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Abstract

We study time fractional linear and nonlinear evolution systems with variable coefficients
via Lie symmetry analysis. For both classes of the system, we give complete group
classification and for linear time fractional evolutions systems, we give exact solutions
corresponding to infinitesimal symmetries of optimal systems of Lie algebras generated
by infinitesimal symmetries. For fractional nonlinear evolution system, we give explicit
invariant solutions in some particular cases. The group invariant solutions are expressed
in terms of special functions. More concretely, with the help of the infinitesimal
symmetries we reduce the system of time fractional partial differential equations into
a system of fractional ordinary differential equations which have Euler-type integer
order differential operator up to second order. Even though finding exact solutions to
fractional differential equations is not easy, we are able to give solutions to fractional

differential equations with Euler-type integer order differential operator up to arbitrary
high order.
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Summary

A symmetry of differential equation is a transformation that preserves the form of
the equation. Although determining symmetries can be computationally intensive,
Lie symmetry analysis is an efficient, algorithmic method for solving various types
of differential equations. For example through Lie symmetry analysis, we can find
invariant solutions to two dimensional partial differential equations by reducing them
into the ordinary differential equations. Lie symmetry analysis is well developed for
partial and ordinary differential equations. In last few decades, fractional differential
equations have emerged in applications. The fractional derivatives are also known as
integro-differential operators, and they characterize and model processes with long
term memory rather than integer order derivatives which characterize local properties.
Gazizov R. K. et. al. [Vest. UGATU 9 3(21): 125-135 (2007)] presented formulas for
extended infinitesimals of fractional ordinary and partial differential equations, and
developed Lie symmetry analysis for fractional differential equations. Huang Q. et. al.
[J. Math. Phys. 56 123504 (2015)] first generalized Lie symmetry analysis of fractional
differential equation into a system of fractional differential equations. Then, Singla K.
et. al. [J. Math. Phys. 57 101504 (2016)] tried to correct the formula for extended
infinitesimals which were obtained in Huang’s work.

We study time fractional linear and nonlinear evolution systems with variable
coefficients via Lie symmetry analysis. To study the fractional systems we have obtained
formulas for extended infinitesimals that match with the ones obtained neither by
Huang nor by Singla. The linear time fractional evolution systems of our interest
were studied before by Huang. Huang obtained only elementary monomial solutions
and determined that there are three types of functions for the variable coefficient of
time fractional linear evolution systems, so that the fractional linear evolution system
admits symmetries. Here, we not only give complete group classification of invariant
solutions but also exact solutions corresponding to infinitesimal symmetries of optimal
systems of Lie algebras of infinitesimal symmetries. The group invariant solutions are

expressed in terms of three kinds of special functions: the Mittag-Leffler functions, the
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generalized Wright functions and the Fox H-functions. Which of these special functions
we use in any given case depends on order of the fractional derivative and right hand
sides of the equations in the fractional linear system. For fractional nonlinear evolution
system, we give complete group classification along with explicit invariant solutions in
some particular cases.

In briefly, our method to study fractional evolution systems is as follows: We reduce
the system of time fractional partial differential equations into a system of fractional
ordinary differential equations with the help of the infinitesimal symmetries, which
were obtained by solving the equation of invariance surface condition. Then, we obtain
group invariant solutions to the original system by finding solutions to the reduced
systems. The reduced systems of fractional linear evolution systems become systems
of fractional differential equations with Euler-type integer order differential operator.
Even though finding exact solutions to fractional differential equations is not easy, we
are able to give solutions to these reduced systems by showing some contiguity relations
of special functions. More concretely, we reduce the problem of finding non-trivial
solutions to Euler-type, linear fractional differential equations with higher order integer
derivatives into a problem of finding roots of algebraic polynomials.

The linear and nonlinear fractional systems of our interest correspond to generalized
time fractional diffusion-wave equations. In other words, for special values of order of
fractional derivative the time fractional evolution systems correspond to the well-known
diffusion or wave equations. Moreover, we show that the invariant solutions correspond
to known solutions of diffusion and wave equations after applying some transformations.
Also, Buckwar E. et. al. [J. Math. Anal. Appl. 227 (1998) etc.| studied time fractional
diffusion-wave equations with constant coefficient via scaling symmetry and when «
is between 0 and 1, Metzler R. et. al. [Physica A 211 (1994)] gave solutions to time
fractional diffusion-wave equations with variable coefficient using fractional Laplacian
transformations. For particular values of parameters, the solutions that we obtained

correspond to these solutions as well.



Chapter 1

Introduction

1.1 Fractional derivative

Here we explain the derivatives of arbitrary real order, which unify and generalize
the notions of integer order differentiation. Fractional derivatives provide an excellent
instrument for the description of memory and hereditary properties of various materials
and processes [24].

The following definitions and elementary properties are taken from [20]. The
functions f(t) that we can take fractional derivatives are defined on the closed interval
0 <t < T, bounded everywhere in the half open interval 0 < ¢t < T and have better
behavior at the lower limit 0 than has ¢t~!, which means:

limtf(t) = 0.

t—0

We can also take fractional derivatives from so-called differintegrable series:
f(t) = tpzajt%, ag#0, p>—-1, neZ,.
7=0

Notice that p has been chosen to ensure that the leading coefficient is nonzero. Most
of the special functions of mathematical physics are differintegrable series according to
this definition.

1.1.1 Definitions of fractional derivatives

In the literature, there exist many approaches and various definitions. But the most

common ones are: the Grinwald-Letnikov derivative, the Caputo derivative and the
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Riemann-Liouville derivative [24]. From here on, the value of n € Ng = {0,1,2,...} is
determined by
n—1<a<n.

The Griinwald-Letnikov derivative:

We know the higher order integer derivatives are determined as

ff(t) = nmhln ) (—D’“(Z)f(t — kh).

n
dt h—0 Pt

So, we generalize the order n to positive real « :

T jw) = m n(—l)k(j)f@—kh)

dte gL h1—>0ﬁ =0
n—1 k k—a
f® )t 1 /t —a—1 4(n)
—= t_ n—o n d
lg]F(k—a+1)+F(n—a) o( ™) frn)dr,

where f*)(t) € C[0,t] for k =1,2,...,n and
a)  T(a+k)
k] T(a)

The Riemann-Liouville derivative:

" () = Lf(t), fora=neN,
dt® RL o 1 d* rtyy  \n—a-—1 dr. f . ith
T(n—a) di" Jot =7) f(r)dr, for a € (n — 1,n) with n € N.

(1.1)

The Caputo derivative:
d” 1
— t) i = ———
dtaof( ) I'(n—a)
These definitions correspond to each other in certain cases. We can see that if
f®)(0) =0 for k=0,...,n — 1 then the Griinwald-Letnikov derivative corresponds

to the Caputo derivative. Also, if we take an assumption that the function f(t) is n

[ =yt ey,

times continuously differentiable, then integrating by parts and differentiating (1.1) we
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come at the definition of Griinwald-Letnikov derivative:
- 1 ar ot 1
) = t— 7)ol
dte RLf< ) ['(n — «)dt /0 JOE=7) !
1 dr ot

e - _ d t _ n—a

F(n—a+1)dt"/o frd(t=7)
1 d"

= N — t _ TL ad
F(n—a+1)dt”< fo)e =) /f T)

fO)  d /

— o n aq
F(n—oz+1)dt” +F(n—oz—I—l dtn fir ’
fo)r /

= ) 1.2
['(1—a) F(n—a+1 ) dt fir ’ (12)

Interchanging the order of differentiation and integration [24]
d [t tOF(t,T)
— | F(t,7)dr = / —~dr + F(t, t —
= [ Pt = [ S+ Pt —0)
n (1.2), it equals to
- f(0)t« 1 dnt .
— t) = )'Ted
dtO‘RLf( ) I'l—a) + I'(n—«)dtn1 / fir ’

) (O N

'l—a) Th—-—a+ )dt"1
1 ar— 1
)t —71)""%d
+P(n—a+1dt”1/f )l
/ -« n—2
_ f( ) f( )t + 1 d / f// n a—ldT

'Nl—«a) T(2-a) TI'(n-—a)dn?

i Z f<k Ol

—a+1) + I'(n—a) /o (t =) )

since lim, _;_o(t — 7)""* = 0.
In this work, we adopt the Riemann-Liouville derivative
> d
dt* — dt*Rrr
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A major difference between the Riemann-Liouville derivative and the Caputo derivative
is that the Caputo derivative of a constant is 0, whereas the Riemann-Liouville derivative

of a constant is non-zero, as will be seen in the next section.

1.1.2 Fractional derivative of power functions

Let us take fractional derivative of function t? :

d” 1 dr ot
— P = 7—/ t — 7)o P,
dte [(n—a)dt™ Jo (t=7) Tar

Substituting 7 = tu into the above expression, we obtain

d” 1 ar

— = 7—/ t—tu)" TP yPd

dt~ I'(n — «)dtr 0( W e
1 dr

1
— | 4n—a—1+p+1 1— n—a—1, p
I'(n —a)dtr [t /0 (1-u) B du] '

We can use the beta function formula for p > —1:

c(iitatp = F(nl—a)jt” [t”_o‘+pB(p +1,n— a)}
ar " T'(p+1DI'(n —a)
dt"T(n—a)T(n—a+p+1)
F(p + 1) ﬁtn—a—&-p
I'(n—a+p+1)din
T+
= mt : (1.3)

As a corollary, for p = 0, we have a fractional derivative of the unit function:

o e

dte”  T(1—a)
then for any constant function including zero, we have:

d~ e
%C B CP(l —a)

1.1.3 Elementary properties of fractional derivative

The following properties are useful in our calculation.
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Linearity

The linearity of the fractional derivative follows directly from the definition:
de N N g
dtaZC’fJ jz_%]dt fi(t) for N e N.

Taking derivative from a series

If the series Y f;(t) as well as the series Y jt% f;(t) converge uniformly in 0 <t < T,
then

dCYOO OOda
dt"‘zf] —Zdtaf()f0r0<t<T

Scale change of the Riemann-Liouville derivative

For 5 € R, we have the following property:

G = Formayg =
S N (o BT
B p(itjlja);;/ (Bt = T)* "' f(T)dT
- F(nﬁj ) d(cﬁljs)n /Oﬁt(ﬁt—T)"alf(T)dT
— G,

Generalized Leibniz’s rule

The fractional differentiation rule for product of two functions is

j;(f (t)g(t)) = i (j‘) 5;_—]] f(t)j;g(t). (1.4)

Jj=0

Composition rule or Sequential derivative

oo 0P pots n [ 9=
S0 = s )= | S5 500)

here m—1<a<m,n—1< 3 <n.

tm—a—j

ol (L +m—a—j)

(1.5)
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1.2 Special functions

The calculus of Newton and Leibniz and the analytic functions that solve the differ-
ential equations were seen necessary and sufficient to provide a proper and complete
mechanical description of the physical world. However the increased sensitivity of
experimental tools, vast amount of data and high computational capabilities lead to
complex systems which are not fully described by classical mathematical models [31].
To describe and study those models we need the so-called special functions, some of

which are introduced below.
The Mittag-Leffler function
a B = Z

is defined for z € C and for @« € Ry and § € R [8]. The fractional derivative of product

i

I'(oi + )

of Mittag-LefHler function and power function is

d°
%tﬁ YE,s(M) =P B, 5o (M)

for § > 0 and p > 0 [24]. Furthermore, the fractional derivative of exponential function
is expressed in Mittag-Lefler function

d
%e)‘t =t "F11_o(At), for A € R.

The Gauss hypergeometric function

o1 ( 0 ) _ Lt HEB +BrG) o+

gl i D@y +k) &

is defined for |z| < 1. The fractional derivative of product of Gauss hypergeometric

function and power function is

da T t'yfaJrl
7t7712F1 s B 3 M| = LQFI Hs 6 3 hY
dte v I'(y—a) V-«

for R(~) >0
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The Wright function

[e.9] Z’L

U(z;a, ) = Zm

=0

is defined for z € C and for real « satisfying & > —1 and g € C [9].

The generalized Wright function

s

F(Az + Oézk?) Zk

S
I
S
|
I
bl
i ngk:

['(B; + Bjk) W

=R

<

is defined for z € C, p,¢ € Ny = {0,1,2,...}, 4;,B; € C and o;,5; € R\ {0}
(t=1,...,p;7=1,...,q9). The generalized Wright function is absolutely convergent,
q P
and thus it is an entire function for A = Y 8; — > a; > —1 [15].
j=1 i=1

The Fox H-function

m !
(Aiy i)y ] 1 / jl;llr<BJ' — B;s) il;[1r(l — A; + ;)
(By.fiha | 2w e IE[ I'(A; — ws) lgl I'(1 - Bj+ p;s)
i=l+ j=m+1

is defined for z € C\{0}, m,l,p,q € Ny with (m,1) # (0,0), a;, 3; € Ry and A;, B; € R
(t=1,...,p;j =1,...,q). If there exists any empty product in the above expression,

m,l s
H z%ds,

z

[y

then it is taken to be 1. The contour L separates the poles of the gamma functions
I'(Bj — Bjs) (j = 1,...,m) from the poles of the gamma functions I'(1 — A; + «;s)
(¢ =1,...,1). In this work, we take L as L., a contour that extends from the point
v — 100 to the point v 4 ico, where « is chosen such that L separates the poles as

stated above (see Figure 1.1). The above integral converges under the conditions [18]

l P m q
p=> a;— > a;+> B;— Y. B;>0and |argz\<@.
i=1 i=l+1 =1 j=m+1 2

With regard to expressions for solutions of fractional differential equations, we are
particularly interested in the case [ = 0 of the H-function. In this case, the H-function

vanishes exponentially for large z as [17]

1 1 26+1

H"[2] = O (exp (—Vz?e?) ZTw ) , (1.6)
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X
E
%

~

Fig. 1.1 The Fox H-function contour

where
= o T1(8,)~" _ % P—q
G_H(O‘z) H(ﬂj) 7, 5—ZBJ_ZA%+T
=1 j=1 Jj=1 i=1
and . )
Jj=1 i=1

The following identities for H-functions are known to hold for z > 0 [18]:

gt || Ao | i |1 (1= Bji B (1.8)

LT (B B | olE (- Anaiy, |
| (A iy | A,k

pmt | An e g ek g (1.9)
| (Bj Bida | (Bj, kfBj)1q
| (A iy | Ai+ 00,0

ZUH;:Lq’l z (Ais i)y = gfq’l z‘ (Ai + 0, i), forc € C. (1.10)

| (Bj Bida | (Bj + 085, Bi)1.4
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The higher order derivative of product of power and H-function is also known [18]:
N A o
LN Zp—lﬂ;n(}l az’ ( 17a1)17P
dz ’ (Bj: B)1q
_ vt el (1= p0) (i (1.11)
S (Bj, Bi)rq: (L =p+ N, 0)
where N € N, a,p,0 € C and R(o) > 0.
Moreover, the following relations hold among the above special functions:
Eya(z) = €, (1.12)
a,l _
o Fy ( . ;z) =(1—-2)" for|z] <1, (1.13)
1,1
an,,B(z) = 1\1’1 z ( ’ ) ] 5 (114)
, @)
Epi(2%) = ° +26 (1.15)
e —e’”
Ez(2%) = — (1.16)
W(z;a’ﬁ) =V |2 . > (117)
(8, )
(Ah 1)? (A27 1) F(AI)F(AQ) A17 AZ
v 2] f <1, (118
2¥1 |2 (B, 1) | '(B)) 241 B, z | for |z ( )
[ | (A1), (Ag,1),(1,1) ] Ap A
3\111 z ( b )’( 2 )’< ’ ) :F(Al)F(AQ)QFl 1,1 2 ,E s for ’Z‘ <4 (119)
[ (A1), (Ag,1),(1,1) ] Ap A
3\111 z ( b )’EQ 22’) ),< ’ ) :F(Al)F(AQ)QFl ( 1;) 2 ,Z s for ’Z‘ <4 (120)
L ’ 2

Also, the generalized Wright functions can be expressed in terms of Fox H-functions as

Lp
Hp,q+1

Lp
Hp+1,q

(1—A;, i)y

(1 —A;, ai)Lp’ (Bla _Bl)
(07 ]')7 (]' - Bj7 6]‘)2,(]

(07 1)7 (1 - Bl7ﬁ1>7 (1 - Bj7ﬁj>2,q

, for g1 >0

, for — 1< (1 <0,

(1.21)
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where o; (1 =1,...,p) and 3; (j = 2,...,q) are positive real numbers [16].
Note: Here we use conventional notations for Wright functions and generalized

Wright functions, without considering the consistency of this work.

1.3 Basics of Lie symmetry analysis for differential

equations

In last five decades, there appear many works using Lie point symmetry methods to
exploit the invariance property of differential equations. The Lie symmetry method
is algorithmic and can be used to various types of differential equations. Here we
briefly present some main points about the Lie symmetry analysis for partial differential
equations (PDEs) [12, 13, 22], then generalize it to analyze fractional partial differential
equations (FPDEs) [6, 7] and systems thereof [10, 26, 27].

1.3.1 Main concepts of Lie symmetry analysis of PDE

The transformation group G is a collection of invertible transformations y = T(y),

y € R, satisfying the following conditions:
1. G contains an identity transformation [ : I(y) = v.
2. (G contains the inverse transformation of any transformation 7' € G.
3. G contains the product 1577 of any 11,75 € G.

Let us consider a one-parameter transformation group G of transformations 7, :
r =T (z,t,u,a), t=T%xtua), u=Txtu,a),

where the functions T%(x,t,u,a) are defined in a neighborhood of a = 0 and satisfy

the conditions
T (z,t,u,0) =2, T*(x,t,u,0)=t, T°(x,t,u,0)=u.

Expanding the functions T%(z,t,u,a) into the Taylor series in the group parameter a
in a neighborhood of @ = 0 and neglecting the terms of order O(a?) then using the

above initial condition, we arrive at the following infinitesimal transformation of the
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group G :
T~x+al(x,tu), txt+ar(ztu), u=u+an(zt u), (1.22)
where
T (z,t,u,a)
t? = - 59 ?
E(e.t.u) el
OT?(z,t
T(r,t,u) = —(:13, .t 0) 7
da a0
oT3(z,t,u,a)
tou) = 0oL
T](l‘7 ’U/) aal o

The functions &(z, t,u), 7(x,t,u) and n(z,t,u) are called infinitesimals and can serve
as tangent vector field of the group G. This tangent vector field is often written as a

first-order linear differential operator

0 0 0
X = t,u)=— t,u)—=— t,u)—.
The operator X is called the infinitesimal generator of the one-parameter group G.
The transformations (1.22) of the group G generated by X are found by solving
the Lie equations
dz _ dt _ du _
j:é(@t,qj)? 7:7-('%7757@)7 ﬁzn(:faua)a
da
with the initial conditions

i’|a:0 =, ﬂa:(} = t, ﬂ'a:() = U.

Definition 1 ([12]). A function F(xz,t,u) is an invariant of the group G of transfor-
mations T, if F(z,t,u) = F(z,t,u).

Theorem 1 ([12]). A function F(x,t,u) is an invariant of the group G generated by
infinitesimal X if and only if it solves the following first-order linear PDE:

OF
+n(z, t,u)=— = 0.

XFE{(x,t,u)a—F—f—T(x,t,u)aF 5
u

ox ot
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We can also talk about the transformation of derivatives

up R~ ut+€M(0)(x7t7u7ut7u$>7
Uz =~ uz—l—eu(l)(ic,t,u,ut,uz),

Uz R Ugg + P (2,1, U, Uy, U, Uty Ugy ), (1.23)

where subscripts denote partial derivatives. The u® (i = 0,1,...) are extended

infinitesimals and are well known

1@ = Dy(n) — uyDy(€) — uDy(7),
1Y = D) — upDu(€) — uDy(7),
1O = Dy(u) = g Dy (€) — Dy (7). (1.24)

Here D, and D; are the total derivative operators defined as

Dt = g—l—utg—i-utti—l—
ot ou Ouy
D, = E—|—u£—|—u i%—
* ox “ou Tou,

Starting from the group G of transformations (1.22) and then adding the transforma-
tions (1.23), one obtains the prolonged group G,), which acts on the space of n + 4

variables (z,t,u, Uy, Uy, Uy, - - -, Ugn ). The generators of prolonged groups are
Xy = X+u0- 0 w0
ouy ou,’

Definition 2 ([12]). A group G of transformations (1.22), (1.23) is a symmetry
group of n-th order PDE

up = F(2, 8, Uy Uy Uy -« oy Ugn ), (1.25)

if it conserves the form of the equation (1.25).
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From this definition we can see that the transformations of the symmetry group G
map every solution of (1.25) into a solution of the same equation. To determine the

infinitesimals, we need to solve the following determining equation

Xny(ug — F(2,t, U, Ug, . .., Ugn))|(1.25) = 0, (1.26)
which is derived from
up — F(Z,t, 0,0z, ..., Ugn) = Uy — F(, 1,0, Ug, . . ., Ugn).
Since the equation (1.26) contains the derivatives wu;, u,,. .., u,» of function u(z,t)

considered as an independent variable along with x and ¢, the determining equation
is split into several independent equations becoming an overdetermined system of
differential equations for the infinitesimals and extended infinitesimals. The set of all
solutions to the determining equation is a Lie algebra, i.e., it is closed with respect to
the commutator. In other words, if X, X’ are solutions to the determining equation,
then the commutator

X, X' = X(X) = X'(X)

is also a solution to (1.26).

If a group transformation maps a solution into itself, we arrive at group invariant
solutions. Given a group that leaves a PDE invariant, one desires to minimize the
search for group-invariant solutions to that of finding inequivalent branches of solutions,
that is to say to give them a classification, which leads to the concept of the optimal
systems. Consequently, the problem of determining the optimal system of subgroups is
reduced to the corresponding problem for subalgebras. In applications, one usually
constructs the optimal system of subalgebras, from which the optimal systems of
subgroup and group invariant solutions are reconstructed. The invariant solutions of
(1.25) corresponding to any infinitesimal symmetry can be obtained using Lie symmetry
transformations applied to the invariant solutions corresponding to the infinitesimal
symmetries of any optimal system of one-dimensional subalgebras of infinitesimal
symmetries [22]. The optimal systems of low-dimensional Lie algebras are determined
in [23]. For this reason, we are only interested in the invariant solutions corresponding
to the infinitesimal symmetries of the optimal system.

One can find more information on Lie methods and its application to differential
equation in [2, 12, 13, 22].
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1.3.2 Lie symmetry analysis of FPDE

In [5-7] were generalized Lie symmetry analysis methods to fractional differential
equations. Here we carry out the basic formulas for Lie symmetry analysis of FPDEs
analogously to the original work of [6].

The time fractional PDE with two independent variables in a general form is

0%u(x,t)

Gi0 F(z,t,u, uy, Ugg, - . .), a > 0. (1.27)
Consider a one-parameter Lie group of infinitesimal transformations (1.22) along with

oru_
ot oto

+ eu + O(é%), (1.28)

where £(%) is also an extended infinitesimal. The transformation (1.22), (1.23) with

(1.28) conserves the structure of (1.27), hence the invariance condition is
7(x,t,u)|i=o = 0. (1.29)

In the following calculation we use the notation

ﬁgn ~ 'U/tn + €/l/§n)

The formula of ath order extended infinitesimal p(® was obtained in [6] for FODEs
in detail and the formula for FPDEs was presented. Here, we show the detailed
computation of the ath order extended infinitesimal for FPDE in detail. Using the

generalized Leibniz rule (1.4), we have
cu(z,t) X [« e -
_— = —Uin t).
ot nz:% <n> I'n—a+ 1)ut (%)

We get the ath order extended infinitesimal in the following manner

pos d(@%j(ﬁ;,t‘))

de ote 0
= [« tne n) = [ n—o o1

= _— —_—t n.
%(n)ﬂn—aﬂ)“t +,§<n>F<n—a+1> o

Substituting the formula (8.25) of [11]

" = D} (1 = Eur = Tug) + T+ Eutgen
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into the last expression, we get

@ — 3o ()R = Cue —Tu) g (o) T T
. Z(n) F'n—a+1) +2 n)ln—a+1)

X (o T Ugyn > () (n—a)t" L rum
e (n)F(n—aH) 2 (n) P(n—a+1)

n=0 n=0

a " g
= Da(n fux—Tut —i—Z( >F(n—a;

Elgyn > (o) (n—a)t" *lrum oty
+Z<> —a+1)+z<n> 'n—a+1) _F(l—oz)’

n=1

b2 (=)

into the last expression, we get

n—1

Using the identity

o) n—o o] n—a—1
@ _ poy_ B a) "YUy a+1\ t TUn
K 00— gu. WH%()F > Tn—a+1)

n)I'n—a+1) ‘—Z\ n
= Df(n = &ue — 7uy) + €07 (ug) + 7D7 (u)
= Dj'(n) — D (us) — D7 (Tus) + ED7 (uz) + 7D (u).

Hence, the ath order extended infinitesimal ;(*) has the following form [5-7]
= Dit(n) + €D (us) — D} (§ua) + D (De(r)u) — D (u) + D7 (), (1.30)

where Dy is the total fractional derivative operator. By using the generalized Leibniz

rule (1.4) as following
a
D (€u,) = &ED(ug) + (n> D" (uz),

DHDy(r)) = Dyl u>+§(

+
D) = ropr+ Y [ )Df“—”(uwm
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the infinitesimal (1.30) can be rewritten as [25]

1@ = D¥n) — aDy(t W—}%( )D” &) D" (uy) Z (ni1>Df+l( D" (w).
(1.31)

In a view of the generalization of chain rule for composite functions we have

LA S5~ (1) v oy S8

k=0r=0 Y

and using the generalized Leibniz rule (1.4), we get the following explicit expression
for pu(® [5-7, 25, 29]

ot ot ot = \n

ol e B e o a CR e

A ) L ca [ (O‘) D}(€)D§ " ()

where

an—m+kn

EEER () e

It should be noted that we get © = 0 when the infinitesimal 7 is linear on u.

According to the Lie symmetry theory, the infinitesimal generator of (1.22), (1.23)
and (1.28) is given by
0 0 0 (@)

o 9
o 0 0 0 0 @
"ot T T an T g TR A

T (1.34)

The infinitesimal invariance criterion for (1.27) or determining equation can be written
as
X (uge — F(t, 2,0, Upy Ugy, -+ )] 02

=0 (1.35)

6#!

1.3.3 Lie symmetry analysis of the system of FPDE

In [10, 26] Lie symmetry analysis was generalized to study the systems of FPDEs. But
we found that the extended infinitesimals derived in both of these two papers do not
match with the ones that we obtained below.

So, we carry out the derivation of extended infinitesimals for a system of FPDEs.

The general form of a system of time fractional PDEs with two independent variables
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z and t is as follows:

%(f,t):Fl(m7t’u7u$7u$$7'"’/l)?/l}x?,ljl'x?"')7 (1 36)
80‘5;(;1‘7,@ = FQ(xv ta Uy Uges Uy - -+ 5 Uy Uy Uy - - )
The infinitesimal generator of (1.36) is given by
0 0
X — ¢
5 Top Tha, t cb
and the corresponding extended infinitesimal generator is
- 0 0 0
X:X_’_u(a) _|_Iu(1) 4 ..+¢(Q)7+¢(1)7+... , (1'37)
OUsa Ou, Ve v,

where 7, &, 11 and ¢ are infinitesimals and p(®, p™, ¢(*) and ¢ (n = 1,2,...) are

extended infinitesimals. Explicitly, £ and ¢ are given by

1D = Dy(j) =, Do(€) — uDa(r), ¢ = Du(6) — v, Dul€) — v Dal7),
,u(2) = Dx(u(l)) - ux:po<€> - uxth(T)a ¢(2) = Dm<¢(1)) - UJISOCD?C(&-) - UxtDI(T)’
: - (1.38)

where D, is now the total derivative operator defined as

A R R
N U T Ouy “Oov O,

The ath order extended infinitesimals have the following forms [10, 26]:

u@ﬂﬁMaQW—;<> oD () -3 ) p )

¢(a) — Df(gﬁ) — aDt 8to‘ - Z ( ) Da n(vw) i (ni1>D?+l(T)D?_n(v),

n=1

which are derived analogously to the case of FPDE. Here, D, is the total derivative

operator defined as

ot Uy ou Ugt UVt~ o0 Vgt —

D, =
! Ol ov,
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Because the lower limit of the integral in (1.1) is fixed, it should be invariant with

respect to point transformations. We thus arrive at the following initial condition
T(x,t,u,v)|=o = 0. (1.40)

We should note that the last three terms on the right-hand side of each equation in
(1.39) are already in factored forms with respect to the partial derivatives of u and wv.
Hence, we only need to consider the first terms, Dy*(p) and D§(¢).

In the following lemma, we present explicit forms of the extended infinitesimals

@, ¢ that are readily computed.

Lemma 2. The extended infinitesimals i'® and ¢ in (1.89) can be re-written as

o™ 0% iy, 0% Ly, 0%u 0*v
(@ _ _ _ _
a gie Yo Vet —aDi(7) o s
a U a n a—n
—Z( ) D () + 3 [( ) e (nH)Dt“m] Do)
n=1
00 an o e
+2 <n> 8;; D" (v) + pua, (1.41)
n=1
¢ 0%, 0%, 0% 0
(@ _ _ _
¢ ate o U ote <¢” D7) g + dug

where

-2, = 2 a0

k2=0,..,m2
k1+k222

fn—o om ukl -7y 8mzvk‘2—T2 or—mi —m2+k1+k2u
X —————(—u)"(—v)"™ ;
'n+1—a) otm otmz  gtn—mimmzQyki gykz
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and

-2 2 = 22000 G

ko=0,..,m2
k1+k222

tnfa 8m1 ukl -7 8m2 /Uk27’r2 8mfm1 —mo—+k1+ko QS

Tl —a W ) g g g mgum g

Proof. It is sufficient to prove the formula for x(®. This can be done by carrying out
an expansion of the first term Dg*(u) in (1.39) by applying a generalized Leibniz rule
(1.4) and a generalized chain rule (1.32) [20, 24], as follows:

D) =3 () g P

n=0

" or—mimmegmigme y(x o tou(x, ), v(x, ta))
otn—mi—mz g Ot 2
-5 2 EEES ()rtalo) (o) C)E)
n=0mi1+mo=0 k1=0r1=0 ko=0 ro=0 n+1—Oé) my ma 1 T2
1 m1,,k1—r1 Ama,,ka—r2 n—mi—mo-+k1+ko
S )y Al h
kqilks! otm otmz  gtn—mi—m2yki Gyk2

(1.43)

Because i is equal to the partial sum obtained from (1.43) by retaining the terms for
which the sum of &y and ks is greater than 1, we need to examine only the case in which
k1 + ko < 1. All possible summations over values of (my, ma, k1, ko, 71,72) satisfying
this inequality can be divided into five cases, which we index by i. We write the

resulting sum Dy*(11);). These quantities are listed in the following table. The explicit

Subcase i | (my,mo, ki, ko, m1,79) | D

1) (0,0,0,0,0,0) D

/M):;()D? "L =

o0 a—n n—+1 Yo' “
2) = Z:: ( )Dt 1(— )8t”6u - _uaat!'i

(0,0,1,0,1,0) Dy
(0,0,0,1,0,1) Dy
(m1,0,1,0,0,0) Dy

W = mt + 3 (3) 58D

(0,m2,0,1,0,0) | D2 (p)s) = proot + z (%) e Dp ="

n

form of u(® given in the statement of the lemma can be obtained by substituting the
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sum of D (u);) in the above five cases and g into (1.39). The formula for p(®) can be

obtained similarly. O

Note: If u(® or ¢ is linear in u and v, then p; = 0 and ¢, = 0, respectively.
The infinitesimal invariance criterion in the Lie symmetry analysis for the system

given in (1.27) is

X(Uta — Fi(m,t, Uy Uy Uy« o 5 U,y Vs Vs - - .)))(127) =0, (1.44)

X('Utoz — FQ(xyt; Uy Ugy Uggy -+ - 5 Uy Ugy Vg - - .))‘(1.27) - O’

where X is given by (1.37), (1.38), (1.41) and (1.42).



Chapter 2

Solutions of linear fractional

differential equations

As the applications of fractional ordinary differential equations (FODEs) emerge
in diverse fields, various methods for studying the FODEs are appearing rapidly,
such as power series method, method of integral transformations, Green’s function
method, Adomian decomposition method and variety of numerical methods. Among
these methods, the indicial polynomial method has a similar idea to one that we are
introducing in this chapter. But in [28], the indicial polynomial method is only applied
to constant coefficient fractional ordinary differential equation with rational order of
fractional derivative and the solutions are expressed in Mittag-Leffler functions.

In this chapter, we derive exact solutions expressed in terms of well-known special
functions for FODESs of the form:

a Ay, A

1P = o

P(2) + () 4+ e p(2) +anp(2), (21)

where « € Ry, a; € R (i =0,...,m) and a,, # 0, and for systems of the form:

4o (,O(Z) _ amy »mi dmi w(z) + Z:::,ll:ll Zm1_1 j;?nll_—ll (Z) 4+ .. 4 %2%1/1(2) + an(Z)a

dzi(’ a™1 dz™1
< m m bino— _ mo —
H(2) = e Eme(2) + g T Eme(2) + - 4 Bado(2) + bop(2),

(2.2)

where o € Ry, a;,0; € R (1 =0,...,m1;5 =0,...,mz) and ay,, by, # 0.
It is interesting to consider the forms taken by (2.1) and (2.2) in the particular

cases that m = 2 and m; = mo = 1, because these are the cases most commonly
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considered in scientific and engineering fields. In these cases, we obtain the FODE

de b d ¢, d
@w(z) = ap(z) + az—zw(z’) +—=z @go(z), where a,b,c € R (2.3)

and the system of FODEs

deap(2) = ar(2) + L L (2),

- o where a1, as, by, by € R. (2.4)
2=¥(2) = aap(2) + 222 90(2),

In the case that o = 1 and ¢(z) takes the form ¢(z) = z”e_?lng(é), (2.3) reduces to

Kummer’s equation,

2

d b d b
ZQEQﬁ(Z) + <2r — +2- Z) %gb(z) + (c —r— 2) o(z) =0,

where r = — 2=tV (5_6)2_4%. Further, in the case that o = 2 and ¢(z) takes the form

C

o(2) = (c22 — 1)~ % ¢(y/cz), (2.3) reduces to the associated Legendre differential

equation,

(1= T 02) = 2L + (104 1) - =5 ) o) = 0
2) a0 a0z ) 9(:) =0,
where | = ’C+vb2+5274“’2bc and s = 2 — 1. The solutions of the above equations

can be expressed in terms of Kummer’s function and associated Legendre functions,

respectively.

2.1 Construction of exact solutions

We express solutions to (2.3) and (2.4) using three kinds of special functions: Mittag-
Leffler functions, generalized Wright functions and Fox H-functions. Which of these
functions we use in any given case depends on the right-hand side and order of the
fractional derivative of (2.3) or (2.4).

2.1.1 Solutions expressed in terms of Mittag-Leffler functions

The following lemma concerns fractional derivatives of products of Mittag-LefHer

functions and power functions.
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Lemma 3. For arbitrary positive values of a, 5 and B, and for any real a, the following
equality holds:

a* B-1 B m  B+mf—a—1 B

T (z Es plaz )) =a"z E3 pimp—a(az”).
Here, m is the smallest non-negative integer such that B+mf —a —1 is not a negative

integer.

Proof. This lemma can be proven straightforwardly by taking the fractional derivative
term by term in a series representation of the Mittag-Leffler function via (1.3) as

following

4o Bl de & aiZBflJrBi
- E B
e (Z ,&B(CLZ )) dzo ;) F(B + 52)
aiZB—1+Bi—a
B ; ['(B+ pi — «a)

ai+mZB—1+Bi+ﬁm—a

§F(3+ﬁz’+ﬁm—a)'

The last equality follows from considering the condition on m, ensuring the definition

of gamma function. m

For the cases specified below, we construct solutions of (2.3) and (2.4) in terms of

Mittag-Leffler functions.

Proposition 1. For arbitrary o > 0, we have the following solutions expressed in
terms of Mittag-Leffler functions.

1. For a € R, the equation

d*e
= ayp, eR 2.5
dz ap < ( )
has a solution ¢(z) = f: k2 " Eg1ia-r(az®), where ¢ (k = 1,...,n) are
k=1
constants.
2. For ay,as € R, the system
% _ a
= W eR (2.6)

Y _
dzo - 229
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has a solution

n n
©(z) = kZ k12  Eog 1 rar(a1a22%%) + ay kZ k222 F Bog 11001 (a1a22%%),
=1 =1

n n
Y(2) = ay kzl 122K Bog 14001 (a1a22°%) + kzl 22 % Fan 1 ra—k(a1agz®),

where ¢, cp2 (k=1,...,n) are constants.

Proof. From the linearity of (2.5) and (2.6), it is sufficient to show that the single
terms

or(2) = ez Eopyai(az®)

and

or(2) = 2° " Fan 11 a—k(a1a22%)
Ur(2) = a22** % Eog 1420—k(a1a22%)

satisfy (2.5) and (2.6), respectively, for k = 1,...,n. This is easily done using
Lemma 3. [

Although the first assertion of Proposition 1 was demonsrated in [24], we included

it here for completeness.

2.1.2 Solutions expressed in terms of generalized Wright func-

tions

Let us formulate the following contiguous relations for the generalized Wright functions.
These are used below to obtain solutions of (2.3) and (2.4).

Lemma 4. Let us assume that the generalized Wright function is absolutely convergent,
i.e., that A =30_) B; — Y7y Ai > —1. Then the following equalities hold for a € R,
and a € R.

1. If 1 > 0 and By > 0, then we have

d” _

az’

azP

(Ai? Oéi)Lp — amZBl—f—mﬁl—l—Oé
(Bj: Bi)1q

(]-7 1)7 (Az + maog, ai)l,p

; z GR,
(]- + m, 1)7 (Bl + mﬂl - aaﬁl)a (B] + mﬁjvﬁj)lq

><p+1\11q+1

where m is the smallest non-negative integer such that By + mpB, — a — 1 is not

a negative integer.
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2. For o € R\ {0} and R € R, the following equality holds

az
_ Lz%af 0, |az (A1 + 1, 0q), (Ai, )2y
L (Bj: Bi)1,q

Proof. To prove the first assertion, let us write the function whose fractional derivative

we are taking, ¢(z), as

o(z) = zBl_lp\I/q az"

(Bj: Bi)1q

(Az‘, ai)l,p ] ‘

Then, taking the Riemann-Liouville derivative (1.1), we obtain

A & (A +aqi) - - T'(A, + O‘p') ' Bi—1+p1i~a
Zr _ Z . z ,
dZa i—0 F(Bl — o+ 611) (BQ + Bgl) (B -+ ﬁq )

which equals

de & [(A; + oy (i +m) D(A, + (i + m)) qitm yBi—14Brit+Bim—a

)
dz* g U(Br —a+ Bim+ 512)F(32 + 52771 + Bai) - - - T(By + Bgm + Bgi) (i +m)!’

where we have employed the condition on the integer m. The first assertion of the
lemma can be proved through multiplying both the numerator and the denominator of
the last expression by i!.

The second assertion of the lemma can be proved through straightforward calculation
with the help of the identity (A; +a1d)['(A; +a1i) =T(A1 + 1+ aqi) for i =0,1,2, ...

as following
Aqo A .
<1Zd+R> 1 _aRp\I/q ( uaz>1,p
o dz (Bj: Bi)1q

1 d SNy N (o F(Ak -+ aki)ai A% G Rtoi
= Zz— 4+ R k=1 ‘ ~
( ) ; 11 0(B; + Bj1)

o dz

X [ T(Ag + agi)a’ ( <A1 ) R

b1

= : —|—oc—-—aR+o0i)+ R)
; I 0(B; + B5i) \a\a

az’
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We obtain the following corollary from the first assertion of Lemma 4 in the case
Al = (] = 1.

Corollary 1. When B; > 0, 51 > 0 and Ay = oy = 1, the fractional derivative of
product of power function and generalized Wright function ,¥, is

di Bi-1 (171)7(141'7051')2,;;
dzoz < p=q B '
( J?/Bj)l,q
m  Bi+mpi—1—-« <1a1>7(Ai+mai7ai)2,
= qmPrmhilTe g P

(By +mpBy — a, B1), (Bj + mBj, Bi)2q |

where m s the smallest non-negative integer such that By + mfB; — a — 1 is not a
negative integer.

azP

B1
q az

Before moving on to the formulation of exact solutions of (2.3) and (2.4), we
introduce the following notation.

Let us consider the case that ¢ =0 and b # 0 in (2.3). Then writing —¢ as 5, we
can rewrite the right-hand side of (2.3) as

b d 1 d
ap + 2%y (Z — s) ®.
a dz

we rewrite the right-hand side of (2.4) as follows:

a dz

by d 1 d
a1¢+1z¢—bl< ~)¢,
by d 1 d
Ao + *22790 = bg <Z — g‘g) @.
o dz

a dz

Now, let us assume ¢ # 0. Then the characteristic equation of the right-hand side of
(2.3) is

9 b 1 a
s+(-——|s+—-=0.
c « c

We write the determinant and roots of (2.7) as D =
1 (1 b
2

12, P

a? ac 2T and S12 =
, respectively. en we can rewrite the right-hand side o .3) In the
L_b+D ively. Th ite the right-hand side of (2.3) in th
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factorized differential form

b dp ¢ ,d%p 1 d 1 d
ap + P + perdbre Rl Gachl Dot 2 (2.8)

This notation is useful for at least two reasons. First, it reveals the uniformity in
given solutions of (2.3) and (2.4) with different orders of fractional derivatives. In
particular, in the case ¢ # 0, we can avoid a tedious computation by simply rewriting
the right-hand side of (2.3) in factorized operator form. Second, using this notation,
we can easily generalize (2.3) and (2.4) into cases with higher-order derivatives and
obtain solutions thereof. We will discuss this generalization in the next section.

We now formulate the solutions of (2.3) and (2.4) expressed in terms of generalized

Wright function as follows.

Proposition 2. We have the following solutions expressed in terms of the generalized
Wright function.

1. Fora>1 and a,b € R with b # 0, the equation

d*o b dp
Ta = 0¥ + i € R (2.9)

has as a solution

n 1—-2—-51),(1,1
QO(Z) — Z ckza—k2\111 bz® ( « ( ) 7
k=1 (1 +a— ka Oé)
where 5 = —%, and ¢ (k= 1,...,n) are constants.

2. For a > 2 and a,b,c € R with ¢ # 0, the equation
— =ap+—z2—+ —=2"—, z€R (2.10)
Q z
has as a solution

«

p(z) =D ez 30 |ez
k=1

1 2b b2 da _
where D = =5 — 22 + 5 — %, 810 =

%(i—gi\/ﬁ),(mdck (k=1,...,n) are

constants.
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3. For a > 1 and ay,as, by, by € R with biby # 0, the system

d%o _ by dy
=ap+ Lz

i e zeR (2.11)
dz;/} = Q2 + %def,
has as a solution
) SRR TONCEE S RINCRY
a—k 2a 20 2 »\ 9 % 5 , ,
Z) = CL1% Uy |4b1bsz (
@() kz::lk,l 3¥q 102 (1+a_]{’2a)
) - -31),(1-£-%1),0.1
+ 20, Z Ck,222a7k3‘111 4blb222a (2 2a 27 ) ’ ( 20 2 ) ) ( ) ) ’
k=1 (1+2a —k,2a)

- 1—-k* 3511
(z) =20y Y cpa2”* Wy | 4byby2> (1-%-%1),

k=1
n Lk _ &) (1-£ % 1) (1,1
+ Z Ck72za_k3\111 4b1b222a (2 2 27 ) ) ( 2a 27 ) ’< ’ ) ’
k=1 (1—’—01—/{3,204)
where §; = —31, § = —‘g—;, and ¢, cg2 (k=1,...,n) are constants.

Proof. The proof can be carried out similarly in all three cases using Lemma 4 and
Corollary 1. For this reason, we present proofs only for the second and third cases.
As in Proposition 1, from the linearity of (2.10), it is sufficient to show that a single

summand,

or(z) = 207F 0 ez

(1 - 2 _317(11)—;(1 _kZ _)82’1)’(1’1) ] , where 1 < k <n,
a— R,

of the solution ¢(z) satisfies (2.10). Because 1 + « — k > 0 for any k, by Corollary 1,
we have the following identity for the left-hand side of (2.10):

dQQOk

cz®

2k 5 1),2-F —5,,1),(1,1
= 27Ny 0, R )’(’)]. (2.12)

(14+a—Fk )
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Then, by virtue of (2.8) and the second assertion of Lemma 4, the right-hand side of
(2.10) becomes

1 d 1 d
¢ ozzdz o1 ozzdz 52 | Pk
1 d
=c (z — 31> (za_kgllfl
o dz

which is equal to the left-hand side of (2.12).

In the third assertion, we only need to show that the summands

cz®

(1—§—ﬁJ)42—§—&J)ALD}>

(1+a—k«a)

k 3 1 k 3
Pra(z) = 207k, |4bybyz (t-s-%1).G-u-%1).0D |
(1+a—k, 2a)
ko _ 51 3_k _ &
V1 (2) = 2b922 7R3 Wy | 4b1by22 (1 S22 1) ) (2 2a " 3 1) ,(L,1)
(1+ 20— k,2a)

and

(--31).(-%-%1.00

(1+2a —k,2a)
G-%-%1.0-%-%1).00
(1+a—k,2a)

)

satisfy (2.11) for k = 1,..., n. For this purpose, it is sufficient to show that (¢x1(2), ¥r1(2))
satisfies (2.11). Then, the proof that (pg2(z), ¥k 2(2)) satisfies (2.11) follows from the
symmetry property of the system. After applying Corollary 1 with m =1 for ¢, and

m = 0 for ¢y 1, we obtain the following expressions for the left-hand side of (2.11):

de 1), (2—& -5 1) (2 —E£ -2
905,1 _ 4b1b222a7k3‘111 Ab by 2k (1,1) ( 2a 2 ) (2 20 2 ) 7
dz (1+ 20—k, 2a)
e L1, (1—& -5 1) (2-L£ %21

wgl — 2b222a—k3\1,1 4b1b22a—k ( ) ( 2a 2 ) (2 2a 2 )

dz (1+2a —Ek,2a)

(2.13)
Finally, applying the second assertion of Lemma 4 to the right-hand side of (2.11),
with R = ¢+ and 0 = 2« for the first equation and R = 3> and 0 = 2a for the second
equation, we obtain identically (2.13). O
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2.1.3 Solutions expressed in terms of Fox H-functions

Let us first present the following technical lemma on the fractional differentiation of
Fox H-functions with an argument raised to negative power.
m q p
Lemma 5. Let v = Y7 3; — X > 0 and p = Zlﬁj - X Bi— ;ai > 0.
Jj= i=

J=m+1
Then the following equalities hold.

1. Fora >0,
dingmq,o uoap| (A @i)ip-1, (1)
dze (Bj, Bj)iq

_ ,—arm,0 —ap
=z“H, [az

(Ai, i)1p-1, (1 — @, ap) . 2>0.
(Bj: Bi)1ag

2. If m > 1 then for a € R\ {0}

d
<ﬁlz + B1> H;?q’o [az_o‘p

a, dz

(Ai> ai)l,p—lv (1’ ap)
(Bj, Bi)q

— Hm,() az—Oép (A’L? Oéi)l,p—l, (1, O{p) '
o <Bl + 1’61)7(3]"5]')2@

Proof. By virtue of the asymptotic expression (1.6), the fractional derivative of the

function

(Bj, Bi)1g

is well defined. Substituting s = zu into the definition of the Riemann-Liouville

F( ) — ‘1Z7CY’L 11?—17 17 Ckp

« 0 n—a 1
d gD(Z) — d ? / (1 _ u)n—a—l :
dz" dz"T'(n —a) Jo 27ri

X/ p—1 = q (a<zu)7ap)sd5du' (2.14)
e T D(A = aas)T(1 = ays) 11 T(1=Bj+ Bjs)

7 j=m+1
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The well-known formula for the beta function expressed in terms of the gamma function

boac1 b1, L(@)I'(b)
/0 2 (1 —x) de = Tath) where R(a), R(b) > 0,

applies to our case, in which it becomes

I(n—a)I'(1 — aps)
IF'n—a—ays+1)’

1
/ (1 — w)" oy dy = (2.15)
0

choosing suitable v < 0 for the contour L. in (2.14). Next, interchanging the order
of the integrals in (2.14) and using (2.15) we obtain as following

m

dagp(z) B " Sn—o / jI;IIF(Bj - BjS)CL 2%
a T (n— ) _p-1
a2 BT =0 T (A — )P - ) T T By + 69
i= Jj=m+
<t /1(1 — )" (u) """ duds
271 Jo
ﬁ ['(B; — Bjs)a®z—*
_ d" n—a J=1
T 4 /L oo P d
e T T(Ar—aus)T(n—a+1—aps) I T(1— B;+ B;s)
i=1 j=m+1
" A o) — 1
g | (Ao 0wt 1) | 210
dzn ’ (Bj, Bj)1q

The first assertion is then proved by applying (1.8) and (1.11) to (2.16).
To prove the second assertion, let us take the derivative of the H-function using
(1.11) with N = 1. This yields

d
7Hm,0 [azap

dZ p,q

(Ai, )1 p-1, (1, 00p) . d HOm 2%
(Bj: Bi)1,q dz %" | a

(1= B, Bj)1q
(1 — Ai, Oéi)l,p—lv (07 Oép)

(0.0), (1= By, )1 ] |

(1 - Ai7 ai)l,p—lv (07 ap)7 (17 ap)

Here, note that the common term (0, «v,) is canceled out in the last expression, and
thus, by virtue of (1.8), we have

(Ai, Oéi)l’p—h (17 ap) — Hmzo az ¢r
(Bj, Bi)1q "

(A;, ai)l,p—l; (0, ap)
(Bj, Bj)1q ‘
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The quantity in the second assertion is calculated as follows:

d
<6lzdz + Bl> H;’fq’o [azo"’

(A, 05)1p-1, (1, 05) ]
(Bj, Birq

(B~ fus) T D) = o)

_ 1/ l h__ B ]
210 S tino P(—Osz)Oép I'(1— ) HI‘( —ajs) H F<1—B +5])

j=m+1
X (az™)%ds
) (By = Bis)I (By = f1s) T T(B; = Bys)
- %/L _p-l q (az™%)"ds,
yioo 'H1 [(A; — a;s)I(1 — aps) H+1 I'(1— B;j+ B;s)
i= j=m

which completes the proof.

An alternative proof of the second assertion can be obtained by using the formulas
for particular derivatives of Fox-H functions given in [18]. O

Unlike the previously presented solutions expressed in terms of Mittag-Lefller

functions and generalized Wright functions, we present the solutions expressed in terms
of Fox-H functions for z > 0.

Henceforth, we use sign function for x € R defined as

1, x>0,
sgn(z) = ) 0
-1, =z )

Proposition 3. For the following cases, we have solutions expressed in terms of Fox
H-functions.

1. For0 < a <1 and a,b € R with b > 0, the equation

do‘go b dy
dz® e+ 7Zdz

z>0 (2.17)

has as a solution

where s = —, and ¢y is a constant.
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2. For 0 < a <2 anda,b,c € R with ¢ > 0, the equation
d” d d?
Y ap + = woC qayp
dz® z

has as a solution

(2.18)
z (1, )
2) = ¢ H2,0 < ) ’
ol) = athy [ ¢ | (=s1,1),(=s2,1) ]
where 519 = % (é — % + \/E), D= % — i—ﬁ z—z — 48 and ¢; is a constant.
3. For 0 < a <1 and ay,as, by, by € R with biby > 0, the system
= Wt E >0 (2.19)
T = a0+ R,
has as a solution
52 (1,204)
o) = ensgatezg |2 R
2 (5—?’1>’(_?’1>
272 (L 2&)
¢(2> = Cl\/gEHig . - ’
R 1) - 1)
where §, = _%’ Sog = —2

b and ¢y 1is a constant.

Proof. Analogously to the proof of Proposition 2, the three assertions of this proposition

can be proved in a similar manner by using Lemma 5. For this reason, we consider
only the second and third assertions with ¢; = 1, without loss of generality.

Let us consider the second assertion of the proposition. Because the convergence

condition of H-functions holds (i.e. p =2 — a > 0), we can apply the first assertion of
Lemma 5. We thereby obtain

da 2.0 A A
iy = 3N Hedi i
dze 12 [ [ c

C

)

(1,a) ] _ 20
(_5171)7(_32>1) e

(1—a,a) ]
(_317 1) ) <_52a 1)



36 Solutions of linear fractional differential equations

for the left-hand side of (2.18), which is further simplified by virtue of (1.9) into the

form
(07 —
d 2,0 |:Z
1,2
c

dze

(1,a) o0 |2 (1, )
=cHpy |— .
(—81,1),(—82,1) ’ & (—Sl +1,1),(—$2+1,1)
The right-hand side of (2.18) is obtained in analogy to the second assertion of Proposi-
tion 2, by using (2.8) and interchanging the parameters (—s;,1) and (—s2, 1) in the

solution ¢(z) in accordance with the second assertion of Lemma 5 as following

1,a) ]
82, s (—81, 1)

(1,
( S1, )7( S2+1 ]-) :|
(1) ] |

(—s14+1,1),(—=s2+ 1,1)

Next, considering the third assertion, for the sake of compatibility with the second
assertion of Lemma 5, we rewrite the right-hand side of (2.19) as follows:

arp + 2z = 2p, (%ZE 2“711) P,
asp + bQZd‘p = 2by (QQ zz + 2“722) ©.

Because the convergence condition = 1 — « > 0 holds for both ¢(z) and ¥(z), w
can apply the first assertion of Lemma 5 and (1.9). We thereby obtain

da 2720‘ (1, 20[)
= 2sgn(b)ybibo HYY | T N P
1¥2 (1 771 7(5_771)
e’ 2—204 (17 20[)
d;f B ngn(bz)bQHig m 1 S1 )
192 (5—?71 ,(1—?,1>
Applying the second assertion of Lemma 5 with By = —%1 for the first equation and

By = —%2 for the second equation, we obtain the desired form. O
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We now show that for a special case of (2.18), we have solutions expressed in terms

of Wright functions.

Corollary 2. Let the determinant of (2.7) be D = % — i% + %z —fa i, and suppose

c#0.

1. For0 < a <2 and ¢ > 0, (2.18) has a solution of the following form.:

g ((2E a1(3 b 1)
Ve 272\a ¢ 2 '

2. For a > 2, (2.10) has a solution of the following form:

(%_2127"‘1_‘_%’2)7(1’1)
(14+a—Fk ) '

gp(z) = Clz%(é_%""

N

cz®

p(z) = Z Ckza_kijl Ve
k=1

Proof. To prove the first assertion, we need to show that ¢(z) corresponds to the
solution given in the second assertion of Proposition 3. When D = i and 0 < a < 2,
the roots of the characteristic equation (2.7) become s; = 3 (é — by %) and sy = 5 —3.

In this case, the solution given in the second assertion of Proposition 3 is

(1,0) ]
(=s1, 1), (=s1— 5,1) |

Then, applying the duplication formula for the gamma function

1
['(—sy—8)T (—31 —s+ 2) — /a2 (—25) — 2s)
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to ¢(z), it becomes

4z7¢

Cc

Bx) = e Hl [

(1,0) ]
(—2s1,2)

(1:5) ]

(—2s1,1)

o
2272

NG
- avaeattg 2] GG D)8

f— Cl\/;élslHi-:? [

The second through fifth equalities here follow from (1.9), (1.10), (1.21) and (1.17),
respectively. It is thus seen that ¢(2) = ¢(2).
We can prove the second assertion by applying the duplication formula for the

gamma function
k k 1 : 2k
F(l——sl—i—i)F(l——sl—I—i—l—) = /m2%e T <2——231+2¢>
Qo o 2 o

to the solution given in the second assertion of Proposition 2 as following

(1=E—s,1), (1-5—s,1),(1,1)

a—k fe
z) = CL2 Uy ez
#(z) ,;k oo (1+a—k )
n ooCz’za—ks+air(1—g—sl—i—i)r(l—g—SQ—i—i)F(l—i—i)
- k;ckizo T(lta—Fk+ai)i
n oo /m2tataic e kel (9 - 2 95y 4 9) T(1 4 4)
= c —
kz::lkg F'(l+a—k+ i)l
_ iékz"‘_kllf oz (2—%—231,2),(1,1)

]

To this point, we have presented several exact solutions of (2.3) and (2.4). These
solutions are classified according to the kind of special functions used to express them.

Now, we discuss the second advantage of rewriting the right-hand sides of (2.3) and
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(2.4) in factorized differential operator form. Specifically, we show that utilizing this
form, we are able to generalize our treatment of (2.3) and (2.4) to the cases of (2.1) and
(2.2) with arbitrary integers m, m; and my. As a result, we find that the solutions to
(2.3) and (2.4) of Proposition 2 and the solutions to (2.17) and (2.18) of Proposition 3

can all be represented in a unified manner by a single general formula.

2.2 Solutions of FODE with higher order deriva-

tives

We seek a solution of the following FODE with an mth-order Cauchy-Euler differential
operator on the right-hand side:

A apm A" ayq A"l a; dy
_ m m By . >0 2.20
Az am” dzm * am-1° gzm-1 Tt a’dz o, 20, (220)
where a; (i = 0,...,m) are real numbers and a,, # 0. We represent the right-hand side

of (2.20) by P(¢). Then, from

we see that the characteristic polynomial of P is

[f’(s):ao—l—iaiij (s— j).

i=1  j=0 «

Let $1,52,...,5m be the roots of the characteristic polynomial P(s). Then, we can
rewrite the right-hand side of (2.20) as

P(p) = amﬁ <;dez — si> ©. (2.21)

Now, generalizing the results of the previous section, we formulate the following

theorem.

Theorem 6. The equation (2.20) has the following solutions:
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1. For0 < a<m and a,, > 0,

—Q

mo | 2
p(z) = 01H1,/72 [

am

(1,0) ] |
(=s1,1),(=89,1) ..., (=8m, 1) |

2. For a > m,

am 2

O—i—ﬁj%”w<—§—&mQKLD]

z) = Y 2k U
SO() ];1 k +1¥1 (1—|—a—k,a)

where ¢, (k=1,...,n) are arbitrary constants.

Proof. Similarly to the proof of Proposition 3, by applying the first assertion of Lemma 5
and the relationship (1.10) with o = 1, we obtain

do(2) _ apmo e (1—a,a)
dze B | (—s1,1), - (=8, 1)
o -
— a4 HMY | E (1-ataa) (2.22)
T | (1= 81,1), .0, (1= s, 1)

for the left-hand side of (2.20). Using the second assertion of Lemma 5 repetitively, we
obtain the right hand side of (2.21) as

—Q

(1 d mo | 2
ami:l_[l (azdz - 3z’> Y= amHl,/r? [

A

(1, )
(1—s1,1),...,(1 —sp,,1) |’

which equals to (2.22).
Now let us prove the second assertion. From the linearity of (2.20), it is sufficient

to show that a single summand

(1-

Q=

— s, 1), (1= £ —5,,1),(1,1)
(14+a—Fk )

k

(Pk(z) = 2% m+1\I]1 amza

]forlgkgn

of the solution (z) satisfies (2.20). By Corollary 1 with m = 1, we have the following
identity for the left-hand side of (2.20):

(L,1),(2-2—s,1),...,(2—- £ —5,.,1)
(1—{—01—/{?,&)

[0}

] . (2.23)
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Then, by virtue of (2.21) and the second assertion of Lemma 4 with 0 = o, R = —s;,
the right-hand side of (2.20) becomes

L
am};[l(OéZdZ_Si> Pk
(L,1),(2—2—s,1),...,(2— £ —5,,1)

amz"
(1-k+o,aq

a—k
= Qm~2 m—l—llpl

which equals to the corresponding left-hand side (2.23). [

It is now clear that the solutions given in the first and second assertions of Proposi-
tion 2 can be expressed by using only the first assertion of Theorem 6 and that the
solutions of the first and second assertion of Proposition 3 can be expressed by using
only the second assertion of Theorem 6 by taking m = 1 and m = 2, respectively.

In a similar manner, we can generalize the system (2.4) as

d% __ amy myd™y | Amy-1 my—1dM1" 1#} a1
= 2 e e ¥ ol R z L+ agy,
3w A a . " o z>0, (2.24)
Y _ bm @ bmg—1 - ® <P
dzo m22 m2 dzm2 + m22 1 ng dzm2_1 + te + -1 Z + b0907
where a; (i =1,...,my) and b; (j =1,...,my) are real numbers and a,,, b, 7# 0. The

characteristic polynomials of the right-hand sides of the first and second equations of

this system are

—ao—i—;all:[<s—> —b0+§bﬁ<s—.>. (2.25)

=1 j5=0 Q
We write the roots of the characteristic polynomials P;(s) and Pa(s) as s1, 52, ..., Sm,
and Sy, 41, Smy42s - - - Smy+ms, respectively. Then, we can rewrite the right-hand sides

of the equations in (2.24) as
my a; .diw mi 1 d S;
- 17. - 2m1 m < — —

;oﬂz dz ¢ 11—[ (2azdz 2>¢(2)

and . N
&2 b L do mEm L1 d s
iCY _ gmay — 2 s .
% a’Z dz 2 i:gﬂ (2042612 2) #(2)

The following result concerns solutions of (2.24).
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Theorem 7. The system (2.24) has the following solutions. Here, we use m to

represent my + mo and A to represent 2™t "2q,, b, .

1. For0<a< % and Gy, by, > 0,

(2) (b HI2 |2 (1,22) ]
(4% = C1581{0m, l,r’n A 8 1 _ 8 )
A ( 2 T 27 1)1,m1 ’ ( 2 )m1+1,m
mo—m bm 0 2—205 (]" 206)
U(z) = a2 T | T2HT s 1 :
Ay A (=31, (551 L

o(z) = Z ck,lza’kgokl(z) + 2™ a,, Z ck,gz%"ktpkz(z),
k=1 k=1

V(z) = 2™bmy > k12 P (2) + D iz M pa(2),
=1

k=1

where

or(2) = mp¥ _AZQO‘ (1 B % — 3 1>1,m1 ’ (é - % - % 1)m1+1,m ,(1,1) )

I (1+a—Fk2a) |

[ 3_ k _ s _k _ s |
N ORI S R (S R e

I (1420 — k,2a)

[ _k _ s 3_k _ s ]
Vki(2) = my1¥y |AZ™ <1 2o 27 1>17m1 ’ (2 2o 27 1)m1+1m (L 1) )

I (1+2a—k,2a)

i 1k sy 11—k s 1,1) |
wkZ(Z) — m+1qjl AZQa (2 2a 27 >1,m1 ’ ( 2a 27 )m1+1,m ’ ( ’ ) ’

I (14 o —k,2a) |
and ¢y, cg1 and cgo (k=1,...,n) are constants.

Proof. Let us prove the first assertion. The left-hand side of the first equation in (2.24)

is obtained as following using first assertion of Lemma 5

d%p

dze

5.0 Z—Qa

_ —x m+kK,

= sgn(by)z Hy' T
m

(1 —a,2a) ]

(_% + %7 1)l,m> (_%7 1)m+1,m+k

T 272 (1,2a)
= sgn(bk) 2m+ka,mka17;L_J]?]S |:W@bk

(_%Z + 1’ 1)1,m7 (_% + %7 1)m+1,m+k
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and by the second assertion of Lemma 5 the right-hand side is

( - 81) ¥ = sgn(am)\/ 27 anby X
=1

2a dz 2
(1,20) ]

% + ]-7 1)1,m7 (_% + %7 1)m+1,m+k

1 m+k

m+k: 0
2m+ka bk

Since sgn(by) = sgn(a,,), the above two quantities are equal. Now let us check the

second equation. By the first assertion of Lemma 5 and (1.10), the left hand side is
daw kem bk B kO 2—2(1
= 2 2 _ Oé]{Tn ’ -
dz® \ amZ Lmtk | omtkq by,
ok~ mbk 2a
/ [om-+k m+k,0
2 + a kal m+k [2m+ka bk_

.0 2—204
| | 1,m+k 2m+kambk

(1—a,2a)
(=% Dim: (=% + 5 Dt romesk ]

(1,2a)
(=% + 3, D, (=% + L, Dt msk ]

(1,2a)

(_%Z + %’ 1)177”’ (_% + 17 1)m+1,m+kz

and by the second assertion of Lemma 5 the right-hand side is

2k "ﬁk iZi—ﬁ = 2% sgn(by) x
ki:mﬂ 20 dz  2) ¥ T~ PNk
(1.20) ]

<_ﬁ + %7 1)1,m7 (_% + 17 1)m+1,m+k

—2a
m-+k,0 <
1,m+k om+kq, by,

Since |bg| = sgn(b)bk, the above two quantities are equal to each other.

Now let o > 7. Then, we only need to check that the summand

p1,i(z) = 227

oMtk g, bz

X mtk+1V1 (1 B 2% 5 1)1,m’ (% - 2]? 3 1)m+17m+k ,(1,1) ] 7

(1+a—7,2a)

1,(2) = 252

omtk bz <1 B 2%‘ % 1)1,m’ (% N 2%4 -3 1>m+17m+k ,(1,1) ]

(142 — j,20)

X mtkt+1P1
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of the solution satisfies (2.21). Let us check the first equation. The left hand side
follows from Corollary 1 by taking 1+ a—j7+m2a—a—-1>0=m=1

dp1,
— T gmtkg b

dz* b

, 1,1),2— L — %), (B — L —%1)
2a—j m+k 2a ( s L) 2a 2 /1ms (5 20 2 +)m+1m+k
X z m Uy (2™ a,,brz )
+k+1¥1 k (1420 — j,20)
For the right hand side, we use the second assertion of Lemma 4 with R = —% and

o =2«

m m 1 d S; m i
’ amll<2azdz__2>¢iﬂ2)=2 a1y, by 27

. i 5 . i
X mtkt+1P1 omtk bz (2- i Dim, <5 BEE Vi, (1,1) ] )

(14 2a —j,2a)

which equals to the corresponding left hand side of the first equation in the system.
For the left-hand side of the second equation in (2.21), we use Corollary 1 with
1420 —7+m2a0—a—-1>20=m=0

d*r

_ 2kb a—j
dz® ke
j Si 3 ] Si
% m+k+1\P1 2m+kambk22a (]‘7 1)7 (1 - 2% 9 1)1,ma (5 - QJTI R 1>m+1,m+kz .
(1 +toa— jv 2@)
For the right hand side, we use the second assertion of Lemma 4 with R = —%, 0 = 2«
mik 1 d s .
2" —z— — =) p1;(2) = 2Mby2
k i:l_n[+1 (2&2’/(/12/ 2) (1017](2) 1%
t— = % D (1= 5 = 5, Do (L)
X i} 2m+kamb Z2a (2 200 2 +)m+1m+k, 200 2 +)1my \ Ly ’
+e+1¥1 k (1+a—j.20)
which equals to the left hand side. O

We, thus, see that the third assertion of Proposition 2 and the third assertion of

Proposition 3 correspond to a particular case m; = my = 1 of Theorem 7.



Chapter 3

Lie symmetry analysis of a class of
time fractional diffusion-wave

systems

In 1987, G.W. Bluman et al. [3] gave a complete group classification and some invariant
solutions of variable coefficient wave equation uy; = 02($)um and its corresponding
system u; = ¢*(z)v,, vy = u,. In 2015, Q. Huang et al. [10] studied Lie symmetries of

the systems of the following form:

0%u 2

o — C\T)U

;’t (@)vz, (3.1)
ot = uiEJ

which can be considered as a time fractional generalization of the corresponding systems
of wave equations. Here, the fractional derivative is defined in Riemann-Liouville’s
manner and ¢(x) is a sufficiently differentiable function.

In [10], the admitted symmetries of (3.1) are determined and the reduced systems
of fractional ordinary differential equations (FODESs), even some explicit invariant
solutions, are presented for non-constant case of ¢(x). In [27], the Lie symmetries of
(3.1) are found for the case c¢(z) = const. In both [10] and [27], there were studied
Lie symmetries and reduced systems, but the invariant solutions were not obtained
explicitly. Here, we explicitly give invariant solutions corresponding to each symmetries

in the optimal system in terms of special functions that were introduced in Chapter 1.
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The importance of finding group invariant solutions of (3.1) lies in the fact that if

(u(z,t),v(x,t)) solves (3.1), then u(z,t) solves the sequential equation:

or ot
and v(z,t) solves
o e,

However, it should be noted that, in general, the Lie group of point transformations that
leaves the system in (3.1) invariant, does not necessarily correspond to a Lie group of
point transformations that leaves the sequential equations invariant. These sequential
equations can be considered as generalizations of wave equations into time fractional
case. Another generalization of the wave equation into time fractional equation with
the Riemann-Liouville derivative was studied via Lie symmetry analysis by R. Gorenflo
et al. [9] for the case ¢(x) = ¢, where ¢ is a constant. From this discussion, we can see
that (3.1) interpolates between the corresponding systems of heat equations and wave
equations when « varies from % to 1 by virtue of the formula (1.5). The behavior of
invariant solutions corresponding to the order of fractional derivative is seen from the

graphs of the solutions.

3.1 Classification of group invariant solutions

In [10], there were obtained classification of group invariant solutions with regard to
the function c¢(z). It was determined that there are three types of function c(x) so
that the system (3.1) admits infinitesimal symmetries. In the following subsections, we
determine the optimal systems and corresponding reduced systems for three cases of

the function ¢(x).

3.1.1 Invariant solutions of (3.1) with c(z) = m(x + my)™s

If ¢(x) = my(x+m2)™3, here my, mg, ms are constants and mg # 0, then the symmetries
of (3.1) are known [10]:
0 0 0 1—ms O

X1 =u— —, Xy = — t— —_.
! u8u+v€9v’ 2 (x+m2)8x+ o 8t+m3u8u
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We assume, without loss of generality, that ¢(x) = 2™, where m is a non-zero constant.
Then, the symmetries become
0 0 o0 1—m 0

Xlzu%—i—v% and X, =x— +

The Lie algebra generated by X; and X, is Abelian, thus the optimal system consists
of

Ul = le
0 1-m 0

0 0
Uy = X2+CLX1—x%—FTt&—F(a—i—m)u%%—av%, here a € R.

The element U; does not yield any invariant solutions. The characteristic equation of
U, reads

dj adt du B dl

x :(1—m)t:(a+m)u av’
which gives the similarity variable z = 2"« t. The similarity transformation, in some

fields known as ansatz, is
“T(2),
v = x%(2).
Let us substitute (3.4) into (3.1) with ¢(z) = 2™. Then the left hand side the first

equation becomes

uUu=2x

(3.4)

0%u _ 1 d" t n—a—1_.a+m —
ot T(n—a)dt" /0 (t=7) rplan )
= —1

)
B |: :.’L'ma 7', d'T_':meildT ]
- 1
t 1-m

—m

1-m
=x o 2z, dt"=2x"=a "d2"

— xm;1 n+ 1;"1 (nfa71)+a+m+177m

F(nl_a) I O

aOé
x?m-‘,—a—l 90

0z’
and the right hand side of the first equation in the system becomes

- ]_ m—
m T al_ltz/J)

—1
p2mta-l <a1/1 + m zzb’) )
a

l,2mvm — l,2m <axa—lw+xa
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Then the right and left hand sides of the second equation are calculated as

aav 1 d" t n—a—1,_.a m=1
5 T —a) %/0 (t—1) x®(x o T)dr

— l,mgln—ﬁ-l_Tm(n—oc—l)—&—a—&-l_Tm

F(nl—a) | =Aretu@an

0z%

- 1 m—
Uy = (a+m)z® o 4 gletImy () (m ) AT
oY

aa
= gotm-l gpw and

_ xa+m71 m—1

(a+m)p+

z@’} .

Thus, the reduced system becomes

a
g’&;‘; @ o1 (3.5)

The problem of finding invariant solutions of (3.1) with ¢(x) = 2™ is, thus, reduced
into the problem of finding the solutions of (2.4).

Hence, we give invariant solutions of (3.1) with ¢(z) = 2™ as follows:

1. If m = 1, then using the second assertion of Proposition 1 with a; = a and

as = a + 1 we obtain the following via (3.4):
n
’LL(Q?, t) = LL‘Q—H (Z ck71t0‘_kE2a71+a_k(a(a + 1)t2a)
k=1
+a Z Ck’2t2aikE2a71+2a,k(a(a -+ 1)t2a)> ,
k=1
’U(I, t) = z ((a + 1) Z Ck’1t2a_kE2a71+2a_k(a(a + 1)t2a)

k=1

+ Z Ckgta_kEga’l_;,_a_k(a(a + 1)t2a)> . (36)
k=1

In [10], there were explicitly obtained two solutions of (3.1) with ¢(z) = x:
i) w(x,t) = pxt* vz, t) =v(t) = M—E(gcg)tza_l

tozfl

i) u(z,t) =u(t) = —/LFF((C“) 2ot (e, t) = pt—,

?
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where 1 is an arbitrary constant. These solutions can be obtained from (3.6) for
suitably chosen parameters. If we set @ = 0, ¢1; = pl'(«) and ¢;1 = ¢, 2 = 0
(1t =2,...,n; k=1,...,n) in (3.6), then it equals to the solution i), and if
a=—-1,cp=pul(a)and cx1 =c;o=0(k=1,...,n; i =2,...,n), then (3.6)
equals to the solution ii).

2. If m# 1 and 0 < a < 1, then using the third assertion of Proposition 3 with

a; = a, ay = a+m, by = by = m — 1, we obtain the following via (3.4):

1 $2(1_m) (1, 205)
u(z,t) = csgn(m —1)z* " HYY o | (akm= atm ’
Am—1)7 2o | (gl ), (pEms )
1 $2(1_m) (1 20()
v(z,t) = ca"HP [ a o ) (az2mot g | 7
Am =12 2 (g D) (a5 D)

here z > 0, t > 0.

3. If m # 1 and a > 1, then using the third assertion of Proposition 2 with a; = a,

as = a+m, by = by = m — 1, we obtain the following via (3.4):

U(l’, t) — Ia+2m—1ta

n (l—m)g ok ok
X Z Ck 12:73\1/1 U-)sz(m_l)tza (wl 207 1) ’ <w2 2a? 1) ) (17 1)
= ! (1+a—k,2a)
n (17m)§ 1k 1k
X Z Ck 21.73\111 w2p2(m=1)42a (wl +3 20 1) ) (w2 T 5= 500 1) , (1, 1) |
= (14 2a —k,2a)

v(x,t) = wrttrm e

n (lfm)g _k &
Ck:,lgj A 3y w2fl]2(m_1)t2a (wl 207 1) ’ (wz +1 2a7 1) ) (17 1)
= t (1+ 20—k, 20)
+ anrmflta
n (lfm)g 1k 1k
Xy Ck,2$ L, W2p2(m=1) 20 (w1 2 2a7 1) ; (W2 +5 = 30 1) ,(1,1)
=t (1+a—k 2a)

(3.8)

here w =2(m — 1), wy = s T L w2 = 2((7?—11) +1,and cxq, ko (k=1,...,n)
are constants.




50 Lie symmetry analysis of time fractional linear system

3.1.2 Invariant solutions of (3.1) with ¢(z) = me™*

If ¢(x) = mye™®, here my, my are nonzero constants, then the symmetries are [10]:

0 0 10 1.0 0
Xl :u%+2}%7 XQZ%%_ata‘f“U%

We assume, without loss of generality, that ¢(z) = e2. Then, the Lie symmetries

become 9 5 9 1 9 5
Xi=u—+v4 d Xo=-2———t—+u-—.
! u@u—i_vﬁv o ? or « (9t+u8u
As in Case 1, the commutator of symmetries is zero, i.e. [Xi, Xs] = 0, thus the

one-dimensional optimal system is
U1:X1, UQZXQ—CLXl, here a € R.

Following the characteristic method, we get the invariant solutions:

(3.9)

with the similarity variable z = e~ 2at. Consequently, the reduced system is obtained

as

d“ 1

=S¥,

Wy a1y (3.10)
do 2 7 27"

Similarly solving the reduced system (3.10), the invariant solutions of (3.1) with

c(xr) = e~2 are obtained as follows:

1. For 0 < a < 1, if we apply the third assertion of Proposition 3 with a; = 7,

a9 = “T’l and b; = by = —%, we obtain the following via (3.9):
a—1 2.0 [ ex (1, 206)
u(z,t) = ce 2 "Hyy | 1a . ,
_t2 (1771)7(177:0
. [ o (1,2a)
v(x,t) = —ce2"”H12,’3 e . Y (3.11)
_tQ (_571)7(2771)

here z > 0, ¢t > 0.
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2. For a > 1, applying the third assertion of Proposition 2 with the same parameters
as in item 1, we obtain the following via (3.9):

o\ k
u n e2a t2a
u(z,t) = e T e Z Ch,1 ( r ) 53Uy [
k=1

eI

(1-5-5 )+£1——za>)<“>]

El k,2a)

(G-3-%1.G-5-51), <1,1>}

(14 2a —k,2a)

(1—;—2’;,1) ( ——2’;,1),(1,1)]

t2a

efl‘

n z\ K
a— €2a
+ eTsxtQ(X Z Ck,2 ( 7 ) 3\111

k=1

N\ k
€2a
v(z,t) = 7%2(12%1 ( ) 3y
¢2a b
:cta Z Ck,2 ( > \Ifl

(1420 — k,2a)

here ¢, and ¢ (K =1,...,n) are constants.

3.1.3 Invariant solutions of (3.1) with ¢(z) = ¢
If ¢(x) = ¢, here ¢ is a constant, then the symmetries of (3.1) are [27]:

o to 0 0 0 0 0
X = —p—e e 2 X=Xy = y— X, = Ao +u
YT Taar T Tar T au e o oy

We can assume, without loss of generality, that ¢(z) = 1, then the Lie symmetries

become

0 t o 0 0 0 0 0
XlZ—%—aa, XQZ—%, ngua U%andXz;_U%‘i‘u%

The commutator table, where ¢ and j index the row and column, for the Lie algebra

generated by these infinitesimal symmetries is given by the Lie bracket operation
(X3, Xj] = Xi(X;) — X;5(X0).

XX Xy [ Xo | X | Xy
X, 0 [X;] 00
X, |—X,] 000
X; 0 [0 00
X, 0 [0]0]O0

Table 3.1 Commutator table for case ¢(z) = c.
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We see from this table that the Lie algebra is identical to the Lie algebra A, @ 24,
given in [23]. The one-dimensional optimal system of the Lie algebra generated by X7,
Xy, X3 and X, is , thus, obtained in [23] as

Ui = Xi—a1X35—ayXy, here aj,as € R,

Uy = Xo— a1 X3 — asXy, here (a1, as) € {(£1,a),(0,£1),(0,0)|a € R},
Us; = X3+ a1Xy, here a; € R,

Uy = X4

We tabulate the invariant solutions (u;(z,t),v;(x,t)) expressed as solutions (p;(z), ¥;(2))
of the reduced system and the reduced system of FODEs corresponding to the symme-

try U; in Table 3.2. Unlike the case of non-constant ¢(z), the invariant solutions of

OS | Invariant solutions (u;(x,t),v,(z,t)) Reduced systems of ODE;
d%p L,
u(z,t) = x9102p(2) + 291 7%2)(2), g? = (a1 + az)p — PR
Uy v(z,t) = 21T 20(z) — a1 T92Y(2), v _ —(a1 — ag) + lm/}/,
with z = 2~ &t dz® «

here ay,as € R

L0 — (ar+ az)olt),

U {“@, £) = ersmIzg(t) + ez (1) 5
2
€

YY) ",
v(x,t) = (al"'a?)xgp(t) — e(al—az)mw(t), dto h(e‘;; az)y(t)

(a1,a2) € {(£1,a),(0,£1),(0,0)|a € R}
Table 3.2 The invariant solutions and reduced systems of FODEs of (3.1) with ¢(x) = 1.

(3.1) with ¢(x) = 1 are expressed as sums of solutions of two individual FODEs of the
general form (2.3). The invariant solutions of (3.1) with ¢(z) = 1 corresponding to U;

are given as follows:

1. If 0 < a < 1, then using the first assertion of Proposition 3 with b = 1 for the
second summand of the u(z,t) and v(zx,t), and using the expression (1.17), we

obtain

u(z,t) = ctl@2y (—;i; —a, 1+ (a3 — az)a) ,

v(z,t) = —ctl@m2og (—;Z; —a, 1+ (a1 — ag)oz> . (3.13)

The above representation can solve (3.1) because of the linearity of (3.1).
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2. If @ > 1, then using the first assertion of Proposition 2 with a = a; 4+ as, b = —

for the first summands and a = —ay + ao, b = 1 for the second summands of

)
)

(3.14)

u(z,t) and v(z,t), we obtain

k

u(x,t) = p@toe2- lta];ck 1 Pk (

) + xalfagflta Z Ck:2 ’l/}k <
k=1
>— e 1t0‘ch2tk ¢k<

k=1

k

v(x,t) = gl Z Ck, 1 s (

k=1

W\ - Q‘H\ -

&
ol < Q‘H ~+

where

(—al—a2—§+1,1),(171)
(1+a—ka) ’
(—a1+a2—§+1,1),(1,1)

¢k(z) = Uy |27 (1+a—k,a)

Since b = 0 in both equations of the reduced system corresponding to Us,, we obtain the

following invariant solution for arbitrary a by using the first assertion of Proposition 1:

u(z,t) = el TN e 7R () 4+ el TN o ot TR (1),

k=1 k=1
v(z,t) = el N o R () — el T N o ot R (1), (3.15)
k=1 =

where

or(t) = Eajqa—k((ar + ag)t®), Ur(t) = Eajgta-r((az — a1)t”)

and (ay,as) € {(£1,a), (0,£1),(0,0)|a € R}.

There are no invariant solutions corresponding to Us and Uy.

In this section, we explicitly expressed all invariant solutions corresponding to the
optimal system for three types of function c¢(x). As mentioned earlier, other invariant
solutions corresponding to any other Lie symmetries can be obtained by symmetry

transformation on invariant solutions corresponding to the optimal system.
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3.2 Some properties of the solutions

Here, we show that the solution (3.7) corresponds to solutions of anomalous diffusion
equation and illustrates some plots of the solutions for various values of parameter .

To do so, let us formulate the following lemma.

Lemma 8. We have the following formula for composition of fractional derivatives of

Fox H- functions

dZO‘ dZa p.q

e fe
d d m,0 |:&Zap

(Ai7 Cti)l,pfla (17 Oép) — d2a m,0 az %
(Bj, )1 o

(A, 05)1p-1, (1, 05) ]
(B, Bi)1q .

The proof of lemma can be easily done by virtue of Lemma 5.
Using Lemma 8, (3.2) and putting a instead of am, we get the following u(x,t) of
(3.7):

1 x?(l—m)
Mm—172 =

(1,20) } (3.16)
(o +3:1) - (a2y +3:1) |

which solves the anomalous diffusion equation with variable coefficient:

u(z,t) = cx“J“mHlQ,’g [

*u 0%
= _—
Ot2e 02

for x > 0,t > 0,

and using Lemma 8, (3.3) and putting a instead of am, we get the following v(z,t) of
(3.7):

1 (=) (1,2a)
) = cx®HY ’ , 3.17
U(l' ) Ccx 1,2 L(m _ 1)2 f2a (2“’?_1), 1) ’ (2(171;_11) + 1’ 1) ( )

which solves the following one:

o**v 0 ( oy OV
T

52— By 8:1:) for x > 0,t > 0.

If we take m = 0 in (3.16), then it can be expressed in Wright function and corresponds
to solution (9) of [4]. Also, R. Metzler et al. [19] studied anomalous diffusion equation
via Laplace transformation method and found solutions expressed in Fox H-functions.
If we take D =1,0=—2mand D =1—2m, § = —2m in (14) of [19], then (3.16) and
(3.17) correspond to the solutions obtained in [19], respectively.
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Furthermore, if we put @ = m — 1 and @ = —1 in (3.16) and (3.17) respectively, we

get
1 g2(1=m) (1,2a)
t) = cs — Da?™ tHE) ’
u(z,t) csgn(m )z 1,2 Am—1)2 2o (1,1), (1 + m’ 1)
(3.18)
1 x2(1—m) (1’ 204)
v(x,t) = cx_llejg - : (3.19)
Am—1)2 (3750 1) - (1 1)
Furthermore, if we put a = % in the above solution, then it equals to
_IZ(I—m)
w(x,t) = Gt ;e am-1)? (3.20)
(3.21)
1 _12(17m)t
v(x,t) = Cotm—De dm-17" (3.22)
where
& =csgn(m—1)©2m— 1)) 771,  G=c@m-—1]) 7w,
The solutions (3.21) and (3.22) are well-known solutions of heat equations u; = r?™u,,

and v; = (*™v,),, respectively.

If the order « of time fractional derivative is a rational number rather than real, we
can transform the solutions expressed in terms of Fox H-function into representations
expressed in terms of Meijer G-function using Gauss’ multiplication formula for the

gamma function:

1-M , M1 k
I(Mz)=(2r) 2 MM [ T <z+ M) : (3.23)
k=0

where z € R and M € N. For example, we obtain the following invariant solution of
(3.1) with ¢(x) = ™, if we set « = { and ¢ =1 in (3.18) and (3.19):

1 £2(1-m) (1,7)
u(z,t) = sen(m — 1)z?" ' H*Y - ’
(1) = senlm =D G G | (11, (14 gt 1)
1 .CEZ(l_m) (171)
v(z,t) = v Hi i
VA= E | (1), (L)
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which becomes

1 $8(1—m)
Wm—1p @

u(z,t) = sgn(m—1)4x2m_1Hi’g[

(1,7)
(1,4), (14 5555.4) |
(3.24)
1 xS(l—m)
Mm—1F

v(x,t) = 4x1H127’§[ (3.25)

(1,7) ]
(~z=r-4) - (1L4)

by virtue of the formula (1.9). Then, using (3.23) for I'(4(—z2)), I' (4(1/4 — z)) and
['(7(1/7 — z)), we obtain the following expression of the solutions (3.24) and (3.25):

1
42+ 2(m—1) $2m_1

u(x,t) =
(2.1) 7%
7 8(1— 1 2 3 45 6
xG?vg ! z*0m (IR IR IR I
12 8 7 1 2 3 1 1 2 1 3 1 1 )
AZ(m —1)% ¢ v bitsmoy i T smen 1 T sy LT s
1
41_2(m—1)
v(x,t) = —a
72
7 8(1— 1 2 3 4 5 6
< GEY o e ool
78 42(m —1)8 7 12349 _ 1 1_ 1 2 1 3_ 1 '
2445 8m—1)'4  8(m—-1)04  8(m-1)>4  8(m—1)

where GZ:‘;IZ [z] is a Meijer G-function. We can see how solutions behave when time
variable ¢ is fixed and the order « of fractional derivative varies in Figures 3.2 and 3.4,
or when « is fixed and ¢ varies in Figures 3.1 and 3.3. Here, we only provide the
illustrations of u(x,t) given in (3.18) by taking ¢ = —1, the illustrations of v(z,t) given
in (3.19) can be plotted in an analogy. The graphs are plotted using the Mathematica
implementation of the special function Meijer G [30]. We can see that the solution
graphs alter visibly when « steps over the value % For the constant coefficient case
c(x) = 1, (3.13) behaves more likely to wave-like solution as the fractional order «

approaches to 1, which can be seen in the Figure 3.2.
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Fig. 3.2 Plots of solution u(x,t) of (3.1) with ¢(z) = 1 for various order

derivative.
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« of fractional
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u(x, 1)
20

15
— t=0.1 — t=0.1
t=0.5 1oL t=0.5
t=1

t=1 \

/|

1

—
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Fig. 3.4 Plots of solution u(z, t) of (3.1) with ¢(x) = z1 for various order « of fractional

derivative.

3.3 Invariant solutions of the special case a =1

In the previous sections, we give invariant solutions of (3.1) considering the order a of

fractional derivative satisfying n — 1 < a < n, where n € N. Despite this assumption
on «, the solutions (3.8), (3.12) still solve (3.1) with ¢(z) = 2™ (here m # 0,1) and

c(x) = e~ 2, respectively, when o = 1. The complete group classification and some

invariant solutions of system (3.1) for v = 1 are found explicitly in G. Bluman, S. Kumei
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[3]. Now, let us show the correspondence between the solutions (3.8), (3.12) and the

ones obtained in [3] for c(z) = 2™ and c(z) = e~ 3.

3.3.1 Solutions of (3.1) with ¢(z) =2™ (m#0,1) and a =1

If we set & =1 and n = 1 in (3.8), then it becomes

— 51 ~11).(1,1
u(:v,t) = Clanrmgqjl 4(m . 1)222 (Wl 29 ) s (w2 3 ) ’( , )
(1,2)
1 1),(1,1
+202(m - 1)xa+m23qfl 4(m — 1)222 (wb ) ’<w2’ )7( ) ) ’
(2,2)
— 5.1 +11),31,1
v(r,t) = 2c(m—1)a%230; [4(m — 1)%2 (wl 2 )’(WQ 2 )a( 1)
(2,2)
-1,1 1),(1,1
+02~Ta3\111 4(m — 1)222 <w1 > )7(w27 )7< ) ) :
(1,2)
where z = 2 t, wy = sy T L w2 = 2(‘2111) +1, and ¢y, ¢, are constants. By virtue

of (1.19) and (1.20), the above solution equals to

1 1 _ 1 _ 1
u(x,t) =T <w1 — 2) r (w2 — 2) ozt Fy ( Wi 2,10.;2 2 (m— 1)2,22)
2

+ T (wy — 1) T (wy) craz® ™20 F ( w1,3w2 ;(m— 1)222) :

2

1 1 -1 1
v(z,t) =T <w1 — 2) r (w2 — 2) ci(a+m)x®zF ( WiT g Wty ;(m — 1)222>

1
im — 1|’
(3.26)

w1 — 17(""]2

s(m—1)22%| for 2| <

S~———— W

+ I (w1 - 1) r (wg) CQIagFl (

1
2
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To show the correspondence of the above expression of the solution (3.26) and the one
obtained in [3], we will need the formula (15.8.27) of [21]

2F@ﬂ¥a+b+§kFi(ab;£)

Lla+ HT(b+1)
2a,2b 1—z 2a,2b 1+z2
—,F —Z ) 4, F =2 (327
21(a+b+; 2) 21(a+b+§ 2) (3:27)

and formula (2.3.11) of [1]

I 2a,2b  1—=z _F(a+b+%)F(%—a—b)F 2a,2b  1+=z
latb+l 2 ) Ta-b+9Tb-a+r)” "\ atb+l 2
F(a+b—§)f‘(a+b+;)<1+z>5abF a—b+ib—a+; 1+z

I'(2a)T'(2b) o S _a—b 2 )

2

(3.28)

If we substitute (3.28) into (3.27), we obtain

2(IC(a+b+1) a,b
1 1 2F1 1 e
F(CL + §)F(b + 5)

<1+Fm+b+9F@—a—bvzﬂ( 2@%)'1+z)

B Fla—b+HI(b—a+1) a+b+1i’ 2
na+b—prm+b+;)c+¢>%abﬁ, a—b+ib—a+i 1+z
T'(2a)T(20) 2 2 34— o |

2

(3.29)

Also, we apply the formulas (15.8.28) of [21]

2F(—%)F(a+ b— %) a,b 2
Da— Db F( a )

2

2—1,20—1 1—2z 2—1,20—1 142
=9k ( ; ) —2f ( ; ) (3.30)

a—i—b—% 2 a—f—b—% 2
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and (2.3.11) of [1]

(2@—1,2[}—1'1—z):F(a+b—§)F(§—a—b)F (2@—1,2b—1'1+z)
U avp-1 2 Tla—b+Hrb—a+H)* "\ at+b-1 ' 2
F(a+b—g)l“(a+b—§)(1+z)§—a—b2Fl(a—b+;,b—a+;.Hz)
['(2a — 1)I'(20 — 1) 2 2—a—b T2
(3.31)

If we substitute (3.31) into (3.30), we have

20 (=) (a+ b — %)ZQFl a,b 2
T(a—3)T0b-3) g 7

_ (r(a+b—;)r(g—a—b) _1>2F1 ( 20 —1,2b — 1 'l—l—z)
2

I(a=b+3)T0b—a+3) a+b—1
Fa+b—3)(a+b-1) <1+z>3_“_b2F1 a—b+ib—a+; 1+z
['(2a —1)T'(20 — 1) 2 S—a—b T2
(3.32)

We can apply (3.29), (3.32) for the solution (3.26) as follows

1 _a+l 1
2ﬁ F 2(7571) +3 2(7:71) +3 . 12,2
M + DI + 1) ! (m = 1)%
(s + V(g +1) 2
2a+1 1
2a-+1 3 1 1 1 1
Mot +3) T (oamn +3) T (s + 3)
41,4l 41 14 (m—1)z
X 2F1 ( m—1 . m713 ’(2)
2(m—1) +3
1

) 1+(m—1)z _%_5
+
F( a _|_1)F(a+1 +1) 2
1 1 1 1
— +3 +5 1 —1
><2F1( - 2 —i—(m)z) (3.33)

2a+1 92
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and

1
—4y/ r oty T 1 2((;;11) +1 1)2,2
T a 1 r a+1 1 <211 7(m ) z
(Q(m—l) + 5) <2(m—1) + 5)

:< F(_ =) %) _ 1 )
(s +3) T s +3) Ty +3)
7 a+1 1
X o ( _— m+13+ ’1+(1>)

2(m—1)
) (v o)
+
F<ma_1+1) a+l +1
1 1
— Lo+t 14+ (m—1)z
xZFl( 2m=l) 2511 T2 -2). (3.34)
2 2(m—1)

Substituting (3.33) and (3.34) into u(z,t) of the solution (3.26), we get

a 1 a+1 1 atm

+ 3 s + 3
XQFl( (m 1) 212(m 1) ( _1) )

2

+or (2(771“_1) + 1) r (2(‘:;_11) + 1) cox™ M (m — 1)z

_a + 1’ a+1 + 1
% 2F1 ( 2(m—1) 32(m—1) ( _ 1) )

2
1 a 1 a a+1 1 a+1

= r |1 I'N=—4+1|I'—+=- || —+1

2T <2<m—1>+2> <2<m—1>+ ) <2<m—1>+2> <2<m—1>+ )
« gatm [ C1+ 0 a (_2(27?;11) - %) (1 —c2)
2a+1 3

F(2(m—1) + 2) I <_2(m171) + %) r (2(m171) + %)

, +1 14+ (m—1)z

F m—1

X 9 1( 2a-+1 +§ ) ) )

2(m—1) T 2
a __2a41 1
I (22m—t11) + %) (c1—c2) (1 + (m — 1)z> TneT) "2
T (e +1)T (2 +1) 2
ot 1+<m—1>2>

1 1
— _|_,7
X o I ( 2(m—1) 2a+21 2(m—1 :
Zomn T 2 2
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We can apply (3.29), (3.32) for v(z,t) of the solution (3.26) as follows

2/ e aii T T |
VT CoF [ 2D 2m) (m — 1)222
+3)

a 1 a+1
Psmen + 20 G0y 5

(e

_l’_
2a+1 +%) F(—g(ml N~ %>F<2( 1 = +§>)

2(m—1)
a a+1
X o F} ( m 210,’4»71“ :——{_2 ’1+<21>Z>
2(m—1)
a __2a41 1
Pt +3) (14 (m—1)z\ o0
Tr()r e
1 3
vsm T 5 1 +(m—1)z
><2F1( Am=l) 2%1(1 Y 2) (3.35)
2 2(m—1)

and

a a+1
“avAm =1 o by L e
+3) |

F(z(w?—n + %)F(z(ij—ll) %
) ( P -) )
Mmmn+3) T @mo+i) s+

ma _'_1 1+( _]')
X2F1< 2a+1 +3 ;

2(m—1)
2a+1 1

DY) (b )
+

+F(ma_1+1> a+1+1

1 1 1 1
m— +3 m— 2 1 +(m—1)z
X o F ( A=) 22a2—‘£1 v H) : (3.36)

2

1
2 2(m—1)
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Substituting (3.35) and (3.36) into v(x,t) of the solution (3.26), we get

v(x,t) =2T <2<ma_1) + ;) r (257:—_11) + 3) (m —1)ciaz

a 1 a+1 3
% 2F1 ( 2(m—1) + 27 2(m—1) + 2 : (m . 1)222)

3
2
a a+1 —a __atl 1
'f———|IT 1 a | 2(m—1)" 2(m—1) . _12 2
' <2<m—1>> <2<m—1>+>m“( ! ()

2
- I | T r I — 1 a
Qﬁ (2(m—1) + 2> <2(m—1)> (2(m—1) +2> <2<m_1) + )x
¢t e P (st —3) (e — )
2a+1 3
F(Q(m—l)+2) F(—m+%)r(m+%)

a a+1
><2Fﬂl(m—l’mtl_FQ 1+(m_1>2)

2a+1 3
2(m—1) +3 2

2a+1 1

F(ﬁj_ll) +%) (c1 —¢2) <1—|—(m—1)z>_2(m—1)_2
F(a>r(a+1+2) 2

m—1

m—1

1 1 1 3
X oFy ( Tomon) 2 3mon T2 1 (m — 1)Z)

2a+1 1 ’
T 2(m—1) +3 2

At the end, we can re-write the solution (3.26) as

u(x,t) = Ga®MEF(2) + TRy (2),

v(a,t) = ar'Gi(z) —ca'Ga(z)  for |z < lm—1]
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where

e () (52

m—1 m—1
Fss?) T )T o) |

e ()

21 — 2 M)m 1 -1
Fl(Z):ia—f_ - 2F1( ety §+(ﬂ; )z )

X

2a+3m—2
m—1 72:;’%1)
14 (m— 1)z 2n0 2 M2 Moy (1)
m—1)z m= m—1)? 2m—1) +(m—-1)z
) = (2) b ( RERTR ;2)’
T 2(m—1) +3
a+m o atl 42 14+ (m—1)z
Gilz) = )2F1(m;a“;m12 Amm )
m—1 22:%_1) 2
1+( 1) 7%7% m 3Im—2 1_,_( 1)
m—1)z = 51T 2 m m—1)z
Ga(z) = (2 > 2 F ( Q(mQa}k)l ; 11) S ) .
T 2(m—1) +3

The functions Fi(z), Fy(z) solve the ODE (2.46) in [3]:
(1= (c—=1)*A)F"(2)+(1—c)2s+c—2)2F'(2) +s(1 —s)F(2) =0

by substituting ¢ = m and s = a4+ m. Moreover, the functions F(z), F»(2), G1(z) and
G(z) solve (3.13) in [3]:
(s —0)Gi(2) = (1 — (¢ = 1?2 F/(2) + (1 — ¢)szFi(z) fori=1,2.

)

Hence, we can conclude that (3.26) corresponds to the invariant solutions for Case
IITI.A.1 in [3].

3.3.2 Solutions of (3.1) with ¢(z) =2z and a =1

If we set a = 1 in (3.6), then it becomes

u(z,t) = 2 (e1Ba(ala+ 1)) + caatEzp(ala + 1))
v, t) = 2 (cla+ DtEya(ala + 1)) + e:Eaa(ala+ 1)) . (3.37)
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By virtue of (1.15) and (1.16), the above solution equals to
U(I, t) — Ell’a+1€‘/a(a+1)t + EQIa—He—\/a(a—H)t’
ala +1
v(z,t) = vale ) (Elxae\/ alatDt _ gy pte™V “(“H)t) for a(a+1) >0

a

)

where

_ 1 a _ 1 a
==+ ——0c and == — —m—c | .
2 ( ala+1) ) 2 ( ala+1) )

If we adopt the following notation in the above solution:
Fl(t) = e\/a(aJrl)t’ Fg(t) — 67\/@15’
G1<t) = Meva@ﬂ»l)t’ Gg(t) — _Mefwa(a+l)t’
a a

we see that the functions F(¢) and Fy(t) solve the ODE (2.59) in [3]:
F'"(t)+s(1—=s)F(t) =0

with the substitution s = a + 1. Also, the functions G(z) and Ga(z) are determined
by (3.29) in [3]:
Gi(t)=(s—1)"'F/(t) fori=1,2.

Thus, (3.37) coincides with the invariant solutions for Case III.A.3 in [3].

3.3.3 Solutions of (3.1) with c¢(z) =e¢ > and a =1

By setting n = 1 and o = 1 in (3.12), it becomes

) (3-51),(3-%1),0,1)

u(z,t) = c1e T 70 |2

azly, 2
+coe 2 Tz3Wy | 2

I (2,2)
U(:L‘,t) = _016%x23\111 22 <% N %7 1) ’ (% o %’ 1) ) <17 1) ]
(2,2)
T | . <<11_2;2L’ o ] ’ (3.38)
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where z = e~2t. We can rewrite (3.38) using (1.19) and (1.20) as:

u(z,t) = Ele%mFl(z)—i-Egea?;lszg(z),

v(z,t) = Ge3%2G(2) + 6e2%Gy(2) for |2| < 2,

Using the formulas () and (), we see that Fy(z) and Fy(z) solve the ODE (2.72) in [3]:
(4—22)F"(2) + (4s — 1)2F'(2) — 45*F(2) = 0

and the functions Fi(z), F»(2), G1(z) and Ga(z) solve (3.36) in [3]:

2

Gi(z)=2s+1)7! ((2 — %)Fl’(z) + st,-(z)> —2fori=1,2

with the substitution s = 5%, As a result, (3.38) coincides with the invariant solutions
for Case II1.A.5 in [3].

3.3.4 Solutions of (3.1) with ¢(z) =1 and a =1

If weset « =1and n=11n (3.14) and (3.15), then they becomes

t| (—a; —as, 1 t| (—a1 +aq,1
u(z,t) = U, | —— (ma1—az 1) + ™ Wy | — (Far+az,1) )
xr — x —
t| (—ay —as, 1) | ] (—a1 + ap, 1
U(ZE,t) = leL‘a1+a21\I/0 —_ ( “ 42 ) —CQZEal_(ml\I/O — ( “ 42 ) s
X — €T _
and

u(x,t) = e TR ((ay + a)t) + e DB ((ay — ag)t),
v(z,t) = e T2TE (a1 4 ag)t) — e ™ TDTE ((a) — ap)t).
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By virtue of (1.12), (1.13) and (1.17), the above solutions equal to

u(z,t) = ol (—ay —ag) (x4 )" + ol (ag — ay) (x — )%,
U(l’, t) = ClF (—al — CLQ) (l’ + t>a1+a2 — CQF (a,2 — al) (x _ t>a17a2’ (339)

and

Y

v(z,t) = crel@t)@t) _ o pla—az)(@=t) (3.40)

’U/(%, t) = Cle(a1+a2)($+t) _|_ C2e(a17a2)(ggft)

We see that the solutions (3.39) and (3.40) are the well-known traveling wave solutions.

For n = 1, the solution (3.6) reduces to

U(:C,t) = \/Eélanrl v a( a+1t+\/—5 Lt /a(aJrl)t
v(z,t) = Va4 leateVeatDt _ /o £ 1z% vV alatt

If we adopt the following notation in the above solution:

Fl(t) _\/_ex/azz—i-l Fg(t) —\/_6 v a(a+1)t
Gi(t) =+a+TeVelert Go(t) =+Va+1le V* “H)t,

then we see that the functions Fi(t), F»(t) solve the ODE (2.59) of [3]:
F'"(t)+s(1—s)F(t)=0

with the substitution s = a + 1. The functions Fi(z), Fy(z), G1(z), G2(2) solve the
ODE (3.29):
Gi(t) = (s — 1) F{(t)

of the same work. So, (3.37) coincides with the invariant solutions of Case I11.A.3 of
[3].



Chapter 4

Lie symmetry analysis of a class of
time fractional nonlinear

diffusion-wave systems

In this chapter, we consider the class of time fractional nonlinear systems of the

0%u
et = U$7
{ ot (4.1)

following form:
% = bQ(U)UJL‘,

where « is a positive non-integer number and b(u) is a sufficiently differentiable
non-constant function.

In [14], the nonlinear model of stationary transonic plane-parallel gas flows

0%u
@ - /U.’E7
{ ot (4.2)

0% __
ot T _uu’l'?

with 0 < a < 1, was studied using Lie symmetry analysis. The Lie symmetries, some
reduced systems of ODEs and some partial solutions of the system (4.2) are obtained
n [14]. Substituting u(z,t) = —u(x,t) and v(x,t) = —v(z,t) into (4.2), we obtain the

following equivalent fractional system:

0% __ —
8ta - UiB?
PV — i,

ote
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This corresponds to the particular case b(u) = /u for the system given in (4.1). It
is thus seen that (4.1) can be viewed as a generalization of (4.2) with respect to the
above-mentioned substitution. Hence, the results of this paper generalize the results of
[14].

The importance of finding exact solutions of (4.1) lies in the fact that if (u(x,t), v(z, t))
solves (4.1), then u(z,t) solves the sequential equation

o* 0* 9

For example, in the case a = 1, the equation (4.3) becomes the well-known nonlinear

wave equation and in the case o = 3, the component u(z, ) of the solutions of (4.1)

with ¢ > 0 is a solution to the nonlinear heat equation with source

2 1 gz 1 rtu(e,r
U = (b (u)ux>x + ﬁg(\/f)’ g(x) = ﬁ/() HdT

, t>0,
t=0

by virtue of the formula (1.5).

We study the system given in (4.1) using Lie symmetry analysis. More explicitly,
we present a complete group classification depending on the function b(u) and describe
the structure of Lie algebras generated by the infinitesimal symmetries of (4.1). After
obtaining the group classification of (4.1), we proceed to finding optimal systems of
Lie algebras and the reduced systems of ODEs. Using these optimal systems, we also
classify the group invariant solutions corresponding to the infinitesimal symmetries for
0<a<l

4.1 Lie symmetry analysis of (4.1)

In this section, we study (4.1) using the formulas obtained in Chapter 1. There are
two cases regarding the symmetry group of (4.1), as determined by the form of the
function b(u), one in which b(u) possesses the form of a power function, and one in
which it does not. The only difference between these cases is that in the former case,
the symmetry group of (4.1) possesses an additional symmetry that does not exist in
the latter case. For each cases we obtain the infinitesimal symmetries.

From (1.44), we obtain the following invariance criterion for (4.1):

X<ut(’ - U:c)’(4.1) = 07

X (ve — b*(u)uy)|(a1) = 0.



4.1 Lie symmetry analysis of (4.1) 71

In explicit form, this is

(u@ — )| =0,

(4.1)

(¢ — 2ubblu, — b?uM)| =0,

(4.1)

(4.4)

If we substitute (1.38) and (1.39) into (4.4), then we get for the first equation

u Oy 0%y > o~ () ey pan
ot u ot v ot + (u — Dy (7) vz + p1ob™(w)uy nz:l n Dy (&) Dy (us)

> a\o" U Q n a— n o" v na—n
()% (2 e £ ) o

n=1

2
- [gpz + Py + PV — TgUp — TyUgVy — TyUg Uy — nga; - guuxvac - gvvm} =0

and for the second equation

o0

8a¢ . 8“901) o ao‘(’pu o 2 . a n a—n
ot v ate U GBI ‘f‘(@y OéDt(T))b (u)uac—i_(puvx ;::1 n Dt (é)Dt (UI)

(o'¢) « an@v B o n+1 o n anQOU o B ,
> Kn) ot" <n+1>Dt r ]D +Z< ) g Dt uter=2b(u)b (u)pus

n=1

- b2(“> [QDI + Py lyg + PV — TV — TyUg Uy — TyUg Uy — §:BU$ - guuwvx - gvvg} - O

From above, we obtain the following (overdetermined) system of determining equations
by setting the coefficients of the linearly independent partial derivatives D "u, D{ "v,

DY Mg, DY M0y, gy Ug, Vg, Uglp, Vg, Ugt, and v2 equal to O:

0" iy,
(- (e veva

0" 4y,
=0 =1,2,...
atn ) n ) ) )

DrME) =0, n=12...,
Moy — aDt(T) - ¢v + 5:1: = Oa

b2ﬂv - ¢u =0,

O %y 0%y, __
oo~ Ugte  Wge P tm=0
",

=0 =1,2,...
atn ) n <y )
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a" ¢,
(2) 3;’6 — <n i 1) Dty =0, n=12,.

b2p, — ab?Dy(7) — 2bb 11 — b*pu, + 0%, = 0,
aa¢ B vaa% B uaa¢u

‘e

- b2 x = 07
oo~ Vo Vg UMt O
Te =Ty = Ty = 07
gu = év =0.

Analyzing the above overdetermined system with the initial condition (1.29), we are
able to deduce the following infinitesimal symmetries:

Case 1. This is the generic situation, which applies to all forms of b(u), except b(u) = ku™
(with k,m # 0). In this case, the infinitesimals are

T:ﬂt, E=s1x+s, p=0, ¢=st),
!

where s; and sp are arbitrary constants, and s(t) is a solution of the equa-
ti d*s(t)
ion =3

= 0. With these infinitesimals, we have the following infinitesimal
symmetries:

0 0 0 t o
aix, XQ—S(t)%, Xg—%a%—aa

Case 2. In the special case that b(u) takes the form ku™ (with k,m # 0), the infinitesimal
are

s s 1+m)s
T = Elt7 52 (51+83)$+527 n= jua ¢ g

v+ s(t),

where s1, sy and s3 are arbitrary constants, and s(t) is a solution of the equation
dt;fit) = 0. Thus, in this case, along with X;, X, and X3 given above, there is
the following additional symmetry:

X4:x2+u6 1+m 0

— t+ ——v—.
dr  mou m  Ov
The detailed proof of obtaining above two cases has been omitted here.
Because we now have a complete group classification of (4.1), we are in a position
to investigate the one-dimensional optimal systems of Lie algebras of its infinitesimal

symmetries and the classification of group invariant solutions. However, before moving
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on to the next section, we note that the solution of the equation d;;ﬁ” =0 is

s(t) = et P ot A et

where ¢; are arbitrary constants and n is a positive integer satisfying n — 1 < a < n.

4.2 Classification of invariant solutions of (4.1)

In this section, we classify the group invariant solutions of (4.1) corresponding to
infinitesimal symmetries for the case 0 < @ < 1. We choose optimal systems, which
lead us to simpler reduced systems, by using the results given in [23]. In the following
two subsections, we determine the optimal systems and corresponding reduced systems

for Cases 1 and 2 specified above.

4.2.1 Case 1. For arbitrary b(u), but b(u) # ku™

From the discussion above, we know that in this case, for a satisfying 0 < a < 1, the
system in (4.1) possesses the following infinitesimal symmetries:
0 0 g to

X2 :tailf ngﬂff—l-

Xi=50 o’ or  aot

The commutator table for the Lie algebra generated by these infinitesimal symmetries

is given below (where i and j index the row and column). We see from this table that

X X X X; X;
X, 0 0 X,
X 0 0 =2 X,
Xs [-Xi]|-=2X, ] 0

Table 4.1 Commutator table for Case 1.

the Lie algebra in this case is identical to the Lie algebra Aj 5 given in [23]. Thus, the
one-dimensional optimal system of the Lie algebra generated by X;, X5 and X3 is that
obtained in [23],

0 0
U1:X1+CLX2:%+GISQ71% (Wlth&:(),l,—l),
U2 :Xg, U3:X2.
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Then, using the standard characteristic method, we obtain the invariant solutions and
reduced systems of ODEs of (4.1) corresponding to each symmetry U;. These are given

below. We consider the reduced systems of ODEs corresponding to U; in subsequent

U; | Invariant solutions (u;(z,t),v;(x,t)) | Reduced systems of ODEs

t) = ot e = gt
Uy ul@,?) = p(h) 1 j}f; ¢ " a=0,1,-1
v(x,t) =(t) + at* 'z, e =0,

1) = e __ _ z 0
Uy u(,t) = (), with z = tz~a o 2‘1#2’ )
U(:L‘,t) = @/J(Z), dzo _Eb (@)Qp )
Us | There are no invariant solutions.
Table 4.2 The optimal systems and reduced systems of (4.1) for Case 1

sections. The reduced system of ODEs corresponding to Us depends on b(u), and for

this reason, we do not solve it.

4.2.2 Case 2. b(u) = ku™

To obtain the optimal systems for this case, here we construct both the commutator
and adjoint tables for the Lie algebras of infinitesimal symmetries. The adjoint table is
given by

2
Ad(eENY; = Y; — e[V, Y] + %m, Y, Y]] — ..., where ¢ € R.

In the present case, for « satisfying 0 < o < 1, the system in (4.1) becomes

0%

@ - UJH
gg S, (4.5)
B = k“u mux,
and the corresponding infinitesimal symmetries are
0 0 0 t o 0 ud m+1 0
Xi=—, Xo=t"1"- Xy=20—+4+-——, Xy=0—4+——" 4+ ——0—.
T o 2 v s x8x+aat ! x8x+m8u+ m Uc%

The optimal systems of a given Lie algebra depend on the structure of that Lie
algebra. Because the structure of the Lie algebra generated by the above X;, X,
X3 and X, depends on the parameters m and «, we study (4.5) in two subcases

characterized by the relations 2ma + o —m # 0 and 2ma +a —m = 0.
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Case 2.1.

Let us consider the case 2ma + a —m # 0. Then, for the Lie algebra generated by the
symmetries X; (i = 1,...,4), we choose a new basis Y; (i = 1,...,4) such that the Lie
algebra consists of the direct sum of two subalgebras L; and Lo, where L, is generated

by Y: and Ys, and Lo is generated by Y3 and Y. We choose this new basis as follows:

Y1 = ~gmatacmXs " maraaie Y2 = Xy,
Y= e (Ko = X0, Yi=-Xe

The commutator and adjoint tables for Y; (i = 1,...,4) are given below (where i and

j index the row and column). We choose the following optimal system for the Lie

VY[V (%] % Y%
Y, 0 Y, 0 0
Y, Y51 0 0 0
Y; 0 0 0 Yy
Y, 0 Ol-Ys| O

Table 4.3 Commutator table for Case 2.1.

Ad()Y; | 7 Ys Y; Y,
Y, Y; e 2 Y; Y,
Ys Yi+eY, | Y, Ys Y,
Ys Y, Y, Y; |e™
Y, Y Y, |Yat+eYy| Y,

Table 4.4 Adjoint table for Case 2.1.

algebra generated by Y; (i = 1,...,4) to simplify the reduced systems of FODEs:

U, = Y, + aY, — X, —aXy, a=01,-1,
Up= Y+ Gratosmay, =X, +aXs;—aXy, a=1,—1,

U= (Cmat+a—m)Yi+aY, =-aXo—(m+1aXs—m(la—1)Xy, a=1,-1,
Uy= Y4 @matesmomaimy, (o _1)¥, X, acR,

Us = Imata—mysy = X3 — Xy,

Us = Y, = —X,.

Remark 1. We see from Table 4.3 that this Lie algebra is identical to the Lie algebra
24, given in [23]. If we act on Uy and Us with Ad(e™") and Ad(e®?), respectively,
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with suitable €, we obtain the equivalences Uy ~ Y] 4+ aY3 and Us ~ Yy + aY) (a = £1).
This demonstrates the correspondence between the optimal system chosen here and the

optimal system in [23].

In Tables 4.5 and 4.6, we display the similarity variables z;, invariant solutions
(uj(x,t),v;(z,t)) expressed as solutions (¢(z),1(z)) of the reduced systems of ODEs,
and the reduced system of ODEs corresponding to U; in the optimal system. Note that
due to the divergence of the integral in the definition (1.1) of the Riemann-Liouville
derivative, dt—a(tp) is not defined for p < —1 [? ]. For this reason, here we need an
additional assumption, which is expressed in Table 4.5, regarding invariant solutions

corresponding to the symmetry Us.

Uj | Invariant solutions (u;(z,t),v;(x,t))
t) = p(t
o | we0=e0, T
o(@,t) = ¥(t) + azt®,
u(z,t) = ex x ,
Uy | texp (ﬂx) (z,8) = p( 771):10( a=1,-1
¢ v(z, )—aexp( x)w
m Uu m,t = meoH»a m ,
Us | ta~ mmara-m () = (m+1)(a— 1>g0( ) a=1-1
vz, 1) = wmerem o (2) + goatmn t* In(e),
ae u(x,t) = zmp(z ,
U4 t.ﬁlﬁTl ( ) (mgfl()a) a € R
v(z,t) =x1(z),
u(x,t) = t—mp(x ,
Us |z (z,¢) Wﬁ()a) m < 0orm> %
v(x,t)=t""m Y(x), ¢
Us There are no invariant solutions.

Table 4.5 Similarity variables z; and invariant solutions (u;,v;) for Case 2.1.

Case 2.2.

_o
1—2«

with o # % Then, for the Lie algebra generated by the symmetries X; (i = 1,...,4),

we again choose a new basis Y; (i = 1,...,4) such that the Lie algebra consists of the

Next, let us consider the case 2ma + a — m = 0. In this case, we obtain m =

direct sum of two subalgebras L; and L,. However, in this case L; is generated by Y7,

Y5 and Y3, and L is generated by Y;. The new basis is

Yi=Xy, Y2=X5, Ys=Xy, Yi=X,-X;



4.2 Classification of invariant solutions of (4.1) 7

U; | Reduced system of ODEs
{d%(t) — atoz—l

dt>
Z?fa(t) - 1 1

Yo /
U2 lcilg‘;‘i : (;:277? _tazwl)’ /

T2 = k2 (Lo + Lay),
= = amare (@ = D —20) + oo,

U3 « 2
%Z‘ZZ - 2mof|—a—mg02m ((Oé - 1>(10 - (m + 1)290/) )

U, a=0,1,-1

a=1-1

d*p _ (m+1l)a a—1 /
dzo m w+ o Z¢7

o =R (o + Slay),
T 1—%
V' (x) = Mw(x),

a€eR

Us ) ’l’j(l_(mﬂ)a m < 0orm> %
k2! (1) = Wiﬁ@)?
Table 4.6 Reduced systems of (4.1) for Case 2.1.
The commutator and adjoint tables for Y; (i = 1,...,4) are given in Tables 4.7 and

4.8: We choose the following optimal system in the new and original bases:

VY[ % [ Y v |V
Y 0 0 i [0
Y, 0 0 =Y, | 0
Vs |-Yi|-2eYe| 0 [0
Y, 0 0 0 [0

Table 4.7 Commutator table for Case 2.2.

Ad(e@NY; | v Ys Ys Y,
Y Y Y; Ys—eY, |,
Y; Vi Yo | Vs v, Y,
Ys Y, | eacY, Ys Y,
Y, Y Y; Ys Y,

Table 4.8 Adjoint table for Case 2.2.
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Ui = Yi+aYo=X1+aXs, a=0,1—1,
Uy = Yi+aYs+ aY)
= Xi+a1Xo — X3+ a2 Xy, (a1,a2) € {(a,£1)]a € R},
U3 = Ys+(a—1)Y,=(1—-a)Xs+aXy, a€R,
U = aYo+Yi=aXe— Xs+ X4, a=01,—1,
U5 = Y, =X,

We see from Table 4.7 that this Lie algebra is identical to the Lie algebra Ass & Ay
given in [23]. Hence, considering the following equivalences regarding the actions of
Ad(e?) on Us, it is seen that our optimal system of this Lie algebra corresponds

bijectively to that given in [23].
a) For any a > 0, there exists b > 0 such that Y] +aYs + Y, ~ Y] + Y5 + Y,
b) For any a > 0, there exists b < 0 such that Y] + aYy — Yy ~ Y] + Y5 + bYy,
c¢) For any a < 0, there exists b > 0 such that Y7 + aYs + Yy ~ Y] — Y5 + bY},
d) For any a < 0, there exists b < 0 such that Y] + aYs — Y, ~ Y] — Y5 4 bY}.

In the following Table 4.9, we display the similarity variables z; and invariant
solutions (u;(x,t),v;(z,t)), which are expressed as solutions of reduced systems. Then,
in Table 4.10, we present the reduced systems of ODEs corresponding to the above

optimal system. With the above results for the optimal systems in Cases 2.1 and 2.2,

U; | z Invariant solutions (u;(x,t),v,(z,t))
t) = p(t
Ul t U(x, ) SO( )7 CL:O,l,—l
v(x, t) = P(t) + axt* ™,
u(z,t) = exp (Mx) ©(2),
Us | texp(%zx b ai,az) € {(a,x1)jla € R
? p(%) {v(m,t) = @y exp (L(loja)x) P(z) + ayrt*, (a1, a2) € 4 ) }
u(z,t) = 2T (z)
U3 tl'agl ’ N a(l—a) ? ’ S R
v(x,t) =z« P(z),
t) = t2a 1
Us | a u(z,?) P(r), a=0,1,-1
v(z,t) =t M(x) — aat* ' in(t),

Us There are no invariant solutions.

Table 4.9 Similarity variables z; and invariant solutions (u;, v;) for Case 2.2.

o
1-2a”

we arrive at the following three conclusions for the case m =



4.3 Invariant

solutions of (4.1)

U; | Reduced system of ODEs
dp(t) _ ta—l
Ul dgfb(t) _ 0 a = O, 1, _1
dt>
d%y / a—1
c=>(l-a)p+2¢)+az2",
U fﬁw ‘;2«270{ o+ )+ , a; €R
a = 5901-20‘ (1 =2a)p+2¢),
d%p !
= 1— -1
vy | | alel—alprla—na), g
PL = B (a(1 - 20)¢ + (a — Dzy)
/ F(Qa
oy | {4\ T P a=0,1,-1,
k2ot MP( ) = —al(a +1),

1. The two invariant solutions corresponding to U; in Cases 2.1 and 2.2 coincide.

2. The invariant solutions corresponding to Us in Case 2.1 coincide with the invariant

Table 4.10 Reduced systems of (4.1) for Case 2.2.

solutions corresponding to Uy in Case 2.2.

The invariant solutions corresponding to U, in Case 2.1 coincide with the invariant

solutions corresponding to Us in Case 2.2.

Even though the elements of the optimal systems in Cases 2.1 and 2.2 correspond to
each other, except for the element U;, the reduced systems of ODEs in Cases 2.1 and

2.2 generally differ, possessing a relationship determined by the choice of the similary

variable z.

In the next section, we derive several explicit invariant solutions of the fractional

system in (4.

1) by solving the reduced systems of ODEs obtained in this section.

4.3 Invariant solutions of (4.1)

In the general case, solving fractional order nonlinear systems of ODEs is a challenging
problem. However, here we are able to derive several explicit solutions of the reduced

systems of FODESs obtained in the previous section. Then, using these solutions, we

obtain several group invariant solutions of (4.1).
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4.3.1 Invariant solutions of (4.1) corresponding to U,

The reduced systems of ODEs corresponding to U; are essentially the same in all three
cases. The following is the solution to each of these:
p(t) = ft t Hatt

¢(t) = cQtOhl?

where ¢; and ¢y are arbitrary constants. With the above, we obtain the following for

the invariant solution of (4.1):

a_ 42a—1 a—1
u(z,t) F(a)t + et (4.6)
v(z,t) = (cy + az)t* L.

4.3.2 Invariant solutions of (4.1) corresponding to U, in Case
2.1

The reduced system of ODEs corresponding to Uy in Case 2.1 has the general form

da
dz‘f = alz/) + a221/]27

A%y 2m (47)
dzo @ (blgp + b2Z302>’

where ay, as, by and by are constants. We formulate the following lemma with respect

to a solution of the system given in (4.7).

Lemma 9. Let us assume that the parameter m satisfies m < 0 or m > 2=. Then, if

the inequalities

e} m+1
1 -2«

m #

1
(1510% §é 0, bl — 7b20{ 7& 0
m

hold, the system in (4.7) has a solution of the form p(2) = c12™, P(2) = c22*2, where

1
Moo= O, = mA e
m m
2 o
C%m _ m°L (1 B E) ,
(may — (m + 1)aga)(mby — bea)T (1 - W}
ml'(1—%&

(may — (m + 1)asa) T (1 — mT“a)
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Proof. Directly substituting ¢(z) = ¢;2** and ¥(2) = c22?? into (4.7) we obtain

e phEEA N = (12 + ap)e2), (438)

F(1+)\2) Ao—a _ 2m+1_2X\1m A1 A1
T 1T a) 2 ="z (b12™M + by Agz™M).

The powers of z appearing here should be equal in the two equations. From this
observation, we have
N Y = mADa
m m
Next, by the assumption of the lemma, we see that \; > —1 and Ay > —1. From these

results for A\; and Ao, ¢; and ¢y are obtained as in the statement of the lemma. O

The reduced system of ODEs corresponding to Uy in Case 2.1 satisfies the conditions
of Lemma 9, which implies that there exists a solution (¢(z),%(2)) as in the lemma.
Then, from Tables 4.5 and 4.6, we obtain the following explicit invariant solution to
(4.1) with the condition that m satisfies either m < 0 or m > %

«

1
m? ri-2) 2m 1«
u(:zc,t) - [kQ(m-H) r(1— Gmila) rmtTm, (4 9)
_ m2 ra-2o) J]2m mp(1-2) mil  (mtDa '
U(x) t) - k2(m+1) F(l— (2m7-r|;1)a) (m+1)1—‘(17m7+1a) xr m m

Finally, note that even though the reduced systems corresponding to U, in Case 2.1
and Us in Case 2.2 are of the form (4.7), these systems do not satisfy the conditions of

Lemma 2.

4.3.3 Invariant solutions of (4.1) corresponding to U; in Case
2.1

By direct integration of the reduced system in this case, we obtain the following implicit

solution with the condition m < 0 or m > ﬁ:

1
r(1_ (ntDe 27"F 1 @miDa 2m+2 o) do
r = ((nfjl) ( Wli )a 2(’m+1 = >> / ———1— +Cy,
(1=%) Yo (62 + cp) P (4.10)

1
m T 1_(m+1)a 2 2m+2
Y= ( kJQFl F(l—gf)FOT(?W?-H)a) (1/’2 + Cl)) .

Here 1 is an appropriately chosen lower bound, and ¢; and ¢y are constants. The

invariant solution (u(z,t),v(x,t)) can be obtained from the above implicit solution
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and the form corresponding to Us; given in Table 4.5. Integrating the above solution
explicitly is difficult, but for some particular values of the parameters c;, co and m,
explicit invariant solutions can be readily obtained. For example, for ¢; = 0, we obtain

the invariant solution

m2 I —%) 2m 1. a
u(z,t) = R2(me+1) (2m+1) p(— Zmta (. —cg)mt™m,
m
1
2m+42 T —% aml | 2 m4l  (mt+l)a
U(l’, t) = (kQ(m+1n)14m+1(2m+l) 1"(— (m_,l_l)a)zm F((_ 2m+1)a>) (.7} — 02) m m
m m

(4.11)

which is identical to that obtained in [14] for m = 3 and k = 1. Note that (4.9) is

invariant under the transformations corresponding to X5 and X,. This implies that
(4.11) is an invariant solution not only of the system of ODEs corresponding to Us but
also of the system of ODEs corresponding to Uy when ¢y = 0. Substituting m = —%

and ¢; # 0 into (4.10), we obtain another explicit invariant solution,

I'(1+a)? o c
2%1,211201)752 [tan2 (%F(l +a)(x — 02)) - 1} ,

u(z,t)
{ v(z,t) = \/cit®tan (ﬂf(l +a)(x — 02)> :

2k2

(4.12)

4.3.4 Invariant solutions of (4.1) corresponding to U, in Case
2.2

It can be easily shown that the reduced system in this case has the solution

'« —
()0(2) = F((QQ))ZQQ 17
P(z) = czo L.

Then, we obtain the following invariant solution of (4.1) using the form of Uy given in
Table 4.9:
u(x, t) = al—g(gcg)t2a_1

v(z,t) = agct® + aywt

Y

(4.13)

where ¢ is a constant.
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4.3 Invariant solutions of (4.1)
4.3.5 Invariant solutions of (4.1) corresponding to U, in Case

2.2

The solution to the reduced system in this case is

o al'(a+1) 120
a al(a 2(1-«a
I(2a) (kQF((Qatll))x + 01) + co.

_ k?(2a-1)
U(z) = 2a(1—a) T(a)l(a+1)

With this and the form of U, given in Table 4.9, we obtain the following explicit

invariant solution:
(4.14)

al'(or 1-2a a—
u(z,t) = (_ k2F((1—J;<lx))x - cl) e,
a— a al (a 2(1_ ) @
k*(2a—=1) _ T(2a) (kzr(gatll))x—kq) Y aaln(t) +C2>t g

v(z,t) = 2a(1—a) T(a)(at+1)

We have thus found the group invariant solutions in all cases except for those

corresponding to U and Us in Case 2.1 and Us in Case 2.2.
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