SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

Decay properties of solutions to the linearized
compressible Navier-Stokes equation around
time-periodic parallel flow

Brezina, Jan
Graduate School of Mathematics, Kyushu University

Kagei, Yoshiyuki

Faculty of Mathematics, Kyushu University

https://hdl.handle.net/2324/19412

HiRIEZR : MI Preprint Series. 2011-8, 2012-07. World Scientific

N— 30

YEFIR4% : Preprint of an article submitted for consideration in Mathematical Models and
Methods in Applied Sciences © 2012 World Scientific Publishing Company

Lhttp://www.wor ldscientific.com/worldscinet/m3as]

KYUSHU UNIVERSITY




MI Preprint Series

Kyushu University
The Global COE Program
Math-for-Industry Education & Research Hub

Decay properties of solutions to
the linearized compressible
Navier-Stokes equation around
time-periodic parallel flow

Jan Brezina & Yoshiyuki Kagei

MI 2011-8

( Received March 30, 2011 )

Faculty of Mathematics

Kyushu University
Fukuoka, JAPAN



Decay properties of solutions to the
linearized compressible Navier-Stokes equation
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Abstract

Decay estimates on solutions to the linearized compressible Navier-Stokes equation
around time-periodic parallel flow are established. It is shown that if the Reynolds
and Mach numbers are sufficiently small, solutions of the linearized problem decay
in L? norm as an n — 1 dimensional heat kernel. Furthermore, it is proved that the
asymptotic leading part of solutions is given by solutions of an n — 1 dimensional linear
heat equation with a convective term multiplied by time-periodic function.

Mathematics Subject Classification

Keywords. Compressible Navier-Stokes equation, decay estimates, asymptotic be-
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1 Introduction

This paper is concerned with the asymptotic behavior of solutions to the compressible Navier-
Stokes equation with time-periodic external force and (or) time-periodic boundary condi-
tions.

We consider the system of equations

Op + div (pv) = 0, (1.1)
p(Ow +v - Vv) — pAv — (p+ p')Vdive + VP(p) = pg, (1.2)
in an n dimensional infinite layer Q, = R"~! x (0, ():
Q = {z=(2,2,);
v = (xy,...,0p 1) ER"L 0 <2, <}

Here n > 2; p = p(x,t) and v = (v'(z,t),...,v"(x,t)) denote the unknown density and
velocity at time ¢t > 0 and position x € €2, respectively; P is the pressure, smooth function
of p, where for given p, positive number we assume P’(p,) > 0; p and y' are the viscosity
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coefficients that are assumed to be constants satisfying u > 0, %u + ' > 0; gis a time-
periodic external force of the form

g = (gl(xth)aOv s ,O,Qn($n))7

with ¢! being 7-periodic function in time, where 7 > 0.
The system (1.1)—(1.2) is considered under the boundary condition

V|, =0 = Vg, =¢ = 0, (1.3)

and the initial condition
(P, v)]e=0 = (po, vo)- (1.4)

Under suitable smallness conditions on ¢”, problem (1.1)—(1.3) has a time-periodic solu-
tion u, = (p,, Vp)

Dy = Pp(Tn),
T, = (Ell)(mn,t) 0,...,0),
where p, and v, satisty
— . 119" oo pul?
1Py — P"lcop.g < CW, V= P 19" | co®:z2(0.0))

and i1
Cﬂ*g \9 |C°(]R;L2(O,£))

1

We are interested in large time behavior of solutions to the problem (1.1)—(1.4) when the
initial value (po, vo) is sufficiently close to the value of time-periodic solution %, = (p,,7,) at
some fixed time. In this paper we deal with the linearized problem around the time-periodic
flow.

Lately stability of stationary parallel flows for compressible Navier-Stokes equation has
been investigated in [2, 3, 4, 5, 6]. It was proved in [4, 5], that stationary parallel flow is
asymptotically stable for sufficiently small initial disturbances if the Reynolds number and
Mach number are sufficiently small. Furthermore, when n > 3 the disturbances behave in
large time as solutions of the linearized problem, whose asymptotic leading parts are given
by solutions of an n — 1 dimensional linear heat equation with convective term. On the other
hand, when n = 2 the asymptotic behavior is no longer described by the linearized problem;
and it is described by a nonlinear diffusion equation, namely, by a 1-dimensional viscous
Burgers equation.

In this paper we will extend previously obtained results for stationary parallel flows to
the case of general time-periodic parallel flows. Combining techniques used in [2, 3, 6] and [1]
we will treat the linearized problem around time-periodic parallel flow and establish decay
estimates on solutions similar to those in the case of the stationary parallel flows. Whereas
[2, 3, 6] are concerned with the stability of the stationary parallel flows, in [1] the diffusive

[Tyl co@;220,0) <
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stability of oscillations in reactlon diffusion systems is treated. Our main result in this paper

reads as follows. We set V' = p . | g%00.2 > 0 and introduce parameters:
_ kK _ V)
- , V=—7=, 7= —
p LV pslV V

with |- |s.2 being the norm in space C°(R; L2(0 1)). We note that the Reynolds number Re
and Mach number Ma are given by Re = v~! and Ma = v}, respectively. After a suitable
non-dimensionalisation, the linearized problem is ertten as follows.

e + vy, & + ¥*div (ppw) = 0, (1.5)
Oyw — iAw ”*” levw + vy O, w" + (O, v, )W €1
(1.6)
+7VP (02 ;)¢e1+V( ) =0,
W|g,=0 = Wz, =1 = 0, (1.7)
(&, w)li=o = (o, wo), (1.8)
in Q. Here ¢ = ¢(x,t) and w = (w'(z,t),...,w"(z,t)) denote the unknowns. The domain

Q) is transformed into Q = R"™! x (0,1); and (pp,vp) is transformed into (p,,v,), where

vy = (Up (@, 1),0,...,0) is T-periodic in ¢ with T' = Yr. We write (1.5)~(1.8) in the form

Owu+ L(t)u=0, w|y—01=0, ulms = up, (1.9)

where u = T(¢,w); L(t) is the linearized operator and uy = 7 (¢g, wo). We will prove that
if Re and Ma are sufficiently small, then the solution us(t) = (¢(t), w(t)) of the linearized
problem (1.9) satisfies

1050, s (£)]]2

< C{(t = 9)7"T 2 |Juoll o @e-nm o, xz2o,n) + €N (ol 2 + |10wwoll2) }, (1.10)
and
105,0L (ug(t) — o0 su® (E))
< C{(t- S)JLTl"**HUOHLl(Rn a2 01)) + € (Juoll i + || 0wrwoll2 )}(1 N

fort —s>4T, 5> 0, k,l = 0,1, where u9(t) = u®(z,,t) is a function T-periodic in ¢ and
o5 = 015(2') is a function whose Fourier transform in 2’ is given by

F (01,5) = e~ rortml =[5, (1],

Here [ggo(&/ )] is a quantity given by

1 ~
= / ¢0<€laxn) dxn;
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with 50 being the Fourier transform of ¢y in 2’ and kg, k1 are positive constants depending
on p., L, V,p, i/ and P'(p,). Precise statement of the results will be given in Section 3.

As in the case of the stationary parallel flows [6] these decay estimates as well as a
decomposition argument in the proof will be useful for the nonlinear problem, which will be
treated elsewhere.

To obtain decay estimates as in [6], we consider the Fourier transform of (1.9) in 2’ €
R"~!. That can be written as

d -

T + Le(t)u =0, ul=s = uo, (1.12)
on H'(0,1) x L?*(0,1). Here Zgz(t) is an operator on H'(0,1) x L?*(0,1) with domain
D(Lg(t)) = HY(0,1) x (H*(0,1) N Hy(0,1)) with a dual variable ¢ € R™!. We denote

Ug (t,s) the solution operator for (1.12). The operator I/J\'g(t, s) has different characters
between cases |¢'| < 1 and || > 1. We thus decompose the solution operator % (t, s) asso-

ciated with (1.9) into three parts: %(t,s) = . ' <ﬁ§/ (t, 8)‘|f,|§7"> + 7! (ﬁgl(t, 3)]r§|§/‘§3) +
F! <ﬁ§/ (, 5)‘|§’|2R> for some 0 < r < 1 < R, where .# ' denotes the inverse Fourier trans-

form. Since Zgz (t) is periodic in ¢, we investigate the monodromy operator (75/ (T) = [75/ (T,0)
for [¢'| < r <« 1 as in [1] and [75/ (T) can be regarded as a perturbation from Uy(T) =
ﬁf/ (T)|¢r—o- We will find that the spectrum of %(¢, s) near 1 is given by that of monodromy
operator 175/ (T) with |¢'] < r < 1, which is parameterized as 1 —iro&, T — k1 [T +O(|€'|?)T
with some ko € R, k1 > 0, provided Re and Ma are sufficiently small. On the other hand, if
|€'| > R > 1, we can derive the exponential decay property of the corresponding part of the
solution operator % (t, s) by the Fourier transformed version of Matsumura-Nishida’s energy
method (see (3, 8]), provided that Re and Ma are sufficiently small. As for the bounded
frequency part r < [¢'| < R, we employ a certain time-dependent decomposition argument
and apply a variant of Matsumura-Nishida’s energy method as in [6] to show the exponen-
tial decay. As a result, one can see that the solution of the linearized problem behaves as

ors(2 O (2, 1) = F! (e*(m‘)&*”l'&/'%(t*s) [éﬁ\o(f’)]> u(®(z,,t), provided that Re and Ma
are sufficiently small.

Problem (1.1)—(1.4) with g = (¢*(xp,1),0,...,0,9"(z,)) also covers another particularly
interesting problem. Let us for a moment consider problem (1.1)—(1.2) together with g =
(0,...,0,9"(z,)) and boundary condition

Vlgnmo = V'(t)er, v|y,—=0,

where V1 is 7-periodic function of time and e; = (1,0,...,0) € R™. This problem is a
natural extension of Stokes’ second problem from half space to infinite strip for compressible
fluid. The motion of a fluid is caused by the periodic oscillation of a boundary plate. The
study of the flow of a viscous fluid over an oscillating plate is not only of theoretical interest,
but it also occurs in many applied problems and since Stokes (1851) it has received much
attention under various settings. It is straightforward to see, that if we seek solution to this
problem in the form v = (1 — z,,)V!(¢)e; + o, then behavior of ¢ is governed by the same
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linearized problem as we get for (1.1)—(1.3) with g = (—(1 — 2,)9,V*(t)/p,0,...,0,9"(zn))
and therefore our result also holds for this particular problem.

This paper is organized as follows. In Section 2 we rewrite the problem into a non-
dimensional one and state the existence of time-periodic parallel flows. Our main results
are stated in Section 3. In Section 4 we prove the exponential decay estimates. Finally, in
Section 5 we prove the asymptotic behavior (1.10) and (1.11).

2 Periodic Solution and the Linearized Problem

In this section we state the existence of time-periodic solution and then we rewrite the
problem into the one for the disturbance in a non-dimensional form. At the end of this
section we introduce notation that will be used throughout this paper. Let p, be a given
positive number. Throughout the paper we assume that

P'(ps) > 0.

We introduce the following dimensionless variables:

14

~ ~ ~ ~ ~ 14 ~
I':ﬁ’ll', tzvt, U:VU, P = P«p; p:P*V2P> g(xnat): .

Wﬁ@m t),

where

Then the problem (1.1)—(1.4) is transformed into the following dimensionless problem on
the layer 2 = R"! x (0,1):

8y + div (p0) = 0, (2.1)
P00+ (- VD) — vAT — (v + V)Vdivi + P (p)Vp = vpg (2.2)
Ulz=0 = U]z, =1 =0, (2.3)
(P, 0)lt=0 = (Po, o)- (2.4)

Here v and v/ are the non-dimensional parameters:

!/

L
p LV p LV’

We also introduce parameters v and 7"

~ V
vy=1\/P (1), T= ik
where T is period of ¢; in time. We note that the Reynolds number Re and Mach number
Ma are given by Re = v~tand Ma = 7!, respectively. In what follows we omit "tilde” of
T, and t.
5



One can see that if [§"|w is small enough then a time-periodic solution (p,,v,) =
(Pp(n), vp(xn, t)er) exists. More precisely, substituting (5,7) = (pp(n), v (2, t)er) into
(2.1)-(2.3), we have

Ol — =P vt = vg! (2.5)
Pp

O, (15(/)10» = vppg" (2.6)

U;|$n:0 = ,U11)|J?n:1 = 0. (27)

We state the existence of a time-periodic solution to (2.5)—(2.7) with

- /0 B(xa) . (2.8)

Proposition 2.1. Assume that ﬁ’( ) >0 for py < p < py with some 0 < p; <1< py < 2.
Let ®(p) = pP(" dn for pr < p < py and let U(r) = &~ (r) forry <r < ry. Here 7!
denotes the mverse function of ® and r; = ®(p;) (j =1,2). If

1
-~n [S%) < C i ) ) = C’ 29
i < mln{|7"1| T2 472!\11"!00[“,@]} - -

then there exists a smooth time-periodic solution (py, vp) = (pp(xn), vll,(xn, t)ey) of (2.5)-(2.8)
satisfying
v
p1 < pp(zn) < p2y pp — oo < C?@nlom

t
v;(a:n,t) = V/ e A=IF (2, 5) ds,

where A denotes the uniformly elliptic operator on L*(0,1) with domain D(A) = H?*(0,1) N
H}(0,1) and Av = —mﬁinv for v e D(A). Furthermore we have estimates

|OFv 1|002<C|8f oo, k>0,

L~ -
On. bl < € (5108 o + [l )

080, 1fle < © (3101 P o+ 01 ) 2 0.
Additionally, if v|g"|cr-1101) < m, then

|al;;npp|oo S OkV@nle*l[o,l] fO’l" k= 1727 s



Here Cy are positive constants depending on k,n, |¥|cry, ) and pa. In particular,

14
|aﬂcnpp|oo < C¥|§n|oo7

~ ~ v
’Pl(pp) - 72|OO S C|P//‘Co[p1,p2]¥|§n‘oo-
Remark. Operator A satisfies estimates

\6_”Atv\2 < (Ce st [v]a,

1 v
\&cne’”Atv\g < C’t—l e 2" v,
2
for some C' > 0 and all ¢ > 0.

Proof. Proof of existence and properties of p, is the same as in [4], if we substitute vg"
for g", so we omit it. Once we obtained p, we easily get v, solution of (2.5) and (2.7). To
obtain estimates on v; we combine iteratively following relations:

o | LA f(s) ds = f(t) + / C e ()] ds

—00

t t

:ﬂwi[émﬂwﬂﬂﬂ@+/ wﬂmﬂﬂﬁwz/ e A=99 £(s) ds,

—00 —0o0

%@:%@@ﬂ@%

1 1
102, vp (1) 22 < [0, ()72 105, v, (1) -
O

Setting p = p, + 7 2¢ and ¥ = v, + w in (2.1)-(2.4) and neglecting nonlinear terms of
u="T(¢p,w), we arrive at the linearized problem:

Op + vll,arlqﬁ + ~*div (p,w) = 0, (2.10)
w — iAw — %Vdivw + v;(?mlw + (8%1);)10”31
_ (2.11)
+72Vpg ((’ﬁnvé)qﬁel +V (1372(—52)415) =0,
W],=0 = Wz, =1 =0, (2.12)
(¢, w)|t=0 = (o, wo). (2.13)

Our main concern in this paper is the estimates of solutions to the problem (2.10)—(2.13).
In the remaining part of this section we introduce some notation which will be used
throughout the paper. For a domain N we denote by L?*(N) the usual Lebesgue space on
N and its norm is denoted by || - ||z2(nv). Let m be a nonnegative integer. H™(N) denotes
the m-th order L? Sobolev space on N with norm || - || gm(ny. Cy*(N) stands for the set of
7



all C™ functions which have compact support in N. We denote by H}(N) the completion
of CI(N) in H'(N).

We simply denote by L2(N) (resp., H™(N)) the set of all vector fields w = T(w?!,... w")
on N with w’ € L*(N) (resp., H™(N)), j = 1,...,n, and its norm is also denoted by |- || 2(n)
(resp., || - [[am(w)). For u ="T(¢,w) with ¢ € H*(N) and w = T(w?,...,w™) € H™(N), we

define [|ul| grrnyxmm vy BY [l vy xm vy = 10l ey + 1wl 1 vy When k = m, we simply
write [|ul| ey <y = [|ull gy

In case N = Q we abbreviate L?(Q) (resp., H™(Q)) as L* (resp., H™). In particular, the
norm || - ||z2e) = || - [|z2 is denoted by || - ||,

In case N = (0, 1) we denote the norm of L?(0,1) by |- |o. The inner product of L?(0,1)
is denoted by

TAﬂm%mwmfmeﬁ&U

Here g denotes the complex conjugate of g. For u; = T(¢;,w;) € L*(0,1) with w; =

T(wy,...,w}) (j =1,2), we also define a weighted inner product (uy,us) by

1
(ur, us) /w ) i, + / Wi Tapp s,
0

Furthermore, for f € L'(0,1) we denote the mean value of f in (0,1) by [f]:

= (1) = / f() d,,

For u = T(¢,w) € LY(0,1) with w = T(w', ..., w") we define [u] by
[u] = 6]+ [w'] + - + [w").
The norm of H™(0, 1) is denoted by | - |gm

We often write z € 2 as

T(Il, e ,%n_1> € Rnil.

sz(/

¥ xy,), =

Partial derivatives of a function u in z, 2’, x,, and t are denoted by O,u, Oy u, 0., u and dyu,
respectively. We also write higher order partial derivatives of u in z as OFu = (9%u; |a| = k).

We denote the k£ X k identity matrix by [;. In particular, when & = n + 1, we simply
write [ for I,,41. We also define (n 4 1) x (n + 1) diagonal matrices @;, @ and @ by

Q; = diag (0,...,0,_1 ,0,...,0), j=0,1,...,n,

j—th

and B
Q'zdiag(O,l,...,l,O) Q:diag(o,l,...,l).

We then have, for u = 7(¢,w) € R*™ w =T(w?, .. =T(w',w"),

0 0 0
Qou:(?;), Qu= | w |, nu( 0 |, Qu=| v |, @uz(i)
0
8
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We note that
[Qou] = [¢] for u="(¢,w).

For a function f = f(2') (2’ € R"!), we denote its Fourier transform by for Zf:

&)= (ZhHE) = Fla)e € da.

Rn—1

The inverse Fourier transform is denoted by .# ~*:

(F7' @) = 2m)~ " (€)e " dg.

Rn—1

We will denote the resolvent set of a closed operator B by p(B) and the spectrum of B by
o(B). For a bounded linear operator B we denote the spectral radius of B by r(B). For
A€ Rand 6§ € (3,7) we denote:

D(A,0) ={\ € C; |arg (A — A)| < ).

We denote the set of bounded linear operators from X; to X5 by L(X7, X5), and if X; = Xy,
we simply write L(X;) for L(X1, X;). The operator norm is denoted by |- |L(x, x,)-

3 Main Results
Let us consider the linearized problem
Owu+ L(t)u =0, w|y—01=0, ulims = uo. (3.1)

Here u = T(¢, w) and L(t) is the operator of the form

Lo v, (1) 0z, vAdiv (py )
t - ]'5/
(Pp) . _ v _ v/ ;
\V4 ( . ) ™ Al, e Vdiv

0 0
+ .
( 72 (02 vp(t))er vy (t)0p, In + (0,0, (t))er" €y >

Y Pp

We introduce the space Z, defined by

Zs ={u="(¢,w); ¢ € Cioe([s,00); H'),
92w € Clae([s, 00); L?) N L2, ([s, 00); HY) (|| < 1),
w € Cloc((s,00); Hy)},
where the linearized problem can be uniquely solved. We will denote the solution operator

for (3.1) by Z(t, s).

Theorem 3.1. Let s > 0 be arbitrarily given. For any initial data ug = T (¢, wq) satisfying
ug € H' x L* with 0wy € L? there exists a unique solution us(t) = % (t, s)uy of (3.1) in Zs.
9



Furthermore, % (t, s)ug satisfies estimates
|%(t, s)uoll2 < Clluollz,

and

10.Q0Z (t, s)uolla + |0 QU (t, s)uol|o + (t — )2 |0, QZ (¢, 5)uo]|2

< C{luollmrxr2 + [|[Owwoll2}
for0<t—s<A4T, s> 0.

Proof. The uniqueness in Z, can be shown by an elementary energy method. As for the
existence, it is not difficult to show the unique existence of solution u € Cj,.([0,00); H') x
(Cloe([0,00); HY) N L2 ([0, 00); H?)) for ug € H' x H}. Existence for ug € H' x L? with
Opwy € L* then follows from an approximation argument by using Lemma 4.4 and 4.5

below. The proof of the estimate also follows from Lemma 4.4 below. U

Theorem 3.2. There exist constants vy > 0 and vy > 0 such that if v > vy and v/ (2v+v') >
V2, then for any initial data ug = (¢, wo) satisfying ug € (H' x L?) N L*(R™Y; HY(0,1) x
L?(0,1)) with Oywy € L? the solution uy(t) = %(t, s)ug of problem (3.1) can be decomposed
as

U(t, s)ug = %O (t, s)ug + % (t, s)uo,
where each term on the right-hand side has the following properties fort — s > 4T, s > 0.

(i) L

105,0L % O(t, s)uolls < C(t — 8)™ T ~2 ||uo|| 1 @11 (0.1) % £2(0,1)): (3.2)

_n-1_1_ k
1050, (% O(t, )uo — o0, u® ()2 < C(t = 5)" T 272 |Juo 1 @e1a0 01)x220,1)), (3-3)

k,1=0,1. Here
0o = F <€—(iﬁo§1+m|€’\2)(t—8) MA’OD 7

uO(t) = u® (x,,t) is some T-periodic function (see Lemma 4.6 below), and ko € R, k1 > 0
are some constants satisfying ,
K1 = %K, K > 0.

(i)
10,2 (¢, s)uolls < Ce™ ™ (|[uo |l mxre + | Darwoll2), (3.4)

[ =0,1, for some positive constant d.

Remark. In both Theorems 3.1 and 3.2 we assume following smoothness for external force

and boundary data:
g" € CY0,1], §' € C*0,00:L*0,1)).

We combine estimates from Proposition 2.1 with basic assumption (2.9) on v|¢" |« to get

C C ~ C
|/)p - 1‘00 < ?7 |axnpp|oo < ?: |P/(Pp) - 72|oo < ?

10



Furthermore, without loss of generality, we also assume that

C
2
|aa:npp|00 S ?7
holds true. Therefore, the smallness assumptions on ¢g” in Theorems 3.1 and 3.2 are expressed
in terms of smallness of 712

Again regarding to Proposition 2.1, in what follows we use bounds on v; as

10f0p |02 + |00, Viloc2 + 10£02 vploc2 < C, k> 0.

The decay rate (3.2) is the same one as that of an n — 1 dimensional heat kernel. Our
result shows that this is an optimal decay rate, and, in fact, estimate (3.3) shows that the
asymptotic leading part of solutions is given by an n — 1 dimensional heat kernel, which
moves in x; direction with a constant speed, multiplied by time-periodic function.

A proof of Theorem 3.2 will be outlined in Section 4 and Section 5. In Section 4 we prove
the exponential decay for the bounded frequency part and high frequency part. In Section
5 we prove the asymptotic estimates (3.2) and (3.3) for low frequency part.

4 Proof of Theorem 3.2 - 1. Exponential decay esti-
mates

In this section we introduce decomposition of %(t,s) based on size of |{'| and prove that
bounded frequency and high frequency parts decay exponentially. From now on we simply
denote v + v/ by v:

v=v+1.

To simplify further calculations we suppose

/72

v>l1l v=>1 vy=21, ~
v+v

> 1.

To prove Theorem 3.2, we consider the Fourier transform of (3.1) in 2’ variable. The Fourier
transform of (3.1) is written as

O + i€1050 + iv3€ + (pp ) + 720y, (pp@") = 0, (4.1)

O + L (I¢/? = 02 ) =i ZE (i€’ - @' + 0, T")
(4.2)

1 P! o y 7y I v
+Z§/72(—Z§)¢ + 610, W' + (On, v, ) 0" €] + 555207, v,)0€) = 0,

~ Do) ~
0" + (¢~ &, )@ _plaxn<ig'-@’+axn@">+a%< (p”>¢> +igu," =0, (43)
p p

Wy, =01 =0, (4.4)

11



for t > s >0, and R

Uli—s = o = * (¢, Wp). (4.5)
Here ¢ = ¢(&, 2, t) and @ = ©(&, x,,t) are the Fourier transform of ¢ = ¢(2/, z,,,t) and
w=w(z,z,,t) in 2’ € R" ! with ¢ € R"! being the dual variable and €} = (1,0,...,0) €
R™!. We thus arrive at the following problem

d
—u+ Lg( Ju =0, ul|=s = ug, (4.6)
dt
= H'(0,1) x L*(0,1). Here, for each t, ng(t) is an operator on X with domain
(t)) = D = H*(0,1) x (H*(0,1) N H}(0,1)) with a parameter ¢ € R"'. Here u =

n X
(L
O(Tn,t), w(Ty, t)) (z, €10,1],£ > s > 0) and Lg(t) is the operator of the form

3o g

Le(t) = Ag + Be(t) + Col(t),

where
0 0 0
n U 1T ¢t - Ul
- U T ¢t v 92
0 —i 2T, vl — 202,
with

1 !
Ao =—(¢']? = 2),
Pp

&) (t) Vo, T A0, (pp )
B\gl(t) = iflli/;(—zi) iglvé(t)ln—l O s
o, (Gl ) 0 0
0 0 0
Colt) = 2 (07, v(t)er 0 (On,v,(t))e
0 0 0

For each fixed &', 121\51 + B, is a closed operator on X with domain D(;lg + ]§0) D; and
—(Ag + By) generates an analytic semigroup in X (see [2]). Since v} is bounded smooth

function of z,,, Zg (t) can be seen as a lower order perturbation of Ag/ + By. Therefore, we
can show that R
(A + DI+ Le () ) <€
and R R R
|(Le (1) = Le () (A + Ler(0) oy < Clt = s,
where A € 3(A,0) with some A >0, 6 € (5,7) and a > 0. It then follows from [9, Theorem

5.2.1] that, for each & € R""!, there exists a unique solution ,(t) = (75: (t, s)uy of problem
12



(4.1)—(4.5) satisfying @, € Cioe([s,00); X)NC((s,00); X)NC((s,00); D). Moreover, [/]\gz(t, s)
satisfies |Ug (¢, s)|r(x) < Cy, and [Le (6)Ug (¢, 8)|nx) < Cry (t—5) "t with 0 < s < ¢ < ¢; for all
t1 > 0, which implies that |0,, QU (t, s)ugla < Cy, (t — $)"2|ug|pixz2. The solution Z(t, s)ug
of (3.1) is then given by % (t, s)ug = .F (U (t, s)uy) for all t — s > 0,5 > 0.

We decompose % (t, s)ug in the following way. Let 0 < r < R. Define x(0(¢), x(¢)
and x(>)(¢') by

XOE) =it [ < v, xO(E) = 0if €] >,
X(E) =1 [¢] = B ™€) =0if || < R,

and

X = (1= xO) (1 — X,

We decompose Z(t, s)ug as
%(tv S)“O = %@(t, S)UO + %1 (tv S)UO + /VOO(tv S)“O;

where .
Vil shuo = F 7 (XOT (8, )}, § = 0,1,00.

In this section we will show that 7/ (¢, s)ug (j = 1, 00) decay exponentially in time. The low
frequency part #(t, s)up will be investigated in Section 5, which all together gives estimates
(3.2) and (3.3).

Proposition 4.1. There exist constants Ry > 1, vy > 0 and vy > 0 such that if v > vy and
v2/(v + ) > 72 then there exists a constant d > 0 such that the estimate

170 (t, $)uoll g < Cem 40 (Jlug| |12 + [|0rwo]2),
holds uniformly int —s > 4T, s > 0.

Proposition 4.2. There exist constants vy > 0 and v > 0 such that if v > vy and
v2/(v + V) > A then for any 0 < r < Rq there exists a constant d(r) > 0 such that the
estimate

171t 8)uoll e < Ce™ =D (Jlug|| gz + [|Ourwoll2),

holds uniformly int —s > 4T, s > 0.

Proof of Proposition 4.1. We investigate problem (4.6) for |{| > R > 0 and prove
Proposition 4.1. We also give a proof of the estimate given in Theorem 3.1.
We introduce following notation. For v = 7(¢, w), or v = w we define D¢ (v) by

Dg (v) = [¢'P"|v]z + 10z, v]3-

First, we state the exponential decay estimate for large ¢ — s.

13



Lemma 4.3. There exist constants Ry > 1, vg > 0 and 9 > 0 such that if v > vy and
v?/(v 4+ V) > 72 then there exists a constant d > 0 such that the estimate

(GO + (1) 3 + D (@) (1) < Ce ™40 {|GAT) 3 + |@(4T) |} + De (@,)(4T) }

holds uniformly for t —s > 4T, s > 0 provided that |'| > Ry.

Proof of Lemma 4.3 is similar to the proof of [3, Proposition 6.1]. In our case in calcula-
T (02, U;)ae/l, but those
can be handled in standard way by smallness assumptions on Mach and Reynolds numbers,
so we omit the proof. See also [4].

tions appear new disturbance terms thanks to the p,

Second, we state estimates for ¢t — s near 0.
Lemma 4.4. There holds the following estimate uniformly for 0 <t —s < 4T, s > 0 and
g eR":
(L+1EP) )13 + [BE)B) + 10, 61) 3 + (£ — 9)|0, D()]3 < C{(l + 1) ol3 + \%%!3}-
Proposition 4.1 is an immediate consequence of Lemma 4.3 and 4.4. U

The estimate in Theorem 3.1 also follows from Lemma 4.4. It remains to prove Lemma
4.4. To prove Lemma 4.4 we employ the following estimates.

Lemma 4.5. For all0 <t — s < 4T, s > 0 there hold the estimates

u+wm§+<m+mmm+glu+wma«mwscuﬂmw%@&+mﬁ>@n

and

0, B0 < C { (1 +1€'12) G0l + 102,003} - (4.8)

Proof of Lemma 4.5 is similar to the proof of [3, Proposition 6.11], so we omit the proof.
Proof of Lemma 4.4. We write (4.2) and (4.3) as
8tw + T\g/w = —Eél (t)w — F\g/ (t>¢

Here YA}/ is the operator on L?(0,1) of the form

j; é(|§/|2 - 89% ) n—1+ flel _i%§/a$n
é‘/ = —~ Y
v T p) v N2 _ 92\ _ Vv 92
~iZT¢0), Ll - a2,) - 22,

with domain D(fg/) = H?(0,1) N H}(0,1),

N &y (t) Iy (O, vp(t))€)
Eg(l) = ( > :

14



and _
P v
i e T v (@2 ul(1))e

Fo(t) = -
3 ( ) 8 <Pl(pp) ) >
Tn Y2 pp
Then w is written as
~ t ~  ~ t e
w(t) = e~ 9Ty, —/ e~ B (2)w(2) dz —/ e~ [ (2)(2) dz. (4.9)
Using the equality

(Tow, pyw) = vDe(w) + DJie - w' + 8y, w"|2,

one can see that R l
|8ine_tT€’w0|2 S Ct_5|w0|2 (l = O, 1), (410)

for 0 < ¢t <A4T.
We have estimate

Eo(z)w(z)l: < CO+[ED]w(z)ls < CO+[¢])uolo, (4.11)
and moreover by (4.7) and (4.8) we have

Fo(2)p(2)l2 < CL{A+IED|(2)]2 + 10x,6(2) |2}
< C{A+[€])|uol2 4 10z, Pol2} -

(4.12)

It follows from (4.9)—(4.12) that

(¢ = o wlts < Cluh+Clt =)} [ (¢ =2 H(Beleul)la + Fel0o()l) dz

S

< Clwola + C{A + [€])|uol2 + |0z, Pol2}

for 0 <t —s < 4T. This, together with (4.7) and (4.8) gives the desired estimate of Lemma
4.4. U

We next prove Proposition 4.2. To prove Proposition 4.2 we decompose X(l)ﬁgl (t, s)up based
on a spectral property of Lg(t) with ¢ = 0, namely, Lo(?).

We introduce the formal adjoint operator of Lg (t) with respect to the weighted inner
product (-,-). We define an operator L, (t) by
with domain of definition D(EZ, (t)) = D, where

L= Ae, Bu(t) = —Be(t),

15



and
0 (02 v))"e) 0

Y2pE N\ Tn

Cxty=1| o 0 0
0 (Dn,v))"€; 0
We then have R R R
(Agu,v) = (u, Agv) = (u, Agv),

(Be(tyu, v) = (u, B(t)v) = —(u, Be()),
(Colt)u,v) = (u, Cy(t)),

and R R
<L£’ (t)u7 U> = <u7 Lz’ (t)v>,

for u,v € D.

Lemma 4.6.
(i) There exists a T-time-periodic solution u®)(x,,t) of

Oyu + Eo(t)u =0,

wlxn:O,l =0,

with following properties:

where

=00="""" Qp =

P'(p,)

t 2
WO t) = = [ CO (@2 1l())ds.

Tn " P

o0 P'(pp) pp
We also have following estimates

0Fw O (8) |12 < C|0FD2, V) (t)| 12, k> 0.
(i) Let ug € X. Then there holds
[QoUs(t, 8)ug) = [Qouo], for allt > s >0,

where ﬁo(t, s) denotes the solution operator for (4.13) and (4.14).

(4.13)
(4.14)

Proof. Fact that u(® (z,,t) is T-time-periodic solution can be shown by direct computation.

Estimates on 9Fw(©)!

O + ’72a:rn (ppwn) =0.
16

are obtained in similar way as those for v; in from Proposition 2.1.
Let Up(t, s)ug = T(6(t), w(t)). The first row of equation (4.13) is written as



Taking mean value of this over (0,1) we get

ai[0] + 7*[0r, (ppw™)] = 0.
Using integration by parts and boundary condition (4.14) we get [0s, (p,w™)] = 0, and hence,
O] = 0.
This gives [¢(t)] = [¢o] for all t > 0. O

Definition 4.7. R R
(i) Let us define projections IIO(t) and II(V*(t) as

IO (tyu = (u, u®)u (1) = [Qoulu® (1)
IO (yu = (u, u® ())u®,

respectively, with

72
" =T(—=¢1.0,0).
Qo

We also define T1" (t) by
IO =1 —1O().

(i) Let u©@(t) = ul +u\”(t), where
W =T(0,0.0), () = "0, O 0e,0)

We make a simple observation which will be useful in the argument below.
Lemma 4.8. Let u € X.

(i) %QOIAY(O) (Hyu =0, i.e., p-component of IIO(t)u is independent of t.

(i) Let ui(t) = T(r,wi(t)) = IV (t)u. Then

9112 < |0z, 012
Furthermore, if Qu € HY(0,1) then
jwi(t)|2 < |0, wi(t)l2-

Proof. It is easy to see (i). As for (ii), since [¢1] = 0, the Poincaré inequality gives |¢1]2 <

|0, é1]a. Let Qu € HL(0,1). Since w®1(t) € HL(0,1) for each ¢, we have QIO (t)u €

H1(0,1). Therefore, wy(t) € HL(0,1) for each ¢, and hence, the Poincaré inequality gives
0 9 I 0 ’ ) I q y g

|wy(t)]e < |0y, w1 (t)]2 for each ¢. This concludes the proof. O

Based on Definition 4.7 for each ¢ we decompose u(t) into the parts of () (t) and i (1).
17



Let u(t) be a solution of (4.6). We decompose u(t) as
u(t) = o(t)ul?(t) + ui(t),

where

a(t) = [Qou(t)] = (u(t), u®),
u (1) = 19 (t)u(t).

Using this decomposition we rewrite problem (4.6). To do so, we define some notation.

We write . R R B B
Me(t) = Ler(t) — Lo(t) = A + Be(t),

where R R
Ag/ - AE/ - AO

0 0 0
v 2 v &IT - U
= 0 g|£/| L1+ Ef, ¢ _Zgg/arn )
0 _Z%Tglaxn i’gl‘Q
Gt intpte 0
Bo(t) = Be(t) = Bo(t) = | e igyul ()L, 0
0 0 Zflvg(t)

Substituting u(t) = o (t)u®(t) 4+ uy(t) into (4.6), we have

%(U(t)u(o) (£) + (1)) + Lo(t) (o (0)u® (1) + i (£)) + Mer (1) (o (0)u® (1) + i (£) = 0. (4.15)

Since QoLu®(t) = 0, we have o () LuO(t) = [QoLu®(t)]ul”(t) = 0. Therefore, applying
11O(t) and " (t) to this equation, we have

(0 (1)) w (1) + IO (1) Mg (1) (o (0)u® (1) + us (1)) = 0,

o(t) ($u0(1) + Lo(uO (1)) + () + Loty (1

+ I () M (8) (0 (£)u® (£) + i (1)) = 0.

Since ﬁ(0)<t>]f\\j§/(t)u = [Q(]]f\Zé/(t)U]U(O)(t), Q()]/—\ZE/(t) = Qoégl(t) and fact that U(O)(t) is
solution to (4.13), (4.14) we arrive at

d

20 (1) + [QuBe (1) (o (1)u® (1) +us(1))] = 0, (4.16)

18



L s (8) + Zo(t)us (8) + Me (0 (1) + s (1)) — [QuBe (6 (o (Du®(®) + u () Ju® (1) = .

dt
(4.17)
Proposition 4.2 can be proved by estimating solutions of (4.16)-(4.17). We will employ an
energy method to obtain the necessary estimates on solutions of (4.16)—(4.17).
We introduce some notations. For u = T(¢,w) we define Ey(u) by

2
Eo(u) = % + | ppw‘z.
2

P/(Pp)
o ¥ pp ¢

T(wy,...,w™) or v ="T(¢,w), we define D¢ (v) by

De/(v) = [§'[*[v]; + 105,v]3,

Forv=¢,v=w=

and, for w =T (wy,...,w"), we define D¢ (w) by
Dy (w) = vDg (w) + Dli¢’ - w' + Oy, w"]3.
We define J(t)(u) by
J(t)(w) = =2Re (0w (t) + II (t)u, Be () QI (t)u),

where o = [Qou]. We note that there exists a constant by > 0 such that

0] < 5 (%10 + B (B000) ) + 15 (TR 0)

Let by be a positive constant (to be determined in Proposition 4.10 (ii) below) and define
Ey(t)(u) by

B () (u) = (1 v u) (%W + B, (ﬁc@ (t)u)) + Do (@ﬁém (t)u) +J()(w),

where o = [Qqul.
In what follows we denote the solution u(t) of (4.6) by u(t) = o (t)ul®(t) + u, (t) with

o(t) = [Qou(®)], wi(t) =" (¢1(t),un(t) = IO (t);
and we often omit "t” of u(t), o(t) and ui(t) = T (¢1(t), w1(t)) if no confusion occurs.

Proposition 4.9. There exist constants v > 0 and vg > 0 such that if v > 79 and v > 1
following estimates hold true:

(i)
L(B|oP + Eo(uwn)) + De(w) < C{ (% + %) lo13+ (22 + L) 1P}, (418)

(ii) there exists constant by > by such that
~ 2
%El(u) + (]_ —|— %) D§/<w1> —|— ‘\/p_pﬁtw1|2

~ v+)2
<C{(Z+1+5) 1013+ Pl + (28 + 1+ %) 1Pl + 2 g1}
19




Tn

e %($+(V+y>)+|£/| )Dg«wl) a3 + 1€ P (o + 10aB) }

&ov2 s
lo? + 22 min {1, [¢'|*}|o]?
~ 2
< C{Z2oPIE + (% +2) A+ [EP)ou + Tly/Aouw 3+ (4 +7)Delwn) }
with some constant agy > 0.

Proof. Proofs of (i), (iii) and (iv) are same as proofs of [6, Proposition 4.7, 4.9 and 4.10],
respectively, so we omit them. We prove (ii) for reader’s convenience. In the proof we will
often use following lemma.

Lemma 4.10. For each t there hold the following assertions with C' > 0 independent of t.
(i) (), ua (1)) = (W (t), us(1)),
(i) |1QoBe (]| + |[QoBe (Hul” ]| < Cle'
(it) |[QoBe (t)ur (D] < CIE1(161(0) + 721wl (D)]2).

The proof of Lemma 4.10 is straightforward, so we omit it.
Let us proof (ii) from Proposition 4.9. We recall that u(t) = o (t)ul®(t) + u, (t) satisfies

d
U+L§/() :O,

dt
which implies _ R _
(Ou, 0,Qua) + (L (t)u, 0,Quq) = 0. (4.19)
Since
010 = ~[QoBe (u® (1) + u))
and

@WO(t),0,Qui) = (" (t), 0,Quy),

by using Lemma 4.10, we have

Re (dyu, ,Quy)
= Re {(Bu(u® (1)), 8,Qur) + (Dyu, Q) |
— Re {—[Qoég, (ou® (t) + un)] ('l (8), B:Qui) + | /Bp0wn |2 + (00uO(2), at@m)}
> 3| ppon [y — C{ SR (1o +1613) + LDe (w1) } + Re(odu® (1), 4,Qu).

(4.20)
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Since Lo(t)u® = —9u© and By(t)u® = 0, we see that
(Les(t)u, 0,Qua)
= (Mg (t)(ou®(1)), 0:Qua) + (Le (tyur, ,Qur) + (0 Lo(t)uO (1), 0,Qun)
= (Ag (aul)(1)), 0,Qu1) + (Be (t)(ou®) (1)), 0,Qu1)
+(Agur, ,Qua) + (Be (tur, :Qua) + (Co(t)ur, ,Qur) + (o Lo()u® (¢), ,Qun)
= (A (ou® (1)), 2Qua) + (Be (£) (ou®(t) + w1), 9, Qua)
+(Aguy, 0,Quy) + (Co(t)ur, 8,Quy) — (du (1), 8,Quy ).

(4.21)
We will show

Re { (Be (1)(0u® (1) + 1), 0.Qu) + (Agur, AQu) }
(f)g(wl) + J(t)(u)) — e| /PO |2 (4.22)

—C {'%LQ(IUP +16113) + 2 Der(wn) + 5%56’(“’1)}

>

N
&l

for any € > 0.
It is easy to see that

Re <A§ uy, 0,Quy) = — Der(wn). (4.23)
Since Eg‘, (t) = —Eg (t), we have
(Be () (ou®(#)), 0,Qui) = —L(ou®(¢), Be (t)Quy) + (0u®(t), Be (t) Quy)

R B R B (4.24)
+Hodul (1), Be (H)Qui) + (ou®(t), (9, Be (1)) Qua).

By (4.16), we have _
atO' = —[Q()Bgl (t)(O'U(O)(t) + Ul)]

Lemma 4.10 then implies
(B,0u© (t), Be (£)Quy)
< |[@oBe () (u® (1) +w)]

(1), Be()Qui)

< C{ R (o> +161) + L De (wn)}
(4.25)
In the same way we get

{00 (1), Be()Gu)| < € {'i—l\orz n %Dg«wl)} , (4.26)

and '
{ou® (2), (8,Be (1)u)] < C { ST 1op
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Similarly,
(Be (t)us, 0:Quy)
= — 2 {ur, B (1)Qu1) + (9ur, Be (1) Qua) + (wn, (9, Be (1)) Qua)
= — 4 (uy, B (1)Qua) + (0:Qous, Be (t)Qu1) + (9:Quy, Be (t)Qua) + (ua, (9, Ber () Qua).

(4.28)
We first estimate the second term on the right of (4.28). By (4.17), we have

aQuur = —Qo {Le(yus + M (t)(0u(t)) — [QoBe ()(ouV (t) +w)]u }
= —{QuBo s + QuBe (1) (u (1)) = [QoBe (1)(ou®(t) +u)Juf” }

Since (9,Qouy, Be (t)Quy) = (8,Qour, QoBer (t)Quy ), we see from Lemma 4.10 that
[(©1Quur, Be ()Qui)

< O {1QuBe (il + 1QoBe () (ou® (1)

_ N ~ (4.29)
+[1Q0Be (0O (1) + w)]| [ufl } x £1QoBe (1)l
712 2 =~
< C{ER (o2 +161) + % De (wn)}
The third term on the right of (4.28) is estimated as
(0:Qui, Be () Qu1)| < Cloawn|o|€||wi 2 < el /A0 |3 + S Der(wy), (4.30)

for any € > 0. The fourth term on the right of (4.28) is estimated as
~ ~ 1~
(w1, (0 Be (1)) Qua)| < CI¢||wnfs < C—Der(wy).
This, together with (4.29) and (4.30), gives

Re (Be (t)uy, 0,Quy)

> — & {un, B (H)Qu) — ely/Apoannl§ — € {EE (o + |onl) + (2 + L) Deun) |,

(4.31)
for any € > 0. We thus obtain (4.22) from (4.23)—(4.27) and (4.31).
A straightforward computation gives
(A (0u®(1), 0:Qu) | < el o3+ S PO+ 1P, (432)
and
~ ~ . -
(Coltyur, 0:Gur)| < el yppdan 3+ < {Z1en3 + LD ()} (4.33)
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for any ¢ > 0.
Taking € > 0 suitably small, we see from (4.19)—(4.22), (4.32) and (4.33) that

i (Dg (wn) + J(8) () + 3| /003

12 v 52 2 ~
< C{ZI6+ B (0P + |6:3) + L2 EP(L+ €P)o + (2 + 1) Dewn)}

N |

’Y4
(4.34)
Adding 2 x (4.34) to (1 + %) x (4.18) with suitably large b; > by, we obtain the desired
estimate. This completes the proof. O

Proof of Proposition 4.2. We assume [£'| < Ry. We fix by in F4(t)(u) as in Proposition
4.9 (ii). As in the proof of [6, Proposition 4.2], by making a suitable linear combination of
inequalities (i)-(iv) of Proposition 4.9 one can show, that there exist constants vy > 0 and
7o > 0 such that if v > vy and v*/(v + V) > 12 then

P'(p,)

2
22 O, 01| + cal€|*lof; <0, (4.35)

2

d ~
£E3(’U/) + Cngl (wl) + 62|\/p_p8tw1]§ + C3

for & with |¢'| < Ry, where ¢y, ¢, c3, ¢4 are some positive numbers and Fs(u) is a quantity
equivalent to Ey(u) + Der(u).
Since [¢'| < Ry, we see that

ﬁl(ﬁp)

2
Sz Omf + €' Plolz = cols’|* E3(u), (4.36)

2

5&' (wy) +

for some constant ¢y > 0. It then follows from (4.35) and (4.36) that

Es(u(t)) < e~ @lEF=s=4T) B (,(4T)), (4.37)

for t —s > 4T, |£'| < Ry.
Let Uy = T(¢, @) be the solution of problem (4.1)—(4.5). There exist constants vy > 0
and 7y > 0 such that if v > 1y and v?/(v + V) > 72 then we deduce from (4.37) that

|5/’2k|a8(§/, '7t)’?{1
N (4.38)
< Clg'Prem ol TU= =D By (ay(€', -, s +4T)),
for & with |¢'| < Ry.
If we integrate (4.38) over 0 < r < |¢'| < Ry, then
171(t, s)ug| g < Ce™ 74D % (s + AT, s)uo|| g,

with d = Jcor? > 0. Applying Theorem 3.1 to estimate || % (s + 4T, s)uo| u2, we have the
desired estimate in Proposition 4.2. Il
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5 Proof of Theorem 3.2 - 2. Asymptotic behavior

In this section we prove the asymptotic behaviour as given in (3.2) and (3.3).

Theorem 5.1. There exist vy > 0 and v > 0 such that if v > vy and v*/(v + ©) > ¢ then
there exists ro > 0 such that ¥o(t, s)ug can be written as

7/0(1;7 S)UO = %(O) (t7 8)“0 + ‘%(0) (tu S)u()a

where %O(t, s)ug has the properties in Theorem 3.2 (i) and 2V (t, s)uq satisfies the estimate
(3.4) in Theorem 3.2 (i) with % (t, s)uy replaced by Z (L, s)uq.

Theorem 3.2 immediately follows from Proposition 4.1, Proposition 4.2 and Theorem 5.1
with r = 7y and R = Ry by setting %> (t, 8)ug = 748 (t, $)up + Y1(t, s)upg + Voo (2, $)up.

To prove Theorem 5.1 we will investigate spectral properties of the operator Eg () in
more detail. Since Zg/(t) is periodic in ¢, we will use theory of periodic solutions, namely
monodromy operators. Let us introduce some notation. We decompose ng (t) as

./[J\E/ (t) == Zl + ]/\4\5/ (t),
where & =T(&,-++ ,&,-1), and

O O 72a$n(pp : )
Ly = Lo(t) — Co(t) = 0 — 505, Ina 0 ,
o (M > 0 _ vt g2
T\ vep pp Tn
Me (1) =
iflvé(t) i’YQppf/ 0
2 (02 vp(1)eh + T iud (D Tus + LIEP Ly + ZETE (Dn,vp(h)el — i 2Dy,
0 ~i2TE',, i&vy(t) + 2 ¢
We note that
0 0 0
Mo(t) = Colt) = | 52502, 0p(t)er 0 (Do, up(t))e}
0 0 0

First we investigate properties of solution operator [70(15, s) for

Ay + Lo(t)u =0,
(5.1)

w|:pn=0,1 = 07 u‘t:s = Uog,



and, then, by perturbation argument for |'| < 1, we analyze properties of solution operator
Ug(t,s) for

8tu -+ zg/ (t)u = O,
(5.2)

w’:pn:(),l = 07 u‘t:s = Uog,

where u = T (¢, w',w") is an unknown function of x, € [0,1] and t — s > 0,s > 0, with
w = (w',w"). Let us first focus on the case & = 0. Since (5.1) is also written as

A+ Lyu = —J\/J\O(t)u,

the solution operator ﬁo(t, s) for (5.1) can be written as
t
Up(t, s)ug = e~ =1y — / e AN (2)Up(2, 8)ug dz. (5.3)

We state simple, but useful lemma.

Lemma 5.2. Let u9 be a function defined as

w® = 4,© () 1o

Then R
u® () = Up(t,0)u”, for allt > 0.
Proof. Proof follows easily from Lemma 4.6 and the uniqueness of the solution. U

In what follows we will denote ﬁO(T) = ﬁO(T7 0) corresponding monodromy operator.
Definition 5.3. Let us define projections ﬁ(o); 1119 and ITO* gs

T = (u,u®)u® = [Quu]u®, u e X,

~

IO = (I -0, ue X,

Cc

~

%y = (u, uNu®* u e X,

respectively, with u®) given in Lemma 5.2 and

,}/2
" =7(—=¢1".0,0).
Qo

Proposition 5.4. Operator 11O s qn eigen-projection for monodromy operator [/J\O(T) for
ergenvalue 1 with commuting property

ﬁo(T)ﬁ(O)uO = ﬁ(o)(/]\o(T)UQ = ﬁ(O)UO, Uy € X.

Moreover there exists constant vo > 0 such that if v > 7o then eigenvalue 1 is simple and
spectrum of monodromy operator Uy(T) can be decomposed as

o(Uo(T)) = {1} U{A: [A < b0},
25



where &y is a constant satisfying 0 < oy < 1. R R
To prove Proposition 5.4 we first obtain decay estimates on Upy(t, O)Hc(o)uo.

Lemma 5.5. Let ug € X. Then Uy(t, s)II\"u which is solution of equation (5.1), is also a
solution of R R DR
O IIOv + L IO = — My (t) 11O, (5.4)

]AYC(O)v\tZS = ]AYC(O)UO.

Proof. Lemma 5.5 is easily concluded out of following facts:

0

In light of Lemma 5.5 we see that to obtain decay estimates on Uy(t, S)HC(O)UO it is enough

to obtain decay estimates on solution of equation (5.4). To do so, we investigate spectral
properties of L; on 19x.

Lemma 5.6. There exists a constant o > 0 such that if v > ~o then there exist positive
numbers no and 0y with 0y € (5,m) such that the following estimates hold uniformly for

A € p(=L1) N Z(=10, 60):

‘()\_’_Ll)ilf‘[{l S%‘M|f|H1XL2a ZZO,]_,

x L2

L QA+ Ly) ! ( << ~1,2
al,nQ()\"‘ 1) f2 = (|)\|+1)17%|f|H1XL2’ l ) &y

for f € 19x.

Proof. Lemma 5.6 is proved in similar way as [6, Lemma 5.2].
We can see that L, depends on %2 through p, (recall |p, — 1| < 0712 ). Let us introduce

operator L g,

Zl,O = 0 —I/agn.[n_l 0 s
O, 0 —(v+ )02

which naturally arises in case v = co. We regard ZALl as a perturbation from 2170 to estimate
(A + Ly)~ % As for Ly we have following result.
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Lemma 5.7. There exist positive numbers no and 0y with 6y € (5,m) such that the following
estimates hold uniformly for A € p(—zl,o) N X (—no,6p):

‘<A+Z1,O)_1f S %WLHHZXL% l20717

H!xL?

mn@(/\ + Z1,0) f

me ixrz, 1=1,2,

for f € n19x.
Proof of Lemma 5.7 is similar to the proof of [2, Lemma 3.1 (ii)], so we omit the proof.
We continue the proof of Lemma 5.6. Since p, is smooth, strictly positive and p, =

1+ O(v%)’ we have

~ - v+v\ 1
|(L1 - L1,0>f|Hé><L2 S C (1 + 72 ) ¥|f|H1><H27 E: O,l

This, together with Lemma 5.7, implies that 1f > < 1, then X(—%,6y) C p(—L;) and we
get the desired estimates. U

From Lemma 5.6 we can conclude that for v > 7 the —El is sectorial operator on 19x
and we can write

~

- 1 ~
o~ (t=9)L1 _ _./ek(t—s)(AJrLl) d\ on H 0X,
21 Jp

where contour I' is in p(— L1| ) ) N2 (=10, 0p). Using this identity and estimates in Lemma
5.6 we get by standard calculatlon that

|6_(t_5)ilﬁc(0)u0|HzxL2 < Ce_d(t_s)|ﬁc(0)u0|H1xLz, (=0,1, (5.5)

C

(t ~ S)% €_d(t_s)|ﬁc(0)uO|Hl x L2, (56)

|3an (t— SLlH(O 'LLO|L2 <

for some d positive number. Finally we get following decay estimates on [70 (t, s)IAYC(O)uo.

Lemma 5.8. There exists a constant o > 0 such that iof v > vy then there exists positive
number d such that following decay estimates hold true,

Uo(t, $)ILOug| jrese 2 < Ce M IO ug| sz, £=0,1, (5.7)

|8 QU()(t S) U0|L2 < C((t—5> %—f— (t— S)%) —d(t— s)|ﬁ u0|H1><L2-

Proof. Using identity (5.3)

~

t
Up(t, s) I Oug = e~ 91 [T O — / e~ AN () Us(z, 8) T Ouq dz,
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we have

|Uo(t S)H( Yug|gresere < e Ly O] pres 2 +|/ —(t== LlM( )Uo(z S)ﬁc(o)uodlezxLz.

From the form of ]\/4\0(2) we see that ]/\/[\o(z) = Q’J/\/l\o(z)(l — ') and we can rewrite above
right-hand side as

t
= e D [TO g ez + |/ e EADLQ Mo (2)(I — Q")Uo(z, s) IO ug dz| e 2.

It is easy to observe that
ef(tfz)LlQ/ _ ef(tfz)VAQ/,
and from (5.3) and form of ]\/4\0(z) we see that

(I = Q)lo(z5) = (I = Qe
Using these two equations and (5.5) we get
U (t, ) 1 uo| e 2
t - ~
< e DL T O e o + | / e~ AN — Qe FI T Oy dz| 2
t
< Ce‘d(t_s)|ﬂc(0)u0\H1XL2 +C/ e~ =22 )\ °°|e_(z S)Llﬂ u0|szL2 dz,

where ]\7000 = sup, |J\/4\0(z)|L2 < C(1+ 25). Thanks to (5.5), we have

¢ L t . N
/e(tz)gfe(zs)L |22 clz</ ~[E=23+E=9d 42| T Oug| g1y 2.

Therefore, with d= min{d, 5}, we finally get

‘ﬁo(t, S)ﬁC(O)UO|He><L2 < C@ig(tis) ‘ﬁC(O)UO’Hl < L2-
As for second inequality, we follow calculations above using (5.6) to get
10, QUo(t, $) 1V ug) 12
t
<10, Qe 9L 1y 12 + |/ O, Qe AN () U (2, 8) LV ug dz| 2
A~ ) t 1 v = T~
Lle*d(t*ﬂﬂc(o)uomlxp + C'/ (—1e_(lt_z)?t]\4{)>°|(2_(Z_S)L1 HC(O)UO|L2 dz

T (t—s)2 t— z)§
< C((t— 5)_% + (t — 5)%)€_d(t_8)|ﬁc(0)uO|H1><L2'
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Proof of Proposition 5.4. We already know that (/]\O(t, O)]AY(O)UO is a periodic solution of
(5.1) which is equivalent to the fact that Ug(T)II@ug = II©uy which is equivalent to the
fact that 1 is an eigenvalue of monodromy operator ﬁo(T ). To prove that 1 is simple we first
show that if

(Uo(T) = D)u =0, u#0, (5.8)
then u = Cu'® for some C' € C. Let us decompose u using projections 110 and ﬁc(o)’

uw=Cu® +uy, ]AY(O)ul = u.

[

Since (5.8) is equivalent to the fact that (70(15, 0)u is a periodic solution of (5.1), Up(t, 0)uy
must also be a periodic solution of (5.1). But combining the decay estimate (5.7) and
periodicity of Up(t, 0)u; we get uy = 0.

Furthermore, we apply 11(©

A~

(Uo(T) — 1)u = u®, (5.9)

and we get R
[Qo(Uo(T) — 1)u] = [Qou”] =1,
which yields 0 = [¢(T")] — [¢o] = 1. We conclude that u satisfying (5.9) cannot exist. So 1 is
simple.
Let us compute a spectral radius of UO(T) on complementary space IAYC(O)X . Using the
decay estimate (5.7) we have

H(Oo(T)| o ) = r(AOT(T)AO) = T [(FOT(T, 0>ﬁ§°’>”|i<x>
= lim |H( )Uo(nT O)H(O)|L(X) < hm Crne T < =T < 1,
n—oo
Thus we proved the decomposition for O'(UO(T)). 0

So we can see that solution u to (5. 1) with u|i—s = ug can be decomposed into
Uo(t, S)H(O)uo and Uy (t, s)II\”ug, where I1©uq gives periodic solution Up(t, s) 1T ©ug to (5.1)
and Uy(t, s) 11 4o decays exponentially.

In what follows we will need estimates on the whole solution of (5.1).

Lemma 5.9. There exists a constant v > 0 such that if v > 7o then there exists positive
number d such that following estimates hold true for Uy(t, s)uo,

Uo(t, $)to| grexrz < Ce™ ™ol gz + Clool 2, 1= 0,1,
s ~ —d(t—s _1 Ly~ ~
0., QUo(t, 8)Tio| 12 < Ce™ ™= ((t — 5)72 + (t — 8)2)|To|mrxr2 + Clol 2.

Using decomposition

~ ~

Uo(t, 8)to = [do]u'” + (70({;7 S)ﬁc(o)aoa
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we can obtain estimates in Lemma 5.9 by straightforward calculation, so we omit the proof.
We are in position to start investigation of Ug (¢, s). Since (5.2) can be written as

(9tu + zlu = —M/ (t)u,
u‘t:s = Uy,
we can write ﬁg (t,s) in a form of perturbation of e~(=*)L1 as
AN t —_ AN
Ug/ (t, S)UO = 6_(t_s)LlU0 - / 6_(t_Z)L1M£/<Z)U£/<Z, S)UO dz.
By (5.3) we already have

t
Up(t, 8)ug = e~ =91y — / e~ AN (2)Us(2, s)ug dz.

Let us define difference operator 175/ as
Ver(t,s) = Ue(t, s) — Us(t, 5).

Then we can write

‘Afg/(t, S)ug = — /t e~ (=2 {(]\/4\5/(2') — ]\%(z)) [75/(2, s) + ]\/4\0(2)‘75/(2, s)} up dz.

s

It follows that v = 175/ (t, s)ug is a solution of the following problem:
Oy + Lyv = —Mo(tyw — (Mg (t) — Mo(t))u, v|i—s =0,
with u = (75/ (t, s)ug, namely,
Oy + Lo(t)v = —(Me (t) — Mo(t))u, vims = 0. (5.10)

Therefore, in terms of Up(t, s), a solution of (5.10) can be written as

u(t, s) = Ver(t, s)ug = — / Ool(t, 2) <]\/4\§/(z) - A%@)) U (2, 8)uo dz. (5.11)

s

Finally we get following equation for XA/g,

t
Vi (£, 80 = — / Oo(t, 2) (e (2) = M=) D (= 8)ug dz

= - / t Uo(t, 2) (Mg(z) - Mo(z)> Uo(z, s)uo dz (5.12)

_ /St Ao(t’z> (Hg/(@ _ MO(Z)) Vg,(z,s)uo dz.



Let us define operator :5’\5/ as

t
BeV)thuo =~ [ Tuft,) (Me(s) - V(o) V(shun s,
0
where V € L(X,Y) is defined as

Viuge X = V(s)up €Y,

with
Y ={u="(¢,w) € C([0,T]): X): 0,,w € C((0,T] : L*(0,1)), |uly < oo},
and )
luly = sup (Ju(z)|mixrz + 22|0,, w(2)|12)-
z€[0,T]
We see that

Se: L(X,Y) = L(X,Y).
We note that norm on L(X,Y") is defined as

Viexyy=  sup  |[V(-)uoly.

uoEX, |uo|x <1
Denoting ‘75/(-, 0) and (75/(-, 0) as ‘75/ and (75/, respectively, we immediately see that
Ver,Uer € L(X,Y).
We rewrite (5.12) in operator form as
(I = S¢)Ver = S U,

Now we see that if we have |§§/’L(L(X7y)) < 1 for Banach space L(X,Y) we get equation
Ve = (I = S) 'Sl = Z SeUs,

which immediately implies formula for (75/,
Uo =Up+ > _ S5l
n=1

Proposition 5.10. There exists a constant v > 0 such that if v > 7o then there exists

ro >0 (ro = 72+y+17) such that if |€'] < ro then |Se|rnx,yy) < 1 and therefore (I — §§/)*1

exists and associated Neumann series converges, so we can write

Oo =00+ S 5200
n=1
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Proof. Let up € X. We expand §5/ as

n—1 n—1
So=> 5"+ &Sy, (5.13)
j=1 k=1
with )
SOV )ug = — | To(t, $)MP (s)V (s)ug ds,
j ; j
t A~ —~
(S(Z)V)(t)uo = — olt, s)M(E)(S)V(s)uo ds,
J J
0
where
vy (s) iy pyel 0
MV (s) = iZde ivl(s)l, 1 —iZo,e |
0 —i%@ane'l vy (s)
0 7 pp€ 0
o= | g 0 iga [
0 —i29, Te 0
Pp J
0 0 0
MP(s)=| 0 Loplos+ ZTele), 0 for j, k =1 ~1
ik - Pp jkin—1 Pp -k , or j,v=1,...,M 3
0 0 L5
and €, = (0,...,0, 1 _,0,...,0),j=1,...,n— L.
j—th

We compute separately estimates on (gj(-l)V)(t)uo and (S’ J(.i)V)(t)uo. We denote compo-

nents of V(-)ug as V(-)ug = T(¢,w). For j =2,...,n — 1 we have

i pyw’
t -
SOV (gl < [ [Uolt,s) | i(2de2g — 29, wye! | |mixre ds
j O|HIxL? > o 0\Yy 2pp pp T j H'xL .
_Z'Eaz wl
pp

Using estimates from Lemma 5.9 we get

t
1SV (8o mwse < / Ce= =) [32|w| g1 + |2 + F(|8pw"| 12 + |0y’ |12)] +CH 0’| 2 ds
0

t
< ot [0 s 4 1w ] VOuly + ORIV Oualy ds
0
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< ClV(uoly (v + 7)1+ 1).
By similar computation we obtain estimates on derivative
iy ppw?

t
£210,, QSVV (tug| 2 < t%/ 10:,QUo(t, 5) | (52 — 20, wr)e) | |12 ds
0
—i L0, w’
Pp
< CWV(Yuoly (v +0)(1 + 7).
In case j =1 we get
wyd + iy’ ppw’
t ~
|S§1)V(t)u0|H1xLz < / |U()(t; 5) Z(Ii/?(—f)i)¢ o iaxnw”)ell —+ i?};w/ |H1><L2 ds
0
- 1 < 1,,n
_zga%w + iv,w
< CIV(Juoly (v* +7)(1 + 1),
and for derivative we have
1 ~ -
t2|180,. QSMV (H)uolz < CIV (Yuoly (72 + 7)(1 + £2).
For j,k=1,...,n — 1 we have
0
t
ISPV (ol 112 < / Uo(t.s) | Zomww’ + ZTefuwh | |z ds < OV (uoly (v + D),
0
o
and for derivative we obtain
1 ~ -
£2(0,, QS5 V ()| 1z < CIV (Juoly (v + D)E(L +1).

Now we put all estimates together to get

n—1 n—1
1SV (uoly < Y161 IEDV uoly + 3 I&6l 187V (Yuoly
j=1 Jk=1

< C(D)|V()uoly (Z €51 + i |§j€k|> :

jk=1
Thus we conclude that there exist 7 > 0 and 0 < ¢ < 1 such that if |¢| < 7y then
|SeV (uoly < ¢V (-)ugly. Therefore, we have
|§§’V’L(X,Y) = sup |§§’V<')UO‘Y < sup |V ()uoly = q|V]Lxy),

up€X, |up|x <1 u€X, |uo|x<1
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which concludes the proof. O

Assuming that v > v and [£’| < ry from Proposition 5.10 we can use the expansion (5.13)
and rewrite Ug (T, 0) = Ug (1) more precisely as

n—1 n—1
Ue(T) = Uo(T) + D &SVT0(T) + Y &6 (Sﬁ) + S§”S,§”) Uo(T) + o(|€']%).
j=1 j.k=1

Theorem 5.11. There exist positive numbers vy and o such that if v > vy and v*/(v+10) >
V8 then there exists ro > 0 such that for each & with |€'| < rq it holds that

o(Ue (1) N {x A = 1] < T} = ()},
where [i(§') is a simple eigenvalue of [75/ (T') that has the form
aE) = 1 —ingaT — ka|E'PT + O(|€'P)T,

as |¢'| — 0. Here kg € R, k1 > 0 are some constants having the properties given in Theorem
3.2 (i).

Proof. Theorem 5.11 is proved by applying the analytic perturbation theory from Kato [7].
We here derive the asymptotic of 7i(£") only.

We proceed as in [3, Theorem 5.3]. Since i = 1 is simple, we can see that ji(¢&') is
simple and [i(¢’) is expanded as

n—1 n—1
fo(€) =i+ gt + Y ganly + o(eP),
j=1

j.k=1
with ~
A = (TMu© ),
~(2 (2 (3 * (1) a1 *
@ — (TD 4 TOWO, u0%) — (FOITDuO 40y,
where

T
T = SV (T)(T) = — /0 Uo(T, 5) M. (5)U (s, 0) ds,
(2 _ &) T TF@) (T
780 = 3RO == [ T(T )N ()0o(s.0) s,

—~ —~

Uo(T, 5)M. " (s)Us (5, 51) M, (s1)Up (51, 0) ds1 dis,

—1
77(0)

by
=
I
)
=2
5)
=
I
O\H
é“‘x

S=1" ((z?o — 1)
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Proposition 5.12.

T 1
—i/ / ¢(0)(xn)v;(xn, s) + pp(xn)w(o)’l(xn, s)dx,ds for j=1.
o Jo

Proof of Proposition 5.12. Since

o)
~ 0 t 2
Ooft,0pu” = | _ 1, / e~ (=, 00 (52 11(5)) dse),
—o0 P'(pp)pp
0

and
(¢ v (s) + ppu’

Y

I/
T 2pp az"w

we can immediately see the relation for ﬂgl)

Let us next compute ,u k One can easily see that
(T(Q) @ 4%y =0 for all j,k=1,.

<T(,§)u<0>, <°>*> =0 for j # k,

(A §f 0%y =0 for j # k.

We thus obtain the following proposition.

Proposition 5.13. For j # k,
’\(2) _ 0
p = 0.

We next consider i1 I ]) for j =2,. —1.

Proposition 5.14. For j=2,...,n—1, ﬂg)

2
NG 1
i =-yr(seo(y))

with some positive constant K .

satisfies

Proof of Proposition 5.14. For j =2 ..., n — 1 we get

—’}/2pp€_(8_sl)VA -1

<T(3) (0) u® —ao/ /U()TS 0

Varne (s—s1)vA | 1

35"

for j#1,

D (5))d,
T

T =i [ 0T, aoe'A+v1<s>%w<°>’1<s>eaéu
0

_17

dsids, u®

ds,

)*>_

(5.14)

(5.15)



Let us estimate (T( Ju(® 4 ) for j =2,...,n—1. We first recall that [QoUp(t, s)uo] = [¢o].
Using this fact we can see from (5.15)

(FOUO 0y = / / / Copye——A 1 i, dsy ds.

First we estimate from above,

T ps 1 T s
v 1
/ / / ppe” T T dr, dsy ds < / / |PplocCe™ V2 dsy ds < —TC.
o Jo Jo o Jo v

Second we estimate from below,

T s 1 .1 vT 2 1
/ / / ppe_(s_sl)”A 1dx,ds,ds "= = / / / ppe_(s_”sl)A -1ldx, dsy ds
o Jo Jo viJo Jo Jo
S 1 vT s 1 1 VT vT
=1 — / / ppe_(s_sl)A-l dx,, dsy ds Fubini / / Ppe ~=s)A ] dg,, ds dsy
v=Jo Jo Jo

s vT vT'—sq
s-s1=8 / / poe— A 1, d5 ds,.

By the maximum principle, we have e—*4.1 > 0. It then follows

vT vTl—sy - 1 % % 1 A ~
/ =S 1 dx, dsds; > — / / / ppe *" - 1dx,, dsds;.
0 V= Jo 0 0

Supposing vT > 2, we obtain

vr vl g v 1 el
1 2 2 s N 1 2 sA N
—2/ / / ppe’ -ldxndsd312—2/ / / ppe "7 - 1dx, dsds;
v=Jo 0 0 V= Jo o Jo
T [t "
:—/ / ppe - 1dx, d3.
Vo Jo

Since fol fol ppe A - 1dz, d35 > 0, we conclude that

2 2

“Tre, < <7A}(5’)“(0)7“(0)*> < _’Y_TC%
1% 1%

for some positive constants Cl and Cs.
Let us estimate (7} 1)ST 0 u®*) for j =2,...,n — 1. We see from (5.14)

0

N T
STJ-(l)U(O) = —iap (e—TuA _ 1)—1/ e~ (T=9vA 1 ds 6; ’
0

0
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for j =2,...,n — 1. Therefore, we get

@(1) §fj(1>u(0>7 MO

T
_,YZPPGfSVA(efTVA _ 1)1/ 6—(T—81)VA .1 d81
0

T
= ozo(/ Uo(T, s) 0 ds, u9*).
0
T
pz@mne_s”A(e_T”A . 1)—1/ e*(Tfsl)VA .1 dSl
! 0
(5.16)
From (5.16) we can easily see that (T]-(I)ST]-(I)U(O), u(0*) is of order Z—z
U
We finally consider ﬁﬁ)
Proposition 5.15. There holds
2 ~
79— Tr(krod)+ ol +o LY
it = -1 (ko) + o)+ 0" 5h).
Proof of Proposition 5.15. We get
(T u®, u®)
vy (s1) + ppw @ (s1)
T s
= </ / Uo(T, S)Ml(l)(S)UQ(S,Sl)i (ao + Uzl,(81)$2w(o)’1(51))6'1 dslds,u(o)*>,
o Jo
=iy O 0 (51)
(5.17)
and
¢vy(s) + ppw @ (s)
T
FOSTOU0, w0y = FS [0, | ant o)z el | i),
20, wOH(s)
(5.18)

To estimate the right-hand side of (5.17) and (5.18) it is convenient to transform the
whole problem and consider newly obtained monodromy operator Ug (1)

U (T) = Q,Ue(T)Q3",

v 0
Q'y:< )7
0 I,

37

where



which leads to the fact that spectrum of these operators is the same. Furthermore, we have
Uo(T) = Q,Us(T)Q5 .
We set @ = Q5 'u. Then u = T(¢, W) = Uy(t, s)ip is a solution of the problem
06 + 0s, (pp@") = 0,

aw——82~’ 0,01 )"} + — (02 v})oe; =0,
s + (O, v,) 0" €} w( »)0e]

zn Yp
p

~ ﬁ/ _
o~ LR @ 440, ( w(pp)¢> =0,

Pp

@|xn=0,l = 07

for t > s >0, and B
Uiy = o = " (¢, Wo).

One can show that

B(0))2 + @ (6)] < C (Iolz + |T2)

! ~n ! ~n 1 e ~n
[1ateds < [ jonalads < tf_TWm+m@, 510
9(8)] s < Cléolin +C (75 + 5 + Vs ) (Iola + ),

1S|nx) = |Q§15Q7|L(X) <C

Furthermore, (5.17) can be written as
(T u®,u)
¢ Ovl(s1) + ppw®1(s1)
T s N .
*//WMM%MWMvmﬂm%W%wawmwm
o Jo

(5.20)
where
vy (s) iYppel 0
Ml(l)(s) = Q;l]\/[l(l)(s)Q7 = ify]:z(—zz)e’l iv;(s)ln_l —i%(‘?xne’l
0 —i—@mn vy (s)
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From (5.15) and (5.20) it is easy to see that for j # 1
(TP u®, @) = (TDu©) 40
¢Vvy(s1) + ppw @ (s1)

T s . .
+</ / Uo(T, S)Ml(l)(S)UO(S, 1)1 U;(Sﬂ%w(o)’l(&)e/l dsyds, ul0").
o Jo

—%amnw(o)’l(sl)

Using the estimates (5.19) we get

2 ~
~(3 " ~(3 % ’y 1 1% + 1%
(B0, u0) — (FPu0, 0] < L (14 22T,

Similarly, we can estimate the right-hand side of (5.18) as

(1) S 2 /1 1 v
|<T1(1)ST1(1)U,(0),U(0)*>| < Cl (_ Lo v —|-21/) .
v \y v ol

We thus obtain

. 2 1 1 v+v
A% =-Tr (K+O(;)+O(;)+O( )).

- "

This completes the proof. Il

We now turn to the proof of Theorem 5.11. One can see from Propositions 5.13, 5.14 and

5.15 that ﬁg) < 0if ’%’7, % and % are sufficiently small. Therefore, the desired asymptotic

of 11(¢') is obtained from Propositions 5.12-5.15. This completes the proof of Theorem 5.11.
O

Theorem 5.16. There exist constants vy > 0 and vy > 0 such that if v > vy and v*/(v+7v) >
Y2 then the following statements hold true:

(i) Let JAY(f') be the eigen-projection associated with ZZL{’) Then there ezists a positive number
ro such that for any & with |£'| < 1o the projection I1(£') is written in the form
() = 1% + m(g), (5.21)
where -
F0E) = S &1 + HOE) and B0 — FOTOG 4 STOFO.
j=1
Furthermore, we have estimates

~

|H](1)UO|H1><L2 S C|u0|H1><L27 (522)

[T (€Yo ez2 < CI€1uo| prxre- (5.23)
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(ii) There exists a positive number ro such that for any & with |£'| < ro the spectral radius
of U (T) on (I — II1(£'))X satisfies estimate

~

T(Uﬁl(T”([_ﬁ(g/))X) < 50 < 1.

To prove Theorem 5.16 and Theorem 5.1 we use the following estimates.

Lemma 5.17. There exists a constant vy > 0 such that if v > o then for 0 <t —s < 2T
and |€'| < 1 hold true the following estimates:

|Uer (¢, 8)tio| iz < Cltio] gz

. 1 (5.24)
|02, QUe (L, 8)Ug|r2 < C(t — )72 |Up|grixre.
Proof of Lemma 5.17. Since Ue (t,s) = Up(t, s) + Ve (t, s), we see from (5.11)
t
T (¢, 8)uo = Up(t, s)uo — / Ool(t, 2) (Mg, - M0> (2)Te (2, 8)uo dz. (5.25)

First let us estimate |(A]§/ (t, 8)ug|gixrz. We have

t
’Ugl (t, S)UOlHl x [,2 S ‘Uo(t, S)UO|H1><L2 + / |U0<t, Z) (Mg/ - M()) (Z)Ug/(z, S)UO|H1><L2 dz.
Using estimate from Lemma 5.9 we have

t
|U§/(t, S)UO|H1><L2 S C|UO|H1><L2 + C/ |(M§/ — MQ)(Z)UE/(Z, S)UO|H1><L2 dz

t ~ AN
< Clug|gixrz + C/ &' |(|Uer (2, $)uo| sz + |0, QUer (2, $)ug|12) dz.

Using Gronwall inequality we obtain
AN t ~ AN
(U (t, s)uolpixgz < Cet) <\uO!Hle2 +/ |02, QU (2, $)uola dz) : (5.26)

Now we estimate |8xn@(75/ (t, s)up|2 analogously to above estimates by using Lemma 5.9 and
(5.26), to obtain
~ _1
|02, QU (¢, s)uolz < C(t — 8)2[uo|mrxr2,

for 0 <t — s < 2T. This together with (5.26) concludes the proof. O

Proof of Theorem 5.16. Expansion of II(¢') and (5.23) are obtained using results in [7].
Estimate (5.22) is obtained as follows. If j # 1, then
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TOTY Sug = [QoT)" Suelu® = / / QoUo(T, )M (5)Uy(s,0)Suo ds da,u®

T 1
:/ /ifyzpron(s,O)Suodxndsu //w ppe” e A — 1)) da,, ds u©,
o Jo

and therefore,
2

‘ﬁ(o)j\}(nS\UdHlXLZ < C%‘wéb for ] # 1.
If 7 =1, then

T 1
U(O)Tl(l)suo = / / iv;QoUo(s, 0)Sug + iv?p,Q1Uo(s, 0)Sug dx,, ds u®
o Jo

Therefore, we get
o 1) A
|H(O)T1( )SUO|H1><L2 S C(l +72)|U0|H1><L2.

We next estimate 372-(1)17(0%0. If j # 1, then

STV Ouy = STV [gou® = [¢0]S / Uo(T, 5) M (5)T (5, 0)u® ds
o0
= [¢0]S/0 Uo(T, S)M]( (5) w Oz, ey | ds
0
0 0
~ (T . T
= [¢O]S/ UO<T, 3) iOéoeg- ds = Z[¢0] / (e_TVA — 1)_16—(T—5)VA ds Oéoe;
0 0
0 0

Therefore, we have
oy~ C ,
|STJ'(1)H(O)UO|H1><L2 < ;|¢0|1 for j # 1.

In case j =1,
¢y, + ppw @ (z,, 1)
ST T Oug = iy s/ Uo(T.s) | (a0 + vy 5wz, t))e) | ds.

'vyp Oy, w0 (a,, t)

Therefore, we get following estimate

1 v
|ST H UO|H1><L2 < C( 72 + ¥)|(b0|1
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Thus we proved (5.22). From (5.22) and (5.23) we immediately get following estimate

‘ ([ B ﬁ(g/)) Ho HlxL

LS CLHIET(T+9) +O(IE')] fuol mraxra- (5.27)

Now we concentrate on proving the estimate on spectral radius. From (4.38) we see that
there exist constants 1y > 0 and vy > 0 such that if v > 1y and v?/(v + V) > 72 then we
have

|Uer(t, s)uolip < Cem PO B (G, (¢', -, 5 + 4T)),

for |¢'| < Ry and t—s > 4T, s > 0. Using Lemma 4.4 on E3(us(¢’, -, s+4T)) we get following
estimate, N
|U§/<t7 S)u0|%{1><L2 < O‘uoﬁileQ' (528)

Using (5.21), (5.22), (5.23) and (5.25) we get

(= 71@0) G} =[(1 = 16€)) Tetmr 0,

< ‘ﬁc(o)f]\g/(mT, O)L(X) + ’ﬁ<1>(5’)(75,(mT, 0)’ < ‘ﬁéo)ﬁo(mT, o)‘L

L(X) (X)

mT
+ AOT(mT, 2) (M - My) () (2, 0)dz|  +CI¢] ‘Ug (mT, 0))
0 L(X) L(X)
Combining this with (5.7) and (5.28) we obtain
Tt ’\, m < —dmT / .
{1 Tem}|, | <o+ 0l (5.29)

for any m € N and some d > 0. Let us compute a spectral radius of [75/(T, 0) on comple-
mentary space (I — I1(£'))X,

r (Te (M) seny ) = 7 (1= TENTe(T)(I = 1))
< (- (a1 -1 m’ ,
<|( - TNl ~ @) . foranyme N
Fix mg € N large and ry > 0 small such that for || < rq it holds for (5.29) that

Ce™ T 1 Cl¢'| <e T

Then we immediately see that

~ _r
P (O (Dla_nenx) <7 <1,
for all || < ry. O

Proof of Theorem 5.1. Theorem 5.1 now follows from Lemma 5.9, Theorem 5.11, 5.16
and Lemma 5.17 in the following way. Let us fix positive numbers 1y, vy and ry < 1 such
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that if v > vy and v?/(v + ©) > 72 then for each & with |¢'| < ry all above mentioned
statements 5.9-5.17 holds true. We also assume that t — s > 47 and k,l =0, 1.
As an immediate consequence of Theorem 5.11 we have following decomposition,

Ue(T) = Ua(TVI (') + Ue(T)(I — II(€)) = R(EVI(E) + Up (T)(I — I(€))),  (5.30)

where
AE) = 1+ Xo(€)T = M.
We further write ¥4 (t, s)ug as

Volt,shuo = o (t) + %Y (¢, s)uo + %3 (¢, 5)uo

+ %\t s)ug + 2Ot s)uo,

where
o uO(t) = F! (e (imo1+r1l€ ) (t—s) H(O)(t)a()),
2O, s\ug = F ( (@ — 1)etimotrtmile )t~ )n(m(t)@o) 7
U (1o =7 (Ve — s I O (1), )
Ut s)uo = F - l(x (Te (1 t—n)H(f’)@(T)mﬁg/(sm,s)—eko<f’><t*s>ﬁ<0><t>>ao),
Ot 5)ug = F 7 (XOTg (bt = 1)1 = TENTe(T)"Ter (s + 72, 5)0o )

Here % §0) (t, s)up and ZV(t, s)Uy are given as follows. Since
(/jf/(t + T, S + T) = (75/(25, 8),

if 71, 79, m is defined in such a way that t —s = 7 + m1T + 75, where t — 7, s + 7 are integer
multiples of 7" and 7,7 € [T, 2T'), we have

-1 (X(o)(f]g(t’ §) — MENE-) [TO) 1))z 0)
= 77 (XOe (bt = )T (T)"Ter (5 + 72, 8) = 2O TO (1)) )
= 77 (MO (t,t = 1) TE)Te(T)" T (5 + 72, 8) = O TO (1))

+ 77 (XOT (1,1 = 7)1 = ()T (T)" T (s + 72, )i ) = %8 (1, 5)uo + 2 (L, ).

As for ||0% 0% 02/ )(t, s)ug||2, we have following estimates. Let us first introduce estimates in
T,. Let

[(él;t,S):ﬁg/(t,t—T1>ﬁ(£/)[7£/( ) Ugl(S‘i‘Tg, ) Ug — € (5/)(tis)ﬁ(0)(t>ﬂ0.
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Since 11 (&) Ue(T) = eMET I (£"), we have
3
I(¢5t,s) = (/jgl (t,t— Tl)eko(gl)mTﬁ(f')l/]\g(s + 79, 8)Ug — o) (t=5) 77 (0) (t)uo

= I,(€'5t,8) + I,(€';t, 5),

where

1(5t,5) = (Oet,t =) TTOTg (s 4 ,5) = O IO 1)) Ty,

L5 t,8) = Ua(t, t — 7)™ D) T (5 + 73, 5)To-
13 13

Since [(Mg — Mo)(2)ulmrxr2 < Cl€'|(|ulmrxr2 +[0z,w]2), applying (5.25) for ﬁé/(t,t_Tl)
and Ug (s + 72, s), we have

L€t 9)lm < | (Tolt, t = )T TOTy(s + 75, 5) — MO TO ()] G|

(5.31)
+C[X T[T 1 2
Let us consider the first term on the right of (5.31). By Lemma 4.6 (ii) we have
IOTy(s + 7, 8o = [QoUo(s + 7, 5)To]u® = [po]u®
Since t — 7, = mT + s+ 15 = m/T for some m’ € N, we see from Lemma 5.2
Up(t, t — )u® = Up(ry, 0)u® = 1@ (ry).
On the other hand, since u® (t) = u(¥(7;), we have
e E)E=9) [1O) (1) = XMo@ [F13,(0) () = Ao ENE=)[5010,(0) (7).

We thus obtain

(Tt t = )X mT TOTy (s + 75, 5) — MO TO 1)) (5.32)

= (eXEIMT _ 20(€)(t=9)) G 1uO) ().

Since
eM0EMT _ pAo(€)(t=s) — pAo(€)mT (] _ pro(€)(rit72))

_ e)\o(f mT fl 9)\0 E)(T1+7'2) d@)\o(gl)<7_1 4 7_2>,
we see from (5.31) and (5.32)

L€, 8)]m < CIENX ™| (Gl + [To 1 xc2).
Using estimates (5.22), (5.23) and (5.24) we obtain

|12(§/;t, 5)‘H1 < C|§/| |€A°(£/)mT| |@o|H1xL2~
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Therefore we get

n+1

1050, 25 (¢, s)uoll3 < Ct =)™ (Il ollFs + ol n-r, 101 2201)))-
As for ||8§,8in?/§0)(t, s)uoH%, since supp(x¥ — 1) C {|¢'| > ro}, it is easy to see that
_mo1_
|05k, (¢, s)uoll3 < Cem™ 80t — 5) =2 ¥ o |71 -

As for |0k 8L w0 (t, s)uol|2, using the mean value theorem |1 — ef| = fol |e?7| db]| f|, we have

050k, % (1, syl < |0

0L X0 g timogatml€P)(t=s) (o (€)FimortmaleP)(t=s) _ 1 FT0) (t)ﬂouz
2

n+1

< C/ e M0 (1 — )2 7| 642k dg'|gol|7r gy < C(t—5)" "2 "l dollZ1 gny-
1€|<ro

As for [|0%0L o, u®(t)|3, it is straightforward to see that

n—

n—1__
2 kH¢O||%l(Rn)-

10505, o0, u® (D)3 < Ot = )
So we have that
O (t, 5)ug = o cul” (t) + WOt s)uo + %L (t, s)up + ?/:(30) (t, s)ug
As for |2 O(t, s)uo||%1, it is estimated as follows. Let
J(€5t,8) = U (t,t — m)(I — H(E) U (T,0)"Ug (5 + 7, 5)o
Using (5.24), we have
(€5t < | (0 = TENTAT.0) " Tels + )| |-
Applying (5.29) with 7o and mg from Theorem 5.16 we get

~ -~ MOmg - ~
J(€5t,8)|m < C ‘ (1= THENTe(T,0) ™| (Tes + 72, )il
L(X)

m

~ ~ mo | o o~ N
S C ‘ <([ — H(g’/))Ug/(T, 0)) ’LZX) ‘Ug/(s + T2, S)UO’Hlez

S CG_%OmT|ﬁ£/<S + T2, 5)ﬂ0|Hlez.
We employ (5.24) again to conclude
1 1
[J(€5t,8) i < Ce ™0™ [tg| iz < Ce 0" g e

Finally integrating in £ we get
|20t sl < e [ 0l pn g’ = Ce s

where d > 0, which concludes the proof. O
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