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Abstract

Decay estimates on solutions to the linearized compressible Navier-Stokes equation
around time-periodic parallel flow are established. It is shown that if the Reynolds
and Mach numbers are sufficiently small, solutions of the linearized problem decay
in L2 norm as an n − 1 dimensional heat kernel. Furthermore, it is proved that the
asymptotic leading part of solutions is given by solutions of an n−1 dimensional linear
heat equation with a convective term multiplied by time-periodic function.
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1 Introduction

This paper is concerned with the asymptotic behavior of solutions to the compressible Navier-
Stokes equation with time-periodic external force and (or) time-periodic boundary condi-
tions.

We consider the system of equations

∂tρ+ div (ρv) = 0, (1.1)

ρ(∂tv + v · ∇v)− µ∆v − (µ+ µ′)∇div v +∇P (ρ) = ρg, (1.2)

in an n dimensional infinite layer Ωℓ = Rn−1 × (0, ℓ):

Ωℓ = {x = (x′, xn) ;

x′ = (x1, . . . , xn−1) ∈ Rn−1, 0 < xn < ℓ}.

Here n ≥ 2; ρ = ρ(x, t) and v = (v1(x, t), . . . , vn(x, t)) denote the unknown density and
velocity at time t ≥ 0 and position x ∈ Ωℓ, respectively; P is the pressure, smooth function
of ρ, where for given ρ∗ positive number we assume P ′(ρ∗) > 0; µ and µ′ are the viscosity
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coefficients that are assumed to be constants satisfying µ > 0, 2
n
µ + µ′ ≥ 0; g is a time-

periodic external force of the form

g = (g1(xn, t), 0, . . . , 0, g
n(xn)),

with g1 being τ -periodic function in time, where τ > 0.
The system (1.1)–(1.2) is considered under the boundary condition

v|xn=0 = v|xn=ℓ = 0, (1.3)

and the initial condition
(ρ, v)|t=0 = (ρ0, v0). (1.4)

Under suitable smallness conditions on gn, problem (1.1)–(1.3) has a time-periodic solu-
tion up = (ρp, vp)

ρp = ρp(xn),

vp = (v1p(xn, t), 0, . . . , 0),

where ρp and vp satisfy

|ρp − ρ∗|C0[0,ℓ] ≤ C
µ|gn|C0[0,ℓ]

P ′(ρ∗)ρ∗V
, V =

ρ∗ℓ
2

µ
|g1|C0(R;L2(0,ℓ)),

and

|v1p|C0(R;L2[0,ℓ]) ≤ C
ρ∗ℓ

2|g1|C0(R;L2(0,ℓ))

µ
.

We are interested in large time behavior of solutions to the problem (1.1)–(1.4) when the
initial value (ρ0, v0) is sufficiently close to the value of time-periodic solution up = (ρp, vp) at
some fixed time. In this paper we deal with the linearized problem around the time-periodic
flow.

Lately stability of stationary parallel flows for compressible Navier-Stokes equation has
been investigated in [2, 3, 4, 5, 6]. It was proved in [4, 5], that stationary parallel flow is
asymptotically stable for sufficiently small initial disturbances if the Reynolds number and
Mach number are sufficiently small. Furthermore, when n ≥ 3 the disturbances behave in
large time as solutions of the linearized problem, whose asymptotic leading parts are given
by solutions of an n−1 dimensional linear heat equation with convective term. On the other
hand, when n = 2 the asymptotic behavior is no longer described by the linearized problem;
and it is described by a nonlinear diffusion equation, namely, by a 1-dimensional viscous
Burgers equation.

In this paper we will extend previously obtained results for stationary parallel flows to
the case of general time-periodic parallel flows. Combining techniques used in [2, 3, 6] and [1]
we will treat the linearized problem around time-periodic parallel flow and establish decay
estimates on solutions similar to those in the case of the stationary parallel flows. Whereas
[2, 3, 6] are concerned with the stability of the stationary parallel flows, in [1] the diffusive
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stability of oscillations in reaction-diffusion systems is treated. Our main result in this paper
reads as follows. We set V = ρ∗ℓ2

µ
|g1|∞,2 > 0 and introduce parameters:

ν =
µ

ρ∗ℓV
, ν ′ =

µ′

ρ∗ℓV
, γ =

√
P ′(ρ∗)

V
,

with | · |∞,2 being the norm in space C0(R;L2(0, 1)). We note that the Reynolds number Re
and Mach number Ma are given by Re = ν−1 and Ma = γ−1, respectively. After a suitable
non-dimensionalisation, the linearized problem is written as follows:

∂tϕ+ v1p∂x1ϕ+ γ2div (ρpw) = 0, (1.5)

∂tw − ν
ρp
∆w − ν+ν′

ρp
∇divw + v1p∂x1w

n + (∂xnv
1
p)w

ne1

+ ν
γ2ρ2p

(∂2
xn
v1p)ϕe1 +∇

(
P̃ ′(ρp)
γ2ρp

ϕ
)
= 0,

(1.6)

w|xn=0 = w|xn=1 = 0, (1.7)

(ϕ,w)|t=0 = (ϕ0, w0), (1.8)

in Ω. Here ϕ = ϕ(x, t) and w = (w1(x, t), . . . , wn(x, t)) denote the unknowns. The domain
Ωl is transformed into Ω = Rn−1 × (0, 1); and (ρp, vp) is transformed into (ρp, vp), where

vp = (v1p(xn, t), 0, . . . , 0) is T -periodic in t with T = V
ℓ
τ . We write (1.5)–(1.8) in the form

∂tu+ L(t)u = 0, w|xn=0,1 = 0, u|t=s = u0, (1.9)

where u = T (ϕ,w);L(t) is the linearized operator and u0 = T (ϕ0, w0). We will prove that
if Re and Ma are sufficiently small, then the solution us(t) = (ϕ(t), w(t)) of the linearized
problem (1.9) satisfies

∥∂k
x′∂l

xn
us(t)∥2

≤ C{(t− s)−
n−1
4

− k
2 ∥u0∥L1(Rn−1;H1(0,1)×L2(0,1)) + e−d(t−s)(∥u0∥H1×L2 + ∥∂x′w0∥2)},

(1.10)

and

∥∂k
x′∂l

xn
(us(t)− σt,su

(0)(t))∥2

≤ C{(t− s)−
n−1
4

− 1
2
− k

2 ∥u0∥L1(Rn−1;H1(0,1)×L2(0,1)) + e−d(t−s)(∥u0∥H1×L2 + ∥∂x′w0∥2)},
(1.11)

for t− s ≥ 4T, s ≥ 0, k, l = 0, 1, where u(0)(t) = u(0)(xn, t) is a function T -periodic in t and
σt,s = σt,s(x

′) is a function whose Fourier transform in x′ is given by

F (σt,s) = e−(iκ0ξ1+κ1|ξ′|2)(t−s)[ϕ̂0(ξ
′)].

Here [ϕ̂0(ξ
′)] is a quantity given by

[ϕ̂0(ξ
′)] =

∫ 1

0

ϕ̂0(ξ
′, xn) dxn,
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with ϕ̂0 being the Fourier transform of ϕ0 in x′ and κ0, κ1 are positive constants depending
on ρ∗, l, V, µ, µ

′ and P ′(ρ∗). Precise statement of the results will be given in Section 3.
As in the case of the stationary parallel flows [6] these decay estimates as well as a

decomposition argument in the proof will be useful for the nonlinear problem, which will be
treated elsewhere.

To obtain decay estimates as in [6], we consider the Fourier transform of (1.9) in x′ ∈
Rn−1. That can be written as

d

dt
u+ L̂ξ′(t)u = 0, u|t=s = u0, (1.12)

on H1(0, 1) × L2(0, 1). Here L̂ξ′(t) is an operator on H1(0, 1) × L2(0, 1) with domain

D(L̂ξ′(t)) = H1(0, 1) × (H2(0, 1) ∩ H1
0 (0, 1)) with a dual variable ξ′ ∈ Rn−1. We denote

Ûξ′(t, s) the solution operator for (1.12). The operator Ûξ′(t, s) has different characters
between cases |ξ′| ≪ 1 and |ξ′| ≫ 1. We thus decompose the solution operator U (t, s) asso-

ciated with (1.9) into three parts: U (t, s) = F −1
(
Ûξ′(t, s)||ξ′|≤r

)
+F −1

(
Ûξ′(t, s)|r≤|ξ′|≤R

)
+

F −1
(
Ûξ′(t, s)||ξ′|≥R

)
for some 0 < r ≪ 1 ≪ R, where F −1 denotes the inverse Fourier trans-

form. Since L̂ξ′(t) is periodic in t, we investigate the monodromy operator Ûξ′(T ) = Ûξ′(T, 0)

for |ξ′| ≤ r ≪ 1 as in [1] and Ûξ′(T ) can be regarded as a perturbation from Û0(T ) =

Ûξ′(T )|ξ′=0. We will find that the spectrum of U (t, s) near 1 is given by that of monodromy

operator Ûξ′(T ) with |ξ′| ≤ r ≪ 1, which is parameterized as 1−iκ0ξ1T−κ1|ξ′|2T+O(|ξ′|3)T
with some κ0 ∈ R, κ1 > 0, provided Re and Ma are sufficiently small. On the other hand, if
|ξ′| ≥ R ≫ 1, we can derive the exponential decay property of the corresponding part of the
solution operator U (t, s) by the Fourier transformed version of Matsumura-Nishida’s energy
method (see [3, 8]), provided that Re and Ma are sufficiently small. As for the bounded
frequency part r ≤ |ξ′| ≤ R, we employ a certain time-dependent decomposition argument
and apply a variant of Matsumura-Nishida’s energy method as in [6] to show the exponen-
tial decay. As a result, one can see that the solution of the linearized problem behaves as

σt,s(x
′)u(0)(xn, t) = F −1

(
e−(iκ0ξ1+κ1|ξ′|2)(t−s)[ϕ̂0(ξ

′)]
)
u(0)(xn, t), provided that Re and Ma

are sufficiently small.
Problem (1.1)–(1.4) with g = (g1(xn, t), 0, . . . , 0, g

n(xn)) also covers another particularly
interesting problem. Let us for a moment consider problem (1.1)–(1.2) together with g =
(0, . . . , 0, gn(xn)) and boundary condition

v|xn=0 = V 1(t)e1, v|xn=ℓ = 0,

where V 1 is τ -periodic function of time and e1 = (1, 0, . . . , 0) ∈ Rn. This problem is a
natural extension of Stokes’ second problem from half space to infinite strip for compressible
fluid. The motion of a fluid is caused by the periodic oscillation of a boundary plate. The
study of the flow of a viscous fluid over an oscillating plate is not only of theoretical interest,
but it also occurs in many applied problems and since Stokes (1851) it has received much
attention under various settings. It is straightforward to see, that if we seek solution to this
problem in the form v = (1 − xn)V

1(t)e1 + ṽ, then behavior of ṽ is governed by the same
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linearized problem as we get for (1.1)–(1.3) with g = (−(1− xn)∂tV
1(t)/ρ, 0, . . . , 0, gn(xn))

and therefore our result also holds for this particular problem.
This paper is organized as follows. In Section 2 we rewrite the problem into a non-

dimensional one and state the existence of time-periodic parallel flows. Our main results
are stated in Section 3. In Section 4 we prove the exponential decay estimates. Finally, in
Section 5 we prove the asymptotic behavior (1.10) and (1.11).

2 Periodic Solution and the Linearized Problem

In this section we state the existence of time-periodic solution and then we rewrite the
problem into the one for the disturbance in a non-dimensional form. At the end of this
section we introduce notation that will be used throughout this paper. Let ρ∗ be a given
positive number. Throughout the paper we assume that

P ′(ρ∗) > 0.

We introduce the following dimensionless variables:

x = ℓx̃, t =
ℓ

V
t̃, v = V ṽ, ρ = ρ∗ρ̃, P = ρ∗V

2P̃ , g(xn, t) =
µV

ρ∗ℓ2
g̃(x̃n, t̃),

where

V =
ρ∗ℓ

2

µ
|g1|∞,2.

Then the problem (1.1)–(1.4) is transformed into the following dimensionless problem on
the layer Ω = Rn−1 × (0, 1):

∂tρ̃+ div (ρ̃ṽ) = 0, (2.1)

ρ̃(∂tṽ + (ṽ · ∇)ṽ)− ν∆ṽ − (ν + ν ′)∇div ṽ + P̃ ′(ρ̃)∇ρ̃ = νρ̃g̃ (2.2)

ṽ|xn=0 = ṽ|xn=1 = 0, (2.3)

(ρ̃, ṽ)|t=0 = (ρ̃0, ṽ0). (2.4)

Here ν and ν ′ are the non-dimensional parameters:

ν =
µ

ρ∗ℓV
, ν ′ =

µ′

ρ∗ℓV
.

We also introduce parameters γ and T :

γ =

√
P̃ ′(1), T =

V

ℓ
τ,

where T is period of g̃1 in time. We note that the Reynolds number Re and Mach number
Ma are given by Re = ν−1 and Ma = γ−1, respectively. In what follows we omit ”tilde” of
x̃n and t̃.
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One can see that if |g̃n|∞ is small enough then a time-periodic solution (ρp, vp) =
(ρp(xn), v

1
p(xn, t)e1) exists. More precisely, substituting (ρ̃, ṽ) = (ρp(xn), v

1
p(xn, t)e1) into

(2.1)–(2.3), we have

∂tv
1
p −

ν

ρp
∂2
xn
v1p = νg̃1 (2.5)

∂xn(P̃ (ρp)) = νρpg̃
n (2.6)

v1p|xn=0 = v1p|xn=1 = 0. (2.7)

We state the existence of a time-periodic solution to (2.5)–(2.7) with

1 =

∫ 1

0

ρ̃(xn) dxn. (2.8)

Proposition 2.1. Assume that P̃ ′(ρ) > 0 for ρ1 ≤ ρ ≤ ρ2 with some 0 < ρ1 < 1 < ρ2 < 2.

Let Φ(ρ) =
∫ ρ

1
P̃ ′(η)
η

dη for ρ1 ≤ ρ ≤ ρ2 and let Ψ(r) = Φ−1(r) for r1 ≤ r ≤ r2. Here Φ−1

denotes the inverse function of Φ and rj = Φ(ρj) (j = 1, 2). If

ν|g̃n|∞ ≤ Cmin

{
|r1|, r2,

1

4γ2|Ψ′′|C0[r1,r2]

}
≤ C, (2.9)

then there exists a smooth time-periodic solution (ρp, vp) = (ρp(xn), v
1
p(xn, t)e1) of (2.5)–(2.8)

satisfying

ρ1 ≤ ρp(xn) ≤ ρ2, |ρp − 1|∞ ≤ C
ν

γ2
|g̃n|∞,

v1p(xn, t) = ν

∫ t

−∞
e−νA(t−s)g̃1(xn, s) ds,

where A denotes the uniformly elliptic operator on L2(0, 1) with domain D(A) = H2(0, 1) ∩
H1

0 (0, 1) and Av = − 1
ρp(xn)

∂2
xn
v for v ∈ D(A). Furthermore we have estimates

|∂k
t v

1
p|∞,2 ≤ C|∂k

t g̃
1|∞,2, k ≥ 0,

|∂xnv
1
p|∞,2 ≤ C

(
1

ν
|∂tg̃1|∞,2 + |g̃1|∞,2

)
,

|∂k
t ∂

2
xn
v1p|∞,2 ≤ C

(
1

ν
|∂k+1

t g̃1|∞,2 + |∂k
t g̃

1|∞,2

)
, k ≥ 0.

Additionally, if ν|g̃n|Ck−1[0,1] ≤ η, then

|∂k
xn
ρp|∞ ≤ Ckν|g̃n|Ck−1[0,1] for k = 1, 2, . . .
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Here Ck are positive constants depending on k, η, |Ψ|Ck[r1,r2] and ρ2. In particular,

|∂xnρp|∞ ≤ C
ν

γ2
|g̃n|∞,

|P̃ ′(ρp)− γ2|∞ ≤ C|P̃ ′′|C0[ρ1,ρ2]

ν

γ2
|g̃n|∞.

Remark. Operator A satisfies estimates

|e−νAtv|2 ≤ C e−
ν
2
t |v|2,

|∂xne
−νAtv|2 ≤ C

1

t
1
2

e−
ν
2
t |v|2,

for some C > 0 and all t > 0.

Proof. Proof of existence and properties of ρp is the same as in [4], if we substitute νg̃n

for g̃n, so we omit it. Once we obtained ρp we easily get v1p solution of (2.5) and (2.7). To
obtain estimates on v1p we combine iteratively following relations:

∂t

∫ t

−∞
e−νA(t−s)f(s) ds = f(t) +

∫ t

−∞
∂t[e

−νA(t−s)f(s)] ds

= f(t)−
∫ t

−∞
∂s[e

−νA(t−s)f(s)] ds+

∫ t

−∞
e−νA(t−s)∂sf(s) ds =

∫ t

−∞
e−νA(t−s)∂sf(s) ds,

∂2
xn
v1p =

ρp
ν
(∂tv

1
p − νg̃1),

|∂xnv
1
p(t)|L2 ≤ |v1p(t)|

1
2

L2 |∂2
xn
v1p(t)|

1
2

L2 .

□

Setting ρ̃ = ρp + γ−2ϕ and ṽ = vp + w in (2.1)–(2.4) and neglecting nonlinear terms of
u = T (ϕ,w), we arrive at the linearized problem:

∂tϕ+ v1p∂x1ϕ+ γ2div (ρpw) = 0, (2.10)

∂tw − ν
ρp
∆w − ν+ν′

ρp
∇divw + v1p∂x1w + (∂xnv

1
p)w

ne1

+ ν
γ2ρ2p

(∂2
xn
v1p)ϕe1 +∇

(
P̃ ′(ρp)
γ2ρp

ϕ
)
= 0,

(2.11)

w|xn=0 = w|xn=1 = 0, (2.12)

(ϕ,w)|t=0 = (ϕ0, w0). (2.13)

Our main concern in this paper is the estimates of solutions to the problem (2.10)–(2.13).
In the remaining part of this section we introduce some notation which will be used

throughout the paper. For a domain N we denote by L2(N) the usual Lebesgue space on
N and its norm is denoted by ∥ · ∥L2(N). Let m be a nonnegative integer. Hm(N) denotes
the m-th order L2 Sobolev space on N with norm ∥ · ∥Hm(N). Cm

0 (N) stands for the set of
7



all Cm functions which have compact support in N . We denote by H1
0 (N) the completion

of C1
0(N) in H1(N).
We simply denote by L2(N) (resp., Hm(N)) the set of all vector fields w = T (w1, . . . , wn)

on N with wj ∈ L2(N) (resp., Hm(N)), j = 1, . . . , n, and its norm is also denoted by ∥·∥L2(N)

(resp., ∥ · ∥Hm(N)). For u = T (ϕ,w) with ϕ ∈ Hk(N) and w = T (w1, . . . , wn) ∈ Hm(N), we
define ∥u∥Hk(N)×Hm(N) by ∥u∥Hk(N)×Hm(N) = ∥ϕ∥Hk(N)+∥w∥Hm(N). When k = m, we simply
write ∥u∥Hk(N)×Hk(N) = ∥u∥Hk(N).

In case N = Ω we abbreviate L2(Ω) (resp., Hm(Ω)) as L2 (resp., Hm). In particular, the
norm ∥ · ∥L2(Ω) = ∥ · ∥L2 is denoted by ∥ · ∥p.

In case N = (0, 1) we denote the norm of L2(0, 1) by | · |2. The inner product of L2(0, 1)
is denoted by

(f, g) =

∫ 1

0

f(xn)g(xn) dxn, f, g ∈ L2(0, 1).

Here g denotes the complex conjugate of g. For uj = T (ϕj, wj) ∈ L2(0, 1) with wj =
T (w1

j , . . . , w
n
j ) (j = 1, 2), we also define a weighted inner product ⟨u1, u2⟩ by

⟨u1, u2⟩ =
∫ 1

0

ϕ1ϕ2
P̃ ′(ρp)
γ4ρp

dxn +

∫ 1

0

w1w2ρp dxn.

Furthermore, for f ∈ L1(0, 1) we denote the mean value of f in (0, 1) by [f ]:

[f ] = (f, 1) =

∫ 1

0

f(xn) dxn.

For u = T (ϕ,w) ∈ L1(0, 1) with w = T (w1, . . . , wn) we define [u] by

[u] = [ϕ] + [w1] + · · ·+ [wn].

The norm of Hm(0, 1) is denoted by | · |Hm .
We often write x ∈ Ω as

x = T (x′, xn), x′ = T (x1, . . . , xn−1) ∈ Rn−1.

Partial derivatives of a function u in x, x′, xn and t are denoted by ∂xu, ∂x′u, ∂xnu and ∂tu,
respectively. We also write higher order partial derivatives of u in x as ∂k

xu = (∂α
xu; |α| = k).

We denote the k × k identity matrix by Ik. In particular, when k = n + 1, we simply
write I for In+1. We also define (n+ 1)× (n+ 1) diagonal matrices Qj, Q

′ and Q̃ by

Qj = diag (0, . . . , 0, 1︸︷︷︸
j−th

, 0, . . . , 0), j = 0, 1, . . . , n,

and
Q′ = diag (0, 1, . . . , 1, 0), Q̃ = diag (0, 1, . . . , 1).

We then have, for u = T (ϕ,w) ∈ Rn+1, w = T (w1, . . . , wn) = T (w′, wn),

Q0u =

(
ϕ
0

)
, Qju =

 0
wj

0

 , Qnu =

 0
0
wn

 , Q′u =

 0
w′

0

 , Q̃u =

(
0
w

)
.
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We note that
[Q0u] = [ϕ] for u = T (ϕ,w).

For a function f = f(x′) (x′ ∈ Rn−1), we denote its Fourier transform by f̂ or F f :

f̂(ξ′) = (F f)(ξ′) =

∫
Rn−1

f(x′)e−iξ′·x′
dx′.

The inverse Fourier transform is denoted by F −1:

(F −1f)(x) = (2π)−(n−1)

∫
Rn−1

f(ξ′)eiξ
′·x′

dξ′.

We will denote the resolvent set of a closed operator B by ρ(B) and the spectrum of B by
σ(B). For a bounded linear operator B we denote the spectral radius of B by r(B). For
Λ ∈ R and θ ∈ (π

2
, π) we denote:

Σ(Λ, θ) = {λ ∈ C; |arg (λ− Λ)| ≤ θ}.

We denote the set of bounded linear operators from X1 to X2 by L(X1, X2), and if X1 = X2,
we simply write L(X1) for L(X1, X1). The operator norm is denoted by | · |L(X1,X2).

3 Main Results

Let us consider the linearized problem

∂tu+ L(t)u = 0, w|xn=0,1 = 0, u|t=s = u0. (3.1)

Here u = T (ϕ,w) and L(t) is the operator of the form

L(t) =

 v1p(t)∂x1 γ2div (ρp · )

∇
(

P̃ ′(ρp)
γ2ρp

·
)

− ν
ρp
∆In − ν+ν′

ρp
∇div


+

(
0 0

ν
γ2ρ2p

(∂2
xn
v1p(t))e1 v1p(t)∂x1In + (∂xnv

1
p(t))e1

Ten

)
.

We introduce the space Zs defined by

Zs = {u = T (ϕ,w);ϕ ∈ Cloc([s,∞);H1),

∂α′

x′ w ∈ Cloc([s,∞);L2) ∩ L2
loc([s,∞);H1

0 ) (|α′| ≤ 1),

w ∈ Cloc((s,∞);H1
0 )},

where the linearized problem can be uniquely solved. We will denote the solution operator
for (3.1) by U (t, s).

Theorem 3.1. Let s ≥ 0 be arbitrarily given. For any initial data u0 =
T (ϕ0, w0) satisfying

u0 ∈ H1×L2 with ∂x′w0 ∈ L2 there exists a unique solution us(t) = U (t, s)u0 of (3.1) in Zs.
9



Furthermore, U (t, s)u0 satisfies estimates

∥U (t, s)u0∥2 ≤ C∥u0∥2,

and
∥∂xQ0U (t, s)u0∥2 + ∥∂x′Q̃U (t, s)u0∥2 + (t− s)

1
2∥∂xnQ̃U (t, s)u0∥2

≤ C {∥u0∥H1×L2 + ∥∂x′w0∥2} ,
for 0 < t− s ≤ 4T , s ≥ 0.

Proof. The uniqueness in Zs can be shown by an elementary energy method. As for the
existence, it is not difficult to show the unique existence of solution u ∈ Cloc([0,∞);H1) ×
(Cloc([0,∞);H1

0 ) ∩ L2
loc([0,∞);H2)) for u0 ∈ H1 × H1

0 . Existence for u0 ∈ H1 × L2 with
∂x′w0 ∈ L2 then follows from an approximation argument by using Lemma 4.4 and 4.5
below. The proof of the estimate also follows from Lemma 4.4 below. □

Theorem 3.2. There exist constants ν0 > 0 and γ0 > 0 such that if ν ≥ ν0 and γ2/(2ν+ν ′) ≥
γ2
0 , then for any initial data u0 =

T (ϕ0, w0) satisfying u0 ∈ (H1 × L2) ∩ L1(Rn−1;H1(0, 1)×
L2(0, 1)) with ∂x′w0 ∈ L2 the solution us(t) = U (t, s)u0 of problem (3.1) can be decomposed
as

U (t, s)u0 = U (0)(t, s)u0 + U (∞)(t, s)u0,

where each term on the right-hand side has the following properties for t− s ≥ 4T , s ≥ 0.

(i)

∥∂k
x′∂l

xn
U (0)(t, s)u0∥2 ≤ C(t− s)−

n−1
4

− k
2 ∥u0∥L1(Rn−1;H1(0,1)×L2(0,1)), (3.2)

∥∂k
x′∂l

xn
(U (0)(t, s)u0 − σt,su

(0)(t))∥2 ≤ C(t− s)−
n−1
4

− 1
2
− k

2 ∥u0∥L1(Rn−1;H1(0,1)×L2(0,1)), (3.3)

k, l = 0, 1. Here

σt,s = F −1
(
e−(iκ0ξ1+κ1|ξ′|2)(t−s)[ϕ̂0]

)
,

u(0)(t) = u(0)(xn, t) is some T -periodic function (see Lemma 4.6 below), and κ0 ∈ R, κ1 > 0
are some constants satisfying

κ1 =
γ2

ν
K, K > 0.

(ii)
∥∂l

xU
(∞)(t, s)u0∥2 ≤ Ce−d(t−s)(∥u0∥H1×L2 + ∥∂x′w0∥2), (3.4)

l = 0, 1, for some positive constant d.

Remark. In both Theorems 3.1 and 3.2 we assume following smoothness for external force
and boundary data:

g̃n ∈ C1[0, 1], g̃1 ∈ C2(0,∞ : L2(0, 1)).

We combine estimates from Proposition 2.1 with basic assumption (2.9) on ν|g̃n|∞ to get

|ρp − 1|∞ ≤ C

γ2
, |∂xnρp|∞ ≤ C

γ2
, |P̃ ′(ρp)− γ2|∞ ≤ C

γ2
.
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Furthermore, without loss of generality, we also assume that

|∂2
xn
ρp|∞ ≤ C

γ2
,

holds true. Therefore, the smallness assumptions on g̃n in Theorems 3.1 and 3.2 are expressed
in terms of smallness of 1

γ2 .

Again regarding to Proposition 2.1, in what follows we use bounds on v1p as

|∂k
t v

1
p|∞,2 + |∂xnv

1
p|∞,2 + |∂k

t ∂
2
xn
v1p|∞,2 ≤ C, k ≥ 0.

The decay rate (3.2) is the same one as that of an n − 1 dimensional heat kernel. Our
result shows that this is an optimal decay rate, and, in fact, estimate (3.3) shows that the
asymptotic leading part of solutions is given by an n − 1 dimensional heat kernel, which
moves in x1 direction with a constant speed, multiplied by time-periodic function.

A proof of Theorem 3.2 will be outlined in Section 4 and Section 5. In Section 4 we prove
the exponential decay for the bounded frequency part and high frequency part. In Section
5 we prove the asymptotic estimates (3.2) and (3.3) for low frequency part.

4 Proof of Theorem 3.2 - 1. Exponential decay esti-

mates

In this section we introduce decomposition of U (t, s) based on size of |ξ′| and prove that
bounded frequency and high frequency parts decay exponentially. From now on we simply
denote ν + ν ′ by ν̃:

ν̃ = ν + ν ′.

To simplify further calculations we suppose

ν ≥ 1, ν̃ ≥ 1, γ ≥ 1,
γ2

ν + ν̃
≥ 1.

To prove Theorem 3.2, we consider the Fourier transform of (3.1) in x′ variable. The Fourier
transform of (3.1) is written as

∂tϕ̂+ iξ1v
1
pϕ̂+ iγ2ξ′ · (ρpŵ′) + γ2∂xn(ρpŵ

n) = 0, (4.1)

∂tŵ
′ + ν

ρp
(|ξ′|2 − ∂2

xn
)ŵ′ − i ν̃

ρp
ξ′(iξ′ · ŵ′ + ∂xnŵ

n)

+iξ′ P̃
′(ρp)
γ2ρp

ϕ̂+ iξ1v
1
pŵ

′ + (∂xnv
1
p)ŵ

ne′
1 +

ν
γ2ρ2p

(∂2
xn
v1p)ϕ̂e

′
1 = 0,

(4.2)

∂tŵ
n +

ν

ρp
(|ξ′|2 − ∂2

xn
)ŵn − ν̃

ρp
∂xn(iξ

′ · ŵ′ + ∂xnŵ
n) + ∂xn

(
P̃ ′(ρp)

γ2ρp
ϕ̂

)
+ iξ1v

1
pŵ

n = 0, (4.3)

ŵ|xn=0,1 = 0, (4.4)
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for t > s ≥ 0, and
û|t=s = û0 =

T (ϕ̂0, ŵ0). (4.5)

Here ϕ̂ = ϕ̂(ξ′, xn, t) and ŵ = ŵ(ξ′, xn, t) are the Fourier transform of ϕ = ϕ(x′, xn, t) and
w = w(x′, xn, t) in x′ ∈ Rn−1 with ξ′ ∈ Rn−1 being the dual variable and e′

1 = (1, 0, . . . , 0) ∈
Rn−1. We thus arrive at the following problem

d

dt
u+ L̂ξ′(t)u = 0, u|t=s = u0, (4.6)

on X ≡ H1(0, 1) × L2(0, 1). Here, for each t, L̂ξ′(t) is an operator on X with domain

D(L̂ξ′(t)) = D ≡ H1(0, 1) × (H2(0, 1) ∩ H1
0 (0, 1)) with a parameter ξ′ ∈ Rn−1. Here u =

T (ϕ(xn, t), w(xn, t)) (xn ∈ [0, 1], t ≥ s ≥ 0) and L̂ξ′(t) is the operator of the form

L̂ξ′(t) = Âξ′ + B̂ξ′(t) + Ĉ0(t),

where

Âξ′ =


0 0 0

0 νA ξ′In−1 +
ν̃
ρp
ξ′T ξ′ −i ν̃

ρp
ξ′∂xn

0 −i ν̃
ρp

T ξ′∂xn νA ξ′ − ν̃
ρp
∂2
xn

 ,

with

A ξ′ =
1

ρp
(|ξ′|2 − ∂2

xn
),

B̂ξ′(t) =


iξ1v

1
p(t) iγ2ρp

T ξ′ γ2∂xn(ρp · )

iξ′ P̃
′(ρp)
γ2ρp

iξ1v
1
p(t)In−1 0

∂xn

(
P̃ ′(ρp)
γ2ρp

·
)

0 iξ1v
1
p(t)

 ,

Ĉ0(t) =


0 0 0

ν
γ2ρ2p

(∂2
xn
v1p(t))e

′
1 0 (∂xnv

1
p(t))e

′
1

0 0 0

 .

For each fixed ξ′, Âξ′ + B̂0 is a closed operator on X with domain D(Âξ′ + B̂0) = D; and

−(Âξ′ + B̂0) generates an analytic semigroup in X (see [2]). Since v1p is bounded smooth

function of xn, t, L̂ξ′(t) can be seen as a lower order perturbation of Âξ′ + B̂0. Therefore, we
can show that

(|λ|+ 1)|(λ+ L̂ξ′(t))
−1|L(X) ≤ C,

and
|(L̂ξ′(t)− L̂ξ′(s))(Λ+ L̂ξ′(0))

−1|L(X) ≤ C|t− s|α,

where λ ∈ Σ(Λ, θ) with some Λ > 0, θ ∈ (π
2
, π) and α > 0. It then follows from [9, Theorem

5.2.1] that, for each ξ′ ∈ Rn−1, there exists a unique solution ûs(t) = Ûξ′(t, s)û0 of problem
12



(4.1)–(4.5) satisfying ûs ∈ Cloc([s,∞);X)∩C1((s,∞);X)∩C((s,∞);D). Moreover, Ûξ′(t, s)

satisfies |Ûξ′(t, s)|L(X) ≤ Ct1 and |L̂ξ′(t)Ûξ′(t, s)|L(X) ≤ Ct1(t−s)−1 with 0 ≤ s ≤ t ≤ t1 for all

t1 ≥ 0, which implies that |∂xnQ̃Ûξ′(t, s)u0|2 ≤ Ct1(t−s)−
1
2 |u0|H1×L2 . The solution U (t, s)u0

of (3.1) is then given by U (t, s)u0 = F −1(Ûξ′(t, s)û0) for all t− s ≥ 0, s ≥ 0.

We decompose U (t, s)u0 in the following way. Let 0 < r < R. Define χ(0)(ξ′), χ(1)(ξ′)
and χ(∞)(ξ′) by

χ(0)(ξ′) = 1 if |ξ′| ≤ r, χ(0)(ξ′) = 0 if |ξ′| > r,

χ(∞)(ξ′) = 1 if |ξ′| ≥ R, χ(∞)(ξ′) = 0 if |ξ′| < R,

and
χ(1) = (1− χ(0))(1− χ(∞)).

We decompose U (t, s)u0 as

U (t, s)u0 = V 0(t, s)u0 + V 1(t, s)u0 + V ∞(t, s)u0,

where
V j(t, s)u0 = F −1

(
χ(j)Ûξ′(t, s)û0

)
, j = 0, 1,∞.

In this section we will show that V j(t, s)u0 (j = 1,∞) decay exponentially in time. The low
frequency part V 0(t, s)u0 will be investigated in Section 5, which all together gives estimates
(3.2) and (3.3).

Proposition 4.1. There exist constants R0 > 1, ν0 > 0 and γ0 > 0 such that if ν ≥ ν0 and
γ2/(ν + ν̃) ≥ γ2

0 then there exists a constant d > 0 such that the estimate

∥V ∞(t, s)u0∥H1 ≤ Ce−d(t−s−4T )(∥u0∥H1×L2 + ∥∂x′w0∥2),

holds uniformly in t− s ≥ 4T , s ≥ 0.

Proposition 4.2. There exist constants ν0 > 0 and γ0 > 0 such that if ν ≥ ν0 and
γ2/(ν + ν̃) ≥ γ2

0 then for any 0 < r < R0 there exists a constant d(r) > 0 such that the
estimate

∥V 1(t, s)u0∥H1 ≤ Ce−d(t−s−4T )(∥u0∥H1×L2 + ∥∂x′w0∥2),

holds uniformly in t− s ≥ 4T , s ≥ 0.

Proof of Proposition 4.1. We investigate problem (4.6) for |ξ′| ≥ R > 0 and prove
Proposition 4.1. We also give a proof of the estimate given in Theorem 3.1.

We introduce following notation. For v = T (ϕ,w), or v = w we define Dξ′(v) by

Dξ′(v) = |ξ′|2|v|22 + |∂xnv|22.

First, we state the exponential decay estimate for large t− s.
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Lemma 4.3. There exist constants R0 > 1, ν0 > 0 and γ0 > 0 such that if ν ≥ ν0 and
γ2/(ν + ν̃) ≥ γ2

0 then there exists a constant d > 0 such that the estimate

|ϕ̂(t)|22 + |ŵ(t)|22 +Dξ′(ûs)(t) ≤ Ce−d(t−s−4T )
{
|ϕ̂(4T )|22 + |ŵ(4T )|22 +Dξ′(ûs)(4T )

}
,

holds uniformly for t− s ≥ 4T , s ≥ 0 provided that |ξ′| ≥ R0.
Proof of Lemma 4.3 is similar to the proof of [3, Proposition 6.1]. In our case in calcula-

tions appear new disturbance terms thanks to the ρp ̸≡ 1 and term ν
γ2ρ2p

(∂2
xn
v1p)ϕ̂e

′
1, but those

can be handled in standard way by smallness assumptions on Mach and Reynolds numbers,
so we omit the proof. See also [4].

Second, we state estimates for t− s near 0.

Lemma 4.4. There holds the following estimate uniformly for 0 < t − s ≤ 4T , s ≥ 0 and
ξ′ ∈ Rn−1:

(1 + |ξ′|2)(|ϕ̂(t)|22 + |ŵ(t)|22) + |∂xnϕ̂(t)|22 + (t− s)|∂xnŵ(t)|22 ≤ C
{
(1 + |ξ′|2)|û0|22 + |∂xnϕ̂0|22

}
.

Proposition 4.1 is an immediate consequence of Lemma 4.3 and 4.4. □

The estimate in Theorem 3.1 also follows from Lemma 4.4. It remains to prove Lemma
4.4. To prove Lemma 4.4 we employ the following estimates.

Lemma 4.5. For all 0 ≤ t− s ≤ 4T , s ≥ 0 there hold the estimates

(1+ |ξ′|2)( 1
γ2

|ϕ̂(t)|22+ |ŵ(t)|22)+ν

∫ t

s

(1+ |ξ′|2)Dξ′(ŵ) ds ≤ C(1+ |ξ′|2)( 1
γ2

|ϕ̂0|22+ |ŵ0|22) (4.7)

and
|∂xnϕ̂(t)|22 ≤ C

{
(1 + |ξ′|2)|û0|22 + |∂xnϕ̂0|22

}
. (4.8)

Proof of Lemma 4.5 is similar to the proof of [3, Proposition 6.11], so we omit the proof.

Proof of Lemma 4.4. We write (4.2) and (4.3) as

∂tw + T̂ξ′w = −Êξ′(t)w − F̂ξ′(t)ϕ.

Here T̂ξ′ is the operator on L2(0, 1) of the form

T̂ξ′ =

 ν
ρp
(|ξ′|2 − ∂2

xn
)In−1 +

ν̃
ρp
ξ′T ξ′ −i ν̃

ρp
ξ′∂xn

−i ν̃
ρp

T ξ′∂xn

ν
ρp
(|ξ′|2 − ∂2

xn
)− ν̃

ρp
∂2
xn

 ,

with domain D(T̂ξ′) = H2(0, 1) ∩H1
0 (0, 1),

Êξ′(t) =

(
iξ1v

1
p(t)In−1 (∂xnv

1
p(t))e

′
1

0 iξ1v
1
p(t)

)
,
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and

F̂ξ′(t) =

 iξ′ P̃
′(ρp)
γ2ρp

+ ν
γ2ρ2p

(∂2
xn
v1p(t))e

′
1

∂xn

(
P̃ ′(ρp)
γ2ρp

·
)

 .

Then w is written as

w(t) = e−(t−s)T̂ξ′w0 −
∫ t

s

e−(t−z)T̂ξ′ Êξ′(z)w(z) dz −
∫ t

s

e−(t−z)T̂ξ′ F̂ξ′(z)ϕ(z) dz. (4.9)

Using the equality
(T̂ξ′w, ρpw) = νDξ′(w) + ν̃|iξ′ · w′ + ∂xnw

n|22,

one can see that
|∂l

xn
e−tT̂ξ′w0|2 ≤ Ct−

l
2 |w0|2 (l = 0, 1), (4.10)

for 0 < t ≤ 4T .
We have estimate

|Êξ′(z)w(z)|2 ≤ C(1 + |ξ′|)|w(z)|2 ≤ C(1 + |ξ′|)|u0|2, (4.11)

and moreover by (4.7) and (4.8) we have

|F̂ξ′(z)ϕ(z)|2 ≤ C {(1 + |ξ′|)|ϕ(z)|2 + |∂xnϕ(z)|2}

≤ C {(1 + |ξ′|)|u0|2 + |∂xnϕ0|2} .
(4.12)

It follows from (4.9)–(4.12) that

(t− s)
1
2 |∂xnw(t)|2 ≤ C|w0|2 + C(t− s)

1
2

∫ t

s

(t− z)−
1
2 (|Êξ′(z)w(z)|2 + |F̂ξ′(z)ϕ(z)|2) dz

≤ C|w0|2 + C {(1 + |ξ′|)|u0|2 + |∂xnϕ0|2} ,

for 0 < t− s ≤ 4T . This, together with (4.7) and (4.8) gives the desired estimate of Lemma
4.4. □

We next prove Proposition 4.2. To prove Proposition 4.2 we decompose χ(1)Ûξ′(t, s)û0 based

on a spectral property of L̂ξ′(t) with ξ′ = 0, namely, L̂0(t).

We introduce the formal adjoint operator of L̂ξ′(t) with respect to the weighted inner

product ⟨·, ·⟩. We define an operator L̂∗
ξ′(t) by

L̂∗
ξ′(t) = Â∗

ξ′ + B̂∗
ξ′(t) + Ĉ∗

0(t),

with domain of definition D(L̂∗
ξ′(t)) = D, where

Â∗
ξ′ = Âξ′ , B̂∗

ξ′(t) = −B̂ξ′(t),
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and

Ĉ∗
0(t) =


0 ν

γ2ρ2p
(∂2

xn
v1p)

Te′
1 0

0 0 0

0 (∂xnv
1
p)

Te′
1 0

 .

We then have
⟨Âξ′u, v⟩ = ⟨u, Â∗

ξ′v⟩ = ⟨u, Âξ′v⟩,

⟨B̂ξ′(t)u, v⟩ = ⟨u, B̂∗
ξ′(t)v⟩ = −⟨u, B̂ξ′(t)v⟩,

⟨Ĉ0(t)u, v⟩ = ⟨u, Ĉ∗
0(t)v⟩,

and
⟨L̂ξ′(t)u, v⟩ = ⟨u, L̂∗

ξ′(t)v⟩,
for u, v ∈ D.

Lemma 4.6.
(i) There exists a T-time-periodic solution u(0)(xn, t) of

∂tu+ L̂0(t)u = 0, (4.13)

w|xn=0,1 = 0, (4.14)

with following properties:

u(0)(xn, t) =
T (ϕ(0),

1

γ2
w(0),1(xn, t)e

′
1, 0),

where

ϕ(0)(xn) = α0
γ2ρp(xn)

P̃ ′(ρp(xn))
, α0 =

[
γ2ρp

P̃ ′(ρp)

]−1

,

w(0),1(xn, t) = −
∫ t

−∞
e−(t−s)νAν

α0γ
2

P̃ ′(ρp)ρp
(∂2

xn
v1p(s)) ds.

We also have following estimates

|∂k
t w

(0),1(t)|L2 ≤ C|∂k
t ∂

2
xn
v1p(t)|L2 , k ≥ 0.

(ii) Let u0 ∈ X. Then there holds

[Q0Û0(t, s)u0] = [Q0u0], for all t ≥ s ≥ 0,

where Û0(t, s) denotes the solution operator for (4.13) and (4.14).

Proof. Fact that u(0)(xn, t) is T-time-periodic solution can be shown by direct computation.
Estimates on ∂k

t w
(0),1 are obtained in similar way as those for v1p in from Proposition 2.1.

Let Û0(t, s)u0 =
T (ϕ(t), w(t)). The first row of equation (4.13) is written as

∂tϕ+ γ2∂xn(ρpw
n) = 0.
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Taking mean value of this over (0, 1) we get

∂t[ϕ] + γ2[∂xn(ρpw
n)] = 0.

Using integration by parts and boundary condition (4.14) we get [∂xn(ρpw
n)] = 0, and hence,

∂t[ϕ] = 0.

This gives [ϕ(t)] = [ϕ0] for all t ≥ 0. □

Definition 4.7.
(i) Let us define projections Π̂ (0)(t) and Π̂ (0)∗(t) as

Π̂ (0)(t)u = ⟨u, u(0)∗⟩u(0)(t) = [Q0u]u
(0)(t),

Π̂ (0)∗(t)u = ⟨u, u(0)(t)⟩u(0)∗,

respectively, with

u(0)∗ = T (
γ2

α0

ϕ(0), 0, 0).

We also define Π̂
(0)
c (t) by

Π̂ (0)
c (t) = I − Π̂ (0)(t).

(ii) Let u(0)(t) = u
(0)
0 + u

(0)
1 (t), where

u
(0)
0 = T (ϕ(0), 0, 0), u

(0)
1 (t) = T (0,

1

γ2
w(0),1(t)e′

1, 0).

We make a simple observation which will be useful in the argument below.

Lemma 4.8. Let u ∈ X.

(i) d
dt
Q0Π̂

(0)(t)u = 0, i.e., ϕ-component of Π̂ (0)(t)u is independent of t.

(ii) Let u1(t) =
T (ϕ1, w1(t)) = Π̂

(0)
c (t)u. Then

|ϕ1|2 ≤ |∂xnϕ1|2.

Furthermore, if Q̃u ∈ H1
0 (0, 1) then

|w1(t)|2 ≤ |∂xnw1(t)|2.

Proof. It is easy to see (i). As for (ii), since [ϕ1] = 0, the Poincaré inequality gives |ϕ1|2 ≤

|∂xnϕ1|2. Let Q̃u ∈ H1
0 (0, 1). Since w(0),1(t) ∈ H1

0 (0, 1) for each t, we have Q̃Π̂ (0)(t)u ∈
H1

0 (0, 1). Therefore, w1(t) ∈ H1
0 (0, 1) for each t, and hence, the Poincaré inequality gives

|w1(t)|2 ≤ |∂xnw1(t)|2 for each t. This concludes the proof. □

Based on Definition 4.7 for each t we decompose u(t) into the parts of Π̂ (0)(t) and Π̂
(0)
c (t).
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Let u(t) be a solution of (4.6). We decompose u(t) as

u(t) = σ(t)u(0)(t) + u1(t),

where
σ(t) = [Q0u(t)] = ⟨u(t), u(0)∗⟩,

u1(t) = Π̂
(0)
c (t)u(t).

Using this decomposition we rewrite problem (4.6). To do so, we define some notation.
We write

M̃ξ′(t) = L̂ξ′(t)− L̂0(t) = Ãξ′ + B̃ξ′(t),

where
Ãξ′ = Âξ′ − Â0

=


0 0 0

0 ν
ρp
|ξ′|2In−1 +

ν̃
ρp
ξ′T ξ′ −i ν̃

ρp
ξ′∂xn

0 −i ν̃
ρp

T ξ′∂xn

ν
ρp
|ξ′|2

 ,

B̃ξ′(t) = B̂ξ′(t)− B̂0(t) =


iξ1v

1
p(t) iγ2ρp

T ξ′ 0

i P̃
′(ρp)
γ2ρp

ξ′ iξ1v
1
p(t)In−1 0

0 0 iξ1v
1
p(t)

 .

Substituting u(t) = σ(t)u(0)(t) + u1(t) into (4.6), we have

d

dt
(σ(t)u(0)(t) + u1(t)) + L̂0(t)(σ(t)u

(0)(t) + u1(t)) + M̃ξ′(t)(σ(t)u
(0)(t) + u1(t)) = 0. (4.15)

SinceQ0
d
dt
u(0)(t) = 0, we have Π̂ (0)(t) d

dt
u(0)(t) = [Q0

d
dt
u(0)(t)]u(0)(t) = 0. Therefore, applying

Π̂ (0)(t) and Π̂
(0)
c (t) to this equation, we have

(
d
dt
σ(t)

)
u(0)(t) + Π̂ (0)(t)M̃ξ′(t)(σ(t)u

(0)(t) + u1(t)) = 0,

σ(t)
(

d
dt
u(0)(t) + L̂0(t)u

(0)(t)
)
+ d

dt
u1(t) + L̂0(t)u1(t)

+Π̂
(0)
c (t)M̃ξ′(t)(σ(t)u

(0)(t) + u1(t)) = 0.

Since Π̂ (0)(t)M̃ξ′(t)u = [Q0M̃ξ′(t)u]u
(0)(t), Q0M̃ξ′(t) = Q0B̃ξ′(t) and fact that u(0)(t) is

solution to (4.13), (4.14) we arrive at

d

dt
σ(t) + [Q0B̃ξ′(t)(σ(t)u

(0)(t) + u1(t))] = 0, (4.16)
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d

dt
u1(t) + L̂0(t)u1(t) + M̃ξ′(t)(σ(t)u

(0)(t) + u1(t))− [Q0B̃ξ′(t)(σ(t)u
(0)(t) + u1(t))]u

(0)(t) = 0.

(4.17)
Proposition 4.2 can be proved by estimating solutions of (4.16)–(4.17). We will employ an
energy method to obtain the necessary estimates on solutions of (4.16)–(4.17).

We introduce some notations. For u = T (ϕ,w) we define E0(u) by

E0(u) =
1
γ2

∣∣∣∣√ P̃ ′(ρp)
γ2ρp

ϕ

∣∣∣∣2
2

+
∣∣√ρpw

∣∣2
2
.

For v = ϕ, v = w = T (w1, . . . , w
n) or v = T (ϕ,w), we define Dξ′(v) by

Dξ′(v) = |ξ′|2|v|22 + |∂xnv|22,

and, for w = T (w1, . . . , w
n), we define D̃ξ′(w) by

D̃ξ′(w) = νDξ′(w) + ν̃|iξ′ · w′ + ∂xnw
n|22.

We define J(t)(u) by

J(t)(u) = −2Re ⟨σu(0)(t) + Π̂ (0)
c (t)u, B̂ξ′(t)Q̃Π̂ (0)

c (t)u⟩,

where σ = [Q0u]. We note that there exists a constant b0 > 0 such that

|J(t)(u)| ≤ b0γ
2

2ν

(
α0

γ2
|σ|2 + E0

(
Π̂ (0)

c (t)u
))

+
1

2
D̃ξ′

(
Q̃Π̂ (0)

c (t)u
)
.

Let b1 be a positive constant (to be determined in Proposition 4.10 (ii) below) and define
E1(t)(u) by

E1(t)(u) =
(
1 + b1γ2

ν

)(
α0

γ2 |σ|2 + E0

(
Π̂

(0)
c (t)u

))
+ D̃ξ′

(
Q̃Π̂

(0)
c (t)u

)
+ J(t)(u),

where σ = [Q0u].
In what follows we denote the solution u(t) of (4.6) by u(t) = σ(t)u(0)(t) + u1(t) with

σ(t) = [Q0u(t)], u1(t) =
T (ϕ1(t), w1(t)) = Π̂ (0)

c (t)u;

and we often omit ”t” of u(t), σ(t) and u1(t) =
T (ϕ1(t), w1(t)) if no confusion occurs.

Proposition 4.9. There exist constants γ0 > 0 and ν0 > 0 such that if γ ≥ γ0 and ν ≥ ν0
following estimates hold true:

(i)

d
dt
(α0

γ2 |σ|2 + E0(u1)) + D̃ξ′(w1) ≤ C
{(

ν
γ4 +

1
γ2

)
|ϕ1|22 +

(
ν+ν̃
γ4 + 1

γ2

)
|ξ′|2|σ|2

}
, (4.18)

(ii) there exists constant b1 ≥ b0 such that

d
dt
E1(u) +

(
1 + b1γ2

ν

)
D̃ξ′(w1) +

∣∣√ρp∂tw1

∣∣2
2

≤ C
{(

1
γ2 +

1
ν
+ ν2

γ4

)
|ϕ1|22 + 1

γ2 |ξ′|2|ϕ1|22 +
(

ν+ν̃
γ2 + 1

ν
+ 1

γ2

)
|ξ′|2|σ|2 + (ν+ν̃)2

γ4 |ξ′|4|σ|2
}
,
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(iii)

d
dt

1
γ2

∣∣∣∣√ P̃ ′(ρp)
γ2ρp

∂xnϕ1

∣∣∣∣2
2

+ 1
ν+ν̃

∣∣∣ P̃ ′(ρp)
γ2 ∂xnϕ1

∣∣∣2
2

≤ C
{(

1
ν

(
1
γ2 +

1
(ν+ν̃)

)
+ |ξ′|2

)
D̃ξ′(w1) +

1
ν+ν̃

|√ρp∂tw1|22 + ν+ν̃
γ4 |ξ′|2(|σ|2 + |ϕ1|22)

}
,

(iv) if ν+ν̃
γ2 ≤ 1

4
then

d
dt
|σ|2 + α̃0γ2

ν
min {1, |ξ′|2}|σ|2

≤ C
{

ν+ν̃
γ2 |σ|2|ξ′|2 +

(
ν
γ2 +

γ2

ν

)
(1 + |ξ′|2)|ϕ1|22 +

γ2

ν
|√ρp∂tw1|22 +

γ2

ν
( 1
ν
+ ν̃)D̃ξ′(w1)

}
,

with some constant α̃0 > 0.

Proof. Proofs of (i), (iii) and (iv) are same as proofs of [6, Proposition 4.7, 4.9 and 4.10],
respectively, so we omit them. We prove (ii) for reader’s convenience. In the proof we will
often use following lemma.

Lemma 4.10. For each t there hold the following assertions with C > 0 independent of t.

(i) ⟨u(0)(t), u1(t)⟩ = ⟨u(0)
1 (t), u1(t)⟩,

(ii)
∣∣∣[Q0B̃ξ′(t)u

(0)
0 ]
∣∣∣+ ∣∣∣[Q0B̃ξ′(t)u

(0)
1 (t)]

∣∣∣ ≤ C|ξ′|,

(iii)
∣∣∣[Q0B̃ξ′(t)u1(t)]

∣∣∣ ≤ C|ξ′|(|ϕ1(t)|2 + γ2|w′
1(t)|2).

The proof of Lemma 4.10 is straightforward, so we omit it.
Let us proof (ii) from Proposition 4.9. We recall that u(t) = σ(t)u(0)(t) + u1(t) satisfies

d

dt
u+ L̂ξ′(t)u = 0,

which implies
⟨∂tu, ∂tQ̃u1⟩+ ⟨L̂ξ′(t)u, ∂tQ̃u1⟩ = 0. (4.19)

Since
∂tσ = −[Q0B̃ξ′(σu

(0)(t) + u1)]

and
⟨u(0)(t), ∂tQ̃u1⟩ = ⟨u(0)

1 (t), ∂tQ̃u1⟩,
by using Lemma 4.10, we have

Re ⟨∂tu, ∂tQ̃u1⟩

= Re
{
⟨∂t(σu(0)(t)), ∂tQ̃u1⟩+ ⟨∂tu1, ∂tQ̃u1⟩

}
= Re

{
−[Q0B̃ξ′(σu

(0)(t) + u1)]⟨u(0)
1 (t), ∂tQ̃u1⟩+

∣∣√ρp∂tw1

∣∣2
2
+ ⟨σ∂tu(0)(t), ∂tQ̃u1⟩

}
≥ 3

4

∣∣√ρp∂tw1

∣∣2
2
− C

{
|ξ′|2
γ4 (|σ|2 + |ϕ1|22) + 1

ν
D̃ξ′(w1)

}
+Re⟨σ∂tu(0)(t), ∂tQ̃u1⟩.

(4.20)
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Since L̂0(t)u
(0) = −∂tu

(0) and B̂0(t)u
(0) = 0, we see that

⟨L̂ξ′(t)u, ∂tQ̃u1⟩

= ⟨M̃ξ′(t)(σu
(0)(t)), ∂tQ̃u1⟩+ ⟨L̂ξ′(t)u1, ∂tQ̃u1⟩+ ⟨σL̂0(t)u

(0)(t), ∂tQ̃u1⟩

= ⟨Ãξ′(σu
(0)(t)), ∂tQ̃u1⟩+ ⟨B̃ξ′(t)(σu

(0)(t)), ∂tQ̃u1⟩

+⟨Âξ′u1, ∂tQ̃u1⟩+ ⟨B̂ξ′(t)u1, ∂tQ̃u1⟩+ ⟨Ĉ0(t)u1, ∂tQ̃u1⟩+ ⟨σL̂0(t)u
(0)(t), ∂tQ̃u1⟩

= ⟨Ãξ′(σu
(0)(t)), ∂tQ̃u1⟩+ ⟨B̂ξ′(t)(σu

(0)(t) + u1), ∂tQ̃u1⟩

+⟨Âξ′u1, ∂tQ̃u1⟩+ ⟨Ĉ0(t)u1, ∂tQ̃u1⟩ − ⟨σ∂tu(0)(t), ∂tQ̃u1⟩.
(4.21)

We will show
Re
{
⟨B̂ξ′(t)(σu

(0)(t) + u1), ∂tQ̃u1⟩+ ⟨Âξ′u1, ∂tQ̃u1⟩
}

≥ 1
2

d
dt

(
D̃ξ′(w1) + J(t)(u)

)
− ε|√ρp∂tw1|22

−C
{

|ξ′|2
γ2 (|σ|2 + |ϕ1|22) +

γ2

ν
D̃ξ′(w1) +

1
εν
D̃ξ′(w1)

} (4.22)

for any ε > 0.
It is easy to see that

Re ⟨Âξ′u1, ∂tQ̃u1⟩ =
1

2

d

dt
D̃ξ′(w1). (4.23)

Since B̂∗
ξ′(t) = −B̂ξ′(t), we have

⟨B̂ξ′(t)(σu
(0)(t)), ∂tQ̃u1⟩ = − d

dt
⟨σu(0)(t), B̂ξ′(t)Q̃u1⟩+ ⟨∂tσu(0)(t), B̂ξ′(t)Q̃u1⟩

+⟨σ∂tu(0)
1 (t), B̂ξ′(t)Q̃u1⟩+ ⟨σu(0)(t), (∂tB̂ξ′(t))Q̃u1⟩.

(4.24)

By (4.16), we have

∂tσ = −[Q0B̃ξ′(t)(σu
(0)(t) + u1)].

Lemma 4.10 then implies∣∣∣⟨∂tσu(0)(t), B̂ξ′(t)Q̃u1⟩
∣∣∣

≤
∣∣∣[Q0B̃ξ′(t)(σu

(0)(t) + u1)]
∣∣∣ ∣∣∣⟨u(0)(t), B̂ξ′(t)Q̃u1⟩

∣∣∣ ≤ C
{

|ξ′|2
γ2 (|σ|2 + |ϕ1|22) +

γ2

ν
D̃ξ′(w1)

}
.

(4.25)
In the same way we get

|⟨σ∂tu(0)
1 (t), B̂ξ′(t)Q̃u1⟩| ≤ C

{
|ξ′|2

γ2
|σ|2 + 1

γ2ν
D̃ξ′(w1)

}
, (4.26)

and

|⟨σu(0)(t), (∂tB̂ξ′(t))Q̃u1⟩| ≤ C

{
|ξ′|2

γ2
|σ|2 + 1

γ2ν
D̃ξ′(w1)

}
. (4.27)
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Similarly,

⟨B̂ξ′(t)u1, ∂tQ̃u1⟩

= − d
dt
⟨u1, B̂ξ′(t)Q̃u1⟩+ ⟨∂tu1, B̂ξ′(t)Q̃u1⟩+ ⟨u1, (∂tB̂ξ′(t))Q̃u1⟩

= − d
dt
⟨u1, B̂ξ′(t)Q̃u1⟩+ ⟨∂tQ0u1, B̂ξ′(t)Q̃u1⟩+ ⟨∂tQ̃u1, B̂ξ′(t)Q̃u1⟩+ ⟨u1, (∂tB̂ξ′(t))Q̃u1⟩.

(4.28)
We first estimate the second term on the right of (4.28). By (4.17), we have

∂tQ0u1 = −Q0

{
L̂ξ′(t)u1 + M̃ξ′(t)(σu

(0)(t))− [Q0B̃ξ′(t)(σu
(0)(t) + u1)]u

(0)
}

= −
{
Q0B̂ξ′(t)u1 +Q0B̃ξ′(t)(σu

(0)(t))− [Q0B̃ξ′(t)(σu
(0)(t) + u1)]u

(0)
0

}
.

Since ⟨∂tQ0u1, B̂ξ′(t)Q̃u1⟩ = ⟨∂tQ0u1, Q0B̂ξ′(t)Q̃u1⟩, we see from Lemma 4.10 that∣∣∣⟨∂tQ0u1, B̂ξ′(t)Q̃u1⟩
∣∣∣

≤ C
{
|Q0B̂ξ′(t)u1|2 + |Q0B̃ξ′(t)(σu

(0)(t))|2

+
∣∣∣[Q0B̃ξ′(t)(σu

(0)(t) + u1)]
∣∣∣ |u(0)

0 |2
}
× 1

γ2 |Q0B̂ξ′(t)Q̃u1|2

≤ C
{

|ξ′|2
γ2 (|σ|2 + |ϕ1|22) +

γ2

ν
D̃ξ′(w1)

}
.

(4.29)

The third term on the right of (4.28) is estimated as∣∣∣⟨∂tQ̃u1, B̂ξ′(t)Q̃u1⟩
∣∣∣ ≤ C|∂tw1|2|ξ′||w1|2 ≤ ε|√ρp∂tw1|22 + C

εν
D̃ξ′(w1), (4.30)

for any ε > 0. The fourth term on the right of (4.28) is estimated as

|⟨u1, (∂tB̂ξ′(t))Q̃u1⟩| ≤ C|ξ′||w1|22 ≤ C
1

ν
D̃ξ′(w1).

This, together with (4.29) and (4.30), gives

Re ⟨B̂ξ′(t)u1, ∂tQ̃u1⟩

≥ − d
dt
⟨u1, B̂ξ′(t)Q̃u1⟩ − ε|√ρp∂tw1|22 − C

{
|ξ′|2
γ2 (|σ|2 + |ϕ1|22) +

(
γ2

ν
+ 1

εν

)
D̃ξ′(w1)

}
,

(4.31)
for any ε > 0. We thus obtain (4.22) from (4.23)–(4.27) and (4.31).

A straightforward computation gives∣∣∣⟨Ãξ′(σu
(0)(t)), ∂tQ̃u1⟩

∣∣∣ ≤ ε|√ρp∂tw1|22 + C
ε
(ν+ν̃)2

γ4 |ξ′|2(1 + |ξ′|2)|σ|2, (4.32)

and ∣∣∣⟨Ĉ0(t)u1, ∂tQ̃u1⟩
∣∣∣ ≤ ε|√ρp∂tw1|22 + C

ε

{
ν2

γ4 |ϕ1|22 + 1
ν
D̃ξ′(w1)

}
, (4.33)
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for any ε > 0.
Taking ε > 0 suitably small, we see from (4.19)–(4.22), (4.32) and (4.33) that

1
2

d
dt
(D̃ξ′(w1) + J(t)(u)) + 1

2
|√ρp∂tw1|22

≤ C
{

ν2

γ4 |ϕ1|22 +
|ξ′|2
γ2 (|σ|2 + |ϕ1|22) +

(ν+ν̃)2

γ4 |ξ′|2(1 + |ξ′|2)|σ|2 +
(

γ2

ν
+ 1

ν

)
D̃ξ′(w1)

}
.

(4.34)

Adding 2 × (4.34) to
(
1 + b1γ2

ν

)
× (4.18) with suitably large b1 ≥ b0, we obtain the desired

estimate. This completes the proof. □

Proof of Proposition 4.2. We assume |ξ′| ≤ R0. We fix b1 in E1(t)(u) as in Proposition
4.9 (ii). As in the proof of [6, Proposition 4.2], by making a suitable linear combination of
inequalities (i)-(iv) of Proposition 4.9 one can show, that there exist constants ν0 > 0 and
γ0 > 0 such that if ν ≥ ν0 and γ2/(ν + ν̃) ≥ γ2

0 then

d

dt
E3(u) + c1D̃ξ′(w1) + c2|

√
ρp∂tw1|22 + c3

∣∣∣∣∣ P̃ ′(ρp)

γ2
∂xnϕ1

∣∣∣∣∣
2

2

+ c4|ξ′|2|σ|22 ≤ 0, (4.35)

for ξ′ with |ξ′| ≤ R0, where c1, c2, c3, c4 are some positive numbers and E3(u) is a quantity
equivalent to E0(u) +Dξ′(u).

Since |ξ′| ≤ R0, we see that

D̃ξ′(w1) +

∣∣∣∣∣ P̃ ′(ρp)

γ2
∂xnϕ1

∣∣∣∣∣
2

2

+ |ξ′|2|σ|22 ≥ c0|ξ′|2E3(u), (4.36)

for some constant c0 > 0. It then follows from (4.35) and (4.36) that

E3(u(t)) ≤ e−c0|ξ′|2(t−s−4T )E3(u(4T )), (4.37)

for t− s ≥ 4T, |ξ′| ≤ R0.

Let ûs = T (ϕ̂, ŵ) be the solution of problem (4.1)–(4.5). There exist constants ν0 > 0
and γ0 > 0 such that if ν ≥ ν0 and γ2/(ν + ν̃) ≥ γ2

0 then we deduce from (4.37) that

|ξ′|2k|ûs(ξ
′, ·, t)|2H1

≤ C|ξ′|2ke−c0|ξ′|2(t−s−4T )E3(ûs(ξ
′, ·, s+ 4T )),

(4.38)

for ξ′ with |ξ′| ≤ R0.

If we integrate (4.38) over 0 < r ≤ |ξ′| < R0, then

∥V 1(t, s)u0∥H1 ≤ Ce−d(t−s−4T )∥U (s+ 4T, s)u0∥H1 ,

with d = 1
2
c0r

2 > 0. Applying Theorem 3.1 to estimate ∥U (s + 4T, s)u0∥H1 , we have the
desired estimate in Proposition 4.2. □
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5 Proof of Theorem 3.2 - 2. Asymptotic behavior

In this section we prove the asymptotic behaviour as given in (3.2) and (3.3).

Theorem 5.1. There exist ν0 > 0 and γ0 > 0 such that if ν ≥ ν0 and γ2/(ν + ν̃) ≥ γ2
0 then

there exists r0 > 0 such that V 0(t, s)u0 can be written as

V 0(t, s)u0 = U (0)(t, s)u0 + R (0)(t, s)u0,

where U (0)(t, s)u0 has the properties in Theorem 3.2 (i) and R (0)(t, s)u0 satisfies the estimate
(3.4) in Theorem 3.2 (ii) with U (∞)(t, s)u0 replaced by R (0)(t, s)u0.

Theorem 3.2 immediately follows from Proposition 4.1, Proposition 4.2 and Theorem 5.1
with r = r0 and R = R0 by setting U (∞)(t, s)u0 = R (0)(t, s)u0 + V 1(t, s)u0 + V ∞(t, s)u0.

To prove Theorem 5.1 we will investigate spectral properties of the operator L̂ξ′(t) in

more detail. Since L̂ξ′(t) is periodic in t, we will use theory of periodic solutions, namely

monodromy operators. Let us introduce some notation. We decompose L̂ξ′(t) as

L̂ξ′(t) = L̂1 + M̂ξ′(t),

where ξ′ = T (ξ1, · · · , ξn−1), and

L̂1 = L̂0(t)− Ĉ0(t) =


0 0 γ2∂xn(ρp · )

0 − ν
ρp
∂2
xn
In−1 0

∂xn

(
P̃ ′(ρp)
γ2ρp

·
)

0 −ν+ν̃
ρp

∂2
xn

 ,

M̂ξ′(t) =


iξ1v

1
p(t) iγ2ρpξ

′ 0

ν
γ2ρ2p

(∂2
xn
v1p(t))e

′
1 + i P̃

′(ρp)
γ2ρp

ξ′ iv1p(t)ξ1In−1 +
ν
ρp
|ξ′|2In−1 +

ν̃
ρp
ξ′T ξ′ (∂xnv

1
p(t))e

′
1 − i ν̃

ρp
ξ′∂xn

0 −i ν̃
ρp

T ξ′∂xn iξ1v
1
p(t) +

ν
ρp
|ξ′|2

 .

We note that

M̂0(t) = Ĉ0(t) =


0 0 0

ν
γ2ρ2p

(∂2
xn
v1p(t))e

′
1 0 (∂xnv

1
p(t))e

′
1

0 0 0

 .

First we investigate properties of solution operator Û0(t, s) for

∂tu+ L̂0(t)u = 0,

w|xn=0,1 = 0, u| t=s = u0,
(5.1)
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and, then, by perturbation argument for |ξ′| ≪ 1, we analyze properties of solution operator

Ûξ′(t, s) for

∂tu+ L̂ξ′(t)u = 0,

w|xn=0,1 = 0, u| t=s = u0,
(5.2)

where u = T (ϕ,w′, wn) is an unknown function of xn ∈ [0, 1] and t − s ≥ 0, s ≥ 0, with
w = (w′, wn). Let us first focus on the case ξ′ = 0. Since (5.1) is also written as

∂tu+ L̂1u = −M̂0(t)u,

the solution operator Û0(t, s) for (5.1) can be written as

Û0(t, s)u0 = e−(t−s)L1u0 −
∫ t

s

e−(t−z)L1M̂0(z)Û0(z, s)u0 dz. (5.3)

We state simple, but useful lemma.

Lemma 5.2. Let u(0) be a function defined as

u(0) = u(0)(t)|t=0.

Then
u(0)(t) = Û0(t, 0)u

(0), for all t ≥ 0.

Proof. Proof follows easily from Lemma 4.6 and the uniqueness of the solution. □

In what follows we will denote Û0(T ) = Û0(T, 0) corresponding monodromy operator.

Definition 5.3. Let us define projections Π̂ (0), Π̂
(0)
c and Π̂ (0)∗ as

Π̂ (0)u = ⟨u, u(0)∗⟩u(0) = [Q0u]u
(0), u ∈ X,

Π̂ (0)
c u = (I − Π̂ (0))u, u ∈ X,

Π̂ (0)∗u = ⟨u, u(0)⟩u(0)∗, u ∈ X,

respectively, with u(0) given in Lemma 5.2 and

u(0)∗ = T (
γ2

α0

ϕ(0), 0, 0).

Proposition 5.4. Operator Π̂ (0) is an eigen-projection for monodromy operator Û0(T ) for
eigenvalue 1 with commuting property

Û0(T )Π̂
(0)u0 = Π̂ (0)Û0(T )u0 = Π̂ (0)u0, u0 ∈ X.

Moreover there exists constant γ0 > 0 such that if γ ≥ γ0 then eigenvalue 1 is simple and
spectrum of monodromy operator Û0(T ) can be decomposed as

σ(Û0(T )) = {1} ∪ {λ : |λ| ≤ δ0},
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where δ0 is a constant satisfying 0 < δ0 < 1.
To prove Proposition 5.4 we first obtain decay estimates on Û0(t, 0)Π̂

(0)
c u0.

Lemma 5.5. Let u0 ∈ X. Then Û0(t, s)Π̂
(0)
c u0 which is solution of equation (5.1), is also a

solution of
∂tΠ̂

(0)
c v + L̂1Π̂

(0)
c v = −M̂0(t)Π̂

(0)
c v, (5.4)

Π̂ (0)
c v|t=s = Π̂ (0)

c u0.

Proof. Lemma 5.5 is easily concluded out of following facts:

L̂1 : Π̂
(0)
c X → Π̂ (0)

c X,

Π̂ (0)
c Û0(t, s)Π̂

(0)
c u0 = Û0(t, s)Π̂

(0)
c u0,

Π̂ (0)
c Û0(t, s)Π̂

(0)u0 = 0.

□
In light of Lemma 5.5 we see that to obtain decay estimates on Û0(t, s)Π̂

(0)
c u0 it is enough

to obtain decay estimates on solution of equation (5.4). To do so, we investigate spectral

properties of L̂1 on Π̂
(0)
c X.

Lemma 5.6. There exists a constant γ0 > 0 such that if γ ≥ γ0 then there exist positive
numbers η0 and θ0 with θ0 ∈ (π

2
, π) such that the following estimates hold uniformly for

λ ∈ ρ(−L̂1) ∩Σ(−η0, θ0):∣∣∣(λ+ L̂1)
−1f
∣∣∣
Hl×L2

≤ C
1+|λ| |f |H1×L2 , l = 0, 1,∣∣∣∂l

xn
Q̃(λ+ L̂1)

−1f
∣∣∣
2
≤ C

(|λ|+1)1−
l
2
|f |H1×L2 , l = 1, 2,

for f ∈ Π̂
(0)
c X.

Proof. Lemma 5.6 is proved in similar way as [6, Lemma 5.2].

We can see that L̂1 depends on 1
γ2 through ρp (recall |ρp − 1| ≤ C 1

γ2 ). Let us introduce

operator L̂1,0,

L̂1,0 :=


0 0 γ2∂xn

0 −ν∂2
xn
In−1 0

∂xn 0 −(ν + ν̃)∂2
xn

 ,

which naturally arises in case γ = ∞. We regard L̂1 as a perturbation from L̂1,0 to estimate

(λ+ L̂1)
−1. As for L̂1,0 we have following result.
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Lemma 5.7. There exist positive numbers η0 and θ0 with θ0 ∈ (π
2
, π) such that the following

estimates hold uniformly for λ ∈ ρ(−L̂1,0) ∩Σ(−η0, θ0):∣∣∣(λ+ L̂1,0)
−1f
∣∣∣
Hl×L2

≤ C
1+|λ| |f |Hl×L2 , l = 0, 1,∣∣∣∂l

xn
Q̃(λ+ L̂1,0)

−1f
∣∣∣
2
≤ C

(|λ|+1)1−
l
2
|f |Hl−1×L2 , l = 1, 2,

for f ∈ Π̂
(0)
c X.

Proof of Lemma 5.7 is similar to the proof of [2, Lemma 3.1 (ii)], so we omit the proof.

We continue the proof of Lemma 5.6. Since ρp is smooth, strictly positive and ρp =
1 +O( 1

γ2 ), we have

|(L̂1 − L̂1,0)f |Hℓ×L2 ≤ C

(
1 +

ν + ν̃

γ2

)
1

γ2
|f |H1×H2 , ℓ = 0, 1.

This, together with Lemma 5.7, implies that if 1
γ2 ≪ 1, then Σ(−η0

2
, θ0) ⊂ ρ(−L̂1) and we

get the desired estimates. □
From Lemma 5.6 we can conclude that for γ ≥ γ0 the −L̂1 is sectorial operator on Π̂

(0)
c X

and we can write

e−(t−s)L̂1 =
1

2πi

∫
Γ

eλ(t−s)(λ+ L̂1)
−1 dλ on Π̂ (0)

c X,

where contour Γ is in ρ(−L̂1|Π̂ (0)
c X

)∩Σ(−η0, θ0). Using this identity and estimates in Lemma
5.6 we get by standard calculation that

|e−(t−s)L̂1Π̂ (0)
c u0|Hℓ×L2 ≤ Ce−d(t−s)|Π̂ (0)

c u0|H1×L2 , ℓ = 0, 1, (5.5)

|∂xnQ̃e−(t−s)L̂1Π̂ (0)
c u0|L2 ≤ C

(t− s)
1
2

e−d(t−s)|Π̂ (0)
c u0|H1×L2 , (5.6)

for some d positive number. Finally we get following decay estimates on Û0(t, s)Π̂
(0)
c u0.

Lemma 5.8. There exists a constant γ0 > 0 such that if γ ≥ γ0 then there exists positive
number d such that following decay estimates hold true,

|Û0(t, s)Π̂
(0)
c u0|Hℓ×L2 ≤ Ce−d(t−s)|Π̂ (0)

c u0|H1×L2 , ℓ = 0, 1, (5.7)

|∂xnQ̃Û0(t, s)Π̂
(0)
c u0|L2 ≤ C((t− s)−

1
2 + (t− s)

1
2 )e−d(t−s)|Π̂ (0)

c u0|H1×L2 .

Proof. Using identity (5.3)

Û0(t, s)Π̂
(0)
c u0 = e−(t−s)L1Π̂ (0)

c u0 −
∫ t

s

e−(t−z)L1M̂0(z)Û0(z, s)Π̂
(0)
c u0 dz,
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we have

|Û0(t, s)Π̂
(0)
c u0|Hℓ×L2 ≤ |e−(t−s)L1Π̂ (0)

c u0|Hℓ×L2 + |
∫ t

s

e−(t−z)L1M̂0(z)Û0(z, s)Π̂
(0)
c u0 dz|Hℓ×L2 .

From the form of M̂0(z) we see that M̂0(z) = Q′M̂0(z)(I − Q′) and we can rewrite above
right-hand side as

= |e−(t−s)L1Π̂ (0)
c u0|Hℓ×L2 + |

∫ t

s

e−(t−z)L1Q′M̂0(z)(I −Q′)Û0(z, s)Π̂
(0)
c u0 dz|Hℓ×L2 .

It is easy to observe that
e−(t−z)L1Q′ = e−(t−z)νAQ′,

and from (5.3) and form of M̂0(z) we see that

(I −Q′)Û0(z, s) = (I −Q′)e−(z−s)L1 .

Using these two equations and (5.5) we get

|Û0(t, s)Π̂
(0)
c u0|Hℓ×L2

≤ |e−(t−s)L1Π̂
(0)
c u0|Hℓ×L2 + |

∫ t

s

e−(t−z)νAM̂0(z)(I −Q′)e−(z−s)L̂1Π̂ (0)
c u0 dz|L2

≤ Ce−d(t−s)|Π̂ (0)
c u0|H1×L2 + C

∫ t

s

e−(t−z) ν
2 M̂∞

0 |e−(z−s)L̂1Π̂ (0)
c u0|L2×L2 dz,

where M̂∞
0 := supz |M̂0(z)|L2 ≤ C(1 + ν

γ2 ). Thanks to (5.5), we have∫ t

s

e−(t−z) ν
2 |e−(z−s)L̂1Π̂ (0)

c u0|L2×L2 dz ≤
∫ t

s

e−[(t−z) ν
2
+(z−s)d] dz|Π̂ (0)

c u0|H1×L2 .

Therefore, with d̃ = min{d, ν
2
}, we finally get

|Û0(t, s)Π̂
(0)
c u0|Hℓ×L2 ≤ Ce−d̃(t−s)|Π̂ (0)

c u0|H1×L2 .

As for second inequality, we follow calculations above using (5.6) to get

|∂xnQ̃Û0(t, s)Π̂
(0)
c u0|L2

≤ |∂xnQ̃e−(t−s)L1Π̂
(0)
c u0|L2 + |

∫ t

s

∂xnQ̃e−(t−z)L1M̂0(z)Û0(z, s)Π̂
(0)
c u0 dz|L2

≤ C

(t−s)
1
2
e−d(t−s)|Π̂ (0)

c u0|H1×L2 + C

∫ t

s

1

(t− z)
1
2

e−(t−z) ν
2 M̂∞

0 |e−(z−s)L̂1Π̂ (0)
c u0|L2 dz

≤ C((t− s)−
1
2 + (t− s)

1
2 )e−d̃(t−s)|Π̂ (0)

c u0|H1×L2 .

□
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Proof of Proposition 5.4. We already know that Û0(t, 0)Π̂
(0)u0 is a periodic solution of

(5.1) which is equivalent to the fact that Û0(T )Π̂
(0)u0 = Π̂ (0)u0 which is equivalent to the

fact that 1 is an eigenvalue of monodromy operator Û0(T ). To prove that 1 is simple we first
show that if

(Û0(T )− 1)u = 0, u ̸= 0, (5.8)

then u = Cu(0) for some C ∈ C. Let us decompose u using projections Π̂ (0) and Π̂
(0)
c ,

u = Cu(0) + u1, Π̂ (0)
c u1 = u1.

Since (5.8) is equivalent to the fact that Û0(t, 0)u is a periodic solution of (5.1), Û0(t, 0)u1

must also be a periodic solution of (5.1). But combining the decay estimate (5.7) and

periodicity of Û0(t, 0)u1 we get u1 = 0.

Furthermore, we apply Π̂ (0) to

(Û0(T )− 1)u = u(0), (5.9)

and we get
[Q0(Û0(T )− 1)u] = [Q0u

(0)] = 1,

which yields 0 = [ϕ(T )]− [ϕ0] = 1. We conclude that u satisfying (5.9) cannot exist. So 1 is
simple.

Let us compute a spectral radius of Û0(T ) on complementary space Π̂
(0)
c X. Using the

decay estimate (5.7) we have

r(Û0(T )|Π̂ (0)
c X

) = r(Π̂ (0)
c Û0(T )Π̂

(0)
c ) = lim

n→∞
|(Π̂ (0)

c Û0(T, 0)Π̂
(0)
c )n|

1
n

L(X)

= lim
n→∞

|Π̂ (0)
c Û0(nT, 0)Π̂

(0)
c |

1
n

L(X) ≤ lim
n→∞

C
1
n e−dT ≤ e−dT < 1.

Thus we proved the decomposition for σ(Û0(T )). □
So we can see that solution u to (5.1) with u|t=s = u0 can be decomposed into

Û0(t, s)Π̂
(0)u0 and Û0(t, s)Π̂

(0)
c u0, where Π̂

(0)u0 gives periodic solution Û0(t, s)Π̂
(0)u0 to (5.1)

and Û0(t, s)Π̂
(0)
c u0 decays exponentially.

In what follows we will need estimates on the whole solution of (5.1).

Lemma 5.9. There exists a constant γ0 > 0 such that if γ ≥ γ0 then there exists positive
number d such that following estimates hold true for Û0(t, s)û0,

|Û0(t, s)û0|Hℓ×L2 ≤ Ce−d(t−s)|û0|H1×L2 + C|ϕ̂0|L2 , l = 0, 1,

|∂xnQ̃Û0(t, s)û0|L2 ≤ Ce−d(t−s)((t− s)−
1
2 + (t− s)

1
2 )|û0|H1×L2 + C|ϕ̂0|L2 .

Using decomposition

Û0(t, s)û0 = [ϕ̂0]u
(0) + Û0(t, s)Π̂

(0)
c û0,
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we can obtain estimates in Lemma 5.9 by straightforward calculation, so we omit the proof.
We are in position to start investigation of Ûξ′(t, s). Since (5.2) can be written as

∂tu+ L̂1u = −M̂ξ′(t)u,

u|t=s = u0,

we can write Ûξ′(t, s) in a form of perturbation of e−(t−s)L1 as

Ûξ′(t, s)u0 = e−(t−s)L1u0 −
∫ t

s

e−(t−z)L1M̂ξ′(z)Ûξ′(z, s)u0 dz.

By (5.3) we already have

Û0(t, s)u0 = e−(t−s)L1u0 −
∫ t

s

e−(t−z)L1M̂0(z)Û0(z, s)u0 dz.

Let us define difference operator V̂ξ′ as

V̂ξ′(t, s) = Ûξ′(t, s)− Û0(t, s).

Then we can write

V̂ξ′(t, s)u0 = −
∫ t

s

e−(t−z)L1

{(
M̂ξ′(z)− M̂0(z)

)
Ûξ′(z, s) + M̂0(z)V̂ξ′(z, s)

}
u0 dz.

It follows that v = V̂ξ′(t, s)u0 is a solution of the following problem:

∂tv + L̂1v = −M̂0(t)v − (M̂ξ′(t)− M̂0(t))u, v|t=s = 0,

with u = Ûξ′(t, s)u0, namely,

∂tv + L̂0(t)v = −(M̂ξ′(t)− M̂0(t))u, v|t=s = 0. (5.10)

Therefore, in terms of Û0(t, s), a solution of (5.10) can be written as

v(t, s) = V̂ξ′(t, s)u0 = −
∫ t

s

Û0(t, z)
(
M̂ξ′(z)− M̂0(z)

)
Ûξ′(z, s)u0 dz. (5.11)

Finally we get following equation for V̂ξ′ ,

V̂ξ′(t, s)u0 = −
∫ t

s

Û0(t, z)
(
M̂ξ′(z)− M̂0(z)

)
Ûξ′(z, s)u0 dz

= −
∫ t

s

Û0(t, z)
(
M̂ξ′(z)− M̂0(z)

)
Û0(z, s)u0 dz

−
∫ t

s

Û0(t, z)
(
M̂ξ′(z)− M̂0(z)

)
V̂ξ′(z, s)u0 dz.

(5.12)
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Let us define operator Ŝξ′ as

(Ŝξ′V )(t)u0 = −
∫ t

0

Û0(t, s)
(
M̂ξ′(s)− M̂0(s)

)
V (s)u0 ds,

where V ∈ L(X,Y ) is defined as

V : u0 ∈ X 7→ V (s)u0 ∈ Y,

with

Y = {u = T (ϕ,w) ∈ C([0, T ] : X) : ∂xnw ∈ C((0, T ] : L2(0, 1)), |u|Y < ∞},

and
|u|Y = sup

z∈[0,T ]

(|u(z)|H1×L2 + z
1
2 |∂xnw(z)|L2).

We see that
Ŝξ′ : L(X, Y ) → L(X,Y ).

We note that norm on L(X, Y ) is defined as

|V |L(X,Y ) = sup
u0∈X, |u0|X≤1

|V (·)u0|Y .

Denoting V̂ξ′(·, 0) and Ûξ′(·, 0) as V̂ξ′ and Ûξ′ , respectively, we immediately see that

V̂ξ′ , Ûξ′ ∈ L(X, Y ).

We rewrite (5.12) in operator form as

(I − Ŝξ′)V̂ξ′ = Ŝξ′Û0.

Now we see that if we have |Ŝξ′|L(L(X,Y )) < 1 for Banach space L(X, Y ) we get equation

V̂ξ′ = (I − Ŝξ′)
−1Ŝξ′Û0 =

∞∑
n=1

Ŝn
ξ′Û0,

which immediately implies formula for Ûξ′ ,

Ûξ′ = Û0 +
∞∑
n=1

Ŝn
ξ′Û0.

Proposition 5.10. There exists a constant γ0 > 0 such that if γ ≥ γ0 then there exists
r0 > 0 (r0 = C

γ2+ν+ν̃
) such that if |ξ′| < r0 then |Ŝξ′ |L(L(X,Y )) < 1 and therefore (I − Ŝξ′)

−1

exists and associated Neumann series converges, so we can write

Ûξ′ = Û0 +
∞∑
n=1

Ŝn
ξ′Û0.
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Proof. Let u0 ∈ X. We expand Ŝξ′ as

Ŝξ′ =
n−1∑
j=1

ξjŜ
(1)
1 +

n−1∑
j,k=1

ξjξkŜ
(2)
jk , (5.13)

with

(Ŝ
(1)
j V )(t)u0 = −

∫ t

0

Û0(t, s)M̂
(1)
j (s)V (s)u0 ds,

(Ŝ
(2)
jk V )(t)u0 = −

∫ t

0

Û0(t, s)M̂
(2)
jk (s)V (s)u0 ds,

where

M̂
(1)
1 (s) =


iv1p(s) iγ2ρpe

′
1 0

i P̃
′(ρp)
γ2ρp

e′
1 iv1p(s)In−1 −i ν̃

ρp
∂xne

′
1

0 −i ν̃
ρp
∂xn

Te′
1 iv1p(s)

 ,

M̂
(1)
j (s) =


0 iγ2ρpe

′
j 0

i P̃
′(ρp)
γ2ρp

e′
j 0 −i ν̃

ρp
∂xne

′
j

0 −i ν̃
ρp
∂xn

Te′
j 0

 , for j = 2, . . . , n− 1,

M̂
(2)
jk (s) =


0 0 0

0 ν
ρp
δjkIn−1 +

ν̃
ρp

Te′
je

′
k 0

0 0 ν
ρp
δjk

 , for j, k = 1, . . . , n− 1,

and e′
j = (0, . . . , 0, 1︸︷︷︸

j−th

, 0, . . . , 0), j = 1, . . . , n− 1.

We compute separately estimates on (Ŝ
(1)
j V )(t)u0 and (Ŝ

(2)
jk V )(t)u0. We denote compo-

nents of V (·)u0 as V (·)u0 =
T (ϕ,w). For j = 2, . . . , n− 1 we have

|Ŝ(1)
j V (t)u0|H1×L2 ≤

∫ t

0

|Û0(t, s)


iγ2ρpw

j

i( P̃
′(ρp)
γ2ρp

ϕ− ν̃
ρp
∂xnw

n)e′
j

−i ν̃
ρp
∂xnw

j

 |H1×L2 ds.

Using estimates from Lemma 5.9 we get

|Ŝ(1)
j V (t)u0|H1×L2 ≤

∫ t

0

Ce−d(t−s)
[
γ2|wj|H1 + |ϕ|L2 + ν̃(|∂xnw

n|L2 + |∂xnw
j|L2)

]
+Cγ2|wj|L2 ds

≤
∫ t

0

Ce−d(t−s)
[
γ2(1 + s−

1
2 ) + 1 + ν̃s−

1
2

]
|V (·)u0|Y + Cγ2|V (·)u0|Y ds
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≤ C|V (·)u0|Y (γ2 + ν̃)(1 + t).

By similar computation we obtain estimates on derivative

t
1
2 |∂xnQ̃Ŝ

(1)
j V (t)u0|L2 ≤ t

1
2

∫ t

0

|∂xnQ̃Û0(t, s)


iγ2ρpw

j

i( P̃
′(ρp)
γ2ρp

ϕ− ν̃
ρp
∂xnw

n)e′
j

−i ν̃
ρp
∂xnw

j

 |L2 ds

≤ C|V (·)u0|Y (γ2 + ν̃)(1 + t2).

In case j = 1 we get

|Ŝ(1)
1 V (t)u0|H1×L2 ≤

∫ t

0

|Û0(t, s)


iv1pϕ+ iγ2ρpw

1

i( P̃
′(ρp)
γ2ρp

ϕ− ν̃
ρp
∂xnw

n)e′
1 + iv1pw

′

−i ν̃
ρp
∂xnw

1 + iv1pw
n

 |H1×L2 ds

≤ C|V (·)u0|Y (γ2 + ν̃)(1 + t),

and for derivative we have

t
1
2 |∂xnQ̃Ŝ

(1)
1 V (t)u0|L2 ≤ C|V (·)u0|Y (γ2 + ν̃)(1 + t2).

For j, k = 1, . . . , n− 1 we have

|Ŝ(2)
jk V (t)u0|H1×L2 ≤

∫ t

0

|Û0(t, s)


0

ν
ρp
δjkw

′ + ν̃
ρp

Te′
jw

k

ν
ρp
δjkw

n

 |H1×L2 ds ≤ C|V (·)u0|Y (νδjk + ν̃),

and for derivative we obtain

t
1
2 |∂xnQ̃Ŝ

(2)
jk V (t)u0|H1×L2 ≤ C|V (·)u0|Y (νδjk + ν̃)t(1 + t).

Now we put all estimates together to get

|Ŝξ′V (·)u0|Y ≤
n−1∑
j=1

|ξj| |Ŝ(1)
1 V (·)u0|Y +

n−1∑
j,k=1

|ξjξk| |Ŝ(2)
jk V (·)u0|Y

≤ C(T )|V (·)u0|Y

(
n−1∑
j=1

|ξj|+
n−1∑
j,k=1

|ξjξk|

)
.

Thus we conclude that there exist r0 > 0 and 0 < q < 1 such that if |ξ′| ≤ r0 then

|Ŝξ′V (·)u0|Y < q|V (·)u0|Y . Therefore, we have

|Ŝξ′V |L(X,Y ) = sup
u0∈X, |u0|X≤1

|Ŝξ′V (·)u0|Y ≤ sup
u0∈X, |u0|X≤1

q|V (·)u0|Y = q|V |L(X,Y ),
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which concludes the proof. □

Assuming that γ ≥ γ0 and |ξ′| < r0 from Proposition 5.10 we can use the expansion (5.13)

and rewrite Ûξ′(T, 0) = Ûξ′(T ) more precisely as

Ûξ′(T ) = Û0(T ) +
n−1∑
j=1

ξjŜ
(1)
j Û0(T ) +

n−1∑
j,k=1

ξjξk

(
Ŝ
(2)
jk + Ŝ

(1)
j Ŝ

(1)
k

)
Û0(T ) + o(|ξ′|2).

Theorem 5.11. There exist positive numbers ν0 and γ0 such that if ν ≥ ν0 and γ2/(ν+ ν̃) ≥
γ2
0 then there exists r0 > 0 such that for each ξ′ with |ξ′| ≤ r0 it holds that

σ(Ûξ′(T )) ∩ {λ; |λ− 1| < η0
2
} = {µ̂(ξ′)},

where µ̂(ξ′) is a simple eigenvalue of Ûξ′(T ) that has the form

µ̂(ξ′) = 1− iκ0ξ1T − κ1|ξ′|2T +O(|ξ′|3)T,

as |ξ′| → 0. Here κ0 ∈ R, κ1 > 0 are some constants having the properties given in Theorem
3.2 (i).

Proof. Theorem 5.11 is proved by applying the analytic perturbation theory from Kato [7].
We here derive the asymptotic of µ̂(ξ′) only.

We proceed as in [3, Theorem 5.3]. Since µ̂(0) = 1 is simple, we can see that µ̂(ξ′) is
simple and µ̂(ξ′) is expanded as

µ̂0(ξ
′) = µ̂(0) +

n−1∑
j=1

ξjµ̂
(1)
j +

n−1∑
j,k=1

ξjξkµ̂
(2)
jk +O(|ξ′|3),

with
µ̂
(1)
j = ⟨T̂ (1)

j u(0), u(0)∗⟩,

µ̂
(2)
jk = ⟨(T̂ (2)

jk + T̂
(3)
jk )u(0), u(0)∗⟩ − ⟨T̂ (1)

j ŜT̂
(1)
k u(0), u(0)∗⟩,

where

T̂
(1)
j = Ŝ

(1)
j (Û0)(T ) = −

∫ T

0

Û0(T, s)M̂
(1)
j (s)Û0(s, 0) ds,

T̂
(2)
jk = Ŝ

(2)
jk (Û0)(T ) = −

∫ T

0

Û0(T, s)M̂
(2)
jk (s)Û0(s, 0) ds,

T̂
(3)
jk = Ŝ

(1)
j (Ŝ

(1)
k (Û0))(T ) =

∫ T

0

∫ s

0

Û0(T, s)M̂
(1)
j (s)Û0(s, s1)M̂

(1)
k (s1)Û0(s1, 0) ds1 ds,

Ŝ = Π̂ (0)
c

(
(Û0 − I)

∣∣∣
Π̂

(0)
c X

)−1

Π̂ (0)
c .
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Proposition 5.12.

µ̂
(1)
j =


0 for j ̸= 1,

−i

∫ T

0

∫ 1

0

ϕ(0)(xn)v
1
p(xn, s) + ρp(xn)w

(0),1(xn, s) dxn ds for j = 1.

Proof of Proposition 5.12. Since

Û0(t, 0)u
(0) =


ϕ(0)

− 1
γ2

∫ t

−∞
e−(t−s)νAν

γ2α0

P̃ ′(ρp)ρp
(∂2

xn
v1p(s)) dse

′
1

0

 =


ϕ(0)

1
γ2w

(0),1(xn, t)e
′
1

0

 ,

and

T̂
(1)
j u(0) = −i

∫ T

0

Û0(T, s)


(ϕ(0)v1p(s) + ρpw

(0),1(s))δ1j

α0e
′
j + v1p(s)

1
γ2w

(0),1(s)e′
1δ1j

− ν̃
γ2ρp

∂xnw
(0),1(s)δ1j

 ds, (5.14)

we can immediately see the relation for µ̂
(1)
j . □

Let us next compute µ̂
(2)
jk . One can easily see that

⟨T̂ (2)
jk u(0), u(0)∗⟩ = 0 for all j, k = 1, . . . , n− 1,

⟨T̂ (3)
jk u(0), u(0)∗⟩ = 0 for j ̸= k,

⟨T̂ (1)
j ŜT̂

(1)
k u(0), u(0)∗⟩ = 0 for j ̸= k.

We thus obtain the following proposition.

Proposition 5.13. For j ̸= k,
µ̂
(2)
jk = 0.

We next consider µ̂
(2)
jj for j = 2, . . . , n− 1.

Proposition 5.14. For j = 2, . . . , n− 1, µ̂
(2)
jj satisfies

µ̂
(2)
jj = −γ2

ν
T

(
K +O

(
1

ν

))
,

with some positive constant K.

Proof of Proposition 5.14. For j = 2, . . . , n− 1 we get

⟨T̂ (3)
jj u(0), u(0)∗⟩ = α0⟨

∫ T

0

∫ s

0

Û0(T, s)


−γ2ρpe

−(s−s1)νA · 1

0

ν̃
ρp
∂xne

−(s−s1)νA · 1

 ds1ds, u
(0)∗⟩. (5.15)
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Let us estimate ⟨T̂ (3)
jj u(0), u(0)∗⟩ for j = 2, . . . , n−1. We first recall that [Q0Û0(t, s)u0] = [ϕ0].

Using this fact we can see from (5.15)

⟨T̂ (3)
jj u(0), u(0)∗⟩ = −γ2

∫ T

0

∫ s

0

∫ 1

0

α0ρpe
−(s−s1)νA · 1 dxn ds1 ds.

First we estimate from above,∫ T

0

∫ s

0

∫ 1

0

ρpe
−(s−s1)νA · 1 dxn ds1 ds ≤

∫ T

0

∫ s

0

|ρp|∞Ce−(s−s1)
ν
2 ds1 ds ≤ 1

ν
TC.

Second we estimate from below,∫ T

0

∫ s

0

∫ 1

0

ρpe
−(s−s1)νA · 1 dxn ds1 ds

νs=s
=

1

ν

∫ νT

0

∫ s
ν

0

∫ 1

0

ρpe
−(s−νs1)A · 1 dxn ds1 ds

νs1=s1=
1

ν2

∫ νT

0

∫ s

0

∫ 1

0

ρpe
−(s−s1)A ·1 dxn ds1 ds

Fubini
=

1

ν2

∫ νT

0

∫ νT

s1

∫ 1

0

ρpe
−(s−s1)A ·1 dxn ds ds1

s−s1=s̃
=

1

ν2

∫ νT

0

∫ νT−s1

0

∫ 1

0

ρpe
−s̃A · 1 dxn ds̃ ds1.

By the maximum principle, we have e−s̃A · 1 ≥ 0. It then follows

1

ν2

∫ νT

0

∫ νT−s1

0

∫ 1

0

ρpe
−s̃A · 1︸ ︷︷ ︸
≥0

dxn ds̃ ds1 ≥
1

ν2

∫ νT
2

0

∫ νT
2

0

∫ 1

0

ρpe
−s̃A · 1 dxn ds̃ ds1.

Supposing νT > 2, we obtain

1

ν2

∫ νT
2

0

∫ νT
2

0

∫ 1

0

ρpe
−s̃A · 1 dxn ds̃ ds1 ≥

1

ν2

∫ νT
2

0

∫ 1

0

∫ 1

0

ρpe
−s̃A · 1 dxn ds̃ ds1

=
T

2ν

∫ 1

0

∫ 1

0

ρpe
−s̃A · 1 dxn ds̃.

Since
∫ 1

0

∫ 1

0
ρpe

−s̃A · 1 dxn ds̃ > 0, we conclude that

−γ2

ν
TC1 ≤ ⟨T̂ (3)

jj u(0), u(0)∗⟩ ≤ −γ2

ν
TC2,

for some positive constants C1 and C2.
Let us estimate ⟨T̂ (1)

j ŜT̂
(1)
j u(0), u(0)∗⟩ for j = 2, . . . , n− 1. We see from (5.14)

ŜT̂
(1)
j u(0) = −iα0


0

(e−TνA − 1)−1

∫ T

0

e−(T−s)νA · 1 ds e′
j

0

 ,
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for j = 2, . . . , n− 1. Therefore, we get

⟨T̂ (1)
j ŜT̂

(1)
j u(0), u(0)∗⟩

= α0⟨
∫ T

0

Û0(T, s)


−γ2ρpe

−sνA(e−TνA − 1)−1

∫ T

0

e−(T−s1)νA · 1 ds1

0

ν̃
ρp
∂xne

−sνA(e−TνA − 1)−1

∫ T

0

e−(T−s1)νA · 1 ds1

 ds, u(0)∗⟩.

(5.16)

From (5.16) we can easily see that ⟨T̂ (1)
j ŜT̂

(1)
j u(0), u(0)∗⟩ is of order γ2

ν2
.

□

We finally consider µ̂
(2)
11 .

Proposition 5.15. There holds

µ̂
(2)
11 = −γ2

ν
T

(
K +O(

1

γ
) +O(

1

ν
) +O(

ν + ν̃

γ2
)

)
.

Proof of Proposition 5.15. We get

⟨T̂ (3)
11 u(0), u(0)∗⟩

= ⟨
∫ T

0

∫ s

0

Û0(T, s)M̂
(1)
1 (s)Û0(s, s1)i


ϕ(0)v1p(s1) + ρpw

(0),1(s1)

(α0 + v1p(s1)
1
γ2w

(0),1(s1))e
′
1

− ν̃
γ2ρp

∂xnw
(0),1(s1)

 ds1ds, u
(0)∗⟩,

(5.17)
and

⟨T̂ (1)
1 ŜT̂

(1)
1 u(0), u(0)∗⟩ = ⟨T̂ (1)

1 Ŝ

∫ T

0

Û0(T, s)i


ϕ(0)v1p(s) + ρpw

(0),1(s)

(α0 + v1p(s)
1
γ2w

(0),1(s))e′
1

− ν̃
γ2ρp

∂xnw
(0),1(s)

 ds, u(0)∗⟩.

(5.18)
To estimate the right-hand side of (5.17) and (5.18) it is convenient to transform the

whole problem and consider newly obtained monodromy operator Ũξ′(T )

Ûξ′(T ) = QγŨξ′(T )Q
−1
γ ,

where

Qγ =

(
γ 0

0 In

)
,
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which leads to the fact that spectrum of these operators is the same. Furthermore, we have

Û0(T ) = QγŨ0(T )Q
−1
γ .

We set ũ = Q−1
γ u. Then ũ = T (ϕ̃, w̃) = Ũ0(t, s)ũ0 is a solution of the problem

∂tϕ̃+ γ∂xn(ρpw̃
n) = 0,

∂tw̃
′ − ν

ρp
∂2
xn
w̃′ + (∂xnv

1
p)w̃

ne′
1 +

ν

γρ2p
(∂2

xn
v1p)ϕ̃e

′
1 = 0,

∂tw̃
n − ν + ν̃

ρp
∂2
xn
w̃n + γ∂xn

(
P̃ ′(ρp)

γ2ρp
ϕ̃

)
= 0,

w̃|xn=0,1 = 0,

for t > s ≥ 0, and
ũ|t=s = ũ0 =

T (ϕ̃0, w̃0).

One can show that

|ϕ̃(t)|2 + |w̃n(t)|2 ≤ C
(
|ϕ̃0|2 + |w̃n

0 |2
)
,∫ t

0

|w̃n|2 ds ≤
∫ t

0

|∂xnw̃
n|2 ds ≤ C

√
t

1√
ν + ν̃

(
|ϕ̃0|2 + |w̃n

0 |2
)
,

|ϕ̃(t)|H1 ≤ C|ϕ̃0|H1 + C
(

γ
ν+ν̃

+ 1
γ2 +

√
t 1
γ
√
ν+ν̃

)
(|ϕ̃0|2 + |w̃n

0 |2),

|S̃|L(X) = |Q−1
γ ŜQγ|L(X) ≤ C.

(5.19)

Furthermore, (5.17) can be written as

⟨T̂ (3)
11 u(0), u(0)∗⟩

= ⟨
∫ T

0

∫ s

0

Ũ0(T, s)M̃
(1)
1 (s)Ũ0(s, s1)i


ϕ(0)v1p(s1) + ρpw

(0),1(s1)

γ(α0 + v1p(s1)
1
γ2w

(0),1(s1))e
′
1

− ν̃
γρp

∂xnw
(0),1(s1)

 ds1ds, u
(0)∗⟩,

(5.20)
where

M̃
(1)
1 (s) = Q−1

γ M̂
(1)
1 (s)Qγ =


iv1p(s) iγρpe

′
1 0

iγ P̃ ′(ρp)
γ2ρp

e′
1 iv1p(s)In−1 −i ν̃

ρp
∂xne

′
1

0 −i ν̃
ρp
∂xn

Te′
1 iv1p(s)

 .
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From (5.15) and (5.20) it is easy to see that for j ̸= 1

⟨T̂ (3)
11 u(0), u(0)∗⟩ = ⟨T̂ (3)

jj u(0), u(0)∗⟩

+⟨
∫ T

0

∫ s

0

Ũ0(T, s)M̃
(1)
1 (s)Ũ0(s, s1)i


ϕ(0)v1p(s1) + ρpw

(0),1(s1)

v1p(s1)
1
γ
w(0),1(s1)e

′
1

− ν̃
γρp

∂xnw
(0),1(s1)

 ds1ds, u
(0)∗⟩.

Using the estimates (5.19) we get

|⟨T̂ (3)
11 u(0), u(0)∗⟩ − ⟨T̂ (3)

jj u(0), u(0)∗⟩| ≤ C
γ2

ν

(
1

γ
+

ν + ν̃

γ2

)
.

Similarly, we can estimate the right-hand side of (5.18) as

|⟨T̂ (1)
1 ŜT̂

(1)
1 u(0), u(0)∗⟩| ≤ C

γ2

ν

(
1

γ
+

1

ν
+

ν + ν̃

γ2

)
.

We thus obtain

µ̂
(2)
11 = −γ2

ν
T

(
K +O(

1

γ
) +O(

1

ν
) +O(

ν + ν̃

γ2
)

)
.

This completes the proof. □

We now turn to the proof of Theorem 5.11. One can see from Propositions 5.13, 5.14 and
5.15 that µ̂

(2)
jj < 0 if ν+ν̃

γ2 , 1
ν
and 1

γ
are sufficiently small. Therefore, the desired asymptotic

of µ̂(ξ′) is obtained from Propositions 5.12–5.15. This completes the proof of Theorem 5.11.
□

Theorem 5.16. There exist constants ν0 > 0 and γ0 > 0 such that if ν ≥ ν0 and γ2/(ν+ν̃) ≥
γ2
0 then the following statements hold true:

(i) Let Π̂ (ξ′) be the eigen-projection associated with µ̂(ξ′). Then there exists a positive number

r0 such that for any ξ′ with |ξ′| ≤ r0 the projection Π̂ (ξ′) is written in the form

Π̂(ξ′) = Π̂(0) + Π̂(1)(ξ′), (5.21)

where

Π̂(1)(ξ′) =
n−1∑
j=1

ξjΠ̂
(1)
j + Π̂(2)(ξ′) and Π̂

(1)
j = Π̂(0)T̂

(1)
j Ŝ + ŜT̂

(1)
j Π̂(0).

Furthermore, we have estimates

|Π̂(1)
j u0|H1×L2 ≤ C|u0|H1×L2 , (5.22)

|Π̂(2)(ξ′)u0|H1×L2 ≤ C|ξ′|2|u0|H1×L2 . (5.23)
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(ii) There exists a positive number r0 such that for any ξ′ with |ξ′| ≤ r0 the spectral radius

of Ûξ′(T ) on (I − Π̂(ξ′))X satisfies estimate

r(Ûξ′(T )|(I−Π̂(ξ′))X) ≤ δ0 < 1.

To prove Theorem 5.16 and Theorem 5.1 we use the following estimates.

Lemma 5.17. There exists a constant γ0 > 0 such that if γ ≥ γ0 then for 0 < t − s ≤ 2T
and |ξ′| < 1 hold true the following estimates:

|Ûξ′(t, s)û0|H1×L2 ≤ C|û0|H1×L2 ,

|∂xnQ̃Ûξ′(t, s)û0|L2 ≤ C(t− s)−
1
2 |û0|H1×L2 .

(5.24)

Proof of Lemma 5.17. Since Ûξ′(t, s) = Û0(t, s) + V̂ξ′(t, s), we see from (5.11)

Ûξ′(t, s)u0 = Û0(t, s)u0 −
∫ t

s

Û0(t, z)
(
M̂ξ′ − M̂0

)
(z)Ûξ′(z, s)u0 dz. (5.25)

First let us estimate |Ûξ′(t, s)u0|H1×L2 . We have

|Ûξ′(t, s)u0|H1×L2 ≤ |Û0(t, s)u0|H1×L2 +

∫ t

s

|Û0(t, z)
(
M̂ξ′ − M̂0

)
(z)Ûξ′(z, s)u0|H1×L2 dz.

Using estimate from Lemma 5.9 we have

|Ûξ′(t, s)u0|H1×L2 ≤ C|u0|H1×L2 + C

∫ t

s

|(M̂ξ′ − M̂0)(z)Ûξ′(z, s)u0|H1×L2 dz

≤ C|u0|H1×L2 + C

∫ t

s

|ξ′|(|Ûξ′(z, s)u0|H1×L2 + |∂xnQ̃Ûξ′(z, s)u0|L2) dz.

Using Gronwall inequality we obtain

|Ûξ′(t, s)u0|H1×L2 ≤ Cec1(t−s)

(
|u0|H1×L2 +

∫ t

s

|∂xnQ̃Ûξ′(z, s)u0|2 dz
)
. (5.26)

Now we estimate |∂xnQ̃Ûξ′(t, s)u0|2 analogously to above estimates by using Lemma 5.9 and
(5.26), to obtain

|∂xnQ̃Ûξ′(t, s)u0|2 ≤ C(t− s)−
1
2 |u0|H1×L2 ,

for 0 < t− s ≤ 2T . This together with (5.26) concludes the proof. □

Proof of Theorem 5.16. Expansion of Π̂ (ξ′) and (5.23) are obtained using results in [7].
Estimate (5.22) is obtained as follows. If j ̸= 1, then
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Π̂ (0)T̂
(1)
j Ŝu0 = [Q0T̂

(1)
j Ŝu0]u

(0) =

∫ 1

0

∫ T

0

Q0Û0(T, s)M̂
(1)
j (s)Û0(s, 0)Ŝu0 ds dxnu

(0)

=

∫ T

0

∫ 1

0

iγ2ρpQjÛ0(s, 0)Ŝu0 dxn ds u(0) =

∫ T

0

∫ 1

0

iγ2ρpe
−sνA(e−TνA − 1)−1wj

0 dxn ds u(0),

and therefore,

|Π̂ (0)T̂
(1)
j Ŝu0|H1×L2 ≤ C

γ2

ν
|wj

0|2 for j ̸= 1.

If j = 1, then

Π̂ (0)T̂
(1)
1 Ŝu0 =

∫ T

0

∫ 1

0

iv1pQ0Û0(s, 0)Ŝu0 + iγ2ρpQ1Û0(s, 0)Ŝu0 dxn ds u(0).

Therefore, we get
|Π̂ (0)T̂

(1)
1 Ŝu0|H1×L2 ≤ C(1 + γ2)|u0|H1×L2 .

We next estimate ŜT̂
(1)
j Π̂ (0)u0. If j ̸= 1, then

ŜT̂
(1)
j Π̂ (0)u0 = ŜT̂

(1)
j [ϕ0]u

(0) = [ϕ0]Ŝ

∫ T

0

Û0(T, s)M̂
(1)
j (s)Û0(s, 0)u

(0) ds

= [ϕ0]Ŝ

∫ T

0

Û0(T, s)M̂
(1)
j (s)


ϕ(0)

1
γ2w

(0),1(xn, t)e
′
1

0

 ds

= [ϕ0]Ŝ

∫ T

0

Û0(T, s)


0

iα0e
′
j

0

 ds = i[ϕ0]

∫ T

0

(e−TνA − 1)−1e−(T−s)νA ds


0

α0e
′
j

0

 .

Therefore, we have

|ŜT̂ (1)
j Π̂ (0)u0|H1×L2 ≤ C

ν
|ϕ0|1 for j ̸= 1.

In case j = 1,

ŜT̂
(1)
1 Π̂ (0)u0 = i[ϕ0]Ŝ

∫ T

0

Û0(T, s)


ϕ(0)v1p + ρpw

(0),1(xn, t)

(α0 + v1p
1
γ2w

(0),1(xn, t))e
′
1

− ν̃
γ2ρp

∂xnw
(0),1(xn, t)

 ds.

Therefore, we get following estimate

|ŜT̂ (1)
1 Π̂ (0)u0|H1×L2 ≤ C(1 +

1

γ2
+

ν̃

γ2
)|ϕ0|1.
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Thus we proved (5.22). From (5.22) and (5.23) we immediately get following estimate∣∣∣(I − Π̂(ξ′)
)
u0

∣∣∣
H1×L2

≤ C
[
1 + |ξ′|

(
1 + γ2

)
+O(|ξ′|2)

]
|u0|H1×L2 . (5.27)

Now we concentrate on proving the estimate on spectral radius. From (4.38) we see that
there exist constants ν0 > 0 and γ0 > 0 such that if ν ≥ ν0 and γ2/(ν + ν̃) ≥ γ2

0 then we
have

|Ûξ′(t, s)u0|2H1 ≤ Ce−c0|ξ′|2(t−s−4T )E3(ûs(ξ
′, ·, s+ 4T )),

for |ξ′| ≤ R0 and t−s ≥ 4T , s ≥ 0. Using Lemma 4.4 on E3(ûs(ξ
′, ·, s+4T )) we get following

estimate,
|Ûξ′(t, s)u0|2H1×L2 ≤ C|u0|2H1×L2 . (5.28)

Using (5.21), (5.22), (5.23) and (5.25) we get∣∣∣{(I − Π̂(ξ′)
)
Ûξ′(T )

}m∣∣∣
L(X)

=
∣∣∣(I − Π̂(ξ′)

)
Ûξ′(mT, 0)

∣∣∣
L(X)

≤
∣∣∣Π̂(0)

c Ûξ′(mT, 0)
∣∣∣
L(X)

+
∣∣∣Π̂(1)(ξ′)Ûξ′(mT, 0)

∣∣∣
L(X)

≤
∣∣∣Π̂(0)

c Û0(mT, 0)
∣∣∣
L(X)

+

∣∣∣∣∫ mT

0

Π̂(0)
c Û0(mT, z)

(
M̂ξ′ − M̂0

)
(z)Ûξ′(z, 0) dz

∣∣∣∣
L(X)

+ C|ξ′|
∣∣∣Ûξ′(mT, 0)

∣∣∣
L(X)

.

Combining this with (5.7) and (5.28) we obtain∣∣∣{(I − Π̂(ξ′)
)
Ûξ′(T )

}m∣∣∣
L(X)

≤ Ce−dmT + C|ξ′|, (5.29)

for any m ∈ N and some d > 0. Let us compute a spectral radius of Ûξ′(T, 0) on comple-

mentary space (I − Π̂ (ξ′))X,

r
(
Ûξ′(T )|(I−Π̂ (ξ′))X

)
= r

(
(I − Π̂ (ξ′))Ûξ′(T )(I − Π̂ (ξ′))

)
≤
∣∣∣((I − Π̂ (ξ′))Ûξ′(T )(I − Π̂ (ξ′))

)m∣∣∣ 1
m

L(X)
, for any m ∈ N.

Fix m0 ∈ N large and r0 > 0 small such that for |ξ′| ≤ r0 it holds for (5.29) that

Ce−dmT + C|ξ′| ≤ e−T .

Then we immediately see that

r
(
Ûξ′(T )|(I−Π̂ (ξ′))X

)
≤ e

− T
m0 < 1,

for all |ξ′| ≤ r0. □

Proof of Theorem 5.1. Theorem 5.1 now follows from Lemma 5.9, Theorem 5.11, 5.16
and Lemma 5.17 in the following way. Let us fix positive numbers ν0, γ0 and r0 < 1 such
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that if ν ≥ ν0 and γ2/(ν + ν̃) ≥ γ2
0 then for each ξ′ with |ξ′| ≤ r0 all above mentioned

statements 5.9–5.17 holds true. We also assume that t− s ≥ 4T and k, l = 0, 1.
As an immediate consequence of Theorem 5.11 we have following decomposition,

Ûξ′(T ) = Ûξ′(T )Π̂ (ξ′) + Ûξ′(T )(I − Π̂ (ξ′)) = µ̂(ξ′)Π̂ (ξ′) + Ûξ′(T )(I − Π̂ (ξ′)), (5.30)

where
µ̂(ξ′) = 1 + λ0(ξ

′)T = eλ0(ξ′)T .

We further write V 0(t, s)u0 as

V 0(t, s)u0 = σt,su
(0)(t) + U (0)

1 (t, s)u0 + U (0)
2 (t, s)u0

+U (0)
3 (t, s)u0 + R (0)(t, s)u0,

where

σt,su
(0)(t) = F −1

(
e−(iκ0ξ1+κ1|ξ′|2)(t−s)Π̂ (0)(t)û0

)
,

U (0)
1 (t, s)u0 = F −1

(
(χ(0) − 1)e−(iκ0ξ1+κ1|ξ′|2)(t−s)Π̂ (0)(t)û0

)
,

U (0)
2 (t, s)u0 = F −1

(
χ(0)(eλ0(ξ′)(t−s) − e−(iκ0ξ1+κ1|ξ′|2)(t−s))Π̂ (0)(t)û0

)
,

U (0)
3 (t, s)u0 = F −1

(
χ(0)(Ûξ′(t, t− τ1)Π̂ (ξ′)Ûξ′(T )

mÛξ′(s+ τ2, s)− eλ0(ξ′)(t−s)Π̂ (0)(t))û0

)
,

R (0)(t, s)u0 = F −1
(
χ(0)Ûξ′(t, t− τ1)(I − Π̂ (ξ′))Ûξ′(T )

mÛξ′(s+ τ2, s)û0

)
.

Here U (0)
3 (t, s)u0 and R (0)(t, s)û0 are given as follows. Since

Ûξ′(t+ T, s+ T ) = Ûξ′(t, s),

if τ1, τ2,m is defined in such a way that t− s = τ1 +mT + τ2, where t− τ1, s+ τ2 are integer
multiples of T and τ1, τ2 ∈ [T, 2T ), we have

F −1
(
χ(0)(Ûξ′(t, s)− eλ0(ξ′)(t−s)Π̂ (0)(t))û0

)
= F −1

(
χ(0)(Ûξ′(t, t− τ1)Ûξ′(T )

mÛξ′(s+ τ2, s)− eλ0(ξ′)(t−s)Π̂ (0)(t))û0

)
= F −1

(
χ(0)(Ûξ′(t, t− τ1)Π̂ (ξ′)Ûξ′(T )

mÛξ′(s+ τ2, s)− eλ0(ξ′)(t−s)Π̂ (0)(t))û0

)
+F −1

(
χ(0)Ûξ′(t, t− τ1)(I − Π̂ (ξ′))Ûξ′(T )

mÛξ′(s+ τ2, s)û0

)
= U (0)

3 (t, s)u0 + R (0)(t, s)u0.

As for ∥∂k
x′∂l

xn
U (0)

3 (t, s)u0∥22, we have following estimates. Let us first introduce estimates in
xn. Let

I(ξ′; t, s) = Ûξ′(t, t− τ1)Π̂ (ξ′)Ûξ′(T )
mÛξ′(s+ τ2, s)û0 − eλ0(ξ′)(t−s)Π̂ (0)(t)û0.
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Since Π̂ (ξ′)Ûξ′(T ) = eλ0(ξ′)T Π̂ (ξ′), we have

I(ξ′; t, s) = Ûξ′(t, t− τ1)e
λ0(ξ′)mT Π̂ (ξ′)Ûξ′(s+ τ2, s)û0 − eλ0(ξ′)(t−s)Π̂ (0)(t)û0

= I1(ξ
′; t, s) + I2(ξ

′; t, s),

where

I1(ξ
′; t, s) =

(
Ûξ′(t, t− τ1)e

λ0(ξ′)mT Π̂ (0)Ûξ′(s+ τ2, s)− eλ0(ξ′)(t−s)Π̂ (0)(t)
)
û0,

I2(ξ
′; t, s) = Ûξ′(t, t− τ1)e

λ0(ξ′)mT Π̂ (1)(ξ′)Ûξ′(s+ τ2, s)û0.

Since |(Mξ′ −M0)(z)u|H1×L2 ≤ C|ξ′|(|u|H1×L2 + |∂xnw|2), applying (5.25) for Ûξ′(t, t− τ1)

and Ûξ′(s+ τ2, s), we have

|I1(ξ′; t, s)|H1 ≤ |
(
Û0(t, t− τ1)e

λ0(ξ′)mT Π̂ (0)Û0(s+ τ2, s)− eλ0(ξ′)(t−s)Π̂ (0)(t)
)
û0|H1

+C|eλ0(ξ′)mT ||ξ′||û0|H1×L2 .
(5.31)

Let us consider the first term on the right of (5.31). By Lemma 4.6 (ii) we have

Π̂ (0)Û0(s+ τ2, s)û0 = [Q0Û0(s+ τ2, s)û0]u
(0) = [ϕ̂0]u

(0).

Since t− τ1 = mT + s+ τ2 = m′T for some m′ ∈ N, we see from Lemma 5.2

Û0(t, t− τ1)u
(0) = Û0(τ1, 0)u

(0) = u(0)(τ1).

On the other hand, since u(0)(t) = u(0)(τ1), we have

eλ0(ξ′)(t−s)Π̂ (0)(t)û0 = eλ0(ξ′)(t−s)[ϕ̂0]u
(0)(t) = eλ0(ξ′)(t−s)[ϕ̂0]u

(0)(τ1).

We thus obtain(
Û0(t, t− τ1)e

λ0(ξ′)mT Π̂ (0)Û0(s+ τ2, s)− eλ0(ξ′)(t−s)Π̂ (0)(t)
)
û0

= (eλ0(ξ′)mT − eλ0(ξ′)(t−s))[ϕ̂0]u
(0)(t).

(5.32)

Since
eλ0(ξ′)mT − eλ0(ξ′)(t−s) = eλ0(ξ′)mT (1− eλ0(ξ′)(τ1+τ2))

= eλ0(ξ′)mT
∫ 1

0
eθλ0(ξ′)(τ1+τ2) dθλ0(ξ

′)(τ1 + τ2),

we see from (5.31) and (5.32)

|I1(ξ′; t, s)|H1 ≤ C|ξ′||eλ0(ξ′)mT |(|ϕ̂0|1 + |û0|H1×L2).

Using estimates (5.22), (5.23) and (5.24) we obtain

|I2(ξ′; t, s)|H1 ≤ C|ξ′| |eλ0(ξ′)mT | |û0|H1×L2 .
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Therefore we get

∥∂k
x′∂l

xn
U (0)

3 (t, s)u0∥22 ≤ C(t− s)−
n+1
2

−k(∥ϕ0∥2L1 + ∥u0∥2L1(Rn−1;H1(0,1)×L2(0,1))).

As for ∥∂k
x′∂l

xn
U (0)

1 (t, s)u0∥22, since supp(χ(0) − 1) ⊂ {|ξ′| ≥ r0}, it is easy to see that

∥∂k
x′∂l

xn
U (0)

1 (t, s)u0∥22 ≤ Ce−κ1r20(t−s)(t− s)−
n−1
2

−k∥ϕ0∥2L1(Rn).

As for ∥∂k
x′∂l

xn
U (0)

2 (t, s)u0∥22, using the mean value theorem |1− ef | =
∫ 1

0
|eθf | dθ|f |, we have

∥∂k
x′∂l

xn
U (0)

2 (t, s)u0∥22 ≤
∥∥∥∂k

x′∂l
xn
χ(0)e−(iκ0ξ1+κ1|ξ′|2)(t−s)(e(λ0(ξ′)+iκ0ξ1+κ1|ξ′|2)(t−s) − 1)Π̂ (0)(t)û0

∥∥∥2
2

≤ C

∫
|ξ′|≤r0

e−κ1|ξ′|2(t−s)(t− s)2|ξ′|6+2k dξ′∥ϕ0∥2L1(Rn) ≤ C(t− s)−
n+1
2

−k∥ϕ0∥2L1(Rn).

As for ∥∂k
x′∂l

xn
σt,su

(0)(t)∥22, it is straightforward to see that

∥∂k
x′∂l

xn
σt,su

(0)(t)∥22 ≤ C(t− s)−
n−1
2

−k∥ϕ0∥2L1(Rn).

So we have that

U (0)(t, s)u0 = σt,su
(0)(t) + U (0)

1 (t, s)u0 + U (0)
2 (t, s)u0 + U (0)

3 (t, s)u0.

As for ∥R (0)(t, s)u0∥2H1 , it is estimated as follows. Let

J(ξ′; t, s) = Ûξ′(t, t− τ1)(I − Π̂ (ξ′))Ûξ′(T, 0)
mÛξ′(s+ τ2, s)û0.

Using (5.24), we have

|J(ξ′; t, s)|H1 ≤ C
∣∣∣((I − Π̂ (ξ′))Ûξ′(T, 0)

)m
Ûξ′(s+ τ2, s)û0

∣∣∣
H1×L2

.

Applying (5.29) with r0 and m0 from Theorem 5.16 we get

|J(ξ′; t, s)|H1 ≤ C

∣∣∣∣((I − Π̂ (ξ′))Ûξ′(T, 0)
)m0

m
m0

∣∣∣∣
L(X)

|Ûξ′(s+ τ2, s)û0|H1×L2

≤ C
∣∣∣((I − Π̂ (ξ′))Ûξ′(T, 0)

)m0
∣∣∣ m
m0

L(X)
|Ûξ′(s+ τ2, s)û0|H1×L2

≤ Ce
− 1

m0
mT |Ûξ′(s+ τ2, s)û0|H1×L2 .

We employ (5.24) again to conclude

|J(ξ′; t, s)|H1 ≤ Ce
− 1

m0
mT |û0|H1×L2 ≤ Ce

− 1
m0

(t−s)|û0|H1×L2 .

Finally integrating in ξ′ we get

∥R (0)(t, s)u0∥2H1 ≤ Ce−2d(t−s)

∫
Rn−1

|û0|2H1×L2 dξ′ = Ce−2d(t−s)∥u0∥2H1×L2 ,

where d > 0, which concludes the proof. □
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