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Abstract

In mathematics and computer science, there are a lot of problems that we know how
to program a computer to solve “efficiently”, such as basic arithmetic, sorting a list,
searching through a data structure. These problems can be solved in polynomial
time, abbreviated as P. It means the number of assembly steps which are taken
by summing two numbers, or sorting a list, grows manageably with the magnitude
of the number or the size of the list. However, there is another class of problems
for which it is quick to verify whether or not a possible solution to the problem
is correct, but we do not know how to efficiently find a solution yet. This class of
problems are said to be solvable in nondeterministic polynomial-time, abbreviated as
NP. 1t is self-evident that any problem in P is automatically in NP, while to date,
no one can answer the question whether or not the reverse is true. If there exists
such an algorithm that could solve NP problems in polynomial time, it would have
mind-blowing implications throughout most of mathematics, science and technology.

The propositional satisfiability (SAT) problem is the problem of determining if
there exists an interpretation that satisfies a given propositional formula. SAT is
also the first problem that was proven to be NP-complete—the “hardest” problems
in N'P. Various problems in artificial intelligence and computer science such as
circuit /network verification, scheduling problem and constraint satisfaction problem,
etc. can be reduced to SAT. Therefore, SAT problems has been emphasized for a
long time and scrutinized. SAT is also interpreted in a rather broad sense. Besides
plain propositional satisfiability, it includes the domains of maximum satisfiability
(MaxSAT), pseudo-Boolean (PB) constraints and so on. The MaxSAT problem, an
extension of SAT, is a natural combinatorial optimization problem. The essence of
MaxSAT is trying to satisfy the maximum number of the constraints of a given SAT
instance in the case that not all of these constraints can be satisfied. In addition,
encoding PB constraints is an indispensable theory for expressing combinatorial
optimization problems which can be formulated as 0-1 linear programming, and
a significant effort has been devoted to the development of good SAT encoding
techniques for these constraints.

The first objective of this dissertation is to speed up SAT solver. There are unit
propagation and pure literal elimination (PLE) as the deduction engines of SAT
solver. However, due to the data structure, detection of pure literals takes more
time than detection of unit clauses, modern solvers do PLE only in preprocessing.
On the other hand, it is a feature of modern solvers to make failure learning to
avoid repeating the identical contradiction when discovering inconsistency during
search. Existing methods learn one conflict reason per contradiction, but generally
it is possible to detect multiple conflict reasons. In this dissertation, we focus on
PLE strategy, conflict detection policies, learning clause management in SAT solver,
and propose two new methods to solve SAT problems more efficiently.

The enhancement of MaxSAT solver’s performance by improving the conjunctive
normal form (CNF) encodings of PB constraints is the second purpose of this
dissertation. The existing encodings suffer from memory-out and/or execution
slow down caused by an enormous size of the encoded formula. We consider a new
encoding method, which applies multiple modular arithmetic in the mixed radix base,



iv

and we also give a tailored heuristics of the base selection for modular arithmetic. In
contrast, our method achieves a compact space complexity by significantly reducing
the number of auxiliary variables and clauses. Theoretically, we prove the correctness
of our encoding and show that it always produces a polynomial-size CNF with respect
to the number of input variables.

As the third intention in this dissertation, we practically propose one of the effec-
tive applications of MaxSAT to a well-known combinatorial optimization problem,
called the coalition structure generation (CSG) problem which relates to cooperative
game theory and multi-agent systems. A coalition of agents can sometimes accom-
plish things that individual agents cannot do or perhaps do them more efficiently.
The CSG problem is one major research topic in coalitional games—abstract models
of cooperation, which involves partitioning a set of agents into coalitions to maximize
social surplus, that is, the sum of the rewards of all coalitions. This dissertation
handles CSG problems for partition function games, and uses partition decision
trees (PDTs) as a compact representation for the utilities of possible divisions. We
present and compare two methods to find optimal partitions of a set of agents for
solving CSG problems. One is a branch-and-bound algorithm based on depth-first
search, and the other is MaxSAT encoding and leaves the rest manipulation to
MaxSAT solver. In our experiment, it is shown that the latter is probably superior
to the former when the PDT rules are negative. Furthermore, the latter’s standard
deviation of runtime is empirically less than the former’s.

The established contributions of this dissertation are summarized as follows.

1. Speeding up modern SAT solvers by two original efficient implementations
2. Enhancing MaxSAT solver by improving CNF encoding of PB constraints

3. Demonstrating the efficiency of our MaxSAT solver through solving CSG
problems
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Chapter 1

Introduction

1.1 Logical System

Among the important properties that logical systems can have:

o Validity, which means that an argument never allows a false conclusion (specif-
ically, inference) from true premises.

o C(Consistency, which means that no theorem of the system contradicts another.

o Completeness, which means that if an argument is true, it can be proven to be
a theorem of the system.

These properties are interdefinable if we make use of negation (in symbol —): the
argument from ¢q,...,¢, to ¢ is valid if and only if the set {¢1,...,dn, W} is
inconsistent, which can be understood as if it would be impossible for them all to be
true. Validity and consistency are really two ways of looking at the same thing and
each may be described in terms of syntax or semantics in Table 1.1.

Syntax, giving rise to proof theory, is restricted to definitions that refer to the
syntactic form (grammatical structure) of the sentences in question. Proofs are
derived with respect to an aziom system which is defined syntactically as consisting
of a set of axioms and inference rules that sanction proof steps with specified
grammatical forms. In contrast, semantics, giving rise to model theory, studies the
way sentences relate to “the world”. A sentence is said to be true if it “corresponds to
the world”. The concept of algebraic structure is used to make precise the meaning of
“corresponds to the world”. We will speak of formulae instead of sentences to allow

Table 1.1. Cross-reference table between syntax and semantics

Logic Syntax Sematics
Validity Derivability Validity
Consistency Consistency Satisfiability
Theory Proof theory Model theory
System Axiom system Formula system
Structure Grammatical structure Algebraic structure

Consequence  Syntactic entailment |- Semantic entailment =
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for the possibility that a sentence includes free variables. The customary notation is
to use A | ¢ to say ¢ is true in the structure A (premise). Intuitively, an argument
is valid if whenever the premises are true, so is the conclusion. Satisfiability is the
semantic version of consistency. A set of formulae is said to be satisfiable if there is
some structure in which all its component formulae are true: that is, {¢1,..., ¢y} is
satisfiable if and only if, for some A, A = ¢1 and ... and A | ¢,,. It follows from
the definitions that validity and satisfiability are mutually definable: ¢1,..., ¢, = ¢
if and only if {¢1,..., ¢n, Y} is unsatisfiable.

There is a further pair of basic logical ideas closely related to satisfiability:
necessity and possibility. Semantically, a sentence is said to be necessary (necessarily
true) if it satisfies all models, and possible (possibly true) if it satisfies at least one
model. If we understand a model (possible world) to be a structure, possibility turns
out to be just another name for satisfiability. In logic, the technical name for a
necessary formula is tautology (T): ¢ is defined to be a logical truth (in symbols, = ¢)
if and only if, for all A, A = ¢. There is also a syntactic version of a logical truth,
namely a theorem-in-an-axiom-system. We say ¢ is a theorem of the system if and
only if ¢ is derivable from the axioms alone. In a complete system, theorem-hood
and logical truth coincide: |- ¢ iff = ¢. Therefore, in logical truth and theorem-hood
we encounter yet another pair of syntactic and semantic concepts that, although
they have quite different sorts of definitions, nevertheless coincide exactly. Moreover,
a formula is necessary if it is not possibly not true. In other words, = ¢ if and only
if it is not the case that ¢ is unsatisfiable. Ergo, satisfiability, theorem-hood, logical
truths and necessities are mutually “characterizable”.

This review shows how closely related satisfiability is to the central concepts
of logic. Indeed, relative to a complete axiom system, satisfiability may be used
to define, and may be defined by, the other basic concepts of the field—validity,
consistency, completeness, logical truth, tautology, and theorem-hood.

1.2 Propositional Logic

Propositional logic is a logical system that is intimately connected to Boolean algebra.
Many syntactic concepts of Boolean algebra carry over to propositional logic with
only minor changes in notation and terminology, while the semantics of propositional
logic are defined via Boolean algebras in a way that the tautologies (theorems) of
propositional logic correspond to equational theorems of Boolean algebra.

1.2.1 Boolean algebra

George Boole (1815-1864) advanced the state of logic considerably with the introduc-
tion of the algebra structure that bears his name: a structure A = (B, V, A, —,0,1)
is a Boolean algebra if and only if V and A are binary operations and — is a unary
operation on domain B under which B is closed, 1,0 € B, and satisfies the following
rules and laws:

rV0==zx
rANl==zx

tVy=yVzx

Commutation
TANYy=yANzx

Identity {
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V(zAy) = vi=1
Absorption rViwhy) =@ Annihilation v
zA(xzVy) ==z zAN0=0
Viyvz)=(xVy)V V=

Association TVyVz) =(zvy) Ve Idempotence rvr=e

s AYNz)=(xAy) Az rTANr =2
ViyNz)=(xVy ANlzV Vx=1

Distribution TV YAz =@ VYAV z) Complementation . v

cAyVz)=(xAy)V(rAz xA-x=0

De Morgan{ Double negation —(—z) =z

Boolean algebra was introduced in Boole’s first book The Mathematical Analysis
of Logic, and set forth more fully in his An Investigation of the Laws of Thought.
His main innovation was to develop an algebra-like notation for the elementary
properties of sets. He was one of the first to employ a symbolic language. Boole
was not interested in axiom systems, but in the theory of inference. In his system it
could be shown that the argument from ¢y, ..., ¢, to ¢ is valid (i.e. ¢1,...,0n = V)
by deriving the equation % from equations ¢1, ..., ¢, by applying rules of inference,
which were essentially cases of algebraic substitution.

Syntactically, every Boolean term corresponds to a propositional formula of
propositional logic. The semantics of propositional logic rely on truth assignments.
The essential idea of a truth assignment is that the propositional variables are
mapped to elements of a fixed Boolean algebra, and then the truth value of a
propositional formula using these letters is the element of the Boolean algebra that is
obtained by computing the value of the Boolean term corresponding to the formula.
A tautology is a propositional formula that is assigned truth value 1 by every truth
assignment of its propositional variables to an arbitrary Boolean algebra.

These semantics permit a translation between tautologies of propositional logic
and equational theorems of Boolean algebra. Every tautology ¢ of propositional
logic can be expressed as the Boolean equation ¢ = 1, which will be a theorem of
Boolean algebra. Conversely every theorem ¢ = i of Boolean algebra corresponds
to the tautologies (¢ A ) V (mp A =) and (—¢ V) A (= V ¢). If the operator —,
named “implies”, is in the language these last tautologies can also be written as
(6 — ) A (Y — @), or as two separate theorems ¢ — 1 and ¥ — ¢.

1.2.2 Circuit satisfiability problem

There is a great idea about modern computing that is to let a combinatorial logic
circuit, e.g., a central processing unit (CPU), calculates complex problems of the
real world. To specify circuit satisfiability (CircuitSAT) problem, we need to make
precise what we mean by a circuit. Consider the basic operators of Boolean algebra:
V, A, and —. Our definition of a circuit, referring to [44], is designed to represent a
digital electronic circuit built out of gates that implement these operators. Thus we
define a circuit K to be a labeled, directed acyclic graph such as the one shown in
the example of Figure 1.1.

o The sources in K (the nodes with no incoming edges) are labeled either with
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one of the constants 0 or 1, or with the name of a distinct Boolean variable.
The nodes of the latter type will be referred to as the inputs to the circuit.

o Every other node is labeled with one of the Boolean operators V, A, or =; nodes
labeled with V or A will have two incoming edges, and nodes labeled with —
will have one incoming edge.

e There is a single node with no outgoing edges, and it will represent the output:
the result that is computed by the circuit.

A circuit computes a function of its inputs in the following natural way. We imagine
the edges as “wires” that carry the 0/1 signal value at the nodes they emanate from.
Each node other than the sources will take the values on its incoming edge(s) and
apply the Boolean operator that labels it. The result of this V, A, or - operation
will be passed along the edge(s) leaving this node. The overall value computed by
the circuit will be the value computed at the output node.

Figure 1.1. A circuit with three inputs, two additional sources that have assigned truth
values, and one output.

For example, consider the circuit K in Figure 1.1. The leftmost two sources are
preassigned the values 1 and 0, and the next three sources constitute the inputs. If
the input Boolean variable a is assigned to value 1, then we get values 0, 1, 1 for the
gates in the second row, values 1, 1 for the gates in the third row, and the value 1
for the output. Symbolically, this circuit K can be represented as a propositional
logic formula:

Fr=-(1AN0)A((0OVa)A(aVd)=a

Now, the CircuitSAT is the following decision problem. We are given a circuit K
(or its propositional logic formula Fi) as an input, and we need to decide whether
there is an assignment of values to the inputs that causes the output to take the
value 1. (If so, we will say that the given circuit is satisfiable, and a satisfying
assignment is one that results in an output of 1.) In our example, we have just
seen—via the assignment a = 1—that the circuit K in Figure 1.1 is satisfiable.

1.2.3 Conjunctive normal form

Propositional logic formulae can be transformed (encoded) to conjunctive normal
form (CNF): a conjunction of clauses \; C;, each clause C; being a disjunction of
literals \/; 1;, and each literal [; being either a Boolean variable x or its negation —.
In this dissertation, a CNF formula (resp. a clause) can also be regarded as a set of
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conjunctive clauses (resp. a set of disjunctive literals). CNF has the advantage of
being a very simple form, leading to easy algorithm implementation and a common
file format. Unfortunately, there are several ways of encoding most combinatorial
problems, and few guidelines on how to choose among them, yet the choice of
encoding can be as important as the choice of search algorithm. Different encodings
may have different advantages and disadvantages such as space complexity or solution
density, and what is an advantage for one SAT solver might be a disadvantage for
another. In short, CNF encoding is an art and we must often proceed by intuition
and experimentation.

Transformation by Boolean algebra

A propositional logic formula can be transformed to a logically equivalent CNF
formula by using the rules and laws of Boolean algebra.

Example 1. Consider the propositional formula
(a—=(cNd)V(b—(che)).
The implications can be decomposed:
((a—=c)AN(a—=d)V(b—=c)N(b—e)).
The conjunctions and disjunctions can be rearranged:

((a—=c)V(b—=c)A((a—=c)V(b—e))A
((a—=d)Vb—=c)A((a—d)V(b—e))

The implications can be rewritten as disjunctions, and duplicated literals removed:
(maV=bVe)A(maV-bVeVe)A(maV-bVeVd)A(-aV-bVdVe)
Finally, subsumed clauses can be removed, leaving the conjunction
(maV-=bVe)A(maV-bVvdVe)

This example reduces to a compact CNF formula, but in general this method yields
exponentially large formulae.

Transformation by Tseitin encoding

Conversion to CNF is more usually achieved using the well-known Tseitin encodings
[70], which generate a linear number of clauses at the cost of introducing a linear
number of new Boolean variables, and generate an equisatisfiable formula (satisfiable
if and only if the original formula is satisfiable). Tseitin encodings work by adding
fresh auxiliary variables to the CNF formula, one for every non-clausal subformula
of the original formula, along with clauses to capture the relationships between these
auxiliary variables and the subformulae.
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Example 2. On the Example 1 the Tseitin encoding would introduce an auxiliary
variable z with definition

x4+ (eVvd)

to represent subformula (¢ V d). This definition can be reduced to clausal form:

(mxVe)A(mxVd)A(—eV-dVx)
Similarly it would introduce another definition

y < (cVe)

which reduces to clauses

(myVe)A(—yVe)A(-cV—eVy)
Applying these definitions the original formula is reduced to

(ma V)V (-bVy)

which can be finally rewritten as a clausal form

(maVazV-bVy)

Transformation from CNF to 3-CNF

3-CNF formulae, also referred to as instances of 3-SAT problem have exactly three
literals in each clause. These problems are interesting in their own right, and random
3-CNF problems have been extensively studied. A CNF formula can be transformed
to a 3-CNF formula as follows. For a clause ¢; = (I3 V... Vi) there are four cases:

k =1 Create two new variables b; 1, b; 2 and replace ¢; by the clauses (11 V b; 1 V
b@g), (ll V —\bi71 V bi,g), (ll V bi,l vV —|bi’2) and (l1 V —|bi’1 V —|bi72).

k = 2 Create one new variable b; ; and replace ¢; by the clauses (I; V Iz Vb; 1) and
(ll V lQ V ﬁbi71).

k = 3 Leave clause ¢; unchanged.

k > 3 Create new variables b; 1,b;2,...,b; r—3 and replace ¢; by the clauses (I; V
laVbia), (bii VIg Vo), (mbigVIaVbis), ..., (big—3Vik—1 Vi)

This transformation does not seen to have many practical applications, but it may
be useful for generating 3-CNF benchmarks, or as a preprocessor for a specialized
algorithm that only accepts instances of 3-SAT problem.
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Extensional constraints in CNF

One way of modelling a problem, e.g., n-QUEENS, SUDOKU, etc., as SAT is first

to model it as a constraint satisfaction problem (CSP), then to apply a standard
encoding from CSP to SAT.

8 216
7 117
6 311 6
5 6 50 8] |3
4 21617
51 4] |8 6
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A finite-domain CSP has variables vy ...v, each with a finite domain, and
constraints prescribing prohibited combinations of values. The problem is to find
an assignment of values to all variables such that no constraint is violated. The
most natural and widely-used encoding from CSP to SAT is direct encoding. A SAT
variable (i.e., Boolean variable) x, ;, is defined as true if and only if the CSP variable
v has the domain value ¢ assigned to it. The direct encoding consists of three sets
of clauses. Each CSP variable must take at least one domain value, expressed by
at-least-one clauses:

\/ Ly,i
(2

No CSP variable can take more than one domain value, expressed by at-most-one
clauses:

Conflicts are enumerated by conflict clauses:

Example 3 (Graph coloring problem). Given two adjacent vertices v and w and
three available colors {0, 1,2}, each vertex must take exactly one color, but because
they are adjacent they cannot take the same color. The direct encoding of the
problem contains at-least-one clauses

(1'1),0 V xy 1V 551),2) (xw,O V X1 V xw,2)
at-most-one clauses

(_‘:L"U,O V _‘xv,l) (_‘xv,O \ _‘l'v,2) (_‘l’v,l vV _':E’U,Q)

(_‘l'w,O V _‘mw,l) (_‘l‘w,O \ _‘mw,Q) (_‘xw,l \ _‘:Ew,2)



8 1. Introduction

and conflict clauses
(_‘mv,O vV _‘-rw,()) (ﬂxv,l \ _‘mw,l) (_‘xv,Q vV _‘-Tw,Q)
This problem has six solutions:

[v=0w=1] [v=0,w=2] [v=1w=0]
[v=1w=2] [v=2,w=0] [v=2w=1]

1.2.4 Propositional satisfiability problem

Definition 1 (Propositional satisfiability problem). Given a CNF formula F over
a finite set of Boolean variables 2" = {x1,...,z,}, the propositional satisfiability
(SAT) problem is the decision problem of determining if there exists a truth assign-
ment that satisfies 7 = 1. A (partial) truth assignment is function A : X — {0,1},
where X C 2. This function can be extended to variables in 2"\ X, literals, clauses
and CNF formulae, resulting in a function from formulae to formulae as follows:

o For variables, z; ¢ X, A(x;) = ;.
o For literals, A(—z;) =1 — A(x;), if z; € X; otherwise, A(l) = I.

o For clauses, A(l4 V...V I,) = A(l1) V...V A(l,), and A(0) = 0, simplified
considering 1VC =1and 0V C =C.

o For CNF formulae, A(Cy A...ACy) = A(C1) A... NA(Cy,) and A(0) =1,
simplified considering 1 A F = F and 0 A F = 0.

A total truth assignment is truth assignment A with domain 2 . Note that, di-
acritically, we denote the empty clause and the empty CNF formula as (] and ()
respectively. For any CNF formula, A(F) may be 0, 1, or a partial instantiation of
F, whereas for total truth assignments, A(F) is either 0 or 1. Truth assignment A
satisfies a literal, clause, or a CNF formula if it assigns 1 to it, and falsifies it if it
assigns 0. Thus a CNF formula is satisfiable if there exists a truth assignment that
satisfies it. Otherwise, it is unsatisfiable.

There is a special case of SAT that will turn out to be equivalently difficult and is
somewhat easier to think about; this is the case in which all clauses contain exactly
three literals. We call this problem 3-SAT. On the other hand, SAT is special case
of CircuitSAT as a CNF formula can be represented as a circuit.

SAT and 3-SAT are really fundamental combinatorial search problems; they
contain the basic ingredients of a hard computational problem in very “bare-bones”
fashion. We have to make n independent decisions (the assignments for each x;) so
as to satisfy a set of constraints. There are several ways to satisfy each constraint in
isolation, but we have to arrange our decisions so that all constraints are satisfied
simultaneously.

SAT is interpreted in a rather broad sense. Besides plain propositional satisfiabil-
ity, it includes the domains of maximum satisfiability (MaxSAT) and pseudo-Boolean
(PB) constraints, quantified Boolean formulae (QBF), satisfiability modulo theories
(SMT), constraints programming (CSP) techniques, etc., for word-level problems
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Figure 1.2. A mind map drawing the range of SAT-based techniques in different develop-
ment directions

and their propositional encodings. Figure 1.2 is a mind map of paradigmatic SAT-
based techniques which depicts such extended and related fields of SAT in different
development directions (corresponding various problem classes).

1.3 Intractability

When people first began analyzing discrete algorithms mathematically, a consensus
began to emerge on how to quantify the notion of a “reasonable” running time. The
asymptotic viewpoint is inherent to computational complexity theory. In virtue of
polynomials typify “slowly growing” functions, we’d like an efficient algorithm to
have a better scaling property: when the input size increases by a factor, its running
time should be only bounded by a power of this factor.

1.3.1 Asymptotic bounds

Our discussion of computational tractability has turned out to be intrinsically based
on our ability to express the notion that an algorithm’s worst-case running time on
inputs of size n grows at a rate that is at most proportional to some function f(n).
Then f(n) becomes a bound on the running time of the algorithm.

Definition 2 (Asymptotic notations). Let f(n) and g(n) be two functions. If there
exist constants (independent of n) €, ¢ such that 0 < € < ¢, and ng > 0 so that for
all n > ny (i.e., for sufficiently large n), we have different asymptotic notations for
corresponding conditions as follows:


https://en.wikipedia.org/wiki/Boolean_satisfiability_problem
https://en.wikipedia.org/wiki/Constraint_satisfaction_problem
https://en.wikipedia.org/wiki/Satisfiability_modulo_theories
https://en.wikipedia.org/wiki/Real_closed_field
https://en.wikipedia.org/wiki/True_quantified_Boolean_formula
https://en.wikipedia.org/wiki/Finite_model_theory
https://en.wikipedia.org/wiki/Finite_model_theory
https://en.wikipedia.org/wiki/Finite_model_theory
https://en.wikipedia.org/wiki/Answer_set_programming
https://arxiv.org/abs/1510.00523
https://arxiv.org/abs/1510.00523
https://en.wikipedia.org/wiki/Sharp-SAT
https://en.wikipedia.org/wiki/Binary_decision_diagram
https://en.wikipedia.org/wiki/Maximum_satisfiability_problem
https://en.wikipedia.org/wiki/Maximum_satisfiability_problem
https://en.wikipedia.org/wiki/Linear_programming#Integer_unknowns
https://en.wikipedia.org/wiki/Pseudo-Boolean_function
https://en.wikipedia.org/wiki/Integer_programming
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Table 1.2. The running times (rounded up) of different algorithms on inputs of increasing
size, for a processor performing a million high-level instructions per second. In cases
where the running time exceeds 10%° years, we simply record it by an oo symbol.

n  nloggn n? n? 1.5™ 2n n!
n =10 <l1s <l1s <1s <l1s <ls <l1s 4s
n =30 <ls <1s < 1s <1s <1s 18m  10%y
n = 50 <l1s < l1s <1s < l1s 11m 36y 00
n = 100 <ls <1s <1s 1s 12,892y 10y oo
n = 1,000 < 1s < 1s 1s 18m o0 o0 o0
n = 10,000 <ls <1s 2m 12d 00 o0 o0
n = 100,000 <1s 2s 3h 32y 00 o0 o0
n = 1,000,000 1s 20s 12d 31,710y 00 00 00

O If f(n) <c-g(n), then we say that f is asymptotic upper-bounded by g, and
denoted it as f(n) = O(g(n));

Q Ife-g(n) < f(n), then we say that f is asymptotic lower-bounded by g, denoted
as f(n) = Q(g(n));

® Ife-g(n) < f(n) <c-g(n), then we say that f is asymptotic tight-bounded
by g, denoted as f(n) = ©(g(n));

Definition 3 (Primitive computational step). In Touring machine, each primitive
computational step corresponds to a single instruction of machine language on a
standard processor. In particular, one primitive computational step is in O(1).

Definition 4 (Polynomial-time algorithm). There are constants ¢ > 0 and d > 0
so that on every input instances of size n for an algorithm, if its running time is
bounded by c¢n? primitive computational steps, i.e., the algorithm is O(n?), then it
is a polynomial-time algorithm.

Problems for which polynomial-time algorithms exist almost invariably turn out
to have algorithms with running times proportional to very moderately growing
polynomials like n, nlogs n, n?, or n3. Conversely, problems for which no polynomial-
time algorithm is known tend to be very difficult in practice. For example, search
spaces for combinatorial problems tend to grow exponentially in the size n of the
instance'; if the instance size increases by one, the number of possibilities increases
multiplicatively. Suppose that we have a processor that executes a million high-
level instructions per second, and we have algorithms with running-time bounds of
n,nlogyn,n? n3 1.5" 2" and n!. In Table 1.2, we show the running times of these
algorithms (in seconds, minutes, days, or years) for inputs of size n = 10, 30, 50,
100, 1,000, 10,000, 100,000 and 1,000,000.

1.3.2 Complexity issues

Much of complexity theory deals with decision problems. A decision problem is any
arbitrary yes/no question on an infinite set of instances. Decision problems fall into

1 An instance of a problem is considered as an input of an algorithm that can solve it.
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sets of comparable complexity, called complexity classes. P and NP are the most
well-known complexity classes, named as an acronym for “polynomial-time” and
“nondeterministic polynomial-time”, respectively.

Definition 5 (Complexity class P). P is the set of decision problems each of
whose containing instances can be solved (yes/no) by a polynomial-time algorithm.
Distinctively, those of yes-instance consist in Pyes, those of no-instance consist in
Pro, and we always have P = Pyes U Ppo.

Example 4 (Is-PRIME problem). Given an integer n (n > 2), Is-PRIME problem
asks whether n is a prime number or not. There exists algorithm AKS(n) [4] that
returns answer yes/no in O(logn). Notice that no matter instance (input) n is
either a prime number (in Pyes) or a composite number (in Py, ), IS-PRIME problem
belongs to P.

Definition 6 (Complexity class N'P). NP is the set of decision problems each of
whose including instances must have at least one yes-solution, and there exists a
yes-solution can be verified by a polynomial-time algorithm (verifier).

Corollary 1. Pyes C NP

Proof. Let X be any problem in Pyes. By Definition 5, there exists a polynomial-time
algorithm A that solves (returns yes) all instances of X. We have a polynomial-time
verifier B(n, s) simply returns the value A(n), where n is any instance of X and s is
one of the yes-solution of n. O

While the Definition 5 is symmetric?, the the Definition 6 is fundamentally
asymmetric. Having efficient certificates that a given object has property C, does
not automatically entail having nice certificates that a given object doesn’t have
it. An input n is a yes-instance if and only if there exists a solution s so that
B(n,s) = yes. Negating this statement, we see that an input n is a no-instance if
and only if for all s, it is the non-solution case that B(n,s) = no.

Definition 7 (Complexity class co-NP). co-NP is the set of decision problems
whose complements are in NP.

Example 5 (Is-COMPOSITE problem). Given an integer n (n > 2), IS-COMPOSITE
problem asks whether n is a composite number or not. If there exists a yes-solution
s which can be interpreted as n, then it can be verify by algorithm PROD(n, s) in
O(1). Notice that Is-COMPOSITE problem belongs to AP only for whose instances
(inputs) exactly are composite numbers and there exists such their yes-solutions.
Alternatively, for those inputs of prime number, IS-COMPOSITE problem is in co-NP
by Corollary 1 and Definition 7, because IS-PRIME problem (this case is in Pyes) is
the complement of Is-COMPOSITE problem.

Corollary 2. Py, C co-NP

2 Having an efficient algorithm to determine if an object has a property C'is equivalent to having
an efficient algorithm for the complementary set C.



12 1. Introduction

There is a famous anecdote of a lecture by F. N. Cole, entitled “On the Fac-
torization of Large Numbers”, at the 1903 American Mathematical Society (AMS)
meeting. Without uttering a word, he went to the chalkboard, wrote

267 — 1 = 147573952589676412927 = 193707721 x 761838257287

and proceeded to perform the long multiplication of the integers on the right hand
side to derive the integer on the left: Mersene’s 67-th number (which was conjectured
to be prime). No one in the audience had any questions. Cole demonstrated that the
number 267 — 1 is composite, and the proof is simply a nontrivial factor of it. The
fact that it was extremely hard for Cole to find these factors (he said it took him
“three years of Sundays”) did not affect in any way that demonstration. It is taken
for granted that the written proof is succinct and efficiently verifiable, regardless
how long it took to discover, which is the features we want to extract from this
motivating episode.

1.3.3 Reductions

Theoretical computer scientists explore the space of computationally hard problems,
eventually arriving at a mathematical characterization of a large class of them. The
basic technique in this exploration is to compare the relative difficulty of different
problems; we want to formally express statements like, “Problem Y is at least as
hard as problem X.”

Definition 8 (Polynomial-time Turing reduction). Problem X is polynomial-time
Turing reducible to problem Y if (1) arbitrary instances of X can be solved using
a polynomial number of calls to a subroutine that solves arbitrary instances of Y,
and (2) polynomial time outside of those subroutine calls. We call this reduction a
polynomial-time Turing reduction, a.k.a, Cook reduction, and denote it as X <, Y.

X <, Y can be understood as “Y is at least as hard as X", since suppose X <, Y,
(1) if Y can be solved in polynomial time, then X can be solved in polynomial
time; (2) if X cannot be solved in polynomial time, then Y cannot be solved in
polynomial time. Moreover, if X <, Y and Y <, X, we can say “Y is the same
hard as X", denoted by X =, Y. Notice that here ‘hard(er)’” does not mean more
time-consuming, but more complex reducibility.

Definition 9 (Hardness and completeness). A problem X is called Y-hard if VY € Y
we have X <, Y. If we further have that X € ) then X is called Y-complete.

In other words, if X is Y-complete, it is a hardest problem in the class Y: if we
manage to solve X efficiently, we have done so for all other problems in ). It is
not apriori clear that a given class has any complete problems. On the other hand,
a given class may have many complete problems, and by definition, they all have
essentially the same complexity. If we manage to prove that any of them cannot be
efficiently solved, then we automatically have done so for all of them.

Definition 10 (Complexity class N'P-complete). NP-complete is the set of decision
problems via the following two properties: (1) NP-complete C N'P; (2) VX,V s.t.
X e NP, Y € NP-complete, X <, Y.
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Theorem 1 (Cook (1971) [19]). CircuitSAT belongs to N'P-complete.

CircuitSAT? is a prototypical N"P-complete problem. There is a very practical
motivation in searching further N'P-complete problems: since it is widely believed
that Pyes # NP, the discovery that a problem is NP-complete can be taken as a
strong indication that it cannot be solved in polynomial time. Once we establish
first “natural” N'P-complete problem, others fall like dominoes (transitivity of <,
takes care of the rest). Given a new problem Y, here is the basic strategy for proving
it is N'P-complete.

1. Show that Y € N'P.
2. Choose an N'P-complete problem X.
3. Prove that X <, Y.

Theorem 2. If X € NP-complete, Y € N'P with the property that X <,Y, then
Y € N'P-complete.

Proof. Let Z be any problem in N'P. We have Z <,, X by Definition 10, and X <, Y
by assumption. By transitivity of <, (reductions), it follows that Z <, Y. O

Theorem 3 (SAT =, CircuitSAT). SAT belongs to N'P-complete.

Proof. Clearly SAT is in NP, since we can verify in polynomial time that a proposed
truth assignment satisfies the given set of clauses. We will prove that SAT belongs
to N'P-complete via the reduction CircuitSAT <, SAT. There is a straightforward
transformation from CircuitSAT to SAT by CNF encoding (Section 1.2.3) in poly-
nomial time. Conjoining the clauses from all the gates with an additional clause
constraining the circuit’s output variable to be 1 completes the reduction; a truth
assignment of the variables satisfying all of the constraints exists if and only if
the original circuit is satisfiable, and any yes-solution to CNF is a solution to the
original problem of finding inputs that make the circuit output 1. The converse,
that SAT <, CircuitSAT, is even easier—we can rewrite the CNF as a circuit and
solve that. O

Corollary 3 (3-SAT =, SAT). 3-SAT belongs to N'P-complete.

Proof. In analogy with the proof of Theorem 3, there is a straightforward transfor-
mation from SAT to 3-SAT (Section 1.2.3) in polynomial time. O

We now list the basic genres of N'P-complete problems and paradigmatic exam-
ples, to feeling for the breadth of this phenomena. Additionally, hundreds more can
be found in [30].

o Packing + covering problems: SET/VECTEX-COVER, INDEPENDENT-SET.

o Constraint satisfaction problems: CIRCUITSAT, SAT, 3-SAT.

3 In this section, CircuitSAT (resp. SAT, 3-SAT) consists of all yes-instances which correspond
satisfiable propositional logic formulae; while CircuitUNSAT (resp. UNSAT, 3-UNSAT) consists
of all no-instances which correspond unsatisfiable propositional logic formulae.
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e Sequencing problems: HAM-CYCLE, KNAPSACK, TSP.
e Partitioning problems: 3-COLOR, 3D-MATCHING.

e Numerical problems: SUBSET-SUM, NUMB-PARTITIONING.
Corollary 4. Pyes = NP iff SAT € Pyes

To summarize, we are achieving a mathematics’ holy grails of understanding
structure, namely necessary and sufficient conditions, sometimes phrased as a duality
theorem. SAT captures the difficulty of the whole class NP. In particular, the
millennium prize problem—7P vs. N'P* can now be phrased as a question about the
complexity of one problem, instead of infinitely many.

1.4 Organization

The organization of this dissertation is as follows.

Chapter 2 will be concerned with sound and complete SAT algorithms that are
guaranteed to terminate with a correct decision on the satisfiability /unsatisfiability
of a given CNF formula. We will start by describing the classical Davis-Putnam-
Logemann-Loveland (DPLL) algorithm. Afterwards, an interplay between search
and inference will be explicated, and we will summarize the organization of modern
conflict-driven clause learning (CDCL) solver.

Chapter 3 will pitch our new thought of two efficient implementations for im-
proving the current state-of-the-art CDCL solver. One focus on the special strategy
of pure literal elimination which is regarded as another deduction engine of SAT al-
gorithms, besides unit propagation. The other enhances the management of learning
and deleting conflict-driven clauses by a breadth-extended approach. Both of these
two implementation were introduced into our submission solvers that participated
in the recent SAT competitions.

In Chapter 4, we will discusses the encoding of pseudo-Boolean (PB) constraints
in the context of a linear search satisfiability-based solver for maximum satisfiability
(MaxSAT). We will present several CNF encodings of PB constraints for weighted
partial MaxSAT and provide detailed proofs of the correctness for all our encodings.
An n-level modulo totalizer, which is the newest of them, applies multiple modular
arithmetic in a mixed radix base and only generates auxiliary variables for each
unique combination of weights. Significantly, this encoding always produces a
polynomial-size CNF in the number of input variables.

In Chapter 5, we will study the coalition structure generation (CSG) problem
for partition function games (PFGs) which are coalitional games with externalities.
In PFGs, each value of a coalition depends on how the other agents are partitioned.
We propose and benchmark two methods to solve CSG problem for PFGs, concisely
represented by partition decision trees (PDTs). One is a depth-first branch-and-
bound (DFBnB) algorithm for modified PDTs, called the MPDT algorithm, and the
other is MaxSAT encoding and leaves the rest manipulation to MaxSAT solver.

Finally, Chapter 6 will contain a summary of this dissertation and discussion of
some future research directions that may be worth exploring.

4 http://www.claymath.org/millennium-problems/p-vs-np-problem
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Chapter 2

SAT Algorithms

This chapter is concerned with sound' and complete algorithms for testing satisfia-
bility, i.e., algorithms that are guaranteed to terminate with a correct decision on
the satisfiability /unsatisfiability of given CNF F. One can distinguish between a
few approaches on which complete satisfiability algorithms have been based.

The first approach is based on ezistential quantification, where one equisatisfiably
eliminates variables from the F which is applied to having come from a prenex
form with its clauses grounded in resolution inference rule. The Davis-Putnam (DP)
algorithm [25], reduced the size of the search space considerably by this approach.
This was done by repeatedly choosing a target variable z; still appearing in the
expression, applying all possible ground resolutions on z;, then eliminating all
remaining clauses still containing x; or —x;. When all variables have been eliminated,
the satisfiability test is then reduced into a simple test on a trivial CNF (F = 0).

The second approach is based on systematic search in the space of truth as-
signments. Loveland and Logemann attempted to implement DP but they found
that ground resolution used too much random access memory (RAM), which was
quite limited in those days. So they changed the way variables are eliminated by
employing the splitting rule: recursively assigning values 0 and 1 to a variable and
solving both resulting subproblems [24]. Their algorithm is, of course, the familiar
Davis-Putnam-Logemann-Loveland (DPLL), which is marked by its modest space
requirements.

The last approach is based on combining search and inference, leading to algo-
rithms that currently underly most modern complete SAT solvers—-conflict-driven
clause learning (CDCL). Besides using DPLL, implementing a state-of-the-art CDCL
SAT solver involves a number of additional key techniques:

o Learning new clauses from conflicts during backtrack search [65].
o Exploiting structure of conflicts during clause learning [65].
-

o Using lazy data structures for the representation of formulae [55].

e Branching heuristics must have low computational overhead, and must receive
feedback from backtrack search [55].

L A valid argument whose premises are tautology is said to be sound.
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o Periodically restarting backtrack search [33].

 Deletion strategies and policies for learnt clauses [32].

We start in the next section by describing the classical DPLL algorithm. After-
wards, Section 2.2 explicates an interplay between search and inference and Section
2.3 summarizes the organization of modern CDCL solvers.

2.1 The DPLL Algorithm

The DPLL algorithm [24] is based on systematic search in the space of truth
assignments which was developed in response to the challenges posed by the space
requirements of the DP algorithm [25].

Level 0 et e
LeVel 1 Qo

Level 2 4--eoveveneennns

A A A3 Ay A A A Ay
- =4

I
2™ possible truth assignments

Figure 2.1. A search tree of enumerating all truth assignments over Boolean variables x1,
r9 and x3 in decision variable order xyxox3 which corresponds the decision levels from
top to bottom in the leftmost of figure.

Figure 2.1 depicts a search tree that enumerates the truth assignments over
Boolean variables 2" = {x1, x2, 3} in decision variable order m Decision levels
(starting from level 0) of each assignment reflects this order. The observation about
this tree is that it essentially is an n-depth complete binary tree, where n = | 27|, i.e.,
the number of variables, and its leaves are in one-to-one correspondence with the
truth assignments under consideration. Hence, testing satisfiability can be viewed
as a process of searching for a leaf node that satisfies the given CNF. Obviously,
a brute-force search for all possible assignments is in O(2"). The decision level
associated with variables used for branching steps (i.e., decision assignments) is
specified by the search process, and denotes the current depth of the decision stack.

A DPLL explores the tree using depth-first-search algorithm, which incorporates
unit propagation (UP), also called unit resolution. Given our notational conventions
in Definition 1, a CNF F is sat if 7 = (). Moreover, F is unsat if (J € F. These
two properties correspond to common boundary conditions that arise in recursive
algorithms on CNF. In general, a CNF F is said to imply another CNF I', denoted
F E T, iff every assignment that satisfies F also satisfies I". Note that if a clause C;
is a subset of another clause C;, C; C C}, then C; |= C;. We say in this case that
clause C; subsumes clause C, as there is no need to have clause C; in a CNF that
also includes clause C;. One important fact based on this discussion is that F is
intrinsically unsat if F = .
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2.1.1 Unit propagation
Example 6. Consider the following CNF:

F = (331 Vxo V .CE3) VAN (ﬂxl V —\1'3) VAN (—\:L’Q V l’3)

Consider also the node at Level 1 on the left branch as shown in Figure 2.1, which
results from assignment A(z;) = 1, and we have:

A(}-) = (—\.Cvg) AN (—\xg V .CU3) (2.1)

Currently, F is neither empty (@), nor includes the empty clause (O). Therefore,
we cannot yet declare early success (sat) or early failure (unsat), which is why a
brute-force algorithm continues searching below Level 1.

However, that by employing UP, we can indeed declare success and end the
search at this node. Firstly, we close F under UP and collect all unit clauses® in
F. Then we assume that literals are assigned to 1 to satisfy these unit clauses.
Lastly, we simplify F given these assignments and check for either that all clauses
are subsumed or that the empty clause is derived.

To incorporate UP into DPLL algorithm, we introduce a function UNITPROPA-
GATE, which applies to a CNF F and returns two results:

e L: aset of literals that were either present as unit clauses in F, or were derived
from F by UP.

e I': a new CNF which results from assignments for F on literals £ conditioning
to assign all of them to 1. Notationally, ' = A(F) |VI(l € £) (A(l) = 1).

Continuously consider Formula 2.1, we have £ = {—x3, ~x2} and I' = ().

UP is a very important component of search-based SAT solving algorithms
because of its efficiency that we can apply all possible UP steps in time linear in the
size of given CNF. DPLL is a refinement on depth-first-search which incorporates
UP as given in Algorithm 1. Beyond applying UP on Line 1, we have two additional
changes to ordered brute-force search as shown in Figure 2.1. First of all, we no
longer assume that variables are examined in the given decision variable order as we
go down the search tree. Secondly, we no longer assume that a variable is assigned
to 1 first, and then to 0; see Line 5. The particular choice of a literal [ s.t. [ € I" can
have a dramatic impact on the running time of DPLL. Many heuristics have been
proposed for making this choice. Among them, a quite effective heuristic, well-known
as variable state independent decaying sum (VSIDS) attempts to score each variable
and select the variable polarity (corresponding to literal and its negation) with the
highest score to determine where to branch [55].

2.1.2 Chronological backtracking

DPLL (Algorithm 1) is based on chronological backtracking. That is, if we try both
values of a variable at Level ¢, and each leads to a contradiction (conditional unsat),

2 If a clause only contains a single literal, then it is called a unit clause.



18 2. SAT Algorithms

Algorithm 1: DPLL(CNF F): returns a set of literals or unsat.

(L, T') <~ UNITPROPAGATE(F);
if I' = ) then return L;
else if [1 € I" then return unsat;
else
CHOOSE a literal [ in T’
if 7+ DPLL(A(I") | A(l) = 1) # unsat then return ZU L U,
else if Z + DPLL(A(T") | A(—=l) = 1) # unsat then return ZU L U —;
else return unsat;

© 0 N O oA W N

end

we move to Level t — 1, undoing all intermediate assignments in the process, and try
another value at that level (if one remains to be tried). If there are no other values
to try at Level t — 1, we move to Level £ — 2, and so on. If we move all the way to
Level 0, and each value there leads to a contradiction, we know that the CNF is
inconsistent (ultimate unsat).

The process of moving from the current level to a lower level is known as
backtracking. Moveover, if backtracking to Level ¢ is done only after having tried
both values at Level ¢t + 1, then it is called chronological backtracking, which is
the kind of backtracking used by DPLL. The problem is that it does not take into
account the information of the contradiction that triggers the backtrack.

Example 7. Consider a concrete CNF as follows:

Cl = (:El V .1‘2)

Cy = (x2 V x3)

C3 = (mx1 V —xy V x5)
F=CiNCyNC3NCy ANCs A Cg where S Cy = (mz1 V g V 26) (2.2)

Cs = (mx1 V —ws V 24)

Cs = (mx1 Vg V —16)

C7 = (mx1 V x5 V —xg)

Figure 2.2 depicts the termination tree® for DPLL on F, which is assumed that
it starts first by A(z1) = 1 and explore the subtree below that node, only to find
that all branches lead to contradictions. This basically means that A(F) | A(x1) =1
inevitably is inconsistent, because an unsat-core (highlighted in red) is included in
it. Note, however, that DPLL is unable to discover this fact in the knowledge until
it first backtrack to Level 0.

The key point here is that all these contradictions that are discovered deep in
the search tree are actually caused by having A(x1) = 1 at Level 0. That is, the
assignment for xo at Level 1 is irrelevant here. However, chronological backtracking
is not aware of this fact. As a result, it tries different values of variable x5, hoping
to fix the conflict. As shown in Figure 2.2, DPLL with chronological backtracking

3 Termination tree is the subset of search tree that is actually explored during search.
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Level 0 L T """

Level 2 LT TT TP

Oe Oe Oe Oe
{C5,C7} {Cy,Cs} {C5,Cr} {Cy, Cs}

Figure 2.2. A termination tree. Assignments shown next to nodes are derived using UP.

encounters 4 contradictions before realizing that A(z;) = 1 was a wrong decision. In
general, there can be many irrelevant variables between the level of conflict and the
real cause of the conflict. Chronological backtracking may lead the solver to repeat
the same conflict over and over again in different assignment for irrelevant variables.

2.2 Search and Inference

In modern SAT solvers, the utilization of non-chronological backtracking is tightly
coupled with the derivation of conflict-driven clauses. Now we explicates the method
that uses to derive conflict-driven clauses from contradictions and the specific way
of search that performs non-chronological backtracking. The combination of these
techniques makes sure that UP is empowered every time a conflict arises and that
the solver will not repeat any mistake. The identification of conflict-driven clauses
is done through a process known as conflict analysis, which analyzes a trace of UP.

2.2.1 Implication graph

When the UP deduces an assignment (i.e., A(l) = 1), it is due to a clause, which
was/became unit. This clause is called the reason or antecedent of the assignment.
The antecedents for literal [ is denoted as ANTE(l). An assignment has no antecedent
if it is due to a decision. The antecedent relations between literals and clauses can
be expressed in a form of an oriented structure, called the implication graph [65].

Definition 11 (Implication graph). An implication graph is a directed acyclic graph
G which is a tuple G = (f,V, E), where V (resp. E) is a set of assignments, each of
whose element is labeled by occurring decision level (resp. a set of edges, each of
whose element is labeled by a clause including ANTE(V)) and f : ANTE(V) xV — E.

An implication graph is a bookkeeping device that allows us to record depen-
dencies among assignments as they are established by UP. Each node (vertex) in
implication graph has the form A(x;) = 0/1@¢, which means that variable x; has
been assigned to 0/1 at level ¢. The edges which are marked by the same reason
clause jointly imply an assignment by UP. For knowledge base in Example 7, we
have the implication graph of Figure 2.3 before its first chronological backtracking.
E.g., implying assignment A(x5) = 1 at Level 2 by using Cs3, A(z1) = 1 at Level 0
and A(z4) = 1 at Level 2. Implying will not stop until a conflict occurs. E.g., in
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Figure 2.3, due to ANTE(xg) in C5, UP derives A(z¢) = 1 and C7 = [0, and due to
ANTE(—zg) in C7, UP derives A(xg) = 0 and C5 = [, which is a contradiction.

reason side . - conflict side

A(l’l) =1@0
1st UIP

conflict
(not an edge)

Az =1@2 . O T Ag) = 0@2
non-1st UIP N N

cut 1 E:ut 2

Figure 2.3. Two cuts in an implication graph, and an example of a UIP.

2.2.2 Deriving a conflict-driven clause

The conflict-driven clause can be derived by partitioning the implication graph into
two parts. The partition has all the decision assignments on one side (reason side)
and the conflicting assignments by UP on the other side (conflict side). The described
partitioning is called a cut. Nodes on the reason side contribute to the conflict-driven
clause if they have at least one edge to the conflict side. We call these nodes
as conflict sets. Intuitively, a conflict set contains assignments that are sufficient
to cause the conflict. Figure 2.3 depicts cut 1 and cut 2 leading to conflict sets
{A(z1) =1, A(z4) = 1} and {A(z1) = 1, A(z4) = 1, A(x5) = 1}, respectively. Once
a conflict set is identified, a conflict-driven clause can be obtained by simply negating
the assignments in the set. E.g., if the conflict set is {A(a) = 1,.A(b) = 0,.A(c) = 0},
then the conflict-driven clause derived is (—a V bV ¢). This clause represents the
previously-implicit constraint that the assignments in the conflict set cannot be made
simultaneously (A(a) =1, A(b) = 0,.A(c) = 0 will now violate this new clause).

Given the multiplicity of conflict sets, one is interested in choosing the most
useful one. In practice, virtually all modern SAT solvers insist on selecting cuts that
involve exactly one variable assigned at the level of conflict for a reason that we
become apparent in the next subsection.

2.2.3 Asserting clauses

A conflict-driven clause is asserting if it contains exactly one variable that has
been assigned at the decision level where the contradiction is found. The main
motivation for identifying asserting clauses is to reduce the size of learnt (derived)
clauses. It is useful and even necessary for completeness of the SAT algorithms
that generating asserting conflict-driven clauses, because a smaller clause potentially
allows the solver to prune more search space. To find cuts, which lead to asserting
clauses, we need to locate unique implication points (UIPs). In particular, a UIP
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of a decision Level t in an implication graph is a dominator at Level ¢, that all
oriented paths from the decision node at Level ¢ to one of nodes causing conflict go
through this dominator. Notice that the decision node itself is always a UIP. There
are sophisticated algorithms for computing dominators in directed acyclic graphs
[68]. For the case of the implication graph, UIPs can be identified in linear time [64],
and so do not add significant overhead to the clause learning procedure. In Figure
2.3, the assignments A(x4) = 1 and A(xs) = 1 would be UIPs of Level 2 as every
path from decision node A(z4) = 1 at Level 2 to the contradiction.

Note that there may be more than one UIP for a given level and contradiction.
In such a case, we order the UIPs according to their distance to the node causing
conflict. The first UIP is the one closest to the contradiction. Even though there are
many possible ways of generating an asserting conflict-driven clause from different
UIPs of distinct decision level, the preferable one is that only consist of the first UIP
of the conflict level and all decision nodes of other levels contained in corresponding
conflict set. The reason is that the size of such an asserting conflict-driven clause tend
to be the smallest, and besides, in UP after learning this clause and backtracking,
solver will not repeat unnecessary implications for those literals in non-first UIP of
the last conflict level until discovering the next conflict. This scheme of deriving
asserting clauses is known as 1UIP scheme. Considering Figure 2.3, the conflict set
of cut 2 is {A(z1) =1, A(z4) = 1, A(x5) = 1}, leading to an asserting conflict-driven
clause (—z1 V —x5), because A(zs) = 1 corresponds to the first UIP of Level 2 (i.e.,
the conflict level), and A(x1) = 1 corresponds the decision node of other level (in
this case, there exists only Level 0) contained in this conflict set.

Notice that there is a special case of deriving an asserting conflict-driven clause
for the following condition. If the conflict set of a cut contains only assignments
from one level, in other words, the asserting clause should have only one literal.
Whenever this happens, we backtrack to Level 0, and then learn an asserting clause
which is obtained by negating the assignment of decision node at conflict level. The
reason is simple. That is, because this decision is unconditional wrong. Thus, before
any decision, this wrong becomes unit and allows UP to force a reverse implication.

2.2.4 Backtracking Scheme

After the process of adding an asserting conflict-driven clause to the CNF, which is
known as clause learning, a key question in this regard is: Where (decision level) to
jump? To continue solving Formula 2.2 based in identifying the conflict-driven clause
(mx1 V —x5), we add it into CNF (i.e., F A (-2 V —25)) and then have to at least
undo the decision level of conflict (Level 2), since the contradiction was discovered
after assignment A(x4) = 1. However, in modern SAT solvers, whenever a conflict
is encountered, the level for backtracking is determined from the learnt clause. It
is reasonable, since the learnt clause contains information about the conflict. We
will undo all decisions and of course, their implications made after the assertion
level, which is the second deepest level in a conflict-driven clause. For example, in
the clause (—x; V —xs5), 1 was assigned at Level 0 and 5 was assigned at Level 2.
Hence, the assertion level is 0 in this case. Notice that if the learnt asserting clause
just have a single literal, which is the special case mentioned in the last subsection,
its assertion level is then —1 by definition. There will never exist any decision



22 2. SAT Algorithms

assignment, but implications by UP at Level —1. Observe that when each learnt
clause is created it has all literals but one assigned value 0, so it is unit (or assertive).
Moreover, each learnt clause will remain unit until the search procedure backtracks
to the highest decision level of its other literals. This form of clause learning, and
associated backtracking procedure, us referred to as first UIP clause learning.

2.3 Organization of CDCL Solver

Algorithm 2 shows the standard organization of a CDCL SAT solver, which essentially
follows the organization of DPLL. With respect to DPLL, the main differences are the
call to function CONFLICTANALYSIS at each time a conflict is identified, and it returns
a learnt clause and a decision level where should backtrack; see Line 13. Moreover,
the conflict-driven DPLL procedure allows for backtracking non-chronologically.

Algorithm 2: CDCL(CNF F): returns sat or unsat.
Initialize: A, level + —1

1 (£, I') <~ UNITPROPAGATE(F);

2 if O € I" then return unsat;

3 else

4 ‘ forall the ! (I € £) do A(l) + 1,

5 end

6 level + 0;

7 while true do

8 | +DecipE(T, A);

9 if [ = null then return sat;

10 level < level + 1, A(l) + 1,

11 (R, A) +— UNITPROPAGATE(A(T) | A(I) = 1);
12 if 0 € A then

13 (learnt, backtrack) - CONFLICTANALYSIS(A,.A);
14 if 1level = —1 then return unsat;
15 I' <~ T" A learnt;

16 A < UNDO(A, backtrack);

17 level < backtrack;

18 else

19 ‘ forall the ! (I € R) do A(l) « 1;
20 end

21 end

From Line 7 to 9, after entering an infinite cycle, CDCL makes a decision to
select a branching literal. Notice that if no branching literal can be decided, then all
must be assigned. In this case, we have satisfying assignments for every variable and
solving is finished. For another termination condition shown in Line 14, a conflict at
Level —1 means that there is a variable, which must be 0 and 1 at the same time,
because the learnt clauses include two asserting clauses which correspond to a pair
of complementary literals. Undoubtedly, the answer is unsatisfiable.
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The typical CDCL algorithm presented does not account for a few recent tech-
niques that have been shown to be effective in practice, namely search restarts [33],
implementation of clause deletion strategies and policies [32] and lazy data structures
for the representation of formulae [55]. Search restarts cause the algorithm to restart
itself, but already learnt clauses are kept. Clause deletion strategies and policies
are used to decide learnt clauses that can be deleted, which allows the memory
usage of the SAT solver to be kept under control. Lazy data structures also plays
an important role for implementation issues, including the design of suitable data
structures for storing clauses, assignments of variables, and the orders of decisions
and implications, which have a significant impact on the run time performance of
SAT solvers. Clause deletion and lazy data structures are tightly related to our
original works will be discussed in the following chapter.

There is one further characterization. DPLL is a sound and complete algorithm
for SAT [25, 24]. CDCL solvers implement DPLL, but can learn new clauses and
backtrack non-chronologically. Clause learning with conflict analysis identifies new
clauses using the resolution operation. Hence each learnt clause can be inferred
from the original clauses and other learnt clauses by a sequence of resolution steps.
If C} is the new learnt clause, then F is satisfiable if and only if F A Cj is also
satisfiable. In addition, the modified backtracking step also does not affect soundness
or completeness, since backtracking information is obtained from each new learnt
clause. Proofs of soundness and completeness for different variations of CDCL SAT
solvers can be found in [62, 78].
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Chapter 3

Efficient Implementations

The efficiency of modern SAT solvers relies heavily on various features that have
been developed, analyzed, and tested over the last decade. The International SAT
Solver Competition' is today an established series of competitive events aiming at
objectively evaluating the progress in state-of-the-art SAT solving techniques [10].
Over these years, the competitions have significantly contributed to the fast progress
in SAT solver technology that has made SAT become a practical success story of
computer science. In this chapter, we report some efficient implementations about
pure literal elimination, clauses learning and deletion, which are implemented in our
submission solvers that participated in the recent SAT competitions.

Representation in programming

Somehow the SAT instance must be represented by internal data structures, as
must any derived information. We will use, but not specify an implementation of
the abstract data type vec(T) an extensible vector of type T. The interfaces of this
abstract data type is presented in Figure 3.1.

class vec(T) - Public interface
Constructor:
VEC(int size, T pad)
- Size operators:
int  SizE ()
- Stack interface:
void PusH (T elem)
- Vector interface:
T OpP [] (int index)

Figure 3.1. A basic abstract data type vec(T) used throughout the code.

For example, a CNF F can be considered as a vector of clauses, i.e., vec(cla) F;
a clause C; can be considered as a vector of literals, i.e., vec(lit) C;. Type lit
is a data structure which includes the index (int) of a literal on the array of all
constructed literals, i.e., int lit.x. We can also get the 1it through whose index

! http://www.satcompetition.org
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Table 3.1. The correspondence of indexes between literal and variable.

Variable o T To s Ty
Polarities To | "o | T1 | w1 | T2 | T2 | - | T —Zn
int lit.x 0 1 2 3 4 5 - | 2n | 2n+1

by 1it GETLIT(int lit.z) method. For assignment state, we use assigns as a
vector of current assignments indexed on entire variables, i.e., vec(1lbool) assigns,
where 1bool is a type of Boolean domain with three constants 0, 1, and * (standing
for unassigned). We also use trail as a vector of literals which have been assigned
to 1 in chronological order, i.e., vec(lit) trail. The correspondence of indexes
between literal and variable is shown in Table 3.1.

3.1 Pure Literal Elimination

Besides UP, there are other rules that can be incorporated into a deduction engine.
This section will briefly review one of them. It should be pointed out that though
many of the deduction mechanisms have been shown to work on certain classes of
SAT instances, unlike UP, none of them seems to work without deteriorating the
overall performance of the SAT solver for general SAT instances.

One of the most widely known rules for deduction is the pure literal rule [25],
which was introduced into DP algorithm for variables elimination. A variable is said
to be pure if it only occurs in a single polarity in all the unresolved clauses. The
pure literal rule states that if a given CNF in its partial assignment includes any
pure variables in the unresolved clauses, then each of these pure variables can be
assigned with a value such that the literal of the variable in that polarity evaluates
to 1. Hence, this amounts to the same as removing all clauses that include any pure
variables without affecting satisfiability of the CNF.

Since the pure literal rule may lead to other literals be coming pure, the process
needs to be iterated to obtain an equisatisfiable CNF without any pure literal.
This process is known as pure literal elimination (PLE) [41]. In practice, it is
expensive to detect whether a variable satisfies the pure literal rule during the actual
solving process. Therefore most SAT solvers do not use PLE as a deduction process
by default, while there are few modern solvers still implement PLE only in their
preprocessing polarity.

3.1.1 Priorities of variable assignment

In the major solving procedure of CDCL solvers, variable assignment essentially
happens in two different situations: the one is consists of the identification of unit
clauses and the creation of the associated implications which carries out UP; the other
one is decision assignment which picks an unassigned literal by a decision strategy,
such as VSIDS heuristics [55]. With defining a function PRIORTY as the priority
evaluation of variable assignment, we can obviously know that PRIORTY(UP) >
PRIORTY(Decision). Here we reconsider that PLE as the third situation of variable
assignment which has a higher priority than decision assignment, as well as UP, i.e.,
PRIORTY(PLE) > PRIORTY(Decision). PLE can also be a deduction engine which
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evaluates a variable into the reasonable value. However, most CDCL solvers which
have undergone many refinements are based on UP as a core deduction process. In
order to conveniently implement the twin-engined SAT solver, in this section we
think the relationship of the priorities among UP, PLE and decision assignment as
following inequation:

PRIORTY(UP) > PRIORTY(PLE) > PRIORTY(Decision)

Example 8. Consider the following CNF with convention (representation in pro-
gramming) of the indexes starting from 0 in vectors:

xo)
xoV 1V —%'3)

—xg Va3V x,
F =CoNCLANCy ANC3 AN Cy A C5 where o V w3V 4)

-V 22)

-z V x3)

Co
C1
Co
Cs
Cy
Cs

(
(
(
(
(
(x1 V —xy4)

After assigning xg to 1 by UP, F is eliminated and the part remained (highlighted
in red) includes a pure literal x3. PLE obeys the pure literal rule which leads to
assignment A(z3) = 1. Then only C3 and C5 remains in F which also include pure
literals x2 and —x4, respectively. Eventually, without any decision assignment, the
twin-engined SAT solver will derive F = ) from trail = (0,6, 4,9) which identically
means the orderly assignments A(zg) = 1, A(z3) =1, A(x2) =1 and A(x4) = 0.

3.1.2 Pure literal detection

It is necessary to obtain the positions of each literal if you want to know whether there
exists the pure one(s) in current assignments. These positions indicate the occurrence
of each literal in corresponding clause(s). Because clause eliminations may lead a
non-pure literal to become pure. In Example 8, 3 becomes a pure literal due to the
elimination of C'i. We use occur, an array of vector sizing the number of all possible
literals to record the positions of each literal, i.e., vec(cla)[2 xassigns.SI1ZE()] occur,
which will be initialized as shown in Initialization 3 before entire SAT solving.

Initialization 3: The occurrence of each literal in corresponding clause(s).

1 occur < new vec(cla)[2 x assigns.S1ZE()];

2 for i < 0 to F.S1zE() do

3 for j «+ 0 to F[i|.S1zE() do occur[F[i[j]].PusH(C});
4 end

Consider Formula 3.1, the array occur is initialized as described in Table 3.2.
Now we introduce the Algorithm 4 that can be easily implemented to detect the
pure literals within linear time in number of variables. In SAT solving process, this
algorithm aims at detecting all current pure literals before the timings of selecting a
new decision variable. From Line 1 to 5, eliminatedClas marks all clauses which
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Table 3.2. The initialization of the array occur for the instance in Formula 3.1.

Polarities
Variable Positive Negative
Zo occur[0] = {Cy,C} | occur[l] = {Cs}
T occur[2] = {C4,C5} | occur[3] = {Cs}
X9 occur[4] = {C3} occur[b] = {Cy4}
T3 occur[6] = {Cy,C4} | occur[7] = {C:}
o occur(8] = {Cy} occur[9] = {C5}

have been eliminated (satisfied) with true, and the rest are false. All unassigned
variables are the candidates for pure literals and for each of them, we check whether
there is no positive (resp. negative) polarity of it from Line 9 to 12 (resp. from Line
13 to 16). If a variable only occurs in a single polarity in all the unresolved clauses,
then it will be pushed into pureLits which will be finally returned; see Lines from
17 to 23.

3.1.3 Dummy decision assignment

When some pure literals have been detected by Algorithm 4, an extended solver that
carries out PLE should evaluate them to 1. In this regard, we try to avoid intervening
and modifying the original CDCL procedure as much as possible. There is a simple
and adequate way to manipulate such this case by setting a new decision level and
doing decision assignment without any heuristics for each of detected pure literals.
We call this approach dummy decision assignment, where the pure literal detection
can be regarded as a reasonable decision variable selecting heuristics. Although
dummy decision assignments will affect deriving and learning conflict-driven clauses,
and non-chronological backtracking, they can always help to prune search space,
since it is impossible that a conflict occurs in the decision level of any dummy
decision assignment.

Nevertheless, as has been mentioned, PLE deduction engine probably deteriorate
the overall performance of SAT solvers for general instances, especially burdened
with those have a huge number of variables and clauses. We are well aware of that
pure literal detection will keep a high execution frequency in solving process, which
might reduce the efficiency of solving. Therefore, for such a twin-engined solver, it
is necessary to find a balance of the execution frequency of Algorithm 4.

3.1.4 GLUCOSEPLE in SAT competition 2016

We introduce Algorithm 4 into GLUCOSE 3.0 [10, 9] and implement an approach
that can effectively utilize the features of instance and current states to set an
suitable limited execution frequency f of our algorithm. Assume that during a unit
time the decision level increases by v, without considering the circumstances under
backtracking, we should ensure that the frequency is limited to v or less. Besides,
we consider the feature constant 3, where = assigns.S1ZE() x F.S1ZE(), as the
difficulty coefficient, and the number « of times calling UP during a unit time as the
computation coefficient. A dynamic adjustment approach sets an suitable limited
frequency defined as f = (/) x v. We submitted our solver GLUCOSEPLE with
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Algorithm 4: Pure literal detection algorithm in solving process

Initialize: purelLits < new vec(lit),
eliminatedClas < new bool[F.S1zE()],
forall the i (0 < i < F.S1zE()) do eliminatedClas[i] < false;

1 for i + 0 to trail.Sizg() do

2 for j <+ 0 to occur(traill:]].SizE() do

3 eliminatedClas[occur|trail[i]][j]] + true;

4 end

5 end

6 for i < 0 to assigns.S1ZE() do

7 bool noPosLit <— false, noNegLit < false;

8 if assigns|i] = * then > condition: variable z; is unassigned
9 for j < 0 to occur[2 x ¢].S1ZE() do

10 if eliminatedClas|occur[2 x i][j]] = false then break;

11 else if j = occur|2 x i|.S1zE() — 1 then noPosLit < true;

12 end

13 for j < 0 to occur[2 x ¢ + 1].S1zZE() do

14 if eliminatedClas|occur[2 x i + 1][j]] = false then break;
15 else if j = occur|2 x i + 1].S1ZE() — 1 then noNegLit < true;
16 end

17 if noPosLit ® noNegLit = true then > Ezclusive or operator: @
18 if noPosLit = true then pureLits.PUSH(GETLIT(2 x i+ 1));
19 else pureLits.PUSH(GETLIT(2 X 7));

20 end

21 end

22 end

23 return purelits;

a special focus on the strategy of PLE to the SAT competition 2016%. In agile
track which is the track of simple fast SAT solvers with low overhead, suitable for
solving large numbers of not too hard SAT instances, GLUCOSEPLE solved 732 sat
instances and 2367 unsat instances, which ranked 7th out of 26 submitted solvers.

3.2 Clauses Learning and Deletion

This section describes our another original idea for efficient SAT implementation
which is about clauses learning and deletion. Such this implementation will exploit
a well known lazy data structure called the watched literal data structure.

3.2.1 Watched literal data structure

The implemented data structures dictate the way UP and conflict analysis, and have
a significant impact on the run time performance of the SAT solver which is devoted

2 https://baldur.iti.kit.edu/sat-competition-2016
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to reducing the CPU time required per each node in the search tree. Traditional
SAT data structures, a.k.a. adjacency lists data structures, are accurate, meaning
that is possible to know exactly the value of each literal in the clause. Conversely,
the most recent SAT data structures are not accurate and therefore are called lazy,
which are characterized by each variable keeping a reduced set of clause’ references,
for each of which the variable can be effectively used for declaring the clause as unit,
as satisfied or as unsatisfied.

Legend: D - unassigned; % - unsatisfied; D - gatisfied.

v wit Wy
S 11
A.| T1 |7X2| T3 | T4 | 5 ¢. 5 T4 ‘
wy Wi @l @3 @4 Q@2
S §up
B. X2 | I3 T4 | T5 0 0
al Lo
w2 i 3 2 T4 5
L
¢. -2 | w3 | T4 5 @l @3 @4 @4 @2
@1 Q@2 § conflict & backtrack
w1 w9 w1 wa
L 1l
D. 2| T3 T4 5 &, —xo| 3 x4 ‘
@l @3 Q2 @1 @2

Figure 3.2. A demonstration of the watched literal data structure for clause (z1 V —zo V
x3 Vx4V —xs5). After initialization (), two watched literal references (pointers w; and
ws) keep updating (from B to D), until the clause is declared unit (€). Then a conflict
occurs via UP (F), and no reference need to move (undo) during backtracking (&).

A famous lazy data structure proposed for SAT was the watched literal data
structure, originally used in CHAFF solver [55]. As the name implies, this data
structure associates the references to two watched literals with each clause which
contains at least two literals. For example, we illustrate the watched literal data
structure for clause (ml V2o VagVaryV ﬂx5) for a cyclic sequence of assignments
in Figure 3.2. This clause can also be represented by a cyclic array of literals.
Literals have different representations depending on being unassigned, assigned value
0 (unsatisfied) or assigned value 1 (satisfied). Each assigned literal is associated with
a decision level indicating the level where the literal was assigned. For sequence 2,
initially these two references (w; and wq) point to the first (leftmost) two literals
(z1 and —x9) respectively. The two pointed literals are said to be watched. From 2
to &, each time a watched literal changes to be unwatched if its reference becomes
unsatisfied, and a new unassigned literal is searched for becoming the next watched
literal. In case an unassigned literal is identified, the pointer has to move next (right
or turn back), and the new reference is associated with this literal (e.g., 8 and
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D). Notice that such these two references cannot be pointed to the same literal
(i.e., wy # wa). In case a satisfied literal is identified and it is not a UIP of any
contradiction (i.e., no conflict occurs in current decision level), the clause is declared
satisfied. In case no unassigned literal can be identified when all clause’s literals
are traversed, and then the clause is declared unit (e.g., ), unsatisfied (e.g., §) or
satisfied, depending on the value of the literal watched to by another reference. Also
notice that the references to the two watched literals do not need to be modified
when backtracking takes place (e.g., ®).

In order to propagate the next unit unassigned literal in a clause, we construct
a vector, called the watch list, whose element is the watched literal data structure
orderly corresponding to each clause. In function UNITPROPAGATE, the last pushed
element of vec(lit) trail is always specified as a watched unassigned literal in a
declared unit clause by searching the watch list.

3.2.2 Breadth-extended approach

Theoretically, UP process should be iterated until no more declared unit clause. In
fact, the most modern SAT solvers will stop unit propagating when a conflict occurs.
It may lead to miss some opportunities to learn a “good” conflict-driven clause, e.g.,
a small size one, a less literal block distance (LBD) [10] one, or even a unit one.
We propose a breadth-extended approach for detecting plural conflicts and learning
corresponding clauses during the same decision level. This approach will not stop
searching, but keep traversing the watch list. Hence, more conflicts may be detected
per level. Then these conflicts will be analyzed, and corresponding conflict-driven
clause will be derived. Finally, we select some good of them to be learnt clauses.

Example 9. Let’s consider a situation which is depicted in Figure 3.3. In decision
level 4, xg is firstly assigned to 0 by a decision heuristics. Then C5 and other
associated clause(s) imply A(z3) = 0. Next, x4 is evaluated to 1 by UP, since C
is declared unit. However, C5 and C7 are also declared unit both of which include
only one unassigned literal —x4 (causing conflict 1 and 2). At the same time, two
unit clauses emerge from Cy and Cyg and they are declared units. In contrast, they
includes a single remained unassigned literal —xg and xg respectively (causing conflict
3). More interestingly, this time, the implication A(zg) = 1 via the declared unit
clause Cg, and then Cy and Cy are chained to be declared unit, which lead to the
assignments A(z7) = 0 and A(z7) = 1, respectively (causing conflict 4).

Notice that the most modern CDCL solvers only detect the conflict 1 in this
example, and return the reasons of it, and then go to the learning phase. The other
detectable conflicts (i.e., conflict 2, 3 and 4) will be brutally ignored in this decision
level and there is no chance for them to generate corresponding conflict-driven
clauses. The conflict 1 is the first detectable conflict, because the watched literal
data structure of C'; is the head of the watch list. Besides, in the watch list, the
watched literal data structure of Cj is in front of that of C7.

If we consider the source of each conflict as an inconsistency of a variable
assignment, then all conflicts can be classified into two patterns as shown in Figure
3.4 which is related with Example 9, Figure 3.2 and 3.3. One is the first detected
inconsistent variable assignment (i.e., x4 in this example). Another contains all
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Legend: <> -an integer labeled conflict caused by two connected nodes

~~~~ - some associated implications with other clause(s)

Y A(xr) =004 ? My

Figure 3.3. An abridged implication graph illustrating several conflicts occurring in the
same decision level.

the rest which are reached by at least one more auxiliary implication. In our
implementation of the breadth-extended approach, all conflicts in pattern 1 can be
simply detected, but those in pattern 2 cannot be yet. Because the conflict in pattern
2 occurs after at least one more assignment via UP. Somehow the existing CDCL
solver is easy to get error, if we struggle to such these assignments under duress.
As a worthwhile way, we try to construct a vector of dummy assignments for this
case (i.e., vec(1bool) dummyAssigns) and all watched literal data structures can be
synchronously updated through querying both assigns and dummyAssigns. All of
these modifications should be without any interference in learning phase, otherwise
solving process cannot be maintained. We will test and debug our modifications,
and this is also one of our future works.

At present stage, we focus on detecting all conflicts in pattern 1. Whenever a
conflict occurs, we stop unit propagating (assigning), but keeps searching (traversing)
watch list. After that, we store all corresponding reasons into a vector as a return
of function UNITPROPAGTE. Then a modified CONFLICTANALYSIS will derive a
conflict-driven clause for each passed reason in the mentioned vector. Finally, we
evaluate and filter some preference among the derived conflict-driven clauses and
add them into the learnt clause database.

3.2.3 Clause deletion strategies and policies

The addition of conflict-driven clauses is quite useful as it empowers UP, allowing it to
detect certain contradictions that it could not detect before. The addition of conflict-
driven clauses may carry a disadvantage though, as it may considerably increase
the size of given CNF, possibly causing a space problem. Because unrestricted
adding clause can eventually lead to the exhaustion of the available memory which is
impractical in some cases. Moreover, the more clauses the CNF has, the more time
it takes for the solver to perform UP. In practice, it is not uncommon for the number
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Legend: [ | - unassigned; [X] - unsatisfied; [ ] - satisfied;  [X] - conflict.
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Figure 3.4. A glimpse of the watch list (only corresponding clauses from C; to Cg) on the
brink of backtracking in Example 9, also illustrated in Figure 3.3. C is the sequence
of assignment which is duplicated from § in Figure 3.2. The conflicts 1 and 2 (resp.
conflicts 3 and 4) belong to the conflict pattern 1 (resp. pattern 2).

of added clauses to be much greater than the number of clauses in the original
CNF on a difficult problem. This phenomenon may lead to additional overhead
for conducting the search process and, hence, it eventually costs more than what it
saves in terms of backtracks.

This issue can be dealt with in at least two ways. First, newly added conflict-
driven clauses may actually subsume older conflict-driven clauses, which can be
removed in this case. Second, one may decide to delete conflict-driven clauses if
efficiency or space becomes an issue. In this case, the size, age, and activity of a
conflict-driven clause are typically used in considering its deletion, with a preference
towards deleting longer, older and less active clauses. Different conflict-driven clause
deletion policies, mostly based on some heuristics, have been proposed in different
SAT solvers.

3.2.4 GLUHACK in SAT competition 2018

We implement the breadth-extended approach in GLUCOSE 3.0 [10, 9] for detecting
all conflicts in pattern 1 and learning the preferential derived conflict-driven clauses
each of which contains only two literals or less (i.e., learnt.Si1zE() < 2). We also
change the rate of learnt clause database reduction from 50% to 70%, for preserving
high quality of learnt clauses. We submitted our solver GLUHACK to the SAT
competition 2018° in the Federated Logic Conference (FLoC) Olympic Games 2018.
In random track which is the track of SAT solvers good on randomly generated
satisfiable instances, GLUHACK solved 165 instances, which ranked second out of 10
submitted solvers.

3 http://sat2018.forsyte.tuwien.ac.at
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Chapter 4

Pseudo-Boolean Constraint
Encoding for MaxSAT

Many combinatorial problems in various fields can be translated to maximum
satisfiability (MaxSAT) problems. Although the general problem is A'P-hard, more
and more practical problems may be solved due to the significant effort which has
been devoted to the development of efficient solvers. The art of constraints encoding
is as important as the art of devising algorithms for MaxSAT. In this chapter,
we present several encoding methods of pseudo-Boolean (PB) constraint into SAT
proposition, i.e., CNF formula, which are based on the idea of modular arithmetic
and only generate auxiliary variables for each unique combination of weights. These
techniques are efficient in encoding and solving MaxSAT problems. In particular,
our solvers won the partial MaxSAT industrial category from 2010 through 2012
and ranked second place in the 2017 main weighted track of the MaxSAT evaluation.
We prove the correctness and the polynomial space complexity of our encodings and
also give a heuristics of the base selection for modular arithmetic. Our experimental
results show that our encoding compactly encodes the constraints, and the obtained
clauses are efficiently handled by a state-of-the-art SAT solver.

4.1 Maximum Satisfiability Problem

A well-known SAT problem is to determine whether there exists a model, i.e., a
truth assignment that satisfies given Boolean formulas in CNF. Sometimes not all
the clauses of a instance can be satisfied, and so we try to satisfy the maximum
number of them, which is the idea of the MaxSAT problem, a generalization of
SAT. MaxSAT can be further generalized to a weighted partial MaxSAT (WPMS)
problem [5]. In this case, some clauses are declared to be hard that must be satisfied,
and the rest are declared to be soft that may or may not be satisfied. We put
different weights to each soft clause, where the weight is the penalty to falsify the
clause. Hence it turns out that not all clauses are equally important. The addition
of weights to clauses makes the instance weighted, and the separation into hard/soft
clauses makes the instance partial [17]. Given a WPMS instance, we want to find
the model that simultaneously satisfies the hard clauses and minimizes the sum of
the weights of the falsified clauses.
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Definition 12 (Weighted CNF). A weighted clause is a pair (C,w), where C is
a clause and w is a natural number or infinity, indicating the cost of falsifying C,
which is also called its weight. A clause is called hard if the corresponding weight is
infinity, and otherwise the clause is called soft. A WPMS instance is symbolized to
a weighted CNF formula F,, as follows, which is a conjunction of weighted clauses:

Fu = (Cryw1) Ao A(Cryy i) A (Crng1,0) A v oo A (Crpaemy, 00)
where the first m clauses are soft and the last m’ clauses are hard.

For the issues of assignment for the weighted CNF, we have A((Cy,w1) A... A
(Cnywin)) = (A(C1),w1) Ao A (A(Chy), wiy) and A(D) = 1, considering (1, w) A
Fuw = Fy and (0,w) A Fyy = (0, w) A Fyy and simplifying (C,w;) A (C,w2) A Fyy =
(C,w1 + wg) A Fu.

Example 10. Given F, = (-1 V 22,3) A (mx2 V x3,6) A (21 V —23,2) A (—21,5)
and A : {zg,z3} — {0,1} such that A(z2) = 1 and A(x3) = 0, we have A(F,) =
(0,6) A (m21,5).

Definition 13 (Optimal cost and assignment). Given weighted CNF F,, and truth
assignment A : 2" +— {0,1}, the optimal cost of a formula is the minimal cost of all
its total truth assignments:

CoST(Fy) = min { Z w;

(Cjw;) EFw
A(C;)=0

A:%H{O,l}}

An optimal assignment is an assignment with an optimal cost.

Example 11. Given a Fy, = (-2 Ve, 3)A(—z2Vas, 6)A(x V-oxs, 2)A(—-xg, 5) and
A {z2,z3} — {0,1} such that A(z2) =1 and A(x3) = 0, we have CosT(F,) =0
and COST(A(Fy)) = 6.

Notice that for any weighted CNF F,, and total truth assignment A : 2" — {0, 1}
we have A(F,) = (O, CosT(A(Fy))). WPMS is the problem of finding an optimal
assignment. If the optimal cost is infinity, which means that part of the hard clauses
of formula F,, is unsatisfiable, then formula F,, is nonoptimizable. The weighted
MaxSAT (WMS) problem is a WPMS when there are no hard clauses. In contrast,
the partial MaxSAT (PMS) problem is a WPMS when the weights of the soft clauses
are equal. Thus the appearance of a PMS instance is a CNF formula with internal
partitions. Intimately, MaxSAT is a PMS when there are no hard clauses. Also
notice that SAT is equivalent to PMS when there are no soft clauses.

4.2 QMAXSAT solver

The WPMS problem, which is a natural combinatorial optimization problem, has
been scrutinized in several domains, including scheduling and timetabling problems,
[3], knapsack problems [43], bioinformatics [36], FPGA routing [73], design debugging
[27], and coalition structure generation [2]. Since WPMS is N'P-hard, we cannot
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solve the worst case scenario in polynomial time unless P = N'P. Therefore, our aim
is to come up with an efficient solver to handle real/industrial problems. The existing
solvers can be classified into two approaches. One implements a branch-and-bound
scheme and applies several techniques tailored to MaxSAT. Another exploits a state-
of-the-art SAT solver as an inference engine. We call this the SAT-based approach
[7]. Our solver, QMAXSAT! (Q-dai? MaxSAT solver) [45], follows the SAT-based
approach and leaves the manipulation of the pseudo-Boolean (PB) constraint [59] to
an underlying CDCL solver by encoding them into SAT.

Definition 14 (Pseudo-Boolean constraint). A pseudo-Boolean (PB) constraint (a
0-1 integer linear constraint) is an integer coefficient linear Diophantine equation or
an inequation with Boolean variables, i.e., constraints of the following form:

n
Z w;xT; > k
=1

where w; are the coefficients of corresponding Boolean variables x; and k is the
degree, where w;, k € Z, and relational operator > € {=, <, <, >, >}. Since —w; - x;
is equivalent to w; - (—x; — 1), these constraints can be rewritten to use only operator
< or < with positive coefficients w;. A cardinality constraint is a PB constraint
where coefficients w; equal 1.

Example 12. Given PB constraint —147z1 4+ 540—xy — 136523 > 1477, it can be
rewritten as 147z + 540z + 136523 < 2017 or < 2018.

Weighted CNF formula F,, = (C1,w1) A ... A (Cpyywim) A (Crp1,00) AL A
(Crntmy, 00) can be solved through the resolution of a sequence of SAT instances
as follows. Let Fj be a CNF formula that is satisfiable if and only if F,, has an
assignment with cost less than or equal to k. One way to encode Fj is to extend

every soft clause C; with fresh auxiliary variable b;, and add the conversion to the
CNF of PB constraint ;" w;b; < k. Then

Fi = (Cl\/bl)/\.../\(C'm\/bm)/\Cm+1/\.../\Cm+mz/\CP|\]|3F(Zwibi gk)
=1

If the cost of the optimal assignment to Fy, is kop¢, then SAT problems Fj, for
k > kopt are satisfiable, while for £ < kop¢ they are unsatisfiable. Therefore, the
search of the cost of the optimal assignment to F,, corresponds to the precise location
of this transition between satisfiable and unsatisfiable CNF formula.

Notice that k£ may range from 0 to Y i ; w; (the sum of the weights of the soft
clauses). This encoding of Fj ensures that the set of all satisfying assignments
of Fi,,, (with variables restricted to the variables of F,) is the set of optimal
assignments of F,.

Value k,p¢ can be searched with the following different strategies: searching from
k =0 to kopt (increasing k while Fj, is unsatisfiable); from & = >~/ | w; to some value
less than kopt (decreasing k while Fj, is satisfiable); or alternating unsatisfiable and

! nttps://sites.google.com/site/qmaxsat
2 Kyushu University is called “Kyushu Daigaku” or “Q-dai” in Japanese.
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satisfiable Fj, until the algorithm converges to kopt (€.g., using a binary search scheme
[35]). Solvers using the first approach are sometimes called unsatisfiability-based
solvers [29, 51, 5, 6, 14], while those using the second are called satisfiability-based
solvers.

QMAXSAT is a satisfiability-based solver shown in Algorithm 5, which encodes
Fi using auxiliary variables as above, exploits the information from the execution
of the SAT solver for subsequent runs, and a minimal satisfying assignment can
be readily found by iterative calls to the solver. First, run a SAT solver on F
without a PB constraint (see Line 5) to get the truth assignment and initialize
k=3 Ap,)=1 Wi (see Line 7), and then add PB constraint > ;" w;b; < k (see Line
8), saying that the sum of the weights of the soft clauses with auxiliary variables,
which are evaluated as true, has to be less than k, and run the solver again. If Fj is
unsatisfiable, then kop¢ = k, which is the optimum solution of F,,, or otherwise the
process is repeated with the new lower cost solution. This iteration is essentially the
same as solver MINISAT™T [26] for solving PB optimization problems. The efficiency
of MaxSAT solvers depends critically on which SAT solver we use and how we encode
the PB constraints. Due to Theorem 1, there is much less necessity to develop a
dedicated solver that achieves the high performances of modern SAT solvers since
NP-complete problems can be encoded in CNF formulae. The question of how best
to translate PB constraints into a CNF is complicated.

Algorithm 5: QMAXSAT(FS): return kopt

Input :F° = (C1Vby,w1)A. . . A(Cr Vb, Wi )A(Cri1, 00) A . A(Cry oty 00);
> (1) Fb: weighted CNF F,, augmented with auxiliary variables
bi (1 <i<m); (2) symbol “c0” is regarded as a finite integer, valued
1+ > w;, which is greater than sum of all soft clauses’ weights

Output: The cost of the optimal assignment to Fy,, i.e., kops

1 new assign A; int k < 00; bool first + true;

2 repeat

3 if first then

4 first + false;

5 (sat?, A) < SATSOLVER((C1Vb1)A. . . A(Cr Vb )ACnsa Ao AC i );

6

7

8

else

k=2 Abi)=1 Wi

(sat?, A) < SATSOLVER((C1 Vb)) A ... A(Cpy Vb)) ACmg1 Ao A
Cm+m’ AN CPI\]!D)F (Z?; w;b; < k)),

> note that in PB constraint encoding, we only need to update the
part of comparator according to current k, but keep the part of
addition the same during all iterations

9 end
10 until sat? = UNSAT;
11 return k;

Koshimura et al. presented the first two versions of QMAXSAT for PMS, where
one applied the totalizer (TO) encoding [11, 13] to encode cardinality constraints
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[59] into CNF formulae, and another considered reducing the space complexity
by eliminating some superfluous clauses [45]. During the first few years of this
decade, QMAXSAT achieved some excellent performances in MaxSAT evaluations®,
which are the annual competition of MaxSAT solvers. Nevertheless, the existing
encodings suffer from memory-out and/or execution slow down caused by the huge
size of the encoded formula. In 2013, Ogawa et al. proposed the first encoding
based on modular arithmetic, called modulo totalizer (MTO) encoding [56], which
was originally designed for PMS. QMAXSAT dramatically reduced the CNF size
by utilizing MTO, and won the 2012 PMS industrial and crafted categories of
the MaxSAT evaluation. Since 2015, we began focusing on efficiently solving
WPMS problems and initially presented an addressing encoding called weighted
totalizer (WTO) [34], based on variables partition by weighted combinations. As
the same idea, generalized totalizer encoding (GTE) [12] for PB constraints was
also independently presented at almost the same period. Even though WTO is
exponential in the worst cases, it is competitive with other encodings. Recently,
we proposed a hybrid encoding [1] which inherits modular arithmetic from MTO
and distinct combinations of weights from WTO. We also enhanced the encoding
by multi-level modulo arithmetic based on a mixed radix numeral system [3]. The
latest version of QMAXSAT ranked second place in the main weighted track of the
MaxSAT evaluation 2017.

4.3 Totalizer Based Encoding

There are many works [11, 66, 63, 18, 8] that describe techniques to encode cardinality
constraints to CNF. The starting point for these works is a unary base encoding,
called Totalizer (TO), proposed by Bailleux et al. [l1], which uses the unary
representation of integer intervals. In this section, we briefly introduce TO and its
weighted extension, called WTO which is applied to encode PB constraints.

4.3.1 Totalizer

Before explaining the TO-encoding schema, we define the unary representation of
an integer interval as follows:

Definition 15 (Unary representation of an integer interval). Let a, b, and u be
integers that satisfy 0 < a < b < u, and let X = (x1...x,) be a vector of
Boolean variables. Integer interval & = [a,b] in range 0..u is represented by a
truth assignment A : X — {0,1} for X = {z1,..., 24} U{@pt1,..., 2y} such that
Vi(0 <i<a)(A(x;) =1) and Vj (b < j <u) (A(z;) = 0). We call this assignment
a unary representation of interval  and denote it as & = A(X).

Briefly, unary representation is a vector in which only variables on the left of
the vector can be assigned as 1, only variables on the right can be assigned as 0,
and the variables in between are unassigned. X takes its values in set {0, 1, *}H%l (x
standing for unassigned) such that there exists two ranks, a and b (0 < a < b < u),
with the following property: ; =1if0<i<a,z; =*ifa <i <band z; =0 if

3 http://www.maxsat.udl.cat
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b < i < u. Notice that an interval can be clamped as an integer if its lower bound
equals its upper bound, i.e., a = b.

Given two integer intervals, T = [a,b] and ¥ = [¢,d], an adder based on this
representation can deduce interval Z =T +y = [a+¢, b+d]. Let X = (z1...x,) and
Y = (y1...9») be two vectors of Boolean variables where 7 £ A(X) and 5 = A(Y).
Let Z = (21...2yu1y) perform their sum, where zZ £ A(Z). This adder generates the
following two types of clauses:

1. (mx; V-V ziyj), where 0 <i <wand 0 < j <w
2. (Zp41 V Yg1 V 72pigr1), where 0 <p<uwand 0 < g <w

The clause in type 1 indicates that z > ¢ 4 j, and in contrast, the clause in type 2
indicates that z < p+ ¢. With the same convention of the original totalizer encoding
[11], we let special variables xg, yp and zp be a constant value 1 (i.e., xg = yo =
20 = 1), and let special variables xy11, Yy+1 and zy4,41 be another constant value
0 (i.e., Ty+1 = Yo+1 = Zu+v+1 = 0). Notice that these variables are initialized to
corresponding constant values, which means that they cannot be assigned during
solving process, hence they are not included in the unary representation of integer
intervals. Using these variables will never affect Definition 15, but it helps us to
normalize the encoding of interval addition and to make generated clauses uniform.

Example 13. Given z = [3,5] in range 0..7 and y = [2,4] in range 0..6, with unary
representation, we have respective assignments X = (111%% 00) where 2 A(X), and
Y = (11%x00) where § £ A(Y). Generated CNF formulae A7_, /\?Zo(ﬁxi\/—\yj VZitj)
and /\]73:0 A2:0($p+1 V Ygt1 V 72Zpigt1) lead to assignment Z = (11111 % % x x 0000),
which indicates Z = [5,9] in range 0..13, where Z = A(Z).

However, in this chapter, it is unnecessary to ensure that z < p 4 ¢ for the
left terms of the PB constraints, because we are not concerned with encoding
Yo, wib; > k. Hence we omit such clauses as those in z < p + ¢ (i.e., type 2) from
our encoding. We only have the conjunction of all the clauses in type 1 that ensure
that z > ¢+ j through their unary representations with convention g = yg = z9 = 1:

u v

o=\ N\ (i Voy; Vo)

i=0j=0

Maintaining arc-consistency [46] on CSP is based on the constraint propagation that
guarantees that every value in a domain is consistent with every constraint. The
advantage of this representation is that it allows this addition to be encoded in such
a way that UP, the fundamental mechanism used inside most SAT solvers, is able to
make the expected inferences, even when some variables are unassigned. Therefore,
its resulting CNF formula allows the UP to derive all of the consequences of every
assignment with respect to generalized arc consistency (GAC) [31]. The original
proof shows that TO encoding maintains GAC, which helps the SAT solver prune
the search space sooner.

TOs, like converters, are in charge of transforming the input vectors into the
corresponding output vectors that contain the same values but also satisfy the
requirements of the unary representation of integer intervals, which are applied to
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efficiently encode PB constraints. In essence, these TOs play the identical role as
the sorting and adder networks [26, 72].

The basic TO encoding procedure is defined in Algorithm 6. The input is
a vector of pairs of weight and auxiliary Boolean variable ((wi,b1) ... (wm,bm)).
If m = 1, TO generates a vector of Boolean variables X = (b;...b1), which is
constituted by w; bits of by, i.e., |X| = wy, because the integer (w; X by) can be
represented by corresponding assignment A(X). Then TO returns this X and a
tautology. If m > 1, the parent TO divides input sequence ((w1,b1) . .. (W, by,)) into
<(w1, bl) e (wtm/gJ N bLm/2J>> and <(wlm/2J+1’ bLm/Qj-I—l) e (wm, bm)>, and recursively
calls two children TOs that take as input either of the subsequences and the output
of the respective vectors of Boolean variables X and ) and CNF formulae ¢, and
¢y. Then with an adder that performs the addition of X and Y, vector of Boolean
variables Z = (z1...zx|4+|y|) and CNF formula ¢, = /\‘Zﬂ) L.);lo(ﬂxi Vo VoZigg)
are generated. For each recursion, TO returns a vector of Boolean variables Z and
CNF formula ¢, A ¢y A ¢, until the feedback satisfies condition m = 1.

Algorithm 6: TO(((w1,b1) ... (Wm,bm))): return (Zgum, P)
Input : A vector of pairs of weight and auxiliary variable, i.e., vec((w;, b;))
Output: A vector of variables and a CNF formula, i.e., (Zsum, P)

1 if m =1 then

2 new vec(var) X < (by...by) where (w1 x by) £ A(X) s.t. |X| = wy;
3 return (X, T);

4 else

5 | (X, 0z) < TO((w1,b1) -+ (Wmy2) bymy2))));

6 (Y, dy) TO(<(wl_m/2J+lvbl_m/2J+1) oo (W, bm)));

7 new vec(var) Z «+ (), vec(cla) ¢, + T;

8 for i < 0 to |X| do

9 for j <+ 0 to |Y| do

10 G2 = G2 A (2T ViV Zigg);

11 if i+ 7& 0 and Zi+j ¢ Z then Z.PUSH(Zi+j);
12 end

13 end

14 return (Z, ¢, A oy A ¢);

15 end

The TO encoding mechanism is illustrated in Figure 4.1. Each adder requires
two input vectors of Boolean variables and outputs one. Thus, like a typical m
players tournament that decides one winner and eliminates the rest among m — 1
games, m inputs need a total of m — 1 times of using an adder in the whole TO
encoding procedure. Let s be the sum of all the input weights, i.e., s = > /" w;.
The final output includes the vector of Boolean variables Zg,m, = (21 . .. z5), which
ensures that assignment A(Z) exists s.t. Z C Zgu, that can represents the sum
of interval z, and CNF formula ® = /\ﬁzl i, which ensures that the minimum in
interval Z, denoted as ( equals the sum of the left terms of the PB constraint, i.e.,

¢ =" wib;.
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Figure 4.1. TO encoding: (a) Overview over binary tree of TO adders showing connection
of input and output between each recursion. (b) Detailed adder for two input vectors of
Boolean variables.

Proposition 1. For any total truth assignment A of a weighted CNF (i.e., a WPMS
instance), TO guarantees a final output that corresponds to an integer interval whose
mintmum equals the sum of the terms on the left of the PB constraint.

To encode the entire PB constraint, we have to make a comparator, which
generates CNF formula to guarantee that ¢ is less than right term k, i.e., ( < k. In
a straightforward way, the comparator generates this CNF by a unit clause (—zg),
which constrains Boolean variable z; to be assigned to 0. Notice that we always have
dzi s.t. 2z € Zgum, since 1 < k < s. Formally, the PB constraint can be encoded
into the CNF formula as follows:

Cpl\llsF <;U)ibi < k) = CTI\(I)F (;Uh‘bi = C) A S)DIHI; (C<k)=DA(—z)

Corollary 5. Given an arbitrary PB constraint, the conjunction of the CNFs
generated by TO and the comparator is satisfiable, if and only if this PB constraint
1s satisfiable.

We can ignore and even remove Boolean variables x;, y;, and z; such that
Vi (i > k) from all generated inputs and outputs during TO’s binary recursions,
because they are never compared with k. The size of the CNF components (clauses,
variables) encoded in TO can be reduced by omitting the parts related to these
variables such that Vi (i > «), where £ = 3 4(3,)=1 w;, which is initialized by the
total truth assignment A in the first run SAT solver on Fj without a PB constraint.
This encoding technique is called k-simplification (a.k.a. k-cardinality networks)
[8, 42], which guarantees that no redundancy of generated variables exists.

Example 14. Given a small PB constraint 3z + 2y < k where k = 3, we need

to generate CNF formula ¢ = ;”:0 /\?:0(—'3,3 V —y; V zi45) and a unit clause

(comparator) (—z3), in total 13 clauses. However, in ®, some useless clauses which
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are (—a; V —y; V zi1;) where i +j > k, are redundant. Therefore, with considering &-
simplification, we only need to generate CNF formula ® = A3, /\?Zo(ﬂxi\/—'yj\/ziﬂ)
where i + j < k, and comparator (—z3), in total 10 clauses.

Theorem 4. For solving WPMS, TO always produces a polynomial-size CNF' that
requires O(mx?) clauses and O(mk) auziliary variables in m input Boolean variables
with k-simplification.

Proof. Since the number of Boolean variables either of each input or output vector
for each adder is bounded by &, at most (k + 1)? clauses are generated in ¢. Hence,
the total number of required clauses is bounded by (m — 1) x (k + 1)2, which is
in O(mk?), and the total number of generated auxiliary variables is bounded by
(m — 1) x k, which is in O(mk). O

4.3.2 Weighted totalizer

Weighted totalizer (WTO) is a CNF encoding scheme that is heavily based on TO
and variables partition by weighted combinations. As the same idea, the generalized
totalizer encoding (GTE) [12] for PB constraints is also independently presented at
almost the same period. Unlike other common methods, the number of auxiliary
variables required for WTO is independent of the magnitudes of the weights, but it
is related to how many unique sums of weights can be generated in each of its adders.
If the unary representation of the integer intervals applied in TO is unweighted?,
then WTO represents them using the weighted unary representation, because each
input Boolean variable maps to its weight.

Mathematically, given a vector of pairs of weight and Boolean variable ((wy,x1) . ..
(Wi, T )) whose containing weights are mutually different, we denote the set of the
subscripts of each w that indicates its index in this vector by I = {1,...,m}. If
we divide each pair into two sets W and X, where W stores all the unique weights
and X stores the corresponding Boolean variables, then there exists two bijections:
one is from X to W, denoted as w(x;) : z; — w;, and another one is from W to I,
denoted as ¢(w;) : w; — i, where i € N, 1 <14 < m for both bijections.

For the identical concern with TO, we also only need the conjunction of all
the clauses of the type that ensure that each sum of intervals has its lower bound
through their weighted unary representations with convention zg = yg = z9 = 1,
w(zo) = w(yo) = w(z0) = 0, and ¢(0) = 0:

X1 Y]

¢ = /\ /\ (_'xi VoYV ZL(O’))? where W(.Z'l) + W(yj) = w(ZL(O')) =0<kK
i=0 j=0

Example 15. Given # = {i € N|i > 3} and y = {i € N|i > 2} both in range
0..k (k = 7), with weighted unary representation, we have respective assignments
X = (1) = (1) where 7 £ A(X), w(z1) =3 and ¢(3) = 1, and Y = (1) = (1) where
72 AY), w(y1) =2 and +(2) = 1. Generated CNF formula A}_, /\}:O(ﬁ:z:i VoV
2,(0)) Where w(z;)+w(y;) = o < k, leads to assignment Z = (z1 22 23) = (111), which
indicates Z = {i € N|i > 5} in range 0..x, where z £ A(Z), w(z1) = 2, w(z2) =

4«Unweighted” means that all the Boolean variables take a weight of 1.
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3, w(z3) =5, 1(2) =1, «(3) =2, and ¢(5) = 3. In contrast, as the way of TO, which
is similar to Example 13 and 14, we have X’ = (1110000) and )’ = (1100000).
Cenerated CNF formula A7_, /\;‘:0(_‘56; V yi V oz ;) where i + j < K, leads to
assignment Z’ = (1111100), which indicates the same integer interval 2’ as Z, where

2 A AZ).

The WTO procedure, which is defined in Algorithm 7, is heavily based on
Algorithm 6. There are only two different places between them. The first place (see
Line 2) explains that WTO only uses one Boolean variable to represent each input
weight from the PB constraint, while TO uses the number of each weight of the
Boolean variables. The second place (see Line 10 and 11) indicates that the above
WTO adder, which means that WTO requires that number of generated Boolean
variables for Z be less than or equal to the number of unique sums of weights, if
with k-simplification, while TO needs to generate a number of Boolean variables
that is less than or equal to |X| + |V].

Algorithm 7: WTO(((w1,b1) ... (Wm,bm))): return (Zgum, P)

Input : A vector of pairs of weight and auxiliary variable, i.e., vec((w;, b;))
Output: A vector of variables and a CNF formula, i.e., (Zsum, P)

if m =1 then

[y

2 new vec(var) X < (by), where (w; x b1) = A(X), w(b1) = w; and
t(wy) =1s.t. |X|=1;

3 return (X, T);

4 else

5 (X7¢m) <_WTO(<(w17b1)(wl_m/QJab\_m/Qj»)»

6 (yv ¢y) — WTO(((w\_m/2j+17 bI_m/QJ—i—l) s (wm, bm)>)7

7 | new vec(var) Z + (), vec(cla) ¢, «+ T;

8 for i + 0 to |X]| do

9 for j + 0 to |Y| do

10 G2 Oz N (mx; Vi Vozig ), where w(z;) + w(y;) = 0 < k;

11 if 0 #0 and z,,) ¢ Z then Z.PUSH(2,(,));

12 end

13 end

14 return (Z, ¢, A oy A ¢);

15 end

With the same notation in TO, WTO finally outputs the vectors of Boolean
variables Zg;m,m and CNF formula ®. The comparator of WTO generates CNF formula
A = A; =2, such that Vi (i > k), which constrains each Boolean variable z,(;) to
be assigned to 0. Formally, the PB constraint can be encoded into CNF formula as
follows:

CNF (;wb < k:) = CNF (;wb :g) /\g)II\IIII;(C< k) =®AA

Since WTO behaves exactly as TO, the GAC property of TO holds for WTO as well.
Notice that about the issue of space complexity, the best cases for WTO occur when
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all of the weights are equal (i.e., the cases of cardinality constraints), in which the
cases of the number of clauses and auxiliary variables are respectively O(m?) and
O(mlogy(m)) [11, 42]. For these best cases with k-simplification, we have O(mk)
clauses and O(mlogy(k)) variables [56]. However, in the worst cases where all of
the weights are inequal, and all the sums (combinations) of the weight in both
subsequences are different, the numbers of clauses and auxiliary variables required
in WTO are exactly the same as those in TO respectively in O(mx?) and O(mx).

4.4 N-level Modulo Totalizer Encoding

In this section, we propose another original encoding that is an extended WTO by
applying modular arithmetic, called the n-level Modulo Totalizer (MTQO), which
can dramatically reduce the CNF size. To facilitate understanding, we present this
scheme from a single-level modulo (n = 1) to a multi-level modulo (n > 1) in an
orderly way.

4.4.1 Single-level modulo

We denote integer I by 1-level modulo number g¢|,r with modulus p such that
I =qgxp+r, where p € N, p > 1. Here we name ¢, the quotient part, “upper digit”,
and r, the remainder part, “lower digit”. Obviously, each weight owns its 1-level
modulo number.

Lemma 1. Let integer p be the modulus. Then the weighted unary representation
satisfies the following properties:

Split Any vector of Boolean variables Z = (z1...zz|) where Z = A(Z) can be
split into two vectors U = (uy ... up) and L = (l1...l ), where u 2 A(U),
12 A(L), and Vi (w(z) = w(u;) x p+ w(ly)) s.t. uj €U and Iy € L.

Merger Any two vectors of Boolean variables U = (uy ...up) and L= (l1...1z),
where @ 2 A(U) and I £ A(L) can be merged into one vector Z = (z ... 2z),
where Z £ A(Z) and Vi, j (w(u;) x p+ w(lj) = w(zg)) s.t. 2z € Z.

Integer intervals u and I respectively correspond to the upper and lower digits of the
modulo number of the minimum in Z. Hence we have @ x p + 1 = A(U|,L).

Example 16. Given z = {i € N|i > 5}, we have assignment Z = (z1 29 z3) = (xx1),
where Z 2 A(Z), w(z1) = 2, w(z2) = 3, w(z3) = 5, 1(2) =1, ¢(3) = 2 and «(5) = 3.
Let modulus p = 2, because 2 = 1|30, 3 = 1|31 and 5 = 2|31, then Z can be
split into & and £. We have assignment U = (uju2) = (x1), which indicates
u={i € N|i>2}, where t = A(U), w(u1) = 1, w(uz) = 2, (1) = 1 and 1(2) = 2,
and assignment £ = (I;) = (1), which indicates [ = {i € N|i > 1}, where [ £ A(L),
w(l1) =1 and ¢(1) = 1. So assignment U|,L = (uj ug)|p(l1) = (*1)|2(1) indicates
{i e N|i> 5}, where & x p+1 2 A(U|,L).

Theorem 5. The minimum in integer interval Z is less than or equal to the minimum

in integer interval U x p+1. There also exists assignment A(U|pL) that can represent
interval Z.
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Proof. If min{z} = s (s = gxp-+r), then we always have min{a} = ¢, min{l} =t > r,
and 3i s.t. w(l;) = r. Thus we know that min{u x p + Ff} =gxp+t>s On
the other hand, for the upper digits we have JA(U) s.t. A(u,4)) = 1, and for the
lower digits we have 3A(L) s.t. A(l,()) = 1 and Vi A(l,(;)) = 0 where i > r. As a
consequence, we know that JA(U|,L) s.t. Z £ A(U|,L). O

Given two integer intervals, z and ¥y, we have U,|,L; and U,|,L,, which are the
respective vectors of the Boolean variables that correspond to their upper and lower
digits (e.g., Uy = (U, - - - Ugy,,) and Ly = Iy, ... Iy, |)) where T £ A(Ug|pLy) and
y = A(UylpLy). Let U.|,L, perform their sum, and then we construct an adder
that can deduce interval u, x p + l; whose minimum is greater than or equal to
the minimum in Z + 7, where u, X p + I, & A(U.|pL). Due to the generation
of the carry in modular arithmetic, the adder of a 1-level MTO is very different
from that of WT'O’s. With convention I, = ly, = L,y = Uzy = Uy, = Uz = 1,
W(lzy) = wllyy) = w(lz) = wW(uzy) = w(tyy) = w(uz) = 0, ¢(0) = 0 and using
Boolean variable ¢ to indicate the carry, we have a conjunction of clauses for the
lower digits:

(—le, V =ly; V iz, Ve), where w(ly,) +w(ly,) =0 <p
L] [Ly] ) =

_ /\ /\ (=lz; V =ly; Vc), where w(ly,) + ( P
i=0 j=0 | (5la; V =ly; VI A (2lz, V —ly, V),
where w(lwi) +w(ly,)=0>p

Zi(o mod p))

and for the upper digits:

(U Uy

Oy = /\ /\ (—ugy, V Uy, V uZL(J)) A (e V —ug, V My, V uZL(UH)),

1=05=0 where w(ug,) + w(uy,) =0
Example 17. Given z = y = {i € N|i > 2} in range 0..10, let modulus p = 3,
and we have two assignments, 7/{ pLe = <>|p< Ly lzy) = ()|3(x1) and Uy|,Ly =
Olp(lys L) = (l3(x1), where T £ AUslpLe), § 2 AlylpLy), w(ley) = w(ly,) = 1,
W(lzy) = w(ly,) =2, ¢(1) =1 and ¢(2) = 2. Generated CNF formulae ¢; and ¢,, lead
to assignment U, |, L, = (us,)|p(ls; 12,) = (1)|3(1%), which indicates Z = {i € N|i >
4} in range 0..10, where z £ A(U,|,L.), w(us,) = w(ly) = 1, w(ly,) =2, 1(1) =1
and ¢(2) = 2.

Notice that for lower digits, the adder generates clause =iy, V =y, V lzb(@ V ¢, not
=g,V =ly; Vi, where w(ly, ) +w(ly;) = o < p. For example, consider only changing
assignments Uy |, L, and Uy |, L, from ()|3(x1) to ()[3(11) in example 7. If the adder
generates clauses of type =iy, V =l VI, .(») instead of type —lz, V =y, V Loy VG
then [, will be precisely assigned to 1 since Iz, Aly, — 15,. Asa result there exists
no assignment that can indicate that z = {i € N|i > 4}. Although clauses of type
Sy V ly, V ZZM) V ¢ lead to the minimum in z that may become “more” greater
than the minimum in the true sum of ¥ + y, it guarantees the correct existence
of AU:|pL:) s.t. T+ 7y = A(U,|pLz), which is not guaranteed by clauses of type
—lz, Vo ly; Vo,
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Theorem 6. Given two integer intervals, T and y, we have Uy|pLy and Uy|pLy,
which are the respective vectors of the Boolean variables that correspond to their
upper and lower digits, where T = A(Ug|pLz) and § = A(UylpLy). Let Us|pL.
perform their sum, and then the 1-level MTO guarantees that there exists assignment
A(U,|,L.) s.t. T4+ 2 A(U.|,L.), and the minimum in interval @, x p+1, is greater
than or equal to the minimum in interval T + 7.

Proof. If min{Z} =a (a = aq X p+ a,) and min{y} =b (b = b, x p+ b,), then we
always have min{u,} = aq, min{l,} = a; > a,, i s.t. w(ly,) = a,, min{u, } = by,
min{l~y} = by > by, and 35 s.t. w(ly,) = b,. Therefore, we know that 3A(U.[,L.)
s.b AUz, in,) = 1 Az, 1)) = 1, ViA(uz,,)) = 0 and Vj A(l;, ;) = 0 where
i > aq+ by, j > ar + by, which can represent interval T + y. Since a < mm{ux

P+l }=agxp+a,b< mln{uy xp—l—ly} = by X p+ b, and min{u; X p+ L, } >
min{ (@ + Uy) X p+ (I + 1)} = (ag + by) X p + (as + b;) caused by the generated
clauses of type —ly, V =ly, VI, V¢, we know that min{u, x p+1.} > min{Z+7} =
(ag+bg) X p+ (ar + by). O

The 1-level MTO encoding procedure is defined in Algorithm 8, and the final
output includes the upper and lower vectors of Boolean variables U.|,L, and CNF

formula ®. The minimum in w, X p + l;, denoted as (, is greater than or equal to
the sum of the left terms of the PB constraint, i.e., { > Y 1" w;b;.

Proposition 2. For any total truth assignment A of a weighted CNF, 1-level MTO
guarantees that the final output corresponds to an integer interval whose minimum
is greater than or equal to the sum of the terms on the left of the PB constraint.

We also have modulo number k,|,k; of the right term of PB constraint k, where
k = ky X p+ k;. Since the upper digits have a higher priority for comparison
than the lower digits, the comparator of the 1-level MTO generates CNF formula
A = N~z Nj(Tuz,,,, Vs, )) such that Vi (i > ky) and Vj (j > k). Formally,
the PB constraint can be encoded into the CNF formula as follows:

m m
NF 12 = CNF b; < NF =dAA
CPB <;wzbl < k:) 1LCVMTO <;wlbz < C) A CCOmp (C<k) A
Corollary 6. Given an arbitrary PB constraint, the conjunction of the CNFs
generated by the 1-level MTO and the comparator is satisfiable, if and only if this
PB constraint is satisfiable.

Theorem 7. For solving WPMS, 1-level MTO always produces a polynomial-size
CNF requiring O(4mp?) clauses and O(2mp) auziliary variables in m input Boolean

variables with p-simplification, where modulus p = [ﬁ%}

Proof. Since the number of Boolean variables of either each input or output up-
per/lower vector for each adder is bounded by p, at most 2 x (p + 1)? clauses are
generated either in ¢; or in ¢,. Hence, the total number of required clauses is
bounded by (m — 1) x 4 x (p + 1)2, which is in O(4mp?), and the total number of
generated auxiliary variables is bounded by (m — 1) x 2 X p, which is in O(2mp). O
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Algorithm 8: 1ILVMTO(((w1,b1) ... (Wm, b)), p): return (U.[,L., P)

[uny

® I O G ks

10
11
12
13
14
15

16
17
18
19

20
21
22

23
24
25
26
27
28
29

Input : A vector of weight and variable pairs, and a modulus

({((w1,01) - - (Wi, b)), p)

Output: Upper and lower vectors of Boolean variables and a CNF formula

(Ue|pLs, @)

if m =1 then

new vec(var) U < (by) where |wi/p| x by = AU), w(by) = |wi/p| # 0
and o(|wi/p]) =1st. U] =1;

new vec(var) £ < (b;) where (w1 mod p) x by = A(L),

w(by) = (w1 mod p) # 0 and ¢(w; mod p) =1 s.t. |L] =1;

return (U|,L, T);

Ise

(Us|pLa, dz) <= ILVMTO(((w,b1) - - - (Wmy2)s bymy2))), P);
(uy‘pﬁya d)y) — 1LVMTO(<(w|_m/2J+17 b\_m/?j-i—l) s (wmv bm)>7p);
new vec(var) U, < 0, L, < 0, vec(cla) ¢, + T, ¢y + T;
> the adder part for the lower digits
for i + 0 to |£,| do
for j < 0 to |£,| do
if w(ly;) +w(ly,) < p then
$1 < G A (2l V ol VI,V oe), where w(ly,) +w(ly;) = o3
if 0 # 0 and lzL@ ¢ L, then LZ.PUSH(ZZL<U>);
Ise if w(ls;) +w(ly;) > p then
o1 — ;N (ﬁlxi V ﬁlyj Vi,
wW(ly;) +w(ly,) = o;
if o #0 and lzL(a mod ) ¢ L, then /JZ.PUSH(ZZL(U od p>);
else ¢ < ¢y A (2ly, V -l V) ; > w(ly;) +w(ly,) =p
end

@

A (2lg; V 2ly, V), where

(o mod p) )

end

> the adder part for the upper digits

for i < 0 to |U,| do

for j < 0 to |U,| do
(bu < ¢u A (_‘uxi v Ty, Vo,
where w(ug,) +w(uy,) = 0;
if o #0 and u.,, ¢ U. then U,.PUSH(u;,,, );
if Uz, (o) ¢ U, then U, .PUSH(u,

end

A (e V =g, V oty Vo,

o)) So1))>

(o+1) )’

end

new ¢, < o, A ¢y;
return (U, |,L., ¢z A oy A @2);

end
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4.4.2 Multi-level modulo

To generalize an MTO to a multi-level modulo, we denote integer I by n-level modulo
number d" Y|y ... d3|\,d?|y,d" with the vector of moduli A = (A1, A9, ..., \,) such
that I = d' +d?> x (M) +d®> x (A1 x Xa) + - +d"Lx (A X Ao X - X \p) =
AP T N+ 4+ d® X [T A 4+ d? < [T, A 4+ db, where \; € N, \; > 1. Note
that the superscript of d indicates the order number of digits, e.g., d’ is the i-th
digit. Here we name d' the “lowest digit” and d" the “intermediate digit”, where
h €N, 2 < h <n, and we name d"! the “uppermost digit”. The notation of the
n-level modulo number and the vector of moduli A are also respectively called mized
radiz representation and mized radiz base [3]. Obviously, each weight has its own
n-level modulo number.

Example 18. The 4-level modulo number of 1229223 is 2|70|245/6027|603, which
equals 1,229,223 seconds, or 2 weeks, 5 hours, 27 minutes, and 3 seconds.

Lemma 2. Let A = (\1...)\,) be the vector of moduli. Then the weighted unary
representation satisfies the following properties:

Split Any vector of Boolean variables Z = (z; Z|Z|> where Z = A(Z) can be
split into n+ 1 vectors D"+ = (d}+1 .. d"g“nlﬂ‘} =(di.. d|D1|>, where
/n\/ AL n+1 11 A 1 n+1
dntl = A(D™Y), ... db £ A(DY), and Yk (w(zg) = (dj1 ) x [l i+ +
()XH1A+M&1»&t%HEWMP”& €D

7 In+1
Merger Any n + 1 vectors of Boolean variables D"t' = (d7 .. dgn1+1|>
= (di .. d|D1|>, where dvt1 & A(D"), ... dt & A(DY) can be merged
into one vector Z = (z1 Z|Z‘> where Z = A(Z) and Vj1, ..., jni1 (w(d?lJrl) X
e N+ —l—w(d?n) X H Y +w(d}n+1) =w(zj)) s.t. zx € Z.
Integer intervals d/”:l, e ,Zﬁ respectively correspond to_each digit of the n-level

modulo number of the minimum in z. Hence we have d"+1 x [[iq i + -+ + d? X
[Ty A +d' 2 AD™ 1y, ... |5, DY).

Theorem 8. The minimum in integer interval z is less than or equal to the minimum
in integer interval At x [0y Ai+- - -4+d2 x [Tioy A\i+dt. There also exists assignment
A(D™ Y, .. |x, DY) that can represent interval Z.

Given two integer intervals, Z and g, we have Dpl[y ...[\, D} and Dyt
P AlD;, which are the respective vectors of the Boolean variables corresponding
to their digits (e.g., Df = (d ...d} . )), where & £ A(DZ|5 ...\, D) and

l"Dn

g = ADpty, . InDy). Let D"H]A ..|x, D} perform their sum, and then we

—~—

construct an adder that can deduce interval d2™ x [T, A + - + 33 x TT_y \i +
d% whose minimum is greater than or equal to the minimum in = + y, where
C?L\ﬁ Xy N+ + (fi\i x Ty Ni + Ei £ A(DFLy, ... |a, D). With convention
dptt = ditt = d"Jrl =dy, =dy =dl, =1, w(dith) = w(dli) = w(di™) =

= w(d},) = w(dlo) = (dio) =0, 1(0) = 0 and using Boolean variables ¢" ... c! to
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respectively indicate the carries of D” ... DL, we have the conjunction of the clauses
for the lowest digits:

(—d}, v ﬁdl \Y% di( ) c'), where w(dl)) + w(dglh,) =0< )\
1
B 7&' 7< (—d, v —|d1 V cl), where w(d}) + w(dglh_) =\ (41)
- 1 v 1 1 1 :
i=0 j=0 | (da, Vody, Vs ) A (2, YV ody Ve,
1 1y _
where w(dy,) +w(d,,) =0 >\
and for the intermediate digits:
h h h h h '\ —
(ndy, V —dy dz( : "), where w(dl ) + w(dy) =0 <Ay
(—dl v —|dh V "), where w(dl ) + w(dzj) =\
h h h h h o\ b
(ﬂd _‘d v d Zi(o mod )\h)) (_‘de v _|dyJ Ve )7
where w(d? ) + w(d’;_) =0> )\
Dk D5 ’ ’
i=0 j=0 (ﬁchfl\’ﬁdh ﬁdh V/d2<> ),
where w(d? ) + w(de) +1l=0< M
(—~ch=t v =dl v —|dh V "), where w(d} ) + w(dzj) +1=M\
h—1 h h h h—1 h h h
(=" 7V mdy, V dy, VdL(modm)A(T V ody, Vody Vo),
where w(d? ) + w(dgj) +1=0>\
(4.2)

and for the uppermost digits:

1
DR+ Dyt

o= NN\ (it v adyTtvalti) A (et v ady v sdy v di ),
i=0  j=0

where w(dl) + w(dZ:rl) =0 (4.3)

Theorem 9. Given two integer intervals, ¥ and , we have D2+ |y ... |\, D} and
DZH\)\” e \MD;, which are the respective vectors of the Boolean variables that corre-
spond to each digit where & = A(D" |y ... |\, DL) and § = .A(D;}+1 A - - - \AlD;).
Let Dy ... |\, DL perform their sum, and then the n level MTO guarantees that
there exists assignment A(D" Y|y ... |x,D2) s.t. T+7 = ADY |y, ... [\, D)), and
the minimum in interval d2T x TI%y N + - + dg x TTIi—y \i +dL is greater than or
equal to the minimum in interval T + 3.

For avoiding cumbersome narratives, we omit proving Theorems 8 and 9 whose
proofs are very similar to those of Theorems 5 and 6. The n-level MTO encoding
procedure is defined in Algorithm 9, and the final output includes the lowest,
intermediate, and uppermost vectors of Boolean variables D2t!|y ...|\, D! and

CNF formula ®. The minimum in dnJrl XTIy A+ + d2 X H 1A+ le, denoted
as (, is greater than or equal to the sum of the terms on the left of the PB constraint,

i.e. (>Z T wib;.
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Algorithm 9: nLvMTO(((w1,b1) . .. (W, b)), A): return (D2 ... [\, DL, @)
Input : A vector of the weight and Boolean variable pairs, and a vector of
moduli (((w1,b1) ... (Wi, bm)), A)
Output: The uppermost, intermediate, and lowest vectors of Boolean
variables and a CNF formula (D2, ...|), DL, @)

1 if m =1 then
2 fori< n-+1to2do > ¢ is decremented in this loop
3 new vec(var) D’ < (b)) where |w;/ Hé;ll M| x by £ A(DY),
w(br) = w1/ TTZ1 Aj] # 0 and o [wi/TTZ] Aj)) = 1 st [DY] = 1
4 wy ¢ wy mod H;;ll Aj
5 end

new vec(var) D! « (b;) where wy x by = A(D'), w(by) = wy # 0 and
t(w) = 1s.t. DY =1;

7 | return (D", ... |\, DL, T);

8 else

(’DQ+1|)\” ces |)\1D31w ¢x) — nLVMTO(((wl, bl) e (’wtm/%,b[m/%)),[\);

10 (DZ+1|)\7L s |>\1D;’ ¢y) <_nLVMTO«(wLm/2J+1a bLm/2j+1) s (wm’ bm»’ A)?

11 new vec(var) D« (... D!+ 0

12 new vec(cla) ¢"! « T ... ¢! + T;

13 cees > omit the adder part for the lowest digits (Formula 4.1)
14 for h < 2 to n do

15 ‘ ...; D> omit the adder part for the intermediate digits (Formula 4.2)
16 end

17 - > omit the adder part for the uppermost digits (Formula 4.3)

18 | new ¢, < ¢ AL AP
19 return (D2, ... A\, DL, ¢u Aty A b2);

20 end

Proposition 3. For any total truth assignment A of a weighted CNF, n-level MTO
guarantees that final output corresponds to an integer interval whose minimum is
greater than or equal to the sum of the terms on the left of the PB constraint.

We also have n-level modulo number k" *1|y ... [y, k! of the term on the right of
PB constraint k, where k = k"1 x T/ i + -+ + k? x Hil:1 \; + k. By analyzing
from the uppermost to the lowest digit, the n-level MTO comparator generates the
following CNF formula:

m+1

/\il _‘d21,(i1)
+1

/\ig (ﬁdgb(kn_‘_l) v ﬁd?L( )

i3)

A=A

N, (2dit v =dl VLV SV ad2 )

2kt Zu(k™) L(k3) Zu(in)
) n+1 m 2 1
/\'Ln+l (ﬁdZL(an) v ﬁdzb(w) V...V ﬁda(,@) v ﬁdzb(vznﬂ))

such that Viy (i > k™Y), Vig (i > k™), ..., Vip (in > k?) and Vi, 1 (ing > kD).
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Formally, the PB constraint can be encoded into the CNF formula as follows:

CPI\]lgF <;w¢bi < k) = CNF (;wibi < C) ACNF ((<k)=dAA

nLvMTO comp

Corollary 7. Given an arbitrary PB constraint, the conjunction of the CNFs
generated by the n-level MTO and the comparator is satisfiable, if and only if this
PB constraint is satisfiable.

Theorem 10. For solving WPMS, n-level MTO always produces a polynomial-
size CNF requiring O(4nmA?) clauses and O(nm\1) auziliary variables in m input
Boolean variables with Ai-simplification, where the moduli satisfy that Ay = --- =

An =[],

Proof. Since the number of the Boolean variables either of each input or the output
vector of any digit for each adder is bounded by A1, at most 2 x (A 4+ 1)? clauses are
generated either in ¢! or in ¢"*!, and at most 4 x (A; + 1)? clauses are generated in
each ¢, where 2 < h < n. Hence, the total number of required clauses is bounded
by (m—1)x (4x A +1)2+4x (n—1) x (A\; +1)?) = 4n(m — 1)(\1 + 1)?, which
is in O(4nmA?), and the total number of generated auxiliary variables is bounded
by (m — 1) x (n+ 1) x A1, which is in O(nmA1). O

4.4.3 Selecting suitable mixed radix base

The mixed radix base has been widely applied to encode PB constraints, such as
sorting-network encoding MINISATT [26]. Some techniques [1, 28] use Residual
Number System and Chinese Remainder Theorem to derive a conjunction of the “PB
modulo” constraints. These works minimized the sum of the digits of the weights
when they are represented in a number system determined by an optimal mixed
radix base [17]. In this section, we try to find a suitable, but probably not an
optimal vector of moduli, i.e., a mixed radix base, for WPMS instances with low
time-consumption because finding an optimal one becomes another N'P-complete
problem.

Consider the PB constraint given in Example 12. If we use a 4-level MTO to
encode it, where \; = --- = \y = [2018%] = 5, then we have 147 = 0|51|50|54]52,
540 = 0’54‘51‘53’50, 1365 = 2‘50’54‘53’50 and 2018 = 3’51|50‘53’53. The above part
of Table 4.1 shows the detailed calculation. For example, the third row shows the
possible values of each digit of wory + wsz3. The second digit (column d?) of ws is
3 as well as that of ws. Ergo, the value of the second digit of woxo + w3xs is O if
A(xe) = 0N A(z3) =0, 3if A(z2) = 1A A(z3) =0 or A(x2) =0AA(zs) =1, or 6 if
A(xz2) = 1N A(x3) = 1. Notice that the last value, 6, is greater than modulus Ay =5
and produces value 1 for the current digit and carry ¢ to the next digit, i.e., the
third digit. Note that here we consider ¢ a special value (0/1) that depends on the
assignment of Boolean variable ¢ generated by the 4-level MTO’s adder, where ¢ = 1
if A(ch ) = 1, and otherwise ¢ = 0. Thus its possible values are 0, 1,3 and ¢. We omit 0
in the table because it corresponds to the MTO feature in which setting all the output
Boolean variables to 0 implies weight 0. If the values of the previous digit contains c,
the carry must be taken into account for the current digit. For example, the value of
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Table 4.1. Encoding PB constraint 147x; 4+ 540x5 + 136523 < 2018 by 4-level MTO with
vectors of moduli Ay = (5,5,5,5) and As = (3,7,5,6)

Ay = (5,5,5,5)
(o8] & | & | & &’
wy = 147 2 4 0 1 0
wy = 540 0 3 1 4 0
w3 = 1365 0 3 4 0 2
WaZo + W3T3 0 1,3,c 1,2,4,c 1,4,c 2,3
wixy + (woxe +wsxs) || 2 | 1,2,3,4,¢ ] 1,2,3,4,¢| 1,2,3,4,¢ | 1,2,3,4
#Vars(d") 2] 11 | mn [ 10 | 7
k = 2018 s3] 3 | o | 1 | 3
Ay = (3,7,5,6)
[ ]@]d] df | &
wy = 147 0lo]2 1 0
wy = 540 050 5 0
ws = 1365 0010 1 2
Wak2 + W3T3 0|50 1,5,¢ 2,3
wixy + (woze +wsxs) || O | 5| 2 | 1,2,5,¢|2,3,4
#Vars(d") Jo][3]2] 10 | &6
k = 2018 [2]Jo]1] 1 [ 3

its fourth digit becomes 0 if A(z2) = 0 A A(c?) =0, 1if A(z2) = 0 A A(c?) =1, 4 if
A(zg) = IAA(c*) =0, or 0 and produces c to the next digit if A(xz2) = 1AA(c?) = 1.
We can ignore the assignment of x3 because the fourth digit of ws is 0. The second
to last row shows the numbers of auxiliary variables required by the 4-level MTO.
They correspond to the total numbers of digits in each column. For example,
#Vars(d*) = #{1} + #{4} + #{1,4,¢c} + #{1,2,3,4,c} =1 + 1+ 3 +5 = 10.

It is important to find a suitable mixed radix base with low time-consumption
that reduces the number of auxiliary variables for the n-level MTO. Reconsider the
above example. Since the greatest common divisor of wy, we, and ws is 3, in other
words, the rate of divisibility by 3 is 100%, setting A\; = 3 leads to the amount of
auxiliary variables required for the first digit to be 0. Before selecting the second
modulus, we update all the weights to their quotients of dividing Ay, i.e., w; = 49,
wo = 180, and w3 = 455. This time, the rate of divisibility by 5 is 66.7% and by
7, because both wo and ws are divisible by 5, and both w; and w3 are divisible
by 7. For a faster convergence, the greater one, i.e., 7, is picked to be the second
modulus. Then we repeatedly update all the weights, analyze each rate of divisibility
by integer i such that Vi (2 < i < k), and select one corresponding to the highest
rate of divisibility as the next modulus A, until H?Zl A; > k. We also give a detailed
calculation of encoding the PB constraint with the vector of moduli Ay = (3,7, 5, 6)
on the low part of Table 4.1. Clearly, the total number of auxiliary variables required
by the 4-level MTO using Asg is less than using A; = (5,5,5,5). In fact, for selecting
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a suitable vector of moduli, in addition to the idea mentioned above, we also add
other heuristics tailored in our implementation, which are generally and mostly
described in Algorithm 10, such as evaluating and voting for the candidates of A
(see Lines from 5 to 21), dynamically adjusting the lower limit of the required rate
of divisibility (see Line 24), etc.

4.5 Implementation and Evaluation

We experimentally evaluated the TO, WTO, and n-level MTO performances in the
newest version of QMAXSAT, which utilizes a SAT solver, GLUCOSE 3.0 [10, 9], as
an inference engine, and a state-of-the-art WPMS solver, called MaXHS? [21, 22, 23],
by solving 767 instances used in the complete track of MaxSAT Evaluation 2017°.
All experiments were performed on an Intel® Xeon (R) E3-1245 v6 3.70 GHz x 8
processor running Ubuntu 16.04 with a 3600-second timeout and a memory limit
of 32 GB. Notice that MAXHS is also a satisfiability-based solver, but instead of
encoding PB constraint into CNF, it moves the arithmetic optimization component
of the WPMS problem off into a mixed integer programming (MIP) solver. The
MIP solver is used to find optimal solutions (minimum cost hitting sets [21]) via
unsatisfiable core which the SAT solver then test for feasibility. If the SAT solver
is unable to find core any more, it means the WPMS solution has been found.
Otherwise, the SAT solver returns a new core, the MIP solver re-optimizes, and the
iterations continue. This hybrid approach is similar to Bender’s decomposition [38].

Table 4.2 shows the number (in brackets) of instances solved within their resource
limitations and their average CPU times in seconds. For three different encodings,
we also record that x instances suffered from memory-out and y instances suffered
from time-out as “M: x, T: y”. Each row shows the result of the corresponding
instance group. The bottom row shows the total number of solved instances. We
could not encode almost 60% of the 767 instances with TO or WTO because of the
memory limit, but we only failed to encode two instances with n-level MTO, which
means that it greatly reduced the amount of required memory. On the other hand,
although MTO is slightly inferior to MAXHS in general, it benefited the most in the
following groups: instance haplotyping-pedigrees, shiftdesign, spotd, staff-scheduling,
timetabling, causal-discovery, min-width, and css-refactoring. N-level MTO does not
hold GAC-preserving, since introducing carries destroys GAC. It is also one reason
why TO or WTO shows better performance (faster) than the n-level MTO for some
groups of instances, such as af-synthesis, rna-alignment, and metro.

Figure 4.2 shows the cumulative number (indicated by the horizontal axis) of
the instances we encoded into the PB constraints within a given number (indicated
by the vertical axis) of the variables or the clauses. For example, the graph on the
right indicates that we respectively encoded about 200, 240, and 700 instances into
the PB constraints with TO, WTO, and n-level MTO within 107 clauses. These two
graphs support Table 4.2.

Figure 4.3 shows the cumulative number (indicated by the horizontal axis) of
the instances solved within a given CPU time in seconds (indicated by the vertical

® http://www.maxhs.org
5 http://msel7.cs.helsinki.fi
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Algorithm 10: BASESELECTION({(w1,b1) ... (Wm,bm)), K): return A

Input : A vector of the weight and variable pairs, and an integer k =
> A(b)=1 Wi, w.r.t. k-simplification (((w1,b1) ... (W, b)), K)
Output: A vector of moduli A, where A = (A1, \a,...)

1 int W, countZero, maxTime, Product < 1;

2 int vote[k + 1], candidates[k + 1];

3 new vec(int) A < 0, = « {);

4 repeat

> heuristics 1: evaluating and voting for the candidates

5 forall the i (0 < i < k) do candidates[i] < 0;

6 countZero <— 0, W « 1;

7 for i + 1 tom do

8 forall the j (0 < j < k) do vote[j] + 0;

9 if w; # 0 then W < w;;
10 else countZero + +;
11 while W # 1 do
12 for j < Kk to 2 do >> j is decremented in this loop
13 if W mod j =0 then
14 ‘ W = |W/j|; vote[j] ++; break;
15 end
16 end
17 end
18 for j + 2 to k do
19 if vote[j] > 0 and [A[ + 1 > log;(x) = j then candidates[j| + +;
20 end
21 end
22 maxTime < max;(candidates[i|); E < argmax,(candidates]i]);
23 foreach i (i € £) in descending order do

> heuristics 2: dynamically adjusting the lower limit of the required
rate of divisibility, i.e., maxTime -+ (m — countZero)

24 if x <+ Product > i and log;(5Lt—) > T=countZero thep
25 A+ i; break;
26 end
27 end
28 if A <1 then break;
29 else A.PUSH(\);
30 for i «+— 1 to m do w; < |w;/A[;
31 Product = []; \; where \; € A;
32 until Product > k;

33

return A;
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Table 4.2. Average runtimes and number of instances solved

Group H #Ins.‘ TO ‘ WTO ‘n-level MTO‘ MaxHS ‘
auc-paths 20 M:O.Q%,((')lz: 0 M:Oé%,(gf): 0 %\?{23:71(‘1(2 UDE ()
g | | | T | v | oo
T e | ® O D | TERET s
biorepair 30 | 13.24 (30) | 13.34 (30) 3.21 (30) 1.99 (30)
o |5 | 080 |8 (0 ) | o oo
Z;Z;met 35 | 23.16(35) | 21.62(35) | 40.15(35) | 273.60 (21)
| w0 | SR | NG | AT [
csg 10 M;Oi%,(OT); . 1\148§’4T(2)0 19.99 (10) | 6.08 (10)
P | | A0 | S0 O s
ZZZZZ’Zg 24 M:O.O(? '(TO) 24 M:O(.)(f Slg) 24 Mzob(? r([(‘)) 24 0.0 (0)
metro 30 | 32.46 (30) | 8155 (30) | 39.69 (30) | 165.29 (30)
miplib 2| 3 | e | mone | 076
planning 30 1?415210 (1?:6()) ﬁ'f‘i (%?)0 0.40 (30) | 0.27 (30)
e | | iy | ity | Moma | RO
shiftdesign || 22 M;Oé(;,(()T): . M;Oé()z,(()T); o | 7896 (22) | 93326 (14)
spot 35 1\245;’? (%?)o 19\)/?:'22’ %28{ 68.46 (35) | 381.45 (22)
staff- o 168 (1) 112088 (3) [ 117292 (&) | g6 )
scheduling M: 5, T:6 M: 5, T: 4 M: 0, T: 8

simetatting || 35| (PEOA), | ST | SR e | 37660 (22)
warchouses | 18| 20 1P | et | 02608
sranst |35 |0 1 Qo | Moo s | 22927 (29)
Gsemery || % | M35 B0 | Mmtio | Mo, Ti6 | 31550 @Y
rtoring | % | Msb 0 | M35 B0 | M0 b | 34950 (20
min-wian || 35| (RO TR0 | oo | 0120
e || & | aeamo | mato | o me | B246

Table 4.2 continued on next page
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Table 4.2 continued from previous page

| Group | #Ins. | TO |  WTO [ n-levl MTO | MaxHS |
abstraction- 0.0 (0) 1529.42 (3) 863.71 (4)
refinement 1 M: 11, T: 0 M: 7, T: 1 M:0, T: 7 O (L)
frb 34 19.41 (34) 19.37 (34) 18.01 (34) | 16.00 (34)
css- 10.55 (1) 9.70 (1) 208.23 (9)
refactoring 1 M: 10, T: O M: 10, T: 0 M: 0, T: 2 108.46 (6)
0.0 (0) 0.0 (0) 5.27 (22)
dalculus 35 M:35,T:0 | M:35,T:0 | M0, T:13 | 298 (5)
. 0.0 (0) 0.0 (0) 663.90 (21)
mancoost 35 | M85, T:0 | M:ss, 0 | Mo, T4 | 096 (35)
0.0 (0) 0.0 (0) 478.34 (30)
packup 35 M:35 T:0 | M:35 T:0 | M:0,T:5 00 (&)
237.48 (231) | 243.39 (272) | 307.26 (534)
Total 67 | N 456, T: 80 | M: 410, T: 85 | M: 2, T: 231 | 182:28 (546)
Comparison of # Variables Comparison of #Clauses
[ [ [ [ [ T [ [ [ I/
10° £ E
T 107} T . ws k E
= . S 108 N
E " ) g 7 i |' E
g 10| B g 10 A
N o0 106 E r" E
2 8 % .,,' %
= 10° ) Z 107 ]
§ —o0— WTO i 10* E —o0— WTO
10t - e- n-MTO || 10° L - e- n-MTO ||
| | | I I E_| | | I =
0 200 400 600 800 0 200 400 600 800
#Instances encoded #Instances encoded

Figure 4.2. Comparison of cumulative #Instances solved in generated #variables and
F#clauses

axis) with three encodings and MAXHS. For example, the graph shows that we
respectively solved within 600 seconds about 200, 230, 450, and 500 instances with
TO, WTO, n-level MTO, and MAXHS. Clearly, n-level MTO is superior to the other
two encodings, followed closely by MAXHS.

Figure 4.4 compares the n-level MTO and MAXHS. Each point in the scatterplots
represents a problem instance. Let its coordinate be (z,y), where z indicates the
CPU time in seconds for solving the instance with a n-level MTO, and y indicates the
time with MAXHS. Thus, the points above the diagonal line indicate that the n-level
MTO outperforms MAXHS for solving the corresponding instances. Interestingly,
Figure 4.4 shows that they have strong complementarity. For example, the scatter
points, which gather in the front of the top side bound of the value 3600 CPU seconds,
represent that these instances cannot be solved by MAXHS, but take mapping in
relatively short runtimes to be solved by n-level MTO.

In summary, the performance of QMAXSAT solver can be improved mostly by
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Runtime comparisons N-level MTO vs. MaxHS
I I I [ [ [ I T T T
3,600 | ..a.. TO |A = o 3,600 |- ammnoommomdamocdd 00 0 0o®d & —
3,000 || . T 3000 ¢ 0
< & .7
g 2,400 | = 24000 ;. o |
o e
S 1,800 . 8 1,800] % S
=) ) © %O -7 o
£ 1,200 |- . £ 12000 07 _
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Figure 4.3. Comparison of cumulative #In- Figure 4.4. Comparison of runtimes of each
stances solved within runtime instance solved with n-level MTO and
MaxHS

more and more efficient CNF encodings of PB constraints. However, MAXHS displays
superior performance on more benchmarks, probably because it is accomplished by
exploiting extracted unsatisfiable cores and moving all of the arithmetic reasoning
into a separate hitting set problem which can then be solved with techniques better
suited to numeric reasoning, e.g. techniques from mathematical programming.

4.6 Related Works

The open question was answered [13, 52] about the existence of a polynomial-size
encoding from PB constraints into CNF that maintains GAC through UP. Bailleux
et al. proposed watchdog encoding [13], which has two different versions: one that
detects inconsistencies and another that maintains GAC. The latter is the first SAT
encoding of a PB constraint of m variables with maximum weight w4z, which is
both polynomial (O(m?logy(m)logs(Wimaz)) clauses and O(m? logy(m) logs (Wimaz )
auxiliary variables). Recently, watchdog encoding has been generalized to a more
compact framework with binary merger encoding by Manthey et al. [52]. Using
a different translation of the components of watchdog encoding, binary merger
encoding not only allows UP to maintain GAC but it can be further reduced to
a space complexity of O(m?log3(m)logy(wmaz)) clauses. If GAC is not preserved,
Binary Merger encoding requires only O(m log3(m)1ogs(wmaz)) clauses.

More interestingly, Abio et al. [2] overcame a possible exponential blowup of
binary decision diagrams (BDD) by coefficient decomposition and proposed the first
polynomial (O(m?3logs(wmaz)) clauses and auxiliary variables) GAC-preserving re-
duced ordered binary decision diagram (ROBDD) based encoding for PB constraints.
The other BDD-based approaches [12, 26] share great similarity with GTE, such as
GAC and independence from the magnitude of the weight, which can be exponential
in the worst case scenarios.

The idea of detecting inconsistency and maintaining GAC by UP was also
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considered in sequential weight counter (SWC) encoding [37], proposed by Hélldobler
et al., which generalizes sequential counter encoding [(66] proposed by Sinz. For a
PB constraint of the form, > /", w;x; < k, SWC encoding requires O(mk) clauses
and auxiliary variables, which are linear in size w.r.t. the number of input variables.
Nevertheless, like BDD-based approaches and GTE, SWC can also be exponential
in the worst case.
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Chapter 5

Practical Problems

Coalitional games are abstract models of cooperation that have been scrutinized
in AT and multi-agent systems (MAS) research communities. A coalition of agents
can sometimes accomplish things that individual agents cannot do or perhaps do
them more efficiently. The coalition structure generation (CSG) problem is one
major research topic in coalitional games, which involves partitioning a set of agents
into coalitions to maximize social surplus, that is, the sum of the rewards of all
coalitions [16]. There are various real CSG applications, such as distributed vehicle
routing [61], multi-sensor networks [20], and so on. The CSG problem is equivalent
to a complete set partition problem [74], and many MAS researchers have developed
efficient algorithms to solve it.

There are two major types of the coalitional games: characteristic function games
(CFGs) and partition function games (PFGs). CFGs are coalitional games with no
externalities in which the value of a coalition is determined based on its members. On
the other hand, PFGs are coalitional games with externalities in which the value of a
coalition in partition function games depends on how the other agents are partitioned.
We study CSG problems in PFGs. While various CSG algorithms for CFGs have
been developed by many MAS researchers, there are few CSG algorithms for PFGs.
However, in practice, CSG problems for coalitional games with externalities have been
receiving greater attention. For example, consider restructuring and consolidating
multiple companies in a market. If several competitors are merged into a single
entity, the competitors of this new large company might lose sales. The market
must consider the best way of restructuring the merged companies to maximize
expected sales. Such a problem is represented as a PFG. In PFGs, the input of a
coalitional game is a black-box function called a partition function that maps an
embedded coalition (a coalition and a coalition structure containing the coalition)
to its value. Representing an arbitrary partition function explicitly requires O(n'")
numbers, which are prohibitive for a large n. Recently, several concise representation
schemes for a partition function have been proposed [53, 58, 67].

In this chapter, we utilize a graphical representation of PFGs called partition
decision trees (PDTs) proposed by Skibski et al. [67]. In PDTs, multiple rules
are graphically represented using rooted directed trees. Each rule consists of a
condition for the partitioning agents and their positive/negative values. We propose
the following new methods to solve CSG problems by PDTs representations: (1) a
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depth-first branch-and-bound (DFBnB) algorithm for PDTs, (2) a DFBnB algorithm
for modified PDTs, and (3) MaxSAT encoding. We experimentally show that our
algorithm can reasonably solve CSG problems.

5.1 Related Works

The model of coalitional games with externalities (i.e., PFGs) [69], faces many
computational challenges. PFGs require prohibitive time and space to represent
the game. Since a coalition’s value depends on the coalition structure to which it
belongs, thus we must take into account all possible coalition structures. So the
complexity of representing PFGs is Q(n2) and O(n™), where n is the number of
agents [60].

For concise representation, Michalak et al. [53] proposed embedded marginal
contribution nets (embedded MC-nets) by extending marginal contribution nets
(MC-nets) [39], which represent characteristic function games (CFGs) to handle
externalities. Michalak et al. [54] developed a concise representation called weighted
MC-nets, which was also an extension of MC-nets. Recently, Skibski et al. [67]
proposed another representation—PDTs, and developed efficient algorithms that
compute the extensions of the Shapley value in polynomial time. In Section 5.3, we
precisely explain PDTs.

Rahwan et al. [58] first considered the CSG problem in PFGs, but their problem
settings were the restricted classes of PFGs, where only positive or negative externali-
ties exist. Ueda et al. [71] developed mixed integer programming (MIP) formulations
for CSG problems in PFGs, which were represented by embedded MC-nets. In their
settings, the number of agents equaled the number of rules, which was at most 150.
Thus, their experimental setting was sparse in terms of the number of embedded
MC-nets rules to evaluate against the number of all possible rules.

Liao et al. presented two MaxSAT encodings for CSGs represented by MC-nets
or embedded MC-nets: agent-based and rule-based [18, 50, 49]. The former encodes
agent relations into propositional logic while the latter encodes a rule relation-based
approach [57, 71]. Their experimental results show that agent-based encoding is
more time efficient than a relation-based approach. In this chapter, we present
MaxSAT encoding with the agent-based approach.

5.2 Preliminaries

Let N = {1,2,...,n} be a set of agents. Coalition structure C'S is defined as a
partition of NV into disjoint and exhaustive coalitions.

Definition 16 (Coalition structure). Coalition structure C'S = {S1, S, ...} satisfies
the following conditions:

Vi, j(i#4), SinS; =0, |J Si=N.
S;eCS

Denote the set of all coalition structures as IT(V).
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In this chapter, we study coalitional games with externalities, called PFGs, in
which the value of a coalition depends on how other agents have been partitioned.

Definition 17 (Embedded coalition). An embedded coalition consists of a pair of
(S,CS), where S € CS € II(N). The set of all embedded coalitions over N is
denoted by M(N), i.e., M :={(S,CS): CS € II(N),S € CS}.

Next we define a partition function.

Definition 18 (Partition function). A partition function assigns a real-valued payoff
to every embedded coalition: w : M — R, where w(@), C'S) = 0 for all C'S.

For any coalition structure C'S € TI(N), the value of C'S is calculated by
W(CS)= > w(S;,CS).
S;eCS

In general, a grand coalition that contains every agent in a single coalition is not
always an optimal coalition structure. Thus, we have to find the optimal coalition
structure that maximizes the sum of the values of partition functions. We define a
CSG problem in partition function games as follows.

Definition 19 (CSG problem). For set of agents N, a CSG problem is to find
optimal coalition structure C'S* such that

CS* € arg max W(CS).
CSETI(N)

Here we show an example of PFGs.

Example 19. Assume four agents, N = {a1,a2,a3,a4}. A partition function is
given as follows:

w({ar}, {{ar},{a}, {as},{aa}}) =1, w({az}, {{a1},{az}, {as},{as}}) =1,
w({a’3}7 {{a1}7 {a2}7 {a’3}7 {a4}}) =0, w({a4}7 {{a1}7 {a’2}7 {a3}7 {a4}}) =1,
w({alv a2}7 {{alv a2}7 {a3}a {(L4}}) =0, w({ai’»}v {{ab aQ}a {a3}’ {a4}}) =0,
w({a4}7 {{ah a2}7 {a3}7 {a4}}) =0, w({al}v {{al}ﬂ {a’?v a4}7 {a3}}) =0,
w({a% CL4}, {{al}v {CLQ’ (L4}, {a3}}) =0, w({a3}7 {{al}a {a2a a4}’ {a3}}) =0,
w({a1}7 {{al}v {CLQ}ﬂ {a’37 a4}}) =1, w({GQ}v {{CLl}, {G’?}? {a3, a4}}) =1,
w({a3’ CL4}, {{al}v {CL?}a {a3v a4}}) =3, w({ah a3}7 {{alv a3}’ {a’?}’ {a4}}) =1,
w({az}, {{a1, as}, {az} {aa}}) = 1, w({aa}, {{a1, a3}, {as}, {aa}}) = 1,
w({al}v {{al}v {CL?’ CL3}, {a4}}) =1, w({a27 a3}7 {{al}’ {G’Qv a’3}’ {a4}}) =1,
w({aa}, {{a1}, {az, a3}, {as}}) = 1, w({a1,as},{{a1, as},{a2},{as}}) = 2,
w({a2}7 {{alv CL4}, {CL?}ﬂ {a’3}}) =-1, w({a?)}v {{al’ (14}, {a’2}7 {a3}}) =3,
w({al}v {{al}v {GQ’ as, a4}}) =0, w({a27 as, a4}7 {{al}v {a27 as, a4}}) =2,
w({a2}7 {{a2}7 {a17 as, a4}}) = -1, w({ah as, a4}7 {{a2}7 {a17 as, a4}}) =0,
w({a?)}’ {{ai’)}a {al’ az, a4}}) =3, w({ah az, a4}7 {{a3}7 {ala az, a4}}) =4,
w({a4}7 {{a4}7 {a17 az, a3}}) =0, w({ah az, CL3}, {{a4}7 {a17 az, a3}}) =4,
w({ala a2}? {{ala a2}7 {a37 CL4}}) =0, w({a37 CL4}, {{ab aQ}a {a37 a’4}}) =2,
w({alv a3}7 {{ah a3}7 {a27 a4}}) =0, w({a27 a4}7 {{ah a3}7 {a27 CL4}}) =0,
w({alv CL4}, {{ala CL4}, {a27 a3}}) =2, w({a27 a3}7 {{alv a4}’ {a’?v a3}}) =2,

w({a1,a2,a3,a4}, {{a1,a2,a3,as4}}) = 6.

In this example, the optimal coalition structure C'S* is {{a1, a2, a4}, {as}}, and its

value is 7.



64 5. Practical Problems

5.3 Partition Decision Trees

In this section, we introduce PDT, which were proposed by Skibski et al. (2015) [67].

In PDT, the game is represented by a set of PDT rules. A single PDT rule
consists of a rooted directed tree, where non-leaf nodes are labeled with agent names,
leaf nodes are labeled with payoff vectors, and edges are labeled with numbers that
correspond to coalitions. Formally, PDT rule T is tuple T'= (V, E, z, fy, fr), where

o (V,E) is a directed tree with root x;
e fir:V — NURIM is a label function for nodes;

o fe:E—{1,2,...,|N|} is a label function for edges, assuming that fy (v) € N
for every non-leaf v and fi(v) € RY for every leaf v.

Given rule T, let P(T') be the set of paths from the root to any leaf and let last(p)
denote the last leaf node in any p € P(T'). Now, every path p = (v1,v2,...,v;) €
P(T) represents a partition of agents, where fg(v;, vi4+1) is the number of the coalition
to which agent fy (v;) belongs. Thus, for every such path,

« all non-leaf nodes on the path are labeled with different agents:
v (1), fv(ve),...s fv(vk—1)} =k — 1

o for every path from x to v;, the set of labels on the edges is the set of consecutive
natural numbers beginning with 1. Thus, fg(v1,v2) = 1, and a label of an
edge is not bigger than the maximal label used earlier on this path plus one:
fE(Ui,Ui+1) < maxi<j<i fE(Uj, Uj+1) +1lforl1<i< k‘;

o the label of a leaf node is exactly the same size as the number of coalitions:
[fv (or)| = maxi<jcr fE(v),vj11)-

Coalition structure (partition) C'S € II(V) satisfies p € P(T') denoted by C'S ~ p,
if it covers the partition described by this path. Thus, for any two members of
the same coalition that appear on the path, the labels of the outgoing edges are
identical. Since paths describe different partitions, no more than one path exists
in one PDT rule satisfied by partition C'S. If C'S ~ p, a mapping exists from
the coalitions in partition C'S to the set of labels of edges with zero: gg S.08 —
{1,2,... ,maxi<j<i fE(vj,vj+1)}U{0}, where 0 is assigned to coalitions whose agents
do not appear on the path.

From mapping ngS for C'S ~ p, for every coalition S embedded in coalition
structure C'S such that the agents in S appear on path p, there exists a unique value
in a payoff node: fV(LAST(p))[ggS(S)]. For VCS (CS ~p), VS (S e€C9),

(5.1)

505’(5«) — {fV(LAST@))[QgS(S)] if ngS(S> >0,
P 0 otherwise

The value of coalition S embedded in C'S in game vT, described by PDT rule T,
is the value from the path satisfied by P:
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w’(S,C8) = > §55(9). (5.2)
pell(T),
P~p
In every PDT rule, at most one path exists that is satisfied by particular coalition
structure C'S. If T = {T1,Ty,...} is the set of PDT rules, then game v7, described
by set of rules T, is the sum of games described by each of the following rules:

w’(S,C8) =Y w'(s,c8) =3 > 55(9). (5.3)
TeT TeT pell(T),
CS~p

Tree 1

[3,4] 4]  [-2,-1] [1,1,1]

Figure 5.1. PDTs of coalitional game given in Example 19

Example 20. Figure 5.1 shows the PDTs of the game given in Example 19. The
left-hand rule in Tree 1 indicates that when agents as and a4 belong to an identical
coalition, 2 is added to the value of the coalition that includes ag and a4. The
right-hand rule in Tree 1 indicates that when a3 and a4 are in different coalitions,
but a4 and a1 are in an identical coalition, 3 is added to the value of the coalition
that includes a3 and 4 is added to the value of the coalition that includes a4 and a.

The value of coalition structure W (C'S) is calculated as the sum of the values
of the compatible rules to C'S. When CS is {{a1,a2,a3,a4}}, W(CS) becomes
24+ 4 = 6 by applying the rules indicated by the right-hand path in Tree 1 and the
left-hand path in Tree 2.

PDT representations can be more concise than the existing representations. To
represent the same game, weighted MC-nets [54] have a rule for every path of the
PDT tree (whose size equals the size of the path), and embedded MC-nets need a
rule for every value in the leaf of every path.

5.4 Branch-and-Bound Algorithm

In this section, we introduce a DFBnB algorithm for PDTs and another DFBnB
algorithm for modified PDTs. For an optimization/maximization problem, we must
carefully consider how to deal with negative rules. If no negative rule exists, we can
straightforwardly solve a CSG problem.
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5.4.1 Naive algorithm for positive rules

When all of the rules are positive, we seek as many compatible rules as possible.
Thus, a CSG problem’s dilemma is finding a set of compatible rules that maximizes
the sum of the values by selecting at most a rule from each tree.

We show the outline of our DFBnB algorithm, which is guaranteed to obtain the
optimal coalition structure:

(1) We make a search tree by combining multiple PDTs. We first sort the PDTs by
decreasing the average number of coalitions in their rules. In a search tree, a
node indicates a rule. All of the rules exist in a single PDT at the same depth.
Each rule in the i-th PDT appears at the i-th depth in the search tree. Then
we sort the nodes by decreasing their value, i.e., the rule value at each depth.
Here we add an empty node with 0-value as the last sibling node. Selecting the
empty node indicates that no rule in the PDT is selected during the search.

(2) We apply a DFBnB algorithm to a search tree. Here we restrict the search
space with a heuristic function and also check the compatibility among rules
on the path. Whenever we go down to a child node, we examine the compati-
bility between the obtained nodes on a path and the child node. If they are
compatible, we expand one grandchild node. Otherwise, we move to a sibling
node next to the child node. If there is no sibling node, we expand the sibling
node next to the current node. If we reach a leaf node, the rules on the path
imply a condition satisfied by the optimal coalition structure.

(3) The obtained result does not imply a concrete coalition structure, since some
agents might not appear in the set of rules. Such non-appeared agents do not
affect the coalition’s values in the result because the agents affecting the result
must be examined in the search and appear in the set of rules. Therefore, we
can add these non-appeared agents to any coalitions without changing their
values. Currently, we add each of them to a coalition selected randomly to
generate a concrete coalition structure.

Concerning compatibility between nodes, if we obtain {{a1,as}, {a2},{as}} at
the i-th deepest node and the node of the (i + 1)-st deepest node is {{a1,a2,as}},
we cannot combine {{a1,a4},{a2},{as}} with {{a1,a2,a3}}.

5.4.2 Algorithm using modified PDTs

When a negative rule exists in PDTs, finding an optimal coalition structure is not
straightforward. When a PDT has a negative rule, we need to examine whether the
negative rule is incompatible with the other obtained rules. As a naive method, we
first find an optimal set of rules that maximizes the sum of the values by ignoring
the existence of the negative rules. If there exists a tree with negative rules in
which a positive rule is not selected in an optimal set of rules, we examine whether
the obtained rules are incompatible with every negative rule in the tree. Thus, we
examine whether the set of obtained rules is compatible with all possible negations
of the negative rules. This operation is very complicated, since its computational
complexity depends on the number of agents included in the negative rules.
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To solve the above difficulty, we modify the description of the PDTs and explicitly
represent the rules with a value of 0 when a tree has a negative rule. If the original
PDT is concisely represented, the negations of the negative rules are also concisely
represented. For modified PDTs, we apply the same search algorithm proposed
for the original PDTs in the previous subsection without adding an empty set in
procedure (1).

Tree 1

3, 4] [4] [0,0][~2,—1][0,0] [1,1,1]

Figure 5.2. Modified PDTs of coalitional game given in Example 19

Example 21. Figure 5.2 shows our modified PDTs. In tree 2, since negative rules
exist, we add two rules with the values of 0.

Tree 1: ({az} a1, a4}

Tree 2: Gal,az,ag}) ({al}{ag}{(u})Gal,ag}{agD Gal}{az,(m}) ({a17a4}{a2})
11 10 7 7 4

Figure 5.3. A search tree for the modified PDTs in Figure 5.2

Figure 5.3 shows a search tree generated by the modified PDTs in Figure 5.2.
Since Tree 1 has only positive rules, we add an empty node that indicates a set of
rules with a value of 0. In a search tree, a node indicates a rule. We sort the nodes
by decreasing the node value. For this search tree, we apply a DFBnB algorithm.
Whenever we go down to a child node, we examine the compatibility between the
obtained nodes on a path and the child node. If they are compatible, we expand the
grandchild node. Otherwise, we move to a sibling node next to the child node. If
no sibling node exits, we expand the sibling node next to the node. If we reach the
leaf node, the rules on the path imply a condition satisfied by the optimal coalition
structure.
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5.5 MaxSAT Encoding

To deal with a relation where two agents are in the same coalition, we introduce
Boolean variable C(i, j) for a pair of agents ¢ and j where i < j. If i and j are in the
same coalition, C(7, j) = 1, and otherwise, C'(¢, 7) = 0. It is apparent that the relation
is transitive, because any three agents, i, j, and k (1 <i < j < k < n), satisfy the
following transitive laws: =C(i,7) V =~C(j, k) V C(i, k), =C(i,5) Vv =C(i, k) v C (4, k),
and —~C(i,k) vV =C(j, k) Vv C(i,j), where n is the number of agents. The number of
hard clauses for representing the transitive laws isn-(n —1) - (n —2)/2.

In MaxSAT encoding, we introduce a soft clause for a leaf in PDT rule T'. Let
m € P(T) be a path from the root to a leaf in 7™

. ni no NE—1
T —> X9 —> o T — [T1,72, s ']

where x; represents an agent, n; is the coalition number to which x; belongs, and
[r1,72,...,Tm] represents a payoff vector. From m, we build set Ls™ of literals as
a minimum set satisfying the following conditions (1) and (2), where FIRST(n;)
denotes the first agent on 7 belonging to n;:

(1) When FIRST(n;) = z;, for all coalition numbers j in 7 satisfying 1 < j <
n;, “C(FIRST(j),2;) € Ls™ if FIRST(j) < w;, —C(z;, FIRST(j)) € Ls™ if
FIRST(j) > ;.

(2) When FIrsT(n;) # x;, C(FIRST(n;),x;) € Ls™ if FIrRST(n;) < w4, C(wi,
FIrST(n;)) € Ls™ if FIRST(n;) > ;.

(1) indicates that if z; is the first agent belonging to n; then x; must not be in any
coalition before n;. (2) indicates that if z; is not the first agent belonging to n;
then z; must be in the same coalition as the first agent. Thus, Ls™ denotes a set of
literals that hold in any partition satisfying .

Example 22. Consider Tree 1 in Figure 5.1. For left path 7, FIRST(1) = a3
and Ls™ = {C(as,a4)}. For right path ma, FIRST(1) = a3, FIRST(2) = a4, and
Ls™ = {-C(as,as),C(a1,a4)}.

Next, consider Tree 2. For left path 73, FIRST(1) = a1, and Ls™ = {C(aq, a2),
C(ai1,a3)}. For middle path 7y, FIRST(1) = a1, FIRST(2) = a9, and Ls™ =
{=C(a1,a2),C(a1,a4)}. For right path 75, FIRST(1) = a1, FIRST(2) = a2, FIRST(3)
= a4, and Ls™ = {-C(a1, a2), C(a1,as4),C(az,as)}.

A soft clause and several hard clauses for path 7w are introduced with Ls™ =
{L1,Ls,...,L;} as follows where R = Y% r;:

(1) When R > 0, a soft clause (by, R) is introduced with a newly created variable
br, and [ hard clauses —b; V L; (1 <1i <) are introduced.

(2) When R < 0, a soft clause (—=L; V =Ly V ---V =L, —R) is introduced.

(3) When R = 0, no clause is introduced.
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(1) indicates that we obtain surplus R from a partition satisfying 7 in which each
literal in Ls™ must hold. (2) indicates that we obtain surplus —R from a partition
that does not satisfy w. In other words, we do not obtain —R from a partition
that satisfies m. That is, we lose when the partition satisfies 7. In this way, all
negative values Rs in PDT rules are negated. Therefore, after encoding, the final
social surplus is —W),¢4 larger than the original one, where W, is the sum of all
negative values.

Example 23. Consider an identical example as Example 22. From the five paths,
the following five soft clauses and eight hard clauses are introduced:

‘ Soft clause ‘ Hard clause
T (bﬂ—NQ) ﬁbﬂl \Y C(ag,a4)
Up) (bﬂ—z 5 7) _\bﬂz V _‘C(ag, Cl4), —\bﬂ—z \Y C(al, a4)
T3 (bﬂ—a,4) —'bﬂg vV C(al, az), —'bﬂ-3 V C’(al, a3)
w4 | (Clar,a2)V—-C(ay,a4),3) | -
—br, V —C(a1,az2), =bg, V=C(a1,a4),
5 (brs 5 3) —by, V =C(ag, ag)

5.6 Experimental Results

We experimentally evaluated the DFBnB performance for modified PDTs, called
the MPDT algorithm and MaxSAT encoding on an Intel Xeon E5 Quad-Core 3.7
GHz processor (with 64 GB RAM) running a Mac OS X 10.10.5 with a 300-second
timeout. MPDT is implemented in Java and runs on Java 1.8.0_40. We used our
MaxSAT solver—QMAXSAT written in C++ and compiled with gcc 5.0.0.

We used randomly generated instances for our evaluation. Problem instances
were generated in the following manner. First, make m subsets 4; (i = 1,...,m)
of agents randomly to satisfy ViVj (i # j) (A; € A;). Second, randomly generate
l; distinct partitions pi,...,p;, of A;, and make PDT rule T; to represent them.
Thus, we obtain m PDT rules whose leaves remained unlabeled. Last, label each
leaf of T; with a payoff vector. Each value in the vector follows two distributions:
normal or normally distribution coalition structures (NDCS). For normal distribution,
we uniformly chose a value from [0, |C|] at random, where C is the set of agents
corresponding to the value. For NDCS, we chose a value based on the following
distribution. Its average is |C|, and its standard deviation is 1/]C]. We convert the
sum of the values whose corresponding coalitions are in the same leaf, to be negative
with probability q.

The experiment was performed with the following parameter settings: number
(#agents) of agents was 100 or 200 and number (#rules) of PDT rules was 10 or 20.
The number (#leaves) of leaves in each rule was chosen from [15,25] or [25, 35] so
that their average was either 20 or 30, respectively. The number of agents in each
rule was uniformly chosen from [7,13] at random. Probability ¢ was 0, 0.2, or 0.4.
Thus, we have 24 (=2 x 2 x 2 x 3) combinations of settings. For each setting, we
generated 100 instances.

Tables 5.1 and 5.2 respectively show the experimental results with 100 and 200
agents. Notation “TnLl-m” in the first row denotes that the number of PDT rules
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is n and the number of leaves in each rule is chosen from [/, m]. Five numbers are
written in each cell. The bottom number surrounded by round brackets indicates
the number of instances solved within 300 seconds. The number in the upper left
indicates the average CPU time in seconds. The underlined number in the middle
left indicates the standard deviation of the CPU time. The number surrounded by
square brackets in the upper right indicates the number of nodes searched by MPDT
or the number of times calling UP!' by SAT-based MaxSAT. The underlined number
surrounded by square brackets in the middle right indicates the standard deviation
of the number of nodes for MPDT or the number of unit propagatings for MaxSAT.

The CSG problems become more difficult when #rules or #leaves increases in
Tables 5.1 and 5.2. This is natural. If #rules or #leaves increase, the number
of possible combinations of leaves in the PDT rules increases for MPDT, and the
number of soft clauses increases for MaxSAT.

We also expected that the problems would become more difficult when #agents
increase. But the experimental results indicate that this does not necessarily hold.
Look at columns “T10L15-25” and “T10L25-35" in Table 5.1 and 5.2. The problems
for #agents = 200 are easier than those for #agents = 100 for the following reason.
There are 200 agents and 10 PDT rules in this setting. Since the number of agents
in each rule is chosen between 7 and 13, approximately half of 200 agents (100
agents) are irrelevant for solving the CSG. This means that solving CSG for the
setting is substantially the same as that for 100 agents. Furthermore, quite a few
agents belong to more than one rule. This implies that a conflict between the rule
combinations rarely happens. Thus, the problems are simplified.

As probability ¢ increases, the CPU time increases for MPDT, but it decreases
for MaxSAT. In MPDT, several 0-valued leaves are explicitly added to the PDT
rule for its negative valued leaves. This increases the number of combinations to be
examined and consumes CPU. On the other hand, for MaxSAT only one soft clause
is generated for a negative valued leaf while a soft clause and several hard clauses are
generated for a positive valued leaf. This means that MaxSAT solvers generally have
to perform fewer inferences for negative valued leaves than those for the positive
valued leaves. Thus, the CPU time for MaxSAT decreases as ¢ increases.

Comparing MPDT and MaxSAT, MPDT outperforms MaxSAT when the problem
only has positive values (¢ = 0), but MaxSAT outperforms MPDT, and otherwise
(¢ > 0). For a PDT rule, the path from the root to a leaf is considered a partial
coalition structure. MPDT takes these partial coalition structures one by one from
each PDT rule and combines them to make a whole coalition structure. On the
other hand, MaxSAT builds such a coalition structure from scratch, which explains
why MPDT outperforms MaxSAT when ¢ = 0.

Comparing the standard deviations of MPDT and MaxSAT, MPDT is unstable
while MaxSAT is stable for solving the CSG. The DFBnB performance heavily
depends on the order in which the rules are generally searched. The sorting works
well on average but worse in some cases. These worse cases seem to increase the
deviations.

Figure 5.4 and 5.5 compare two distributions for MPDT and MaxSAT, uniform
and NDCS. Each point in the graphs represents a problem instance. Let its coordinate

! This corresponds to the space searched for by the SAT solver.
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Table 5.1. {MPDT, MaxSAT} for {uniform, NDCS} distribution with 100 agents

Valie g vers | PO of pgri505 | Tionesss | T2onises | T2on2s35
distrib. neg. value
1.26 [6.3E%) | 2.81 [1.5E%] | 119.30 [7.0E7] | 144.54 [8.4E"]
¢=0.0 2.78 [LAES] | 7.32 [A5ES] | 75.34 [4.4E"] | 48.76 [3.0E7]
(100) (100) (35) (4)
33.46 [2.4E7] | 21.14 [1.4E7) - [-] - [-]
MPDT ¢=0.2 60.33 [4.3E7] | 40.38 [2.8E7) ==l ==
(84) (93) (0) (0)
40.14 [3.0E7] | 31.92 [2.2E7] —[] -]
uniform q=04 57.16 [4.4E7] | 53.24 [3.8E7] =[] = 1=
(87) (85) (0) (0)
6.41 [2.1E7] | 15.51 [5.4E7] | 175.85 [3.3E%] | 255.18 [5.2E®]
q=0.0 2.42 [6.7E% | 6.92 [2.0E7] | 65.90 [1.1E®] 0 [0]
(100) (100) (46) (1)
5.11 [1.7E7] | 10.99 [3.9E7] | 189.38 [3.4F%] | 241.22 [4.9E8]
MaxSAT | ¢=0.2 2.29 [5.8E5) | 4.66 [L.3E"] | 65.90 [L.OE®] | 32.18 [3.7E7]
(100) (100) (45) (3)
3.36 [L2E7] | 7.96 [2.9E7] | 161.98 [2.9E%] | 228.77 [4.6E?)
¢g=04 1.40 [3.7E] | 2.94 [8.7ES] | 65.54 [L.OE®] | 54.19 [9.2E7]
(100) (100) (80) (9)
2.69 [1.5E% | 7.50 [4.1ES] | 173.48 [1.1E3) - [
q=0.0 4.67 [2.9E% | 23.40 [1.4E7] | 84.50 [5.5E7] =[]
(100) (100) (11) (0)
50.13 [3.6E7] | 42.85 [2.9E7] - [-] =[]
MPDT ¢=0.2 | 7195 [5.3E7] | 69.36 [4.7TE] g =
(79) (88) (0) (0)
33.46 [2.4E7] | 39.05 [2.6E7] -] - [
NDCS qg=04 54.54 [3.9E7] | 63.25 [4.3E7] =[] ==
(83) (80) (0) (0)
8.01 [2.6E7] | 19.36 [6.6E7] | 185.96 [3.3E%] - -]
q=00 || 279 [7.6E%] | 8.79 [24E7] | 52.70 [7.8E7] =[]
(100) (100) (17) (0)
6.17 [2.0E7] | 13.88 [4.9E7] | 206.98 [3.4E8) — [
MaxSAT | ¢=0.2 2.68 [7.2E5) | 5.57 [L6E"] | 66.14 [9.1E"] -4
(100) (100) (24) (0)
4.20 [LAET] | 9.70 [3.5E7] | 194.99 [3.2E®] | 269.95 [4.9E®]
¢=04 | 1.74 [5.0E% | 3.39 [9.7ES] | 55.73 [7.5E7] | 7.17 [4.3E7]
(100) (100) (51) (2)
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Table 5.2. {MPDT, MaxSAT} for {uniform, NDCS} distribution with 200 agents

Value

Prob. of

o Solvers T10L15-25 T10L25-35 T20L15-25 T20L.25-35
distrib. neg. value
0.71 [1.9E°] | 0.46 [1.1E°] | 173.46 [5.3E7] | 63.04 [1.8E7]
¢=0.0 2.60 [7.7E%] | 2.03 [5.9F° | 87.91 2.8E7] | 9.20 [L.6Ef]
(100) (100) (%) ®3)
4.46 [1.5E%] | 1.54 [5.0E"] - [-] - [-]
MPDT q=02 || 24.36 [8.5E%] | 5.88 [2.2EC] == =[]
(100) (100) (0) (0)
3.66 [1.3ES] | 1.05 [3.2E7) - [-] —[-]
uniform qg=104 11.17 [4.1E9] | 3.32 [1.1E9] =[] |
(100) (98) (0) (0)
6.32 [1.3E7] | 11.21 [2.9E7] | 207.39 [2.7E®] | 241.87 [4.0F%]
q=0.0 2.51 [4.8E°% | 4.67 [9.8ES] | 62.27 [8.1E7] | 14.76 [1.9E"]
(100) (100) (14) (3)
5.47 [1.OE7] | 8.84 [2.3E"] | 186.50 [2.3E®] | 283.64 [4.4F%]
MaxSAT | ¢=0.2 1.94 [3.4ES) | 3.60 [7.7E®] | 64.67 [Z.3E7] | 2.72 [7.0ES]
(100) (100) (19) (3)
4.35 [7.7E% | 6.71 [L.7E"] | 198.23 [2.3F®] | 213.27 [3.0E%)
¢=04 2.00 [3.0E% | 2.38 [5.1E%] | 59.42 [6.9E7] | 51.37 [6.1E7)
(100) (100) (46) (12)
0.78 [2.2E°] | 1.76 [5.4E°] | 282.63 [7.8E"] -]
q=0.0 2.93 [9.5E°] | 7.83 [2.5E°] | 0.90 [3.5E°] ==
(100) (100) 2) (0)
4.67 [1.6E°%] | 1.82 [6.1E®] - [-] - [-]
MPDT q=02 | 24.78 [9.0ES] | 6.17 [2.4E°] = [=] ==
(100) (100) (0) (0)
2.86 [9.4E°] | 2.30 [7.6E”) —[-] - [+
NDCS qg=104 12.42 [4.3E9] | 8.26 [3.1E9) =[] o
(100) (99) (0) (0)
6.87 [LBE"] | 12.06 [3.2E7] | 262.42 [3.6E%] | 297.02 [5.2E%]
q=0.0 2.80 [5.6E°% | 5.60 [1.2E"] | 44.78 [4.2E7] 0 [0]
(100) (100) (6) (1)
5.63 [LL1ET] | 9.17 [2.5E7] | 240.50 [3.0E%] | 280.82 [4.3E%]
MaxSAT | ¢=0.2 2.23 [4.1E%) | 3.38 [7.7E®] | 46.53 [6.1E7] | 10.80 [L.5E7]
(100) (100) (7) )
4.31 [8.2F% | 7.11 [L.8E"] | 199.66 [2.3F®] | 210.04 [3.1E?)
q=04 || 1.56 [2.8E% | 8.18 [.OES] | 65.25 [6.2E7] | 47.32 [5.9E7]
(100) (100) (38) (8)
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Figure 5.5. Uniform vs. NDCS in MaxSAT

be (x,y). Recall that each leaf in the PDT rule is labeled with a payoff vector
whose values follow a normal distribution or NDCS. z indicates the CPU time in
seconds for an instance with a normal distribution while y indicates that with NDCS.
Therefore, if a point is above the diagonal line, the corresponding instance with
NDCS is more difficult than that with a normal distribution.

The instances become more difficult when their leaves are labeled with payoff
vectors following NDCS as a whole. This coincides with the comparison between
the corresponding average CPU times in Tables 5.1 and 5.2. The MPDT points are
scattered while those of MaxSAT are gathered. This means that MaxSAT is stable
for solving the CSG, as we have already have seen.

We studied a formulation using MIP. The formulation is basically identical as
previous research [71]. Even though we preliminarily evaluated the formulation, we
cannot solve any tiny instances that have only five PDT rules within ten minutes.
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Chapter 6

Conclusions and Future Work

This dissertation has contributed to the research area of propositional satisfiability
(SAT) and its optimization—maximum satisfiability (MaxSAT). We present two
efficient implementations for SAT solving, which are embedded into our submitted
solvers in SAT competitions. Then we focus on the pseudo-Boolean (PB) constraints
encoding for MaxSAT and the transformation of coalition structure generation (CSG)
problem to weighted partial MaxSAT (WPMS) problem. This chapter draws the
conclusions from the research results obtained, and looks at some future work on
related issues.

Efficient Implementations

This dissertation gives two original efficient implementations for improving the
modern SAT solver. One focuses on the special strategy of pure literal elimination
(PLE) which is regarded as another deduction engine of SAT algorithm, besides
unit propagation (UP). We submitted our twin-engined solver with a tailored
heuristics into the agile track of SAT competition 2016, and it achieved a comparable
performance with other superior solvers in this track. The other enhances the
management of learning and deleting conflict-driven clauses by a breadth-extended
approach which is motivated by deriving more conflict-driven clauses in current
truth assignments. We also submitted our solver with this implementation into SAT
competition 2018, where it took second place of the random SAT track.

In our future work, for exhaustively seeking all detectable conflict-driven clauses,
we need a major modification to basic SAT solver, especially in UP and learning
phase. Moveover, we consider a hybrid implementation which combines PLE and
breadth-extended approach for detecting and learning conflict-driven clauses.

PB constraints encoding for MaxSAT

It is known that the encoding of PB constraints into conjunctive normal form
(CNF) can result very large formulas such that a SAT solver cannot handle the
resulting CNF formula. Hence, new effective and compact encodings are crucial
to the performance of MaxSAT solving. This dissertation discusses the encoding
of PB constraints in the context of a linear search satisfiability-based solver for
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MaxSAT, where a single PB constraint needs to be encoded. We presented several
CNF encodings of PB constraints for WPMS and provided detailed proofs of the
correctness for all our encodings. This work includes all our contributions to the
development of encoding techniques in QMAXSAT. An n-level modulo totalizer
(MTO), which is the newest of them, applies multiple modular arithmetic in a mixed
radix base and only generates auxiliary variables for each unique combination of
weights. Significantly, the n-level MTO always produces a polynomial-size CNF with
respect to the number of input variables. Experimental results show that the n-level
MTO generated a CNF whose size decreased more dramatically with totalizer and
weighted totalizer and performed an improved speedup to solve the WPMS problem
than other encodings.

Future work will introduce the n-level MTO to MINISAT™ for solving PB in-
stances. For the critical problem that MTO destroys generalized arc consistency
(GAC) property, we will also consider an algorithm for it that can detect inconsistency
and maintain GAC by UP. On the other hand, we will investigate the unsatisfiable
core-guided approach and intend to implement this approach into QMAXSAT.

MaxSAT encoding for the CSG problems

In this dissertation, we proposed two methods to solve the CSG problem represented
by partition decision trees (PDTSs). One is a depth-first branch-and-bound (DFBnB)
algorithm for modified PDTs, called the MPDT algorithm, and the other is MaxSAT
encoding. When PDT rules have negative valued leaves, the MPDT inserts several
0-valued nodes into the PDT rules, while MaxSAT negates both the constraints
and the leaf values. In this respect, MaxSAT is probably superior to MPDT when
the rules are negative. The experimental results support this superiority: MPDT
outperforms MaxSAT when the problem has only positive values, but otherwise
MaxSAT outperforms MPDT. Furthermore, MaxSAT is more stable than MPDT
for solving the CSG problem.

In our future work, there are several avenues of this research that we hope are
eventually explored:

1) compact the size of generated CNF for transitive laws in MaxSAT encoding,

3

(1)
(2) perform more experiments to analyze the features of the methods,
(3) improve the MPDT’s stableness, and

(4)

4) further study the mixed integer programming for CSG.
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