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Abstract

We present an explicit formula for the discrete power function introduced by Bobenko,
which is expressed in terms of the hypergeometric 7 functions for the sixth Painlevé equation.
The original definition of the discrete power function imposes strict conditions on the domain
and the value of the exponent. However, we show that one can extend the value of the exponent
to arbitrary complex numbers except even integers and the domain to a discrete analogue of
the Riemann surface.

1 Introduction

The theory of discrete analytic functions has been developed in recent years based on the theory of
circle packings or circle patterns, which was initiated by Thurston’s idea of using circle packings
as an approximation of the Riemann mapping [17]. So far many important properties have been
established for discrete analytic functions, such as the discrete maximum principle and Schwarz’s
lemma [5], the discrete uniformization theorem [14], and so forth. For a comprehensive introduc-
tion to the theory of discrete analytic functions, we refer to [16].

It is known that certain circle patterns with fixed regular combinatorics admit rich structure. For
example, it has been pointed out that the circle patterns with square grid combinatorics introduced
by Schramm [15] and the hexagonal circle patterns [4, 7, §] are related to integrable systems.
Some explicit examples of discrete analogues of analytic functions have been presented which
are associated with Schramm’s patterns: exp(z), erf(z), Airy function [15], 27, log(z) [3]. Also,
discrete analogues of z¥ and log(z) associated with hexagonal circle patterns are discussed in [4, 7,
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Among those examples, it is remarkable that the discrete analogue of the power function z”
associated with the circle patterns of Schramm type has a close relationship with the sixth Painlevé
equation (Pyy) [6], and this fact has been used to establish the immersion property [3] and embed-
dedness [1] of the discrete power function. It is desirable to construct a representation formula for
the discrete power function in terms of the Painlevé transcendents as was mentioned in [6]. The
discrete power function can be formulated as a solution to a system of difference equations on the
square lattice (n, m) € Z* with a certain initial condition. A correspondence between the dependent
variable of this system and the Painlevé transcendents can be found in [ 3], but the formula seems
somewhat indirect. Agafonov has constructed an explicit representation formula in terms of the
Gauss hypergeometric function [2], however, this formula is valid only on some special points on
Z?. In this paper, generalizing Agafonov’s result, we aim to establish an explicit representation
formula of the discrete power function in terms of the hypergeometric 7 function of Py; which is
valid on Zi = {(n,m) € Z*|n,m > 0} and for y € C\2Z. Based on this formula, we generalize the
domain of the discrete power function to a discrete analogue of the Riemann surface.

This paper is organized as follows. In section 2, we give a brief review of the definition of the
discrete power function and its relation to Py;. The main result and its proof are given in section
3. We discuss the extension of the domain of the discrete power function in section 4. Section 5 is
devoted to concluding remarks.

2 Discrete power function

2.1 Definition of the discrete power function

For maps, a discrete analogue of conformality has been proposed by Bobenko and Pinkall in the
framework of discrete differential geometry [9].

Definition 2.1 A map f : Z* — C; (n,m) v f,,, is called discrete conformal if the cross-ratio
with respect to every elementary quadrilateral is equal to —1:

(fn,m - fn+l,m)(fn+l,m+l - fn,m+l) —
(fn+l,m - fn+1,m+1)(ﬁl,m+l - fn,m)

The condition (2.1) is a discrete analogue of the Cauchy-Riemann relation. Actually, a smooth
map f : D ¢ C — Cis conformal if and only if it satisfies

lim Jxy) - fx+reMflx+ey+e - flrnyte) _
=0 (f(x+e€y)—fx+ey+e)flx,y+e)— f(x,y)
for all (x,y) € D. However, using Definition 2.1 alone, one cannot exclude maps whose behavior

is far from that of usual holomorphic maps. Because of this, an additional condition for a discrete
conformal map has been considered [1,3,6, 10].

—1. 2.1)

-1 (2.2)

Definition 2.2 A discrete conformal map f,,, is called embedded if inner parts of different ele-
mentary quadrilaterals (f, m, fa+1.m> Ja+1.m+1> fam+1) dO not intersect.



An example of an embedded map is presented in Figure 1. This condition seems to require
that f = f,,, is a univalent function in the continuous limit, and is too strict to capture a wide
class of discrete holomorphic functions. In fact, a relaxed requirement has been considered as
follows [1,3].

Definition 2.3 A discrete conformal map f,,, is called immersed, or an immersion, if inner parts
of adjacent elementary quadrilaterals (fm, fu+1.m> fos1.m+1s famse1) are disjoint.

See Figure 2 for an example of an immersed map.
Let us give the definition of the discrete power function proposed by Bobenko [3, 6, 10].

Definition 2.4 Let f : Z2 — C; (n,m) = f,,, be a discrete conformal map. If f,,, is the solution
to the difference equation

(fn+l,m - fn,m)(f;l,m - ﬁl—l,m) + 2m (ﬁl,m+] - ﬁt,m)(fn,m - fn,m—l)
fn+1,m - fn—l,m f;’t,m+1 - fn,m—l

)/f;1,1n =2n (2.3)

with the initial conditions .
foo=0, fio=1, fo,=e™? (2.4)

for 0 <y <2, then we call f a discrete power function.

0
The difference equation (2.3) is a discrete analogue of the differential equation yf = za—f for

the power function f(z) = z”, which means that the parameter y corresponds to the exponent ozf the
discrete power function.

It is easy to get the explicit formula of the discrete power function for m = 0 (or n = 0). When
m = 0, (2.3) is reduced to a three-term recurrence relation. Solving it with the initial condition
ﬁ),o = O, fl,O = 1, we have

k=1 (2.5)
]_[2]”7 (n=20+1),

forn € Z,. Whenm =1 (or n = 1), Agafonov has shown that the discrete power function can be
expressed in terms of the hypergeometric function [2]. One of the aims of this paper is to give an
explicit formula for the discrete power function f;, for arbitrary (n, m) € Z>.

In Definition 2.4, the domain of the discrete power function is restricted to the “first quadrant”
Zi, and the exponent 7y to the interval 0 < y < 2. Under this condition, it has been shown that the
discrete power function is embedded [!]. For our purpose, we do not have to persist with such a
restriction. In fact, the explicit formula we will give is applicable to the case y € C\2Z. Regarding
the domain, one can extend it to a discrete analogue of the Riemann surface.



Figure 2: An example of the discrete con-
formal map that is not embedded but im-
mersed.

Figure 1: An example of the embedded
discrete conformal map.

2.2 Relationship to Py,

In order to construct an explicit formula for the discrete power function f,,,, we will move to
a more general setting. The cross-ratio condition (2.1) can be regarded as a special case of the
discrete Schwarzian KdV equation

(fn,m - fn+1,m)(fn+1,m+1 - fn,m+1) — &
(fn+1,m - ﬁl+1,m+1)(fn,m+l - f;l,m) dm ’

where p, and g, are arbitrary functions in the indicated variables. Some of the authors have
constructed various special solutions to the above equation [I1]. In particular, they have shown

that an autonomous case
(fn,m - fn+l,m)(ﬁl+l,m+l - f;z,m+l) _ l (2 7)

Forron = frstme) Smet = fom) 1
where ¢ is independent of n and m, can be regarded as a part of the Bicklund transformations of
Py1, and given special solutions to (2.7) in terms of the 7 functions of Py;.

We here give a brief account of the derivation of Py; according to [13]. The derivation is
achieved by imposing a certain similarity condition on the discrete Schwarzian KdV equation (2.7)
and the difference equation (2.3) simultaneously. The discrete Schwarzian KdV equation (2.7) is
automatically satisfied if there exists a function v, ,, satisfying

(2.6)

-1/2
fn,m - fn+l,m =1 / VamVn+1,m» f;z,m - ﬁz,m+l = VumVnm+1- (28)

By eliminating the variable f, ,,, we get for v, ,, the following equation
t'/

2 _ 1/2
Vn,mvn,m+] + Vn,m+lvn+l,m+l - Vn,mvn+l,m +1 Vn+1,mvn+l,m+l’ (29)

which is equivalent to the lattice modified KdV equation. It can be shown that the difference
equation (2.3) is reduced to

Vn+l,m - Vn—l,m + mvn,m+l - Vn,m—l

=u—(=D""a 2.10
vn+1,m + Vn—l,m vn,m+1 + vn,m—l Iu ( ) ( )

with y = 1 + 2u, where A € C is an integration constant. In the following we take 4 = u so that
(2.10) 1s consistent whenn =m =0and vi o +v_10 # 0 # vo1 + vo-1.
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Assume that the dependence of the variable v, ,, = v, ,,(f) on the deformation parameter 7 is
given by
d v -V,
— 2108 Vo = N L s (2.11)
dt Vislm T Va—1m

where Y,+m = Xa+m(?) 18 an arbitrary function satisfying y,+m+2 = Xn+m- Lhen we have the following
Proposition.

vn n .
Proposition 2.5 Let ¢ = g, = qnn(t) be the function defined by g,,, = t/ 2224  Then q satisfies

P Vim+1
VI
@:1(1+;+;)(d_q)2_(1+;+;)d_q
i 2\qg q-1 qg-t)\dt t t—1 qg-t)dt (2.12)
q(q—l)(q—t)[z_KziJrK2 t— +a—¥f“_”]
202(t - 1)? v g g -1y (q-1*]
with
Kfo:i(,u—v+m—n)2, K(%:%(,u—v—m-kn)z,
(2.13)

1 1
K%Z u+v-—m—-n-1)y> 02:Z(ﬂ+v+m+n+1)2,

4
where we denote v = (—1)""p.

In general, Py contains four complex parameters denoted by ., ko, k; and 6. Since n,m € Z,.,
a special case of Py; appears in the above proposition, which corresponds to the case where Py
admits special solutions expressible in terms of the hypergeometric function. In fact, the special
solutions to Py; of hypergeometric type are given as follows:

Proposition 2.6 [/2] Define the function t,,(a,b,c;t)(c ¢ Z, n’ € Z,) by

| det(pa+i-1,b+j-1,c; t))lsi,jsm (n >0),
Tn/(a, b7 C7 t) - { 1 (n, — O)’ (2.14)
with
T'(a@I'(b
ﬂmha0=%lgllﬂm&a0
(©) 2.15)
I'a—c+ DHI'(b -

+1
D Rt Lb—c+ 12—,

“l T2 —-oc)

Here, F(a, b, c;t) is the Gauss hypergeometric function, I'(x) is the Gamma function, and c, and c;
are arbitrary constants. Then

20710 ~1-1-1
n '+1
4= —oisio-io (2.16)
Tn’ Tn’+l
with Tﬁ’,l’m =Ty(a+k+1,b+1+2,c+m+ 1;1) gives a family of hypergeometric solutions to Py

with the parameters

Ko =a+n', kg=b-c+1+n’, ki=c—a, 6=-b. (2.17)

k,.m

We call 7,,(a, b, c;t) or ;" the hypergeometric 7 function of Pyy.
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3 Main Results

3.1 Explicit formulae for f,,, and v, ,,

We present the solution to the simultaneous system of the discrete Schwarzian KdV equation (2.7)
and the difference equation (2.3) under the initial conditions

foo=0, fio=co, fo1=ct, (3.1)

where y = 2r, and ¢, and c, are arbitrary constants. We set ¢y = ¢; = 1 and ¢t = ¢"(= —1) to obtain

the explicit formula for the original discrete power function. Note that 7,/(b, a, c;t) = T,+(a, b, c; 1)

by the definition. Moreover, we interpret F(k, b, c;t) for k € Z. as F(k,b,c;t) = 0 and ['(—k) for
—1)*

k€ ZsyasT'(—k) = ( k‘) .

Theorem 3.1 For (n,m) € Z2, the function f,,, = f,.(t) can be expressed as follows.

(1) Case where n < m (orn’ = n). When n + m is even, we have

(r+ 1y-1 T,(=N,-r—=N+1,-r;t)
(=r+ Dy T(-N+1,-r=N+2,-r+2;t)’

Jom =c1t”"N (3.2)

n+m

where N = and (u); = u(u+1)---(u+ j—1) is the Pochhammer symbol. When n +m

is odd, we have

vy r+ Dy T(N+1,-r=N+1,-r;1)
(=r+ Dy TW(=N+2,—-r =N +2,-r +2;1)’

Jom = it (3.3)

n+m+1
2

(2) Case wheren > m (orn’ = m). When n + m is even, we have

where N =

f N(r + Dy TN +2,-r—=N+1,-r+2;1) (3.4)
nm — C s .
O s Dy T (=N + 1,—r = N + 2, —r + 2: 1)

+
where N = n m. When n + m is odd, we have
+ Dyt Tu(-N+2,-r=N+1,-r+1;t
A (r+ Dy-1 7u( r r ' ), (3.5)
(-r+Dy_y7t(-N+1,-r—=N+2,-r+ 11
n+m+1
where N = ———
2
Proposition 3.2 For (n,m) € Z2, the function v,,, = v, (t) can be expressed as follows.
(1) Case where n < m (orn’ = n). When n + m is even, we have
n W(N+1,-r=N+1,-r+1;t¢
_ 3 Ny T r r ) (3.6)

e DN TN+ L,—r—N+ 2, + 2,0)’
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:

Figure 3: The discrete power function Figure 4: The ordinary power function
withy = 1 +1. 7,
+
where N = " m. When n + m is odd, we have
aTy(-N+1,-r—=N+2,-r+1;1)
o = — tr 2 , 3.7
Y = O N+ 2, r—N+2,—1+2:1) 3-7)
n+m+1
where N = ———
2
(2) Case where n > m (or n’ = m). When n + m is even, we have
m m_N+1,_ _N+1,_ +1;t
N Ny T r r ), (3.8)
’ (-r+Dytp(-N+1,-r—=N+2,-r+2;1)
+
where N = % When n + m is odd, we have
m+1 T;rn(_N + 2, —-r — N + 2, —-r + 2, t)
nn = —Col 2 s 3.9
Y O N+ L—r—N+2.—r + 1.0) (3:9)
n+m+1

where N =
2
Note that these expressions are applicable to the case where r € C\Z. A typical example of
the discrete power function and its continuous counterpart are illustrated in Figure 3 and Figure
4, respectively. Figure 5 shows an example of the case suggesting multivalency of the map. The
proof of the above theorem and proposition is given in the next subsection.

Remark 3.3

(1) When m =1 (or n = 1), the above results correspond to the case where Py is reduced to
a Riccati equation and solved by the hypergeometric function. This case recovers the result
obtained by Agafonov [2].

(2) Agafonov also has shown that the generalized discrete power function f, ,,, under the setting
ofco=ci=Lt=e*0<a<n)and0 < r <1, is embedded [].



Figure 5: The discrete power function
with y = 0.25 + 3.35i.

Remark 3.4 As we mention above, some special solutions to (2.7) in terms of the T functions of
Py1 have been presented [11]. It is easy to show that these solutions also satisfy a difference
equation which is a deformation of (2.3) in the sense that the coefficients n and m of (2.3) are
replaced by arbitrary complex numbers. For instance, a class of solutions presented in Theorem 6

of [11] satisfies

(@0 + @z + @) fum
2)(fn+]’m J;fj:)_(]j;:;fn_]’m) —(+ay+ a4 —m) (runs ;ﬁﬁ:n)_(];:ln__] fn’m_]),

=n—-a

(3.10)
where a; are parameters of Pyy introduced in Appendix A. Setting the parameters as (@, a1, @2, @3, @) =
(r,0,0,—-r+1,0), we see that the above equation is reduced to (2.3) and that the solutions are given
by the hypergeometric T functions under the initial conditions (3.1).

3.2 Proof of main results

In this subsection, we give the proof of Theorem 3.1 and Proposition 3.2. One can easily verify
that f,,, satisfies the initial condition (3.1) by noticing 7¢(a, b,c;t) = 1. We then show that f,,,
and v, , given in Theorem 3.1 and Proposition 3.2 satisfy the relation (2.8), the difference equation
(2.3), the compatibility condition (2.9) and the similarity condition (2.11) by means of the various
bilinear relations for the hypergeometric v function. Note in advance that we use the bilinear
relations by specializing the parameters a, b and ¢ as

+
a4=-N, b=—-r—N, c=-r+1, N:”zm, (3.11)
when n + m is even, or
+m+1
a=-r—-N+1, b=-N, c=—-r+1, N=2 ';’ , (3.12)

when n + m 1s odd.



We first verify the relation (2.8). Note that we have the following bilinear relations

01~ ~1~1.-1 0.-1.0_~1.- 000 ~1-2.-2
(c— Dty T —(c—b—l)tTn+1 T, +bT T , 313
“1-1-1_0-1,-1 _ 010 0.0.0=1.-2.-2 (3.13)
(c— I)Tn T, =(c-b-Dt, "1, 24 bt ,
1,-1_0,-1,0 ~Lolo L 0.0.0,0.-2.-1
( b)Tm Tm - aTm bTm ’ (3 14)
0,-1,0_0,-1,-1 ~1-1-1_1,-1,0 0.0.0,0.-2.~1 :
(a—b)tTmJrl T =ar, T, —br, T U,
b-a+ D = b - e+ Dy 000 + (e - ayry 00, 5
(3.15)
b-a+ I)Tm:l_l W00 = b—c+ I)T?m_iOTml O (e —a)tl” I_IT;L?O,

for the hypergeometric 7 functions, the derivation of which is discussed in Appendix A. Let us
consider the case where n” = n. When n + m is even, the relation (2.8) is reduced to

[1,1,1]_[O0,1,1] __ NlT[l ,1,2] [O 1,0] (l" + N)T[l 2,2] [000]

—I'T Tl n+l  tn Tosl >
(3.16)
I”TE,OH] [1,1,11 _ NTLI,I,Z]TLO,I,O] (r+N)T[122] [000]’
where we denote
75/1’12’13] =71,(=N+1ij,-r—=N + i, —r + i3; 1), (3.17)

for simplicity. We see that the relations (3.16) can be obtained from (3.13) with the parameters
specialized as (3.11). In fact, the hypergeometric T functions can be rewritten as

T =+ Lb+1,0) =T, (-N+1,=r =N+ 1,—r+ 1) = 7}"", (3.18)

for instance. When n + m is odd, (2.8) yields

[1,2,11_[1,1,1] [1,2.2] [110] [2,2,21_[0,1,0]
—rt, T = (r+ N, = Nt,; " 7, (3.19)
[1,1,1] [121] (—r+N)7'122] [110] NT[zzz] [0,1,0] :

n ]

—-rT, T,
which is also obtained from (3.13) by specializing the parameters as (3.12). Note that the hyper-
geometric T functions can be rewritten as

2 @+ L,b+ 1,0) =1(-r =N+2,-N+1,-r+ 1)

3.20
=7,(-N+1,-r =N +2,—r+ 1) =7,"*!, 20
this time. In the case where n’ = m, one can similarly verify the relation (2.8) by using the bilinear
relations (3.14) and (3.15).

Next, we prove that (2.3) is satisfied, which is rewritten by using (2.8) as

ﬁt,m l’l[_% m
= — — + — —. (3.21)
B + v ) + v

n+l,m n—1,m n,m+1 n,m—1

Vaum 1%

We use the bilinear relations

n’TOOOTO “hel o =b-c+ D1,

n

(@a+b—-c+n' + Dt

0,— IOTO’O 1+at 1T—1 1,—1,1_1;0,0
n’+1 1 n’+1 n'—1° (3 22)
0,0,0 0 1,-1 — aT_,l’_l’_1T1;0’0+(b c+ I)TO IOTO/O 1’

n

9



and

0,0,0_-1,-1,- 1.—-1,-1,-1_0,0,—1 -1,-1,-1_0,0,-1

T, Tp ——l_ Tl Tn 1 t T T ,
0,0,0_1,-1,0 0,-1,0_.1,0,0 0,-1,0_.1,0,0

Ty T =T T =T Tolls (3.23)
0,-1,-1_-1,0,-1 _ -1,-1,-1_0,0,-1 -1,-1,-1_0,0,-1

Tm m | T 1 + Ty’ Tm >

for the proof. Their derivation is also shown in Appendix A. Let us consider the case where n’ = n.
When n + m 1s even, we have

(122 [LL1] _ pp (1121 [1.2.1] 1.00,1,11[2,2,2]
—-nt, 7T, =Nt 7 Nt T (3.24)

MTLIZZ] [L,1,1] _ NT’[1011] [2,2,2] N [1,1,2] [121]

2

from the bilinear relations (3.22) by specializing the parameters a, b and c as given in (3.11). These

lead us to

1,2,2]_[1,1,1
, e TR

-1 _
Virtm T Vieim = €1 1 N 0.1 12,177
n+1 n—1
22 L (3.25)
-1 -1 12 M Tn n
% +v =—c;'t _
nm+1 nm—1 1 [0,1,11_[1,2,1]°
N n Tn
By using
1,2,2]1 .[0,1,0 -1_1[0,1,1] [121] 0,1,1]1[1,2,1
T,[1 ]T,[1 I = ¢ T T +T[ I El ], (3.26)

which is obtained from the first relation in (3.23), one can verify (3.21). When n + m is odd, we
have the bilinear relations

B Cr N N - D
m’[1222] [121]_(r+N 1) [1,1,1] [232]+( +N)T[122] [221] :

from (3.22) with (3.12), and

TLZ’Z’Z]T’[:’]’O] — _t_lTE,l_;ll’l]TLZ_%l] + T,EI’I’I]TE?’Z’]], (328)

from the first relation in (3.23). These lead us to (3.21). We next consider the case where n’ = m.
When n + m is even, we get the bilinear relations

mTEZZ] [L,1,1] _ = Nt [1,1,2] [121]+Nl1 [0,1,1]__[2,2,2]

m+l Tm 1 m+l Tm 1 (3 29)
I’lT,[?,} ,2,2] [l 1,11 _ N [0,1,1] [222] NT’[?},I,Z]T’[J 2, 1]’
and
1,2,2]1 [2,1,2] _ 1,1,2] [2,2,2 [112] [2,2,2]
L S T ri e U S (3.30)

from (3.22) and the second relation in (3.23), respectively. By using these relations, one can show
(3.21) in a similar way to the case where n’ = n. When n + m is odd, we use the bilinear relations

2221 [1.2.1] [1,2,2] [2.2,1] —1 (L1 _[2,3,2]
me Tim _( }"+N)Tm+1 Tm] +(}"+N—1)l Tm+1 Tm—l ’

(3.31)
n'r,[,%“]f,[,i“] —(r+N- 1)7_111] [2,3,2] + (- F+N)T[122] [221],
and
1,2,1] [2,1,1] _ [1,1,1]_[2,2,1] 1,1,1]1 [2.2,1
TE,, ]TE,, I = =T T +T,[11 ]TEn 1 (3.32)
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which are obtained from (3.22) and the third relation in (3.23), respectively, to show (3.21).
We next give the verification of the compatibility condition (2.9) by using the bilinear relations

0,-1,-1_-1,-1,0 —br 000 —1 -2,-1 ( 1)7’ 1,-1,-1_0,-1,0

(C—Cl)T Tn '+1 n+1 Tn ‘+1 (3 33)
0,-1,-1_-1,— 000 -1,-2,—-1 0,-1,0 —1 -1,-1 :
(C-d)l‘l’ Tn +1 —br n+l = (t I)T n+1

The derivation of these is discussed in Appendix A. We first consider the case where n’ = n. When
n + mis even, we get

( r+ N + 1)‘['[111] [012] +(}"+N)T[122] [0,0,1] _ ( I)T[Oll] [112],

n+1 n+1

( r+N+1)tT[111 [012]+(}"+N)T[122] [0,0,1] _ ( 1)7_[112] 011]’

n+1 n+1

(3.34)

from the bilinear relations (3.33). Then we have

[1,1,2] _[0,1,1]

_m ()N T Tn+1
tzvnm+vn+1m+1—t (t_l)( 7+ Ds IT[IZZ] [0.1.2]°

sl (3.35)

[0,1,1] [1,1,2]
(r)N Tn Tn+l

(=7 + Dy 7“22]7'[(11 2

1 _n
Vam + lzvn+1,m+1 =1 z(t - )

from which we arrive at the compatibility condition (2.9). When n + m is odd, we have

[1.2.1]_[1.1.2] (2221 _[0.11] _ [1.1.1]112.2]

NT n+1 + NT n+1 (t I)T n+1 > (3 36)
[1.2.1][1.1.2] [222]_0.11] _ [1.2.2]_[1.1.1] .

NtT n+] + NT n+l - (t 1)T n+l ’

from (3.33). Calculating t%vmm + Vir1me1 and vy, + t%vml,mﬂ by means of these relations, we see

that we have (2.9). In the case where n’ = m, one can verify the compatibility condition (2.9) in a

similar manner.

Let us finally verify the similarity condition (2.11), which can be written as

1 d NVyrim
—Xnsm — = logv, ,, = ———. 3.37
2)( " dt 08 s, Vitlm T Viu-1m ( :

NS

Here, we take the factor y,.n as x,+m = r[(—=1)"" — 1]. The relevant bilinear relations for the
hypergeometric 7 function are

0,0,0 0 1,-1 -1 ~1~1,-1_1,0,0
(D +n)ty =at 7 00
(D+b-c+ Doy - = (b -+ Dy Ot (3.38)
(D +a+m)yr>0 . 7! :a7;11 ~17 100

The derivation of these is obtained in Appendix A. We first consider the case where n’ = n. When
n + mis even, it is easy to see that we have

[0,1,1]__[2,2,2]

Vit lm _ 1 Tne1 Tun
" =N e (3-39)
Tl’l T}’l

Vn+l,m + Vn—l,m

from the bilinear relation (3.24). We get

(D + 722 B = Nt 2, (3.40)

n+l n—1

11



from the first relation in (3.38) with (3.11). From this we can obtain the similarity condition (3.37)
as follows. When n + m is odd, we have

(D + n)r22 120 = (e N = gl 2320 (3.41)

from the first relation in (3.38). This relation together with the first relation in (3.27) leads us to
(3.37). Next, we discuss the case where n” = m. When n + m is even, we have

(D + Nyrl22) . glLL1) - ylli2lgian, (3.42)

m

from the second relation in (3.38). Then we arrive at (3.37) by virtue of the second relation in
(3.29). When n + m is odd, we get

(D + r+ ==yl 2 22 = e N = el MR, (3.43)

from the third relation in (3.38). Then we derive the similarity condition (3.37) by using the second
relation in (3.31). This completes the proof of Theorem 3.1 and Proposition 3.2.

4 Extension of the domain

First, we extend the domain of the discrete power function to Z2. To determine the values of f,,,
in the second, third and fourth quadrants, we have to give the values of f_;y and f,_; as the initial
conditions. Set the initial conditions as

fi0= szzr, fo-1 = C3l‘3r, 4.1)

where ¢, and c; are arbitrary constants. This is natural because these conditions reduce to

fl,o =1, fo,1 = €”ir, f—1,0 = ezm, fo,—l =" 4.2)

at the original setting. Due to the symmetry of equations (2.7) and (2.3), we immediately obtain
the explicit formula of f,,, in the second and third quadrant.

Corollary 4.1 Under the initial conditions fy; = c\t" and (4.1), we have

f—n,m = fn,mlcochtZ’a f—n,—m = ﬁl,mlcOchtz’,clr—)Qﬂfa (43)

fornmeZ,.

Next, let us discuss the explicit formula in the fourth quadrant. Naively, we use the initial
conditions fy_; = o3t and fio = co to get the formula f, _,, = fumlc e, However, this setting
makes the discrete power function f,,, become a single-valued function on Z2. In order to allow
fum to be multi-valued on Z2, we introduce a discrete analogue of the Riemann surface by the
following procedure. Prepare an infinite number of Z?-planes, cut the positive part of the “real
axis” of each Z2-plane and glue them in a similar way to the continuous case. The next step is to
write the initial conditions (3.1) and (4.1) in polar form as

f(l,7k/2) = it (k=0,1,2,3), (4.4)

12



Figure 6: The discrete power function
with y = 5/2 whose domain is Z>.

Figure 7: The discrete power function
with y = 5/2 whose domain is the discrete
Riemann surface.

where the first component, 1, denotes the absolute value of n +im and the second component, 7k/2,
is the argument. We must generalize the above initial conditions to those for arbitrary k € Z so
that we obtain the explicit expression of f;, for each quadrant of each Z>-plane. Let us illustrate a

typical case. When Eﬂ < arg(n + im) < 2m, we solve the equations (2.7) and (2.3) under the initial

conditions
F(1,3n/2) = c3t”,  f(1,27) = cat™, 4.5)

to obtain the formula
f—n,—m = fn,mlcoHC4l4’,clHC3t2" (l’l, me Z+) (46)

We present the discrete power function with y = 5/2 whose domain is Z? and the discrete Riemann
surface in Figure 6 and 7, respectively. Note that the necessary and sufficient condition for the
discrete power function to reduce to a single-valued function on Z? is (¢, = ¢4 and) e¥™" = 1,

which means that the exponent vy is an integer.

5 Concluding remarks

The discrete logarithmic function and cases where y € 27 were excluded from the considerations
in the previous sections. From the viewpoint of the theory of hypergeometric functions, these cases
lead to integer differences in the characteristic exponents. Thus we need a different treatment for
precise description of these cases. However, they may be obtained by some limiting procedures
in principle. In fact, Agafonov has examined the case where y = 2 and y = 0 by using a limiting
procedure [1,2], the former is the discrete power function Z? and latter is the discrete logarithmic
function. In general, one may obtain a description of these cases by introducing the functions f, ,,
and f;m as

. 1 (=r+1); :
lim ————=f,,, fory=2j€2Z,,
~ | i+,
fom = (ers ) (5.1
lim —2f,,,, fory=-2je2Z.
A ), Ja. ory J 0
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and

f;Lm - 1

r

Som =1im (5.2)
r—0
respectively. The function f;m might coincide with the counterpart defined in section 6 of [3].
Moreover, it has been shown that the discrete power function and logarithmic function associ-
ated with hexagonal patterns are also described by some discrete Painlevé equations [4]. It may
be an interesting problem to construct the explicit formula for them.
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A Bicklund transformations of the sixth Painlevé equation

As a preparation, we give a brief review of the Bicklund transformations and some of the bilinear
equations for the 7 functions [12]. It is well-known that Py; (2.12) is equivalent to the Hamilton
system

oOH oH d
= = ——, '=1tt-1)— A.l
=%, P 9 (r-1) o (A.1)
whose Hamiltonian is given by
H = fofsfafs = laafofs + asfofs + (@0 = D fil fo + an(@i + an)fy. (A2)
Here f; and «; are defined by
fo=q-t. f3=q-1, fai=q, fi=p, (A.3)
and
ay=60, @ =Ko, @3 =K, Q4=Kp (A.4)

with oy + @1 + 2a, + a3 + a4 = 1. The Bicklund transformations of Py are described by

si(a/j) =) — a;q; (l,] = O, 1, 2, 3,4), (AS)
() = fit 2, s(f) = - o (i=0,3,4), (A.6)
N fi
S5 Qo © a, @3 < ay, ﬁH—w, f4|_>;j;(3),
S oo a3 a o as, [ —M’ Ja ]%, (A7)
S71 Qo © ay, ) © as, ﬁHM, f4|—>]§,
t—1 bE
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il). Then the group of birational transformations

where A = (a; j)?j=o is the Cartan matrix of type D

(80, - ..,s87) generate the extended affine Weyl group VV(DZD). In fact, these generators satisfy the
fundamental relations

st =1 (@=0,...,7), s$28, =888 ((=0,1,3,4), (A.8)
and

§55(0,1,2,3.4) = ${1,02.4,3}55,  565(0,1,2,3.4) = 5${3.42,0,1}56>  $75(0,1,2,34) = 5{4,3,2,1,0157»

(A.9)
§586 = S¢S85, 8587 = §785,  S6857 = 5756-
‘We add a correction term to the Hamiltonian H as follows,
t 1
Hy=H+ |1+ 40y + 403 — (a5 + @)’ + i (@1 + @) + (@3 + @a)? + 4azas]. (A10)

This modification gives a simpler behavior of the Hamiltonian with respect to the Béacklund trans-
formations. From the corrected Hamiltonian, we introduce a family of Hamiltonians h; (i =
0,1,2,3,4)as

t—1

t
hg=Hy+-, h;= Hy) —
0 0 4 1 = s5(H)p) 4

1
, hy= S6(HO)+Z’ hy = s7(Hp), hy = hy +s1(hy). (A.11)
Next, we also introduce 7 functions 7; (i = 0,1,2,3,4) by h; = (log7;)’. Imposing the condition
that the action of the s;’s on the 7 functions also commute ~vvith the derivation ’, one can lift the
Bécklund transformations to the 7 functions. The action of W(Dil)) is given by

fo ToT1T3Ts

Vi

T T T T
so(To) = foT—z, si(t)) = T—z $2(1) = . s3(m3) = fsT—z, 54(14) = f4T—2, (A.12)
0 1 3 4

and 1 1
s5: 1o [t = D]iTy, 110 [HE - D] *70, (A13)
Ty (= Dity, T (- 1), ne (- DI fom, '
1 L1 _1 1 1
S . To > it*Ts, T3> —it iTg, Tyt Ty, T4 13T, Tt 2T, (A.14)

s70 o (D)7 = ity 1o (“Di@- D7,
T (DI = D)7, 13 o (D)7 = )iy, (A.15)
Ty —i(t = 1) fi1,.

We note that some of the fundamental relations are modified
5i52(12) = —s28i(12) (i =35,6,7), (A.16)

and

S586Ti0,12,34) = i, =1, =1, —1,1}S655T(0,1.23.4)
S587Ti012.3.4) = i, =1, —1,1, —1}5755T(0,1.23.4} (A.17)

$657710,1,2,3,4) = {—i,—1,-1,1, l}S7567{o,1,2,3,4}-

15



Let us introduce the translation operators

T3 =
T34

§152850854525157,
§3528508515253S5,

Tao
T4

§$4528518382854587, (A.18)

§15482850535256,

whose action on the parameters @ = (g, a1, @2, @3, @4) iS given by

T5(@) =
Tuo(@) =
Tru(@) =
T14(@) =

We denote 7y 1.
T0,0,0,0 = 70,
31
To-1-10 = (—=1)731473,
_1
T_1-2-1,1 = (=1)"*50(70),

.1
T_1-10,1 = —it*53(73),

a+(0,1,0,-1,0),
a+(-1,0,0,0,1),
a+(0,0,0,1,-1),
a+(0,1,-1,0,1).

(A.19)

= Tﬁiﬁﬂofﬁ (t0) (k,I,m,n" € Z). By using this notation, we have

T_11-10 = [H(2 = D31y,
T0-1,00 = (—1)_%0 - 1)%7'4,
Toro1 = (=173 [1(t = D]#sy(1y),

1
T_p—1-11 = (= 1)*54(74),

(A.20)

for instance. When the parameters @ take the values

(g, a1, an,a3,4) = (=b,a+n',—-n',c—a,b—c+1+n'), (A.21)

the function 74,,,,, relates to the hypergeometric v function Tﬁ’,”m introduced in Proposition 2.6
by [12]

— klm —(@a+b—e+2n")? JA—(a=b—n')? [4+n’ (b+n')—n' (n'~1)/2 (a+b—e+2n")? [4+1/2
Tk lmpy = Wi lmn Ty t ([ - 1) s

(A.22)

where we denote &a = a+k,b = b+ [+ 1 and & = ¢ + m, and the constants Wk lmnw = Wiimw (@, b, )
are determined by the recurrence relations

ALA AN D
wk+l,l,m,iwk—l,l,m,i l(l(C - a)wk,l,m,i’

Wi 1+1,m,iWk,1-1,m,i = —ib(¢ - b)wl%,l,m,i’ i=0,1) (A.23)
Wi+ 1,iWkm-1,i = (¢ — a)(C — b)w,%,l’m,i
and
2
Wi tmp +1Wklmp' -1 = ~Wy 1y (A.24)
with initial conditions
wW_1-2-11 = (=1)7*D, wo,—2-11 = b,
w-i-1-11 = 1, Wo,-1,-1,1 = (=174, A5
— _(—1) 34 — . (A.25)
w-1001 = —(=1D)7"(c—a), wooo1 = —i,
w-1-101 = —i(c —a), wo-101 = ()34
and v
wW_1-2-10 = (=)D, wo,—2-10 = —b,
w-i-1-10 = 1, wo-1-10 = (=), (A.26)

w-1000 = (=1)7"*(c - a),

W-1-100 =C€—4a,

wo,000 = 1,
Wo,-1,00 = (=174,
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From the above formulation, one can obtain the bilinear equations for the 7 functions. For
. as . .
examle, let us express the Bicklund transformations s,(f;) = f; + 72 (i =0,3,4) in terms of the T
2

functions 7;(j = 0, 1, 3,4). We have by using (A.12)

azt_%T3T4 — 51(71)5250(70) + So(70)s251(71) = 0,
@t 2 TTy — $1(11)5253(T3) + $3(13)8251(71) = O, (A.27)

@t 3773 — 51(11)5254(14) + 54(14)$251(11) = 0.
Applying the affine Weyl group W(Dg)) on these equations, we obtain

1
(o + as + a4) 1727354(14) — $1(T1)S485250(T0) + ToSo545251(71) = 0,

1 (A.28)

(@o + @y + @) 127173 — T4545250(T0) + ToS05254(74) = 0,
1

(o + @y + a2) 1727374 — T1515280(T0) + ToSos251(71) = 0,

} (A.29)
(@ + ay + a2) 1251(71)73 — 54(T4)515250(T0) + TS0515254(74) = 0,
(2 + @3 + Q) 173TT) — T4545253(T3) + T3535,54(14) = 0, (A.30)

_1 .
(@2 + a3 + ag) 17 254(T4)7T0 — 51(71)545253(73) + T383548281(71) = 0,

and 1
a2t 2773 — S1(71)8254(T4) + $4(74)8251(71) = 0,
(A31)

() +ay + az)f%ro~r3 — T1515284(T4) + T4548281(71) = 0.

For instance, the first equation in (A.28) can be obtained by applying s¢s4 on the first one in (A.27).
We also get the second equation in (A.28) by applying sps4s¢ on the second one in (A.27). Other

equations can be derived in a similar manner. By applying the translation 77 4T;"4§"Z07"7f3 to the
bilinear relations (A.28) and noticing (A.20), we get

1
(o + @y + @4 — M) ITh o et 0 Th=1 11 =1 +1

FTh i1 mn +1Th=11-1m=20 T Thlmmw Thk=1,1-2m=2n'+1 = O» (A 32)
(o + ap + @4 — M)Th—1 11 m—1.0 Tkt =17

FTh i~ 1mp Th=1,1-1,m=20" — Thlmp Th=1,1-2,m=2.00 = 0,

and then (3.13) for the hypergeometric 7 functions. Similarly, we obtain for the hypergeometric 7
functions (3.14), (3.15) and (3.22) from (A.29), (A.30) and (A.31), respectively. The constraints

fo=fa-t, f=fi-1, (A.33)
yield
T0845250(T0) = $4(T4)5254(T4) — 1T1545251(71),
T0515250(T0) = T4515254(74) — 151(T1)$251(71), (A.34)
T3545283(73) = $4(74)5254(T4) — T1545251(71),
and

7353(73) — Tos0(T) = (£ — D)1y81(71),

173853(13) — To80(70) = (£ — 1)T454(74),

(A.35)
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from which we obtain (3.23) and (3.33), respectively. Due to (A.11) we have the relation

1
ho—hy =@ - 1| fafs+ 5(1 —az —ay)|. (A.36)
Then we get the bilinear relations
| 1
Dty 13 =t254(14)5281(71) + 5(1 — @3 — @4)TOT3,
| 1
D71y T3 = t2T484525,(T)) + E(l — a3 + @4)ToT3, (A.37)

| 1
Dty-13 = 12718515284(74) + 5(0!0 — @1)ToT3,

d d
where D denotes Hirota’s differential operator defined by Dg - f = t(d_f f- gd—{) By applying

the translation Tﬁng‘TjOﬂ% to the first bilinear relation of (A.37), one gets

1 1 | |
D + 5@ +ag—k+1+n - 5 )| T Te-tmeto = —12(t = 1) 2Tt -t et 41 Tkt Ll =15

(A.38)
which is reduced to the first relation of (3.38). The second and third relations of (A.37) also yield
their counterparts in (3.38).
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