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Abstract—The IRT (item response theory) is a theory for
scoring of tests, and it is used for some test systems such as
TOEFL. Classical test scoring is the total of raw scores for
each items (questions). On the other hand, IRT can make fine
performance finer than the raw score method. IRT is based on
the relationship between individual test takers’ performances on
a test item (question), and the test takers’ levels of performance.
Even with the same number of correct answers, the IRT score
may be different depending on the degree of difficulty of item
(question). Computational complexity of parameter estimation of
IRT is one of important issue. To solve this issue, we propose a
parameter estimation method of IRT using the Holonomic ap-
proach. Generate differential equations which solve the likelihood
function of IRT. By solving this differential equation, it is able
to estimate the ability parameter.

Index Terms—Item Response Theory; IRT; parameter estima-
tion; holonomic function; ability

I. INTRODUCTION

IRT (Item Response Theory) is a theory for scoring of
tests, and it used for some test systems such as TOEFL
[4]. Classical test scoring is the total of raw scores for each
items (questions). On the other hand, IRT can make fine
performance finer than the raw score method. IRT is based on
the relationship between individual examinees’ (test takers’)
performances on a test item (question), and the examinees’
levels of performance. Even with the same number of correct
answers, the IRT score may be different depending on the
degree of difficulty of item (question).

In IRT, estimate item parameter for each question, and
then estimate examinee’s ability parameter. Conventional IRT,
examinee’s ability is estimated by Newton-Raphson method
[5]. However, Newton-Raphson method always diverge and
fail about estimation. To solve the problem of convergence
and solution, we propose a new method to estimate ability
parameter of IRT using the Holonomic approach. The Holo-
nomic approach is an optimization algorithm which generates
a differential equation, and solves the target function f(x), and
performs numerical calculation of x [11, 9, 10, 7, 4]. In this
case, we consider IRT’s likelihood function to be computed,
generate the differential equation and estimate examinee’s
ability parameter.

II. ITEM RESPONSE THEORY

This section describes the theory and operation method
of IRT [1, 2, 8]. We also describe problem of parameter
estimation.

A. IRT Logistic Model

At first, let us consider 1 parameter logistic model (1PLM)
of IRT with bj and θi, where bj is the difficulty parameter
for item j, and θi is the ability parameter of examinee i. Let
Pj(θi) be the probability of a correct response to an item j
by examinee i. Pj(θi) obeys the following logistic model.

Pj(θi) =
1

1 + exp(−D(θi − bj))

where D on the right side is called a scale factor, and D = 1.7.
A larger value indicates that the examinee’s ability is higher.
If bj is large, then item j is difficult, and if it is low then j is
easy.

There are the 2 parameter logistic model (2PLM) and the
3 parameter logistic model (3PLM). In addition to the item
parameters, 2PLM includes the discrimination parameter aj
for item j. 3PLM includes the guessing parameter cj . In
this paper, we consider 1PLM, so we only handle difficulty
parameter bj of item j.

III. PARAMETER ESTIMATION

Here, we describe the likelihood estimation of IRT. The
ability parameter is estimated by the likelihood estimation.

A. Maximum Likelihood Estimation

When examinee i = 1, 2, · · · , I take the test of the number
of questions, j = 1, 2, · · · , J , the realization probability
(Likelihood) for the test score is as follows .

L(θi, bj |δij) =
I∏

i=1

J∏
j=1

Pj(θi)
δij (1− Pj(θi))

1−δij

θi and bj are all unknown. To find the item parameter bj
and the ability parameter θi that maximize this Likelihood
L(θi, bj |δij). This method is called maximum likelihood esti-
mation. At this time, δij is the correctness (reaction) that the
examinee i answered to the question j,

δij =

{
1 (Correct)
0 (False)



B. IRT Optimization Problem

The maximum likelihood estimation method in IRT is
considered as a maximization problem of the likelihood
L(θi, bj |δij). It can be expressed as follows.

max L(θi, bj |δij)
s.t. θi, bj ∈ Rn

Parameter estimation is performed by solving this maximiza-
tion problem.

C. Log Likelihood Function

About the likelihood L(θi, bj |δi,j)

L(θi, bj |δi,j) =
I∏

i=1

J∏
j=1

Pj(θi)
δij (1− Pj(θi))

1−δij

taking natural logarithms on both sides, then we obtain the log
likelihood function

ln L(θi, bj |δi,j) = ln

I∏
i=1

J∏
j=1

Pj(θi)
δij (1− Pj(θi))

1−δij

=

I∑
i=1

J∑
j=1

{δij ln Pj(θi, bj)

+ (1− δij) ln(1− Pj(θi, bjs))}.

In other words, finding the maximum likelihood is equal to
estimation of θ̂i and b̂j which satisfies

∂ ln L(θi, bj |δi,j)
∂θi

= 0, i = 1, . . . , I

∂ ln L(θi, bj |δi,j)
∂bj

= 0, j = 1, . . . , J.

We find the parameter θi and bj to maximize the likelihood
L(θi, bj |δi,j).

D. Newton-Raphson Method

Newton-Raphson method is used for maximum likelihood
estimation for parameter estimation of IRT. The Newton-
Raphson method is a method to solve x = (x1, . . . , xn) which
maximizes the value of the function f(x). The solution derived
from the initial value x0 = (x10, . . . , xn0) and derived at the
k times as xk by the following updating expression.

xk+1 := xk −H−1(xk)∇xk
(xk)

H(xk) is a Hessian matrix.
To apply Newton-Raphson method for the log-likelihood

function, the update expression of θi and bj is ln L(θi, bj |δij)
as the target function f(x).

The IRT parameter is solved by updating these equations
by the following procedure.

1) Given the initial value of θi and bj
2) Update the value of θi under the given bj
3) Update the value of bj under the given θi
4) Repeat step 2 and 3until the solution converges.

IV. HOLONOMIC APPROACH

This section explains the holonomic gradient method. This
method is able to apply to numerical calculation of probability
distribution functions.

A. Holonomic Function

A function f(x) is a holonomic function if the function
f(x) becomes the solution of the following linear differential
equation in the multivariate x ∈ Rn.

∂r
xf(x) + · · ·+ ak(x)∂

k
xf(x) + · · ·+ a1(x)f(x) = 0

At this time,

∂k
x :=

dk

dxk
.

where, ak(x) is a function for x.

B. Holonomic Approach

As we mentioned before subsection, Holonomic Approach
is used as a method of numerical calculation of f(x), where
f(x) is a holonomic function. The numerical calculation of the
holonomic function is archived by the following procedure.

1) Find a differential equation which the solution is the
function f(x).

2) Determine the initial value of x.
3) Find f(x) as a solution to the obtained differential

equation.

V. IRT PARAMETER ESTIMATION BY HOLONOMIC
APPROACH

In this section, we describe an optimization method by
holonomic approach to maximum likelihood estimation of IRT.
Confirm that differential equations of the holonomic function
of likelihood can be generated for the parameters θi and bj .

A. IRT Model by Holonomic Approach

In order to use the holonomic gradient method of IRT
model, we transform the likelihood function, and set the



transformed one as the objective function. The likelihood
function L(θi) is transformed as follows.

L(θi, bj |δij) =
I∏

i=1

J∏
j=1

Pj(θi)
δij (1− Pj(θi))

1−δij

=

I∏
i=1

J∏
j=1

exp(D(θi − bj)δij)

1 + exp(D(θi − bj))

=

I∏
i=1

J∏
j=1

exp(D(θi − bj)δij)

I∏
i=1

J∏
j=1

{1 + exp(D(θi − bj))}

=

exp

D

I∑
i=1

J∑
j=1

(θi − bj)δij


I∏

i=1

J∏
j=1

{1 + exp(D(θi − bj))}

We take the reciprocal of the likelihood function
L(θi, bj |δij) and represent it as f(θi, bj).

f(θi, bj) = {L(θi, bj |δij)}−1

= exp

−D

I∑
i=1

J∑
j=1

(θi − bj)δij


×

I∏
i=1

J∏
j=1

{1 + exp(D(θi − bj))}

Here we check whether the function f(θi) is a holonomic
function or not. It can be established if a differential equation
having the function f(θi) is generated. The function f = f(θi)
is

f = gh.

Each part is expressed as

g = exp

−D

I∑
i=1

J∑
j=1

(θi − bj)δij


h =

I∏
i=1

J∏
j=1

{1 + exp(D(θi − bj))}.

Differentiate g with θi,

∂θig = −

D

J∑
j=1

δij

 exp

−D

J∑
j=1

(θi − bj)δij


= −

D

J∑
j=1

δij

 g.

When differentiating g with bj ,

∂bjg =

(
D

I∑
i=1

δij

)
exp

−D

I∑
i=1

J∑
j=1

(θi − bj)δij


=

(
D

I∑
i=1

δij

)
g

Also,

I∑
i=1

(∂θig) =

(
I∑

i=1

∂θi

)
g

= −

D

I∑
i=1

J∑
j=1

δij

 g,

J∑
j=1

(∂bjg) =

 J∑
j=1

∂bj

 g

=

D

I∑
i=1

J∑
j=1

δij

 g.

And we take (
I∑

i=1

∂θi

)
g +

 J∑
j=1

∂bj

 g = 0.

Now we obtain a differential equation with solution g. That is I∑
i=1

∂θi +

J∑
j=1

∂bj

 · g = 0.

That is, the function g is a holonomic function.

Next, we consider differentiating of h.

h =

I∏
i=1

J∏
j=1

hj

hij = 1 + exp(D(θi − bj)).

When differentiating hij with θi,

∂θihij = D exp(D(θi − bj))

= D(hij − 1).

When differentiating hj with bj ,

∂bjhij = −D exp(D(θi − bj))

= −D(hij − 1).

And we take

∂θihij + ∂bjhij = 0.

Now we obtain a differential equation with solution hij .

(∂θi + ∂bj ) · hij = 0.



Therefore, the function hij is a holonomic function. And

h =

I∏
i=1

J∏
j=1

hij

=

I∏
i=1

J∏
j=1

{1 + exp(D(θi − bj)}.

We get  I∑
i=1

∂θi +

J∑
j=1

∂bj

 · h = 0.

The function h is a holonomic function. Differential equations
with the function f as a solution can be obtained by differen-
tiating the function f with θj

∂θif = ∂θi(gh)

= (∂θig)h+ g(∂θih).

When differentiating f with bj ,

∂bjf = ∂bj (gh)

= (∂bjg)h+ g(∂bjh).

Also (
I∑

i=1

∂θi

)
f =

(
I∑

i=1

∂θjg

)
h+ g

(
I∑

i=1

∂θjh

)
, J∑

j=1

∂bj

 f =

 J∑
j=1

∂bjg

h+ g

 J∑
j=1

∂bjh

 .

Therfore, (
I∑

i=1

∂θi

)
f +

 J∑
j=1

∂bj

 f

=

(
I∑

i=1

∂θjg

)
h+ g

(
I∑

i=1

∂θjh

)

+

 J∑
j=1

∂bjg

h+ g

 J∑
j=1

∂bjh


=

 I∑
i=1

∂θi +

J∑
j=1

∂bj

 · g

h

+ g

 I∑
i=1

∂θi +

J∑
j=1

∂bj

 · h


=0.

Finally,  I∑
i=1

∂θi +

J∑
j=1

∂bj

 · f = 0.

It was shown that the function f is a holonomic function.

B. Holonomic Approach optimization problem

The reciprocal of the Likelihood of item response theory
was shown to be a holonomic function. Therefore, the opti-
mization problem of item response theory Parameter Estima-
tion can be replaced with the following minimization problem.

min f = {L(θi, bj |δij)}−1

s.t. θi, bj ∈ Rn

We can generate differential equations with the function f as
a solution, so we can use methods such as Euler’s method
and Runge-Kutta method, which are calculation methods of
differential equations, so that new calculation methods are
expected.

VI. CONCLUSION

In this study, we try to We showed that the holonomic
approach is possible for the Estimation of the performance
Parameter θi and bj in the item response theory, which is
an objective function obtained by transforming the Likelihood
function of the ability value Parameter derived by the item
response theory A differential equation with a solution of
f = {L(θi, bj |δij)}−1 was obtained.In this differential equa-
tion, the Likelihood function of the item response theory is
a holonomic function In the future, we will do a holonomic
approach to item Parameters.
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