andc-axis of the unitcell, respectively. (b) Unit cebnsisting of 20 atoms of low-phase

of SrTiO; viewed alongs-axis (top view), where the orange frame shows gsewbic unit cell of 5 atoms.

Fig. 2. Calculated valence electron densmyof ground state of (a)-(f) tetragonal Batgi@nd (g)-(l)
RT-phase SrTi@with Ps > 0 under strain-free and strained condition, wtibe value of external straiiy
is shown on the left. (a)-(c) [100] and (d)-(f) M Iplanes of BaTi@ (g)-(i) [100] and (j)-(I) [110] plane of
SrTiOs. The first row: (a), (d), (g) and () is fagx = 0, the second row: (b), (e), (h) and (k) is tg =
-0.01, and the third row (c), (), (i) and () Brfus = -0.04. The calculation for cubic SrT3@ shown in
(9) and (j), but the calculations with some XC fuimeals show the existence B§ for uex = 0 [25]. The
red color represenig> 0.5e/A% in the [100] planes ((a)-(c) and (g)-(i)) an¢> 0.1&/A% in the [110] planes
((d)-(H and (j)-(I)), andodecreases in the order of red, yellow, green, dme. @he positions of ions are

shown by letters, where O1 and O2 are oxygen in &&x0) and TiO2 layer, respectively (Fig. 1(a)).

Fig. 3. (a) External biaxial inplane straine{) dependence d?¥s of RT-phase SrTi@ Both large and small
filled red circles, filled green diamonds, halfiddl green diamonds, and light blue squares repreken
results of PBEsol, HSE, HSEsol, and LDA for RT-h&TIQ, respectively. This convention of symbols
is kept throughout the present paper. (b) Displasgsof Ti and O2 atom from cubic positions along
c-axis (-axis) zri, 4zo,) and difference of themdgrio,) in fractions of thec lattice constant (Table 2)

are plotted againsty. The small symbols represefir;.

Fig. 4. (a) Psvs. c/a and (b)Psvs. c lattice constant for stress-free and strained BTd lowT phase
SrTiOs. Solid lines are fittings to the results givenh$E. The meanings of other symbols are same as in
Fig. 3. In addition, filled pink circles and filledark blue diamonds represent the results of PB&sd|

HSE results for lowF phase SrTig respectively, where “ LT” in legends stands flow/-T’(Table 3).

Fig. 5. Correlation ofPs with atomic displacements (&)z;; of stress-free and strained RT- and [&w-

phase SrTi@ Correlation ofPswith (b) 4zo; and (c)4zo, of stress-free and strained Ba%i@nd RT- and
17



low-T phase SrTi@ Az, Az, and Azo; are defined in Table 2 and shown by the arrowsfiRig. 1(a).
The distinction of XC functionals shown by symbipighe legends is unnecessary: Filled red cirdikesd
green diamonds, half-filled green diamonds, anftligue squares represent the results of PBEsdE, HS
HSEsol, and LDA for RT-phase SrT4Orespectively. Filled pink circles and filled dabkue diamonds
represent the results for lowphase SrTi@ Half-filled brown circles, half-filled dark greediamonds,
small half-filled dark green diamonds, small fillelet squares, filled blue triangle, and filleaverted
blue triangle represent the results of PBEsol, HEE4SE, LDA, TPSS, and TPSB+for BaTiG;,
respectively. In Figs. 5 and 6, the resultsiat= -0.03 and -0.04 (PBEsol) are shown by smakdilred
circles and small half-filled brown circles, whiarere not used in the fittings. In (b), solid orariges are
fitting (Table 4). In (c), solid dark yellow andamge lines are"®and ¥ order polynomial fittings to all

the BaTiQdata, respectively, while solid violet lines atéirig to SrTiQ data.

Fig. 6. Correlation ofPswith (a) Azri.02 and (b)A4zri.01 of stress-free and strained Bafiénd RT- and
low-T phase SrTiQ Azri.o2,andAzri01 are the difference betweelzr; and A4z, and that betweerzr; and
A7o,, respectively. The meanings of the symbols areséime as those in Fig. 5, but the distinction of XC
functionals is unnecessary. In (a), the solid oeaagd dashed black lines are fitting to all theadatd
BaTiO; data, respectively (Table 4). In (b), solid darklow and orange lines are"2and 3 order

polynomial fittings to all data, respectively, wdilashed black lines are fitting to BaTdata.

Fig. 7. Comparison of macroscopis estimated by Egs. (1) and (2) with experimental @m initio Ps of
bulk materials: BaTi@ (experiments oPs at 298 K[27] and Azrio, and 4zrio1 at 303 K[28]), black
squares), BaSri®s (ab initio, red circles), B&5rTisOg (ab initio, pink hexagons), BaCaSgOjy (ab initio,
light blue star), lowF phase tetragonal SrTi@ith Ps along [100] &b initio, green diamond). The filled
and open symbols represent the results by Eqand.)2), respectively. The solid lines show theveuor
“Ps by experiments oab initio calculation =Ps by the formula”; all the symbols should be on tne,
when the estimations by the formula are perfectlyuaate. The illustrations in red, pink, light blaad
green frame show side views of BaS4, BaSrTOy9 and BaCaSrEDs, and a top view of SrTiQunit
cell consisting of 25 atoms, respectively. In edktstration, green spheres, dark green spheresidii

green spheres, light blue spheres, and red sptepessent Ba, Sr, Ca, Ti and O ions, respectieig, the
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black arrow shows the direction B§.

Fig. 8. Estimations of atomic-scale, i.e., lod&. (a) parallel, i.ecc domain running in the direction of
a-axis ), where the entire upward and downward domainisbi$ 16 unitcell (80 atoms). Filled black
squares, filled red circles, open pink circles espntPs component along-axis ) estimated byab initio
calculation, Eq. (1), and Eq. (2), respectivelyieldi green squares, filled blue circles, and opgint Iblue
circles represenPs component along-axis estimated bwb initio calculation, Eqg. (1), and Eq. (2),
respectively. (b) Headon, i.encountering domain running in the directioncedxis ), where the entire
upward and downward domain consist of 20 unitceI0(atoms). Filled black squares, filled blue @scl

and open green circles represBgestimated byb initio calculation, Eq. (1), and Eq. (2), respectively.
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Table1

SITiO; paraelectric ferroelectries // c | ferroelectricPs // a
RT-phase & (Pm3m) Ca' (P4mm)
(Dan' (PA4mmm))
low-T-phase Dai'® (14mcm) G0 (14cm) Gv?% (Ima2m)
RT-BaTiO; Cal (P4mm)
Table 2
Paraelectric (§), Dar) Ferroelectric (G}
Ba, Sr (0, 0,0) (0,0,0)
Ti (0.5, 0.5, 0.5) (0.5, 0.5, 0.5 Az)
01 (0.5,0.5, 0) (0.5,0.5, 0 #z01)
02 (0,0.5,0.5) ( 0,0.5,0.5 ¥z
02 (0.5, 0, 0.5) ( 0,0.5,0.5 ¥z
Table 3
name description
LDA Local density approximation
PBEsol Perdew-Burke-Ernzerhof functional for solitl3]
TPSS Tao-Perdew-Staroverov-Scuseria functignall 5]
HSE Heyd-Scuseria-Ernzerhof functional (HSEQG),18]
HSEsol HSE for solid17]
TPSS +U | TPSS with Hubbard-like local potent{ab]
PBEsol_LT| PBEsol calculation of low- SrTiO; : Figs.4-6
HSE_LT HSE calculation of low-SrTiO;  : Figs.4-6
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Table 4

P (uC/cm’) = A+Bx+CxX+DxX’|  x A | B C D R| o
Fig.5(b) All Az, -0.77 | -1670| -22600(-106000| 0.982| 0.0025
Fig.5(c) BTO Az, |0.01]|-2280] -22700 0O |0.999 0.0050
BTO Az, -0.01| -2500| -39700(-313000| 0.999| 0.0070
STO 4z, |0.29|-1040] O 0 |0.997|0.0007
STO Az, |0.05|-1130] -3230| 0O |0.996|0.0007
Fig.6(a) BTO Az ., | 0.04| 977 0 0 |1.000|0.0045
STO Az, | -0.05 926 | 0 0 10.999|0.0004
Al Az, |-0.02] 959 0 0 |0.999 0.0098
Fig.6(b) BTO Az . | 852|549 0 0 |0.9880.0101
BTO Az . | 0.01| 851 | -2560| O |0.999 0.0063
STO Az, | 027|954 | O 0 |0.995|0.0010
Al Az, . |0.82| 867 | -2730| O ]0.989/0.0185
Al Az . |-0.23| 1190| -13100 | 81700 |0.994( 0.0129
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Fig.3
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Fig.4
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Fig.5
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Fig.6
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Fig.7
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Fig.8
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