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Abstract. Various solutions to the discrete Schwarzian KdV equation are discussed. We first derive
the bilinear difference equations of Hirota type of the discrete Schwarzian KP equation, which is

decomposed into three discrete two-dimensional Toda lattice equations.

We then construct two

kinds of solutions in terms of the Casorati determinant. We derive the discrete Schwarzian KdV
equation on an inhomogeneous lattice and its solutions by a reduction process. We finally discuss
the solutions in terms of the 7 functions of some Painlevé systems.
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1. INTRODUCTION

The focus of this article is on the partial difference equation

(1) (211712 - Zl1+1112)(zl1+1112+1 - le’lerl) _ )\(ll)
(Zl1+1712 - Zl1+11l2+1)(zl1,l2+1 - lele) :u(lQ)’

known as the discrete Schwarzian KdV equation (dSKdV),
where I, (k = 1,2) are independent variables, z, ;, de-
notes the value of the dependent variable z at the lattice
site (I1,13) and A(l1) and p(le) are arbitrary functions in
the indicated variables. As a lattice equation, dASKdV ()
was first studied in [I8| 20]. It yields the Schwarzian KdV
equation
— w(ljflj[l) _ v

@ S) = e - 2

in the continuous limit, and is related to the lattice modi-
fied KdV equation and the lattice KAV equation by Miura
transformations [2I]. Note that the differential operator
S in @) is the Schwarzian derivative and thus (@) is in-
variant with respect to Mobius transformations. The soli-
ton equations with Mobius invariance may consequently
be called ‘Schwarzian’. See [16] for a review of Schwarzian
equations. We sometimes refer to ([Il) as non-autonomous
for non-constant A(l1) and p(le). When A(l;) and p(ls)
are both constants, we call it autonomous. dSKdV is also
known as the cross-ratio equation, since the left hand side
of () is the cross ratio, which is fundamental to many
branches of geometry and was studied as early as the time
of Euclid. Our main motive for exploring this system comes
from a geometrical setting: dSKdV arises as one of the
most basic equations in the discrete differential geometry,
which is expected to provide a new mathematical frame-
work of discretization of various geometrical objects. For
example, dSKdV is used to define the discrete conformality
of discrete isothermic nets [T, 2].

2
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For notational simplicity, we display only the shifted in-
dependent variables. For example, 2, +1,, may be written
as z,+1. Using this convention, ({l) may be written as

(2 = Zn4) (Bt 41 = Zb41)
(2141 = 213 41,0041) (Z1p 41 — 2)

(3)
Note that if there exists a function wu;, ;, satisfying

(4)

where f;(l;) (i = 1,2) are arbitrary functions, then () is
automatically satisfied with A(l1) = fi(l1)? and u(ly) =
fa(l2)?.

In this article, we aim to clarify the structure of the bi-
linear difference equations and 7 functions associated with
dSKdV (). We then construct various solutions to dSKdV,
including the soliton type solutions of autonomous dSKdV
presented in [4, I7]. In section 2, we consider the discrete
Schwarzian KP equation (ASKP). We first discuss the bi-
linear equations and 7 function of dSKP in section 211 We
then establish the reduction procedure to derive dSKdV
from dSKP. In [I3] a basic geometric property of circles was
shown to be equivalent to dSKP, and dSKdV as a special
case. In that article a reduction from dSKP to a degenerate
dSKdV was discussed. The full, non-autonomous dSKdV
is difficult to achieve via reduction because of complica-
tions arising from the non-autonomous terms. However, a
method to circumvent these complications was described in
[10, [I1], where the reduction is performed along auxiliary
variables, enabling the reduced equation to remain non-
autonomous in its independent variables. We use a similar
technique to obtain dASKdV from dSKP by reduction. We
thereby construct solutions to (I]) in the form of 7 func-
tions of the Casorati (N-soliton) and molecule types. This
is explained in section

241 — 2 = filli) wyw (1=1,2)
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dSKdV appears not only as one of the discrete soliton
equations, but also as the equation describing the chain of
Bécklund transformations of the Painlevé systems. This
was first reported in [21I] for the case of the Painlevé VI
equation, which implies that dSKdV also admits solutions
expressible in terms of the 7 functions of the Painlevé VI
equation. The same situation also arises for other Painlevé
systems. In section 3, we discuss dSKdV in the setting
of the Painlevé systems and construct explicit formulae of
solutions in terms of their 7 functions. We consider the
Painlevé systems with the affine Weyl group symmetry of
type (As + A1) and Dil), where the former includes a ¢-
Painlevé I11 equation, and the latter the Painlevé VI equa-
tion.

2. DISCRETE SCHWARZIAN KP EQUATION
AND ITS REDUCTION
2.1.

DISCRETE SCHWARZIAN KP EQUATION

The discrete Schwarzian KP equation (dSKP) is

5) (21,11 = 254 1,0,41) (2141 = 21541,1541)
(21 + 1,00 4+1 = 21,+1) (Z1p41,15+1 — 21541)
o a1 = 2n410041)

(leJrl,lerl - Z11+1)

where I; (i = 1,2, 3) are the discrete independent variables
and z = 2y, 1,1, is the dependent variable. dSKP was first
published in an alternative form in [19], first appeared in
the quoted form in [3] and was also studied by [13]. In
the context of discrete differential geometry, z arises as a
complex valued function. We first give an explicit formula
for the solution of dSKP in terms of a 7 function:

m,s

Proposition 1. Let 7'} , be the T function satisfying the
following bilinear difference equations:

+1 s+1_m+1,s—1

(6) TlellT — T, T = T (1=1,2,3),

where m and s are the auziliary independent variables.
Then,

m+1,s

7 _ T11,l2,13
( ) Rlylals = “mys s
l1,l2,l3

satisfies dSKP (3).

Proof. First note that if there exist some functions v =

Vi, 0,15 a0d w = wy, 1,1, such that

(8) 241 — 2 = V41w (’L = 17 2) 3)7

then (B is automatically satisfied. Dividing (@) by 7,417
we have

m—+1

+1 1,5—1
T 7_rn+1 s Tm+ ,S
li+1 Ii+1 .
= = - (7' = la 273)7
Tli+1 T Tli+1 T
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which is equivalent to () if we define v and w by

Terl,sfl

9 - -
©) v="r w="

respectively. O

Remark 1. dSKP () is invariant under the change of the
independent variables I; — —I; (i = 1,2,3). Therefore if
the 7 function is a solution to the bilinear equation

m+1 s+1_m+1,s—1

(10) Tm,+17—li+l T T T Tli+1 (Z =12, 3)7

then z in (@) also satisfies (B]). In this case, v and w in (8]
are expressed as

T7n+1,s—1

(11)

Each of the bilinear equations in (6]) is the discrete two-
dimensional Toda lattice equation[b] with respect to the
independent variables (I;,m,s) (i = 1,2,3). It is therefore
possible to construct the Casorati determinant solution to

these equations (@) as follows [5] [0, [15], 23]:
Theorem 1. Let ¢ = a{i’l‘zh be an N x N Casorati de-

terminant defined by

v =

T T

N—
o
2P SOS e (ps -
(12) o=| " ’ :
: : o
on N e
where p; = ;7" 1 (i=1,...,N) are arbitrary functions

satisfying the following linear relations:

i — Pil—1

13 =Tt (k=1,2,3),

(13) =t )
L m—l

(14) 7§07] ZDZ = —(pfil

Here, ar(l) (k = 1,2,3) are arbitrary functions in the
indicated independent variables and b is a constant. Then

3 Ip—1

=TT TT 0+ aGn) a0 o

k=1 Jjk

(15)

satisfies the bilinear equations (@).
Proof. 1t is known that o satisfies the bilinear equation

(16) 1+ ak(lk)b)agiia — o, 410™ M

= ap(lp)b opt o™ (B =1,2,3),

which follows from an appropriate Pliicker relation [6l [15]
22, 23). From (IH]) it is easily verified that 7 satisfies ().
O

We present another type of Casorati determinant solu-
tion where the size of the determinant is chosen as one of
the discrete independent variables in I, (k = 1,2,3). This
type of solution is sometimes referred to as the molecule

type.
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Theorem 2. Let k = /{}?’f? 1, be an by x Iy Casorati deter-
minant defined by

¢ ¢S+l i-ﬁ-ll—l

¢ ¢S+1 s+l1—1
(17) R = ? . )

¢} G g

1
where ¢; = ¢ l2 1, (1= 1,...,11) satisfy the following linear
relations:
Gilur1 — O 1
18 ks T = g k=2,3),
(18) LS (k=23)
L ¢7n 1 .

(19) @T —¢5

Here, ¢ () (k = 2,3) are arbitrary functions in the indi-
cated independent variables and b is a constant. Then

3 Ip—1

H H (1 + cx(jr)b)

k=2 Jk

(20) T = Ck(jk)is b™™ kK

satisfies the bilinear equations (10).

Proof. From an appropriate Pliicker relation, we can de-
rive the bilinear equation with respect to the independent
variables (I1,m, s) as

s+1, . m+1,s—1

(21) Iim+11{ll+1 Kp 41

KKy +1—bl€

Since the linear relation (8] is essentially obtained by the
change of variables I, — —lj (k= 2,3) from ([I3]), we have

m+1 m—+1

(22) (1 + e (l)D)™ ™ Kiyop1 — KR

= cp(le)b KT (R =12,3).
Therefore 7 defined by (20) satisfies (I0). O
2.2. REDUCTION TO DISCRETE SCHWARZIAN KDV EQUA-

TION

It is possible to obtain dSKdV by a certain reduction pro-
cedure from dSKP (). On the level of z, the reduction
is achieved by applying three extra conditions, which are
obtained by imposing a certain symmetry in each of the in-
dependent variables [; (i = 1,2, 3). The symmetry required
is such that one of the independent variables [; (i = 1,2, 3)
of dSKP (@) can be negated in each of three conditions. In
fact, only two conditions are needed as the third is redun-
dant, we only mention that there are three such conditions
for completeness.

Proposition 2. Let z, 1,1, be a function satisfying (3).
We impose the following equations for z:

(le+1,lz,l3 — Zl1+1,l2+1,l3)(zl1,l2+1,l3 - le,l2+1,13*1)

(Zl1+1,l2+17l3 - le;l2+1713)(zl1712+1113_1 - le,lst—l)
(211,12,13—1 — le+1,12,13—1) -1
(zllJrl,lzJS*l - Z11+1712,53) .

(23)
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(24) (zl1+1712,l3 B zl1+1712*1713)(zlhlz*l,ls - 211112*1,l3+1>
(le+17l2—1713 - 211,12—1,13)(211712—17134-1 - Zl1712,13+1)
o o datt = 2h41datar1) _

(le+1712,13+1 - Zl1+17l21l3)

Then ({3) is reduced to dSKAV (3).
Note that a third condition, with [; — —I;, is consistent

with ([23]) and (24)).

Proof. Let us fix I3 and put 21, 1, = 21 15,155 Yl1 1 = 21 ,1o,l5+1-
We drop the I3 dependence in the expression of y and z.

Then @), @23));,+1 and @4));,+1 can be written as

(21,41 — Zh+1,lz+1)(3l2+1 — Y1, +1) (Y — Y1, 41

) _

(25) (Zt 410041 = 2104) Yo 1 — ) (W41 — 21, 11) b
(26) (Yr+1 = Y+ 1,0o+1) Wio+1 — 21,41) (2 — 21341) _—
(Y1 +1,00+1 = Yo 1) (2141 — 2) (2141 — Y1 +1)

(27) (Gtrdot1 = 2540) (2 = Y)Wias1 — Y +10541) 4
(141 = 2)(Y = Yot 1) (Yl 41,00 4+1 — 20 41,15+1)

respectively. One can eliminate y from (25) and (28] as
follows: we first eliminate y;, 421,41 and ¥, 41,,42 from

@21, 41,1541 by using 20);,+1 and @Z8);,4+1. In the re-
sulting equation, we use (23);,+1 and (23));,+1 to elimi-
nate y;,4+2 and y;,4+2. The resulting expression still con-
tains ¥, 41, Yi,+1 and ¥, 41,1,+1, but they are eliminated by
virtue of (26]), leaving the following expression in z alone

(Zl1+2,l2+2 - le+2,12+1)(211+1,12+2 - le+2)
(zl1+2,l2+2 - Zl1+1,l2+2)(zl1+2,l2+1 - 211+2)
(242 = 2141) (a1 = 2) _
(Zlo2 = 21o41) (21,41 — 2)

(28)

Equation (28) is rearranged in the following form

(29) Xl1+1712+1 _ ‘Xrlri-l7
Xlz+1 X
(30) = ) (Gia 1 — 2111)
(241 = 21 +1041) (Zla41 — 2)
from which we obtain (B]). O

Note that the ansatz (8) is reduced to @) (or (@) below)
as follows. Substituting () into the reduction condition

23)), we have

(31) Vig+1 Vig+1,l3—1

Viy+1,05—1  Uli+1

)
wlg—‘rl wl1+l,l3—1 wl1+l wl2+1,l3—1

which is solved by w = R(l1,12)ps(l3)v, causing the ansatz
@) to become

(32) 2141 — 2 = R(l1, 12) p3(ls)vi, 410,

where R(l1,13) and p3(l3) are arbitrary functions. Now we
apply the additional condition on z, (27), into which we
substitute ([B2). This produces a condition on R(ly,l2)

Ryy1,+1R 1
- b
Ry, +1Ri, 41
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which implies that R must be separable as R(l1,l2) =
p1(l1)p2(l2), where p1(l1) and p2(l2) are arbitrary. Now

introducing u = (py(I1)p2(l2)ps(l3))2v, B2) can be rewrit-
ten as

Zli+1 — & = (pl(ll)> ’ Uy, +1U
¢ pi(li + 1) ‘ ’

which is equivalent to ().

Let us consider the reduction on the level of the 7 func-
tion and construct explicit solutions to dSKdV. The above
discussion and (@) suggests that the reduction condition to
be imposed should be 71! < 75%2 where < means the
equivalence up to gauge transformation. However, due to
the difference of gauge invariance of the dSKP and dSKdV
(and their bilinear equations), the reduction cannot be ap-
plied in a straightforward manner. We apply the reduction
to the solutions in Theorem [l and 2] separately.

We first consider the Casorati determinant solution pre-
sented in Theorem[Il Choose the entries of the determinant
o as

(33)

3 -1 —m
. _ b
34) i =] [T ] (1 —axln)ps) ! <1 + >
k=1 n pi
3 lkfl b —m
+6ig; [T TT - awGin)as) ™ (1 + ) :
k=1 in q;
where p;,q;,a;,0; (i = 1,...,N) are constants. We next

impose the condition
(35) A A
which can be realized by choosing the parameters as

(36) ¢; = —pi — b.

Equation (35) implies the following condition on o:
N b\ L
(37) Um+1=CN 0_5+27 CN:HPZQ (1+) .
. Di
i=1

Using ([37) to eliminate the m-dependence and neglecting
I3-dependence, equations (I6]) are reduced to

(38) (1+ ar(le)b)oy 2o — 01, 110°72
= ar(l)b oj 510" (k=1,2).
Introducing z = 2, 1, by
2 le—1 o512

(39) =[] TT (1 +arGie)b) :

k=1 jk
then (B8)) can be rewritten as

ar(lk)b

(40) a1 —z2= k() T u,u (k=1,2),

(1 + ar(li)b)=
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where
2 lp—1 gt
(41) u = H H (1+ax(jr)b)2 .
k=1 Jjk

From (0), we see that z satisfies ASKAV @) with A(l1) =
a1(11)?/(1+a1(l)b) and p(ls) = az(l2)?/(1+as(l2)b). Sum-
marizing the discussion, we have the following theorem:
Theorem 3. Let o = o}, ;, be an N XN determinant given
by
(42)

_ s+j—1
o =det(¥;;, 1, )ij=1,..n,

2 lp—1

Pity 1y =047 H H (1= ax(in)pi) ™
k=1 Jjk
2 -1

+6iq; [T TT - awlin)as) ™,

k=1 jk

(43)

where p;, q;, i, B; are constants, ar(ly) (k = 1,2) are ar-
bitrary functions in the indicated variables and the param-
eters p; and q; are related as in (36). Then o satisfies
the bilinear equations (38), and z = 2, 1, defined by (39)
satisfies dSKAV (@) with A(I1) = a1(11)?/(1 + a1(11)b) and
fi(l2) = az(l2)?/(1 + az(l2)b).

We note that the soliton solutions to the autonomous
case have been obtained in [4, [I7]. Similarly, one can con-
struct the molecule type solution by applying the reduction
to the solution in Theorem Pl

Theorem 4. Let x = Kj, 1, be an Iy x 1y determinant given

by
(44) K= det(qf)fﬁl;jil)i,jzl,...,ll7
lo—1 lo—1
45) ¢} =aip} [] (1 = c2(i)pe) + B [ (1 = c2(i)a),
j i

where p;, q;, v, B; are constants, co(ls) is an arbitrary func-
tion in ly and the parameters p; and q; are related as in
(34). Then k satisfies the bilinear equations

(46) cr(l) R 2k 41 — lﬁ:li;jfl =b I€5+1I<;lsl—:_11,
A7) (L4 ca(l)b)R* 2hppn — KRS
= co(l2)b ff”lmf;jl,
where
(48) c1(l) :p121+1 (1 + b ) .
Pi+1

Moreover,

-1 la—1 542
(49)  ze = [ el [T+ a6 —.

1 Ja

satisfies dSKAV (@) with \(11) = c1(l1)~" and p(ly) =
c2(l2)?/(1 + c2(l2)).-
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The reduction process to dASKdV is somewhat delicate.
For the case of dSKP, the coeflicients of the bilinear equa-
tions can be removed by multiplying a certain gauge factor
to the 7 function. For example, the bilinear equations ({I])
yield (@) by using ([I5). For dSKdV, however, such a gauge
transformation does not work. For example, the bilinear
equations (B8] can be rewritten as

(50)
(14 ap(lx)b)2

~AS+2 ~ A ~As+2 ~s+1 ~s+1 _
AT — Ty = T (k=1,2),

by introducing 7 = 7 ;. by

r—1

(51) (1 + ar(jr)b)? o.

2 1
-1
k=1

J

Then we have

ar (k)b
52 241 — 2= —-"—1uU u,
( ) Ie+1 (1+ak(lk)b)% lp+1
where
~s+42 ~s+1
(53) i=T— u=1
T T

The crucial difference from the case of dSKP is that the co-
efficient of the right hand side of (5] cannot be removed by
multiplying a gauge factor to 7. Even for the autonomous
case, namely the case where ay(l) are constants, it is pos-
sible to remove the coefficient of one of the two bilinear
equations, but not possible to remove those of two equa-
tions simultaneously.

Therefore, it is not appropriate to impose the condition
7L & 7572 on the bilinear equations (@). Actually it
is obvious that the bilinear equations (B0) cannot be ob-
tained from naive reduction from (@). We have to apply the
reduction to the Casorati determinant without its gauge
factor instead of applying directly to 7, ; itself. Such
inconsistencies involving gauge factors arising through the
reduction process can be seen for other non-autonomous
discrete integrable systems as well [10] [T1].

Remark 2. Konopelchenko and Schief discussed in [I3]
the reduction from dSKP to the dSKdV by imposing the
condition

(54) Rla+1,l34+1 = 2,

on (Bl). Using this condition to eliminate the I3 dependence,
() can be rearranged in the form

)/ig—l -1

Y — (Z — Zl1+l)(zll+17l2+l - 2124—1)
Y ’ N

(Zl1+1 - Zl1+1,12+1)(zl2+1 - Z)

(55)

)

which yields the special case of (B

(Z - Zl1+1)(zll+17l2+1 — Zl2+1> _ V(ll),

56
( ) (le-‘rl - Zl1+1,l2+1)(212+1 - Z)

o7

where v(l1) is an arbitrary function. The condition (54 is
the subcase of the condition ([23)): it is easily verified that if
z satisfies (B4) then (23) is automatically satisfied. For the
solution of dSKP given in Theorem [T it can be shown that
B4) is realized by taking ay(lx) = ax = const. (k = 2,3),
imposing (B6), and choosing b as b= —(+ + L),

az as

3. DISCRETE SCHWARZIAN KDV EQUATION
IN PAINLEVE SYSTEMS

In this section, we consider the solutions of dSKdV which
are expressed by 7 functions of certain Painlevé systems.
We give two examples, one with the symmetry of the affine
Weyl group of type (Ay + A1), the other with that of
type Dfll), and construct explicit formulae of solutions in
terms of their 7 functions. We note that these solutions are
not directly related to the ones discussed in the previous
section.

3.1. PAINLEVE SYSTEM OF TYPE (Ag + A;)()

The Painlevé system of type (As + Ay [7, 8, @, 12, 24]
arises as a family of Backlund transformations associated
with a g-Painlevé III equation

M 1+ ang" fu

fngn  aoq™ + fr ’
VTR 1+ agazq" ™ g
frgni1 a0a2q™™™ + gny1

In+1 =
(57)

fn+1

for the unknown functions f, = fn(m,N), g, = gn(m, N)
and the independent variable n € Z. Here, m, N € Z and
ag, az,c,q € C* are parameters. The system of equations
(BE7) and its Béacklund transformations can be formulated
as a birational representation of the extended affine Weyl
group of type (A + A;)(M). We define the transformations
s; (¢ =0,1,2) and 7 on variables f; (j = 0,1,2) and pa-
rameters a (k =0,1,2) by

a; + fj )uJ

s = = (Bl

m(aj) = aj41, 7(f;) = fi+1,

for i,j c Z/3Z Here7 A= (aij)i’jzo’l,g and U = (uij)i,jzo’l’g
are given by

2 -1 -1
(59) A= -1 2 -1 |,
-1 -1 2
0 1 -1
(60) U= -1 o 1 |,
1 -1 0

which are the Cartan matrix of type Aél) and the orienta-
tion matrix of the corresponding Dynkin diagram, respec-
tively. We also define the transformations wy, w; and r



o8

by
a;ait1(ai—1a; + ai—1fi + fi—1fi)
w i) = ’
o(/:) fic1(aiaip1 + ai fiyr + fifiy1)

wi(f;) = L+ aifi + aiaip1 fifia

(61) Y aiai fipt (L4 aica fir + aicai fica fi)
1
r(fl) = ?7

wO(ai) = a4, wl(ai) = Gq, 7’(!17:) = g,

for ¢ € Z/3Z. Then the group of birational transformations
(s0, 81, 82, T, wp, w1, ) form the extended affine Weyl group
W((Az + A1)®), namely the transformations satisfy the
fundamental relations

2 3 3
si =1, (8i8i41)° =1, m° =1, 7s; = s;417,

2 2

(62) 9
wy =wi =r° =1, rwy = wyr,

¢!
Lt = w(45")
and (wo, wy,T) = W(Agl)) commute with each other. Note
that

for i € Z/3Z, and the actions of (sg, s1, S2,7)

fofifz = qc?

are invariant with respect to the action of W ((A2 + A)W)

and W(Aél)), respectively. We define the translation oper-
ators T; (i =1,2,3,4) by

(63) apaiaz = q,

(64) T1 = TS281, T2 = 81789, T3 = 8182, T4 = rwo,

whose actions on parameters a; (i = 0,1,2) and ¢ are given
by

Tl: (a07a17a27 ) (qa()a a’lvanvc))
Ty : (ao,ai,az,c) — (ao, qal, q tag,c),
(65)
T3: (a’O?ahaQ, ) (q agp, a1, 4az, c )7
T4: (a07a17a27 ) (a07a17a27q0)
respectively. Note that T; (i = 1,2,3,4) commute with

each other and T1757T3 = 1. The action of T on f-variables
can be expressed as

- ﬁ 1+ aofo
(66) Tilh) = fifo a0+ fo’
(fo) q€2 1 + a2a0T1 (fl)

foTi(f1) asao+Ti(f1)

Or, applying TPT3 TN to (IBEI) and putting

(67) T{ITQmTél (fl) — Ji,n,m (Z = Oa ]-7 2)7
we obtain
fine1 = e 1+ a0" fo
" fifo  aq"+ fo
(68) 2N+1 .2 n—m
Fomst = q ¢ 14 a2a09"™ ™ f1n41
" fofint1 a2a0q™ ™+ fip41

which is equivalent to ¢-Prp (B1). Here, we have em-
ployed the convention to display only the shifted variables
n (n,m,N).
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It is possible to introduce the 7 functions and lift the
above representation of the affine Weyl group on the level
of the 7 functions. We introduce the new variable 7; and
7; (i € Z/3Z) with

2 Ti+1Ti—1

(69) fi=asc

Tit1Ti—1

Then the lift of the representation is realized by the follow-
ing formulae:

« <1+ fic1 n fi—lfi+1> 7171—1’
ai—1  @i-1Giy1) Ti-1
l
(71) o Git1 vt
wi () = | — Vit
a;—1
T, 1
(1+a1 1fz 1+az 1az+lf1 1f2+1) ;_lJr )

where

1 2

1 _2 1 2
u; =q 3¢ 3a;, V;=(q3c3a;.

(72)
We define the 7 function on the lattice of type As x Ay by
(73) TP T (1) = 7Y

n,m:-

_ 0 _ 0 _ 0 = _ 1
Note that 79 = TZ1,00 71 = To0s T2 = To15 70 = T_1,0
T1 =Ty and T2 = 73, (Figl). From this construction, it

0
s192(12) =715

_h
a =1 - N “
SN !
s81(T) =10, s(r) =1%  sas0(mo) =70,
@=d! AN < JaN

a=q a=q

~1
a =q ay =1

Figure 1: Configuration of the 7 functions on the lattice
with N = 0.

follows that the 7 functions satisfy various bilinear differ-
ence equations, we refer to [I2] for the list of these.

Now we show that dASKdV arises in the Painlevé system
of type (Ag + Ap)W:
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Theorem 5.
1. The 7 function satisfies the following bilinear equa-
tions:

(74) TN+1TTJL\{0—_11 o Q4N’}/4T7iv+—iilTN71 + Q4n72mf4N

x v tagaias(QPNy"? — )T =0,

N+1_N-1 AN _ 4 _N+1_N-—1 4m—2n—4N
(75) T Tm+1 — Q Y Tme1 T +Q

x vy 0202 (QN Y2 — 1)1y = 0.

Here,
(76) ai:aiéa ’Y:Céa Q:qé
2. We introduce z = zp m by
77 — (OAN+4, 4 \n+m TN+2
(77) 2= (@ T
Then z satisfies dSKdV
(78) (z — Zn+1)(zn+1,m+1 — Zmy1) _ 2n72maga§.

(#n+1 = Zn+1,m+1) (Bm+1 — 2)
Proof. We take (B.17) and (B.20) of [12]:
(19) i

m—2n—2N_—-2 -3 _  —1_ -2
-Q Y "o "1 Q2 "Tp4l,m4+1Tm—1

_Q4n—2m+4N 6

4 2 4
Yap ar“a The1T =0,
N+1_N-1
T Tn+1

7Q72n+m+2N

(80)

3

2 - -1, -2
Yy Qa1 Q2 T Tm—1Tn41,m+1

—Q4"_27”_4N7_4a06a12a24TTn+1 =0.
We obtain (74)) by eliminating 7,,4+1,m+17m—1 from the above
equations. Similarly, (75]) can be derived by taking (B.18)

and (B.21) of [12],

N+1_N-1
(81) T T
7Qn72m72N7720¢1710427_n—17—n+1,m+1

_Q—2n+4m+4N 2

4 -2
Yooy “Tmp1T =0,

N+1_N-1
T Tm+1
_Qn72m+2N71

(82)

2 2

Y o2 Tp4+1,m4+1Tn—1
—2n44m—4N+2_ -4 —2 4

—Q MmN 0 a1 = 0,

and eliminating 7,41 m+17n—1. Dividing (74)) and (75) by

NN and 7N VL respectively, shifting N — N+

1, and using (77), we have

(83) 2 — zpsy = — (QINHA ntmin=2m—aN—1

x v~ tagafaq(QN Y2 — Dup vy,
(84) 2 — zpys = — (QWHEyHyntmim—2n—4AN—4

x 7t atay 2 (QPN T2 — Dupyyqu,
where

N+1

(85) w="_ =
Then it is easy to verify from (83) and (84)) that z actually
satisfies (7). O

99

3.2. PAINLEVE SYSTEM OF TYPE Dfll)

The relationship between dSKdV

(Zn,m - Zn+1,m)(zn+l,m+1 - Zn,m+1) _ =+

(86)

(Zn+1,m - Zn+1,m+1>(zn,m+1 - Zn,m) N t,

and the sixth Painlevé equation (Pvyr)

2q 1/1 1 1 dg\?
= — 2
2 2\q q—1 gq—t)\ dt
1 1 1 \dg qlg—1)(g—1)
87) (24— aq
(®7) (t+t—1+q—t)dt+ 22(t — 1)2

t—1 ot = 1)
q-z ¢ 9’<qt>2}

is discussed in [2I]. In a word, dSKdV is a part of the
Bécklund transformations of Pyy, which is formulated as a
birational representation of the extended affine Weyl group

t
X [ngo—nquer%

of type Dil). In this subsection, we construct a class of the
particular solutions to dSKdV in terms of the 7 functions
of PVI-

As a preparation, we give a brief review of the Backlund
transformations and some of the bilinear equations for the
7 functions [I4]. It is well-known that Py (87) is equivalent
to the Hamilton system
’:8—H7 p’:—a—H, ’:t(t—l)i,

Op Jdq dt
whose Hamiltonian is given by

H = fofsfafs — laafofs + asfofs
+(ao — 1) f3fa] fo + as(ag + a2) fo.

Here f; and «; are defined by

88) ¢

(89)

(90) fOZq_ta f3:q_1a f4:qa f2:pa
and
(91) Qo = 0; O] = Kooy a3 = K1, Q4 = Ko

with ag + a1 + 2a9 + a3 + a4 = 1. The Backlund transfor-
mations of Py are described by

(92) 81(04]) = Oéj - aijai (Z’.] = Oa la 27374)a
(93) so(fi) = fi+ 20 si(fe)=fom S (i=10,3,4),
fa fi
S5 1 g < (O, Q3 < Oy,
Jo(fafo + az2) /3
for _W’ far t%)
S6 1 g < (3, Qi < Oy,
(94) fy o _f4(f4fi +0z2)’ P 17
Ja
871 < gy, O <7 A3,
fy o fs(fsfo + a2) e fo

t—1 ’ f3’
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where A = (a;;)} j—o is the Cartan matrix of type Dfll).
Then the group of birational transformations (sq, ..., s7)
generate the extended affine Weyl group W(Dfll)). In fact,
these generators satisfy the fundamental relations

2 _ -
(95) 2282_8112 (522;802’ . (z, Qb, 1,3,4),
and
555{0,1,2,3,4} = ${1,0,2,4,3}55,
(96) 565{0,1,2,3,4} = 5{3,4,2,0,1}56;

575{0,1,2,3,4} = 5{4,3,2,1,0}57,

8586 = 8655, S557 = 8785, 8657 = S756-

Let us introduce the variables 7; (i = 0,1,2,3,4) via the
Hamiltonian, so that the action of W(Dfll)) is given by

T T
so(m) = for2s si(m) =2,
J2 ToT1T3T4
(97) s2(T2) = i n
s3(m3) = f3;z’ s4(ma) = f4%,
and
symHMFDﬁ,7ﬂﬂW_mﬁm
(98) Ty TR (= 1) i, T tE(E— 1),
Ty [t(t — 1)) %f07'27
S¢: To > itiTy, T3 — —it™iT,
) T T, T tIT, To e U fam,
s7: T (—1)7H(t - 1)iTy,
re (D= 1),
(100) T (1) (E—1) a7,
T3 (—1)_% t— 1)%7'17

We note that some of the fundamental relations are modi-
fied

(101) SiSQ(TQ) = —8281(7’2) (Z = 5, 6, 7),
and

5586T{0,1,2,3,4} = 14, =1, —1, —1,1}5655T{0,1,2,3.4}»
(102) 85877{0,1,2,3,4} — {iv —i,—1,1, —i}87857{0,1,2,3,4}»

5657T{0,1,2,3,4} = 1~ =1, —1,1,1}5756T{0,1,2,3,4}-

From the above formulation, one can obtain the bilinear
equations for the 7 functions. As examples, we have
agt7%T3T4 = 51(7'1)5250(7'0) — 50(7'0)5251(7'1),
0421557'17'3 = 84(7'4)8250(7'0) — 80(7'0)5284(7'4)7
042157%7'07'1 = 84(7'4)8283(7'3) — 83(’7'3)8284(7'4),

%7'07'4 = 51(71)8283(73) — 53(73)8281(71)-

(103)

aot™
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Let us introduce the translation operators

T13 = 51528084528157, 140 = 54528153528457,

(104)

T34 = $3525051525385, 114 = 1545250535256,

whose action on the parameters & = (ag, a1, o, a3, ay) is
given by

Tlg(&):&+(010 1,0),
T (@) = 1

o Tiol@) = @+ (~1,0,0,0,1),
Toa(@) = @+ (0,0,0,1, —1),
Ti4(d) =a+(0,1,—-1,0,1).

We denote 74 1 m,n = TﬂTﬁTiong(To) (k,l,m,n € Z).

Theorem 6. Let 2, be

Loy TR L e
T nt +
_nim _nim g,
(n+ m is even),
(106)  zpm =
(_1)’“717'_ n+'72n+1,_n+gl+1_17_2)n
T_ n+72n71 — n+’r2n+1 ,0,n
(n+m is odd),

Then, zn m satisfies the dSKdV (84).
Proof. Note that we get the bilinear equations

_1
(0o + a2+ ) t "2 T3y 4 = T1,17420,0 — TOT0421,15

(107) L
(0 + a2 + Q) t2T1T3 = TuTu20,0 — T0T024,4,
and
(ao + a2 + Oé4)lf_%7'0’07'1
(108) = T4T0423,3 — T3,3T024,4,

_1
(oo + o+ o)t 270,0Ta,a
= T1,170423,3 — 73,370421,1,

by applying the transformation sgss to (I03]), where we
denote S5 SI(TZ) by Tjiyin

First, we consider the case where n + m is even. The
bilinear equations ([I07) can be expressed as

T-1,-1,—2,0 T-1,-2,-2,1

+
70,0,0,0 70,—1,0,1
_170,-1,-1,07—1,-1,—1,1
=—(ap+ag+ay)t 2 ,
70,0,0,070,—1,0,1

(109)

7-1,-2,—2,0 T-1,-1,-20

70,—1,0,0
= (ap + a2 + ay)

70,0,0,0
T-1,-1,-1,070,—1,—1,0

70,0,0,070,—1,0,0
Apply the translation T{ﬁlﬁ_ON f1_3N to the above equations

andputN:n+m

. Then we get

_1
Znm — Zniim = (—1)" (0 + a2 +ay)t™2
% T—-N,—~N—-1,-1,nT—N—-1,—N—1,—1,n+1

)

T_-N,—N,0,nT—N,—N—1,0,n+1
— Znom = (=1)" " ap + ag + o)

% T—-N—-1,-N—-1,-1,nT—N,—-N—-1,-1,n

(110)

Zn,m+1

T—N,-N,0,nT—N,—N-1,0,n
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Similarly, the bilinear equations (I08]) are expressed as

T-2,-2,—-2,1 T-1,-2,—2,0

_|_
T-1,-1,0,1 T0,-1,0,0
_17-1,-1,-1,07-1,-2,—1,1
:—(a0+a2+a4)t 2 s
70,—1,0,07—-1,—1,0,1

(111)
T-1,-2,-21 T7-2,-2,-2,]1
70,—1,0,1 T-1,-1,0,1
T—1,-2,—1,17—1,-1,-1,1
= (ao + a2 + 044) . .
70,-1,0,17—1,—1,0,1
Then we get
(112)

— -1 -1
Znt1,m+1 — Znmt1 = (—1)" Hap + o + ay)t ™2
XTfo1,7N71,71,n7—7N71,7N72,71,n+1

)
T_N,—N-1,0hT—N—1,—-N—1,0,n+1

Znt1,m — Znt1,m+1 = (—1)" (o + g + au)
 T=N—1=N—-2,—1n+1T-N—1,-N—1,—Ln+l

T—-N,—N-1,0,n+1T—N—1,—N—-1,0,n+1

Thus we find that =z, ,, satisfies dSKdV (86) when n +m
is even.

Next, we consider the case where n + m is odd. From
the bilinear equations (11, we get

1
Znym — Zntl,m = (—1)" (o0 + ag + o)t 2
% T—N,—N,-1,nT—N,—N—1,—1,n+1

9

T_N41,-N,0,nT—N,—N,0,n+1
(=1)™( + az + )
x T—-N,—~N—-1,-1,nT—N,—-N,—1,n

(113)

Zn,m+1 — Zn,m =

)
T—N+1,—-N,0nT—N,—N,0,n

n+m+1

5 . We also have

where we denote N =
(114)

1

Zn+l,m+1 — Fn,m+1 = (71)”71(040 —+ o + 044) t72

« T—_N,—N-1,-1,nT—N—-1,—-N—1,—1,n+1

b

T—N,—N,0,nT—N,—N—1,0,n+1
_ -1
= Zng1mt1 = (1) Hao + a2 + ay)
% T-N—-1,-N—-1,-1,n+1T—N,—-N—1,—-1,n+1

szrl,m

)

T—N,—N,0,n+1T—N,—N—1,0,n+1

from the bilinear equations (I09). Thus, we find that z, ,,
satisfies ASKdV (B@). O

By a similar argument, we obtain the following Theorem.

Theorem 7. Let z, ,, be

n—;n+2) T—W+l,—%—l,0,m

(—1)(

ntm
3 ,0,m

T_ntm _
2

(n 4+ m is even),
(115) 2z =

n—72n+2) T*%ﬁ%*lﬁl,m

(~1)

T_ntm+l _ ntm+l
2 2

(n+m is odd),

—1m

Then, znm satisfies dSKAV (86).
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Proof. By applying sgs1 to [I03]), we get

T1,-1,0,0  70,-2,—1,0

70,0,0,0 T—-1,-1,—1,0

_ (_1)%(0[0 Yo+ az)t,%To,foLoTo,fLo,o

(116) 70,0,0,0T—1,~1,-1,0

T1,-1,0,0 T0,-2,—1,1
70,0,0,0 T-1,-1,-1,1
1 70,—1,—1,070,—1,0,1
= (=1)2(ao + a1 + az) )
70,0,0,07—1,—-1,—1,1
T0,-2,0,1 T0,—2,—1,1
T-1,-1,0,1 T-1,-1,-1,1
3 1 T7-1,-2,-1,170,—-1,0,1
= (—1)2(050+041+042)t 2 y
7T-1,-1,0,17-1,-1,-1,1
(117)
70,-2,—1,0 T0,—2,0,1
T-1,-1,—1,0 T-1,-1,0,1
1 70,—1,0,07—1,—-2,—1,1
= (—1)2(a0+a1 —|—G{2) s
T-1,-1,—-1,07—1,-1,0,1
which leads us to the above theorem. O
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