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In the calculations of tetragonal BaTiO3, some exchange-correlation (XC) energy functionals such as
local density approximation (LDA) have shown good agreement with experiments at room tempera-
ture (RT), e.g., spontaneous polarization (PS), and superiority compared with other XC functionals.
This is due to the error compensation of the RT effect and, hence, will be ineffective in the heavily
strained case such as domain boundaries. Here, ferroelectrics under large strain at RT are approxi-
mated as those at 0 K because the strain effect surpasses the RT effects. To find effective XC energy
functionals for strained BaTiO3, we propose a new comparison, i.e., a criterion. This criterion is the
properties at 0 K given by the Ginzburg-Landau (GL) theory because GL theory is a thermodynamic
description of experiments working under the same symmetry-constraints as ab initio calculations.
With this criterion, we examine LDA, generalized gradient approximations (GGA), meta-GGA, meta-
GGA + local correlation potential (U), and hybrid functionals, which reveals the high accuracy of
some XC functionals superior to XC functionals that have been regarded as accurate. This result is
examined directly by the calculations of homogenously strained tetragonal BaTiO3, confirming the
validity of the new criterion. In addition, the data points of theoretical PS vs. certain crystallographic
parameters calculated with different XC functionals are found to lie on a single curve, despite their
wide variations. Regarding these theoretical data points as corresponding to the experimental results,
analytical expressions of the local PS using crystallographic parameters are uncovered. These expres-
sions show the primary origin of BaTiO3 ferroelectricity as oxygen displacements. Elastic compliance
and electrostrictive coefficients are estimated. For the comparison of strained results, we show that
the effective critical temperature TC under strain <�0.01 is >1000 K from an approximate method
combining ab initio results with GL theory. In addition, in a definite manner, the present results
show much more enhanced ferroelectricity at large strain than the previous reports. Published by AIP
Publishing. https://doi.org/10.1063/1.5022319

I. INTRODUCTION

Ferroelectric materials have an electrically reversible
spontaneous polarization PS below a critical temperature TC.
Efforts to enhance their performance and extend the scope of
their applications have been intensively pursued.1 To pursue
these aims from an atomic-scale perspective, ab initio calcu-
lations2–10 are widely used. Here, the accuracies of the lattice
constants and the mechanical properties are far more critical
than for other materials.10,11

For many ferroelectric oxides, ferroelectric phases arise
from tiny atomic distortions.10,11 A representative parameter
of the distortion of the prototypical ferroelectric BaTiO3 is the
ratio of the c- and a-axis lattice constant c/a. For example, the
difference in the c/a ratio between the cubic paraelectric phase
and the tetragonal ferroelectric phase of BaTiO3 is only 1%
at room temperature (RT).12,13 For an incipient ferroelectric
SrTiO3,14 a c/a ratio difference of 0.2% is significant.15–17

Because of such sensitivity of the ferroelectricity to the
structure, accurate estimation of the distortions caused by
mechanical stress or strain is important for the domains, epi-
taxial films, and miniaturized ferroelectrics. Here, the domains

are PS-aligned regions and 90◦ (ac) and antiparallel (180◦ or
cc) domains are considered to originate from the mechani-
cal stress and the macroscopic electric field, respectively.1 An
electric field emerging from an insufficiently screened PS is
referred to as a depolarization field, which is essential in theo-
ries on the vortex-type domain and the standard model of the cc
domain (Kittel model).1,18 The calculations of these domains
are expected to critically depend on the accuracy of the internal
force estimates given by ab initio calculations. In addition, the
depolarization field has been considered as the cause of the fail-
ure to detect ferroelectricity in miniaturized ferroelectrics19–21

and the formation of nanodomains.20 On the other hand, the
possibility of substantial intrinsic screening of the depolariza-
tion field is proposed,22–25 which relaxes these instabilities and
restrictions.24

For these problems, the accurate calculation of internal
forces is of primary importance. Wahl et al. argued that the use
of the experimental lattice constants in ab initio calculations is
inappropriate11 because it induces an external fictitious pres-
sure on the system’s unit cell. In practice, the experimental lat-
tice constants of each unit cell are unknown in inhomogeneous
situations such as domains.
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To perform these calculations accurately, the choice of
suitable ab initio methods such as functionals of the exchange-
correlation (XC) energy, which is a key part of the density
functional theory (DFT), is crucial10,11,26,27 but is hindered by
an obstacle. Specifically, the lattice symmetry of the equilib-
rium phase at 0 K of BaTiO3 and many other ferroelectric
oxides is different from that at RT, whereas ab initio calcula-
tions are generally for 0 K. For example, benchmark tests of
ab initio calculations of ferroelectrics are mostly comparisons
between calculations for 0 K and experiments at RT for stress-
free cases,10,11,26,27 with the notable exception of PbTiO3.28

Here, BaTiO3 and SrTiO3 have special significance for the-
oretical comparisons due to the critical dependence of the
experimental values on sample quality12,13 and the availabil-
ity of many reports of experiments using high-quality single
crystals. For example, the high quality of these crystals is evi-
denced in the high transparency used in electro-optics and the
observations of the negative carrier type (n-type) conduction
by oxygen vacancy.29,30 On the other hand, in PbTiO3, pos-
itive carrier type (p-type) is observed due to the volatility of
PbO.29,30

Benchmark tests of functionals of the XC energy (XC
functionals) for stress-free ferroelectrics10,11,26,27 have shown
that properties critically depend on them; in a conventional cri-
terion that is the comparison with the RT experiments, some
XC functionals, such as the standard versions of the gener-
alized gradient approximation (GGA) and hybrid functionals,
overestimate the c/a ratio and PS.10,26 These tests have also
shown that some XC functionals9,10 such as local density
approximation (LDA) predict values of c/a ratio and PS that
are close to the experimental results at RT and, therefore, are
considered reasonable choices.

However, accurate comparisons should be those between
experiments at 0 K and ab initio calculations. The present paper
reports such comparisons proposing a new criterion, which is
the comparison with the properties at 0 K of the RT-phase
given by the Ginzburg-Landau (GL) theory.31–33

The direct calculations of the domains and depolariza-
tion field are unsuitable as tests of the accuracy of internal
forces. This is because these subjects are unsettled34 and the
calculation of domains usually requires molecular dynam-
ics (MD) simulations that are less accurate than standard ab
initio calculations. On the other hand, ferroelectricity under
external strain, where the magnitude is comparable with those
of these situations, has been experimentally established.16,31

Indeed, the strain-enhancement of TC and PS has been known
for over half a century16,31,35,36 and is self-evident from the
GL theory when limited to tetragonal (P4mm) ferroelectrics
(Sec. III).20,24,31 To date, strain effects have also been stud-
ied using ab initio calculations since at least 1998,37–41 using
LDA.

In contrast to conventional views, the new criterion pro-
posed here reveals the advantages of some XC functionals
over those of the XC functionals that have been considered
accurate. The same conclusion was obtained by the direct cal-
culations of the homogeneous strain effect, which shows the
reliability of the new criterion and the rating of XC function-
als for tetragonal BaTiO3. These GL values and the methods
employed here can also be used for examinations of other

ab initio calculations. A similar study on SrTiO3 reports that
the choice of XC functionals causes a 10-fold difference in the
critical strain for ferroelectricity.42

Ab initio calculations of PS with a specific XC functional
deviate from the real values in a specific manner. We found that
the deviations were mainly due to crystallographic parameters.
Assuming that experimental situation corresponding to these
deviations exists, we found excellent correlations between the
PS and the crystallographic parameters from their theoreti-
cal sets. This yielded analytical expressions of PS with lattice
parameters. These examinations will show that (1) the oxygen
position is more appropriate than the Ti position as an identi-
fier of PS and (2) the distance between Ti and O is the primary
order parameter.

This paper is organized as follows: Sec. II describes the
technical details of our calculations and briefly introduces
DFT+U and hybrid functional. Section III derives GL the-
ory for tetragonal phases under biaxial strain. Its validity is
tested with published experimental data. Section IV describes
the tests of ab initio calculations with available XC func-
tionals for stress-free BaTiO3, which are compared with GL
estimates and available experiments. Section V reports the
ab initio results of the tetragonal phase of BaTiO3 under
biaxial strain. Section VI reports analytical expressions of
PS by lattice parameters. Section VII discusses implica-
tions of the present results. Section VIII summarizes the
results.

II. TECHNICAL DETAILS OF AB INITIO

BaTiO3 is cubic at temperature above TC and tetrago-
nal at RT that is space group symmetry P4mm. We use LDA,
Perdew-Burke-Ernzerhof (PBE) functional,3 and PBE for
solids (PBEsol)4 as GGA, Tao-Perdew-Staroverov-Scuseria
(TPSS) functional as meta-GGA,5,6 and Heyd-Scuseria-
Ernzerhof (HSE) functional7 and HSE for solid (HSEsol)
as hybrid functionals.8 LDA, GGA, and meta-GGA func-
tionals are functionals of the local electron density, the
local electron density and its 1st spatial derivative, and the
local electron density and its 1st and 2nd spatial deriva-
tives, respectively. Hybrid functionals are mixtures of Hartree-
Fock and DFT. In addition, DFT+U methods43 are tested.
Here, the results only by TPSS+U will be reported because
this combination agreed best with experiments of stress-free
BaTiO3.

PBEsol is a PBE modified for solid by replacing the val-
ues of two scaling coefficients.4 In HSE, a screened Coulomb
potential hybrid density functional is constructed from a short
and a long-range exchange term.7 HSEsol is the same as HSE
except for the use of PBSsol instead of PBE.8 In the present
paper, HSE means a revised version of HSE (HSE06),44 and
screening length µ is the default value (0.2 Å�1),7,8 while Wahl
et al. used 0.3 Å�1.11

The DFT+U method adds a Hubbard-like term to the total
energy functional, to remedy the lack of electron localization.
This method effectively adds an on-site Coulomb interaction
term U inside each atomic sphere to DFT functionals, where
U is given empirically or by other calculations. For stress-
free BaTiO3, both Liechtenstein and Dudarev schemes for
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DFT+U45,46 without exchange term (J = 0) yielded mutually
similar results. Therefore, the present paper reports the results
with the Liechtenstein scheme with J = 0.

All calculations were performed using the project aug-
mented wave (PAW) method47 as implemented in the Vienna
ab initio simulation package (Vasp)48 with a plane wave energy
cutoff of 650 eV. PAW potentials are chosen from those sup-
plied by Vasp so that the calculations with each XC functional
agree best with stress-free BaTiO3. For the Brillouin-zone inte-
gration, a Monkhorst-Pack mesh49 of 6 × 6 × 6 was used in
geometry relaxation and Berry phase calculation of PS.50,51 In
the calculations of biaxially strained BaTiO3, geometry is fully
relaxed under the constraint of fixed values of the a-axis lat-
tice constant. After the geometry relaxations, all the calculated
forces are always less than 0.001 eV/Å. These results were
the same for denser mesh with lower calculated forces. The
effects of different PAW potentials and the screening length
of HSE and HSEsol were much smaller than the difference of
XC functionals.

Wahl et al. calculated stress-free BaTiO3.11 The present
PBEsol results for stress-free BaTiO3 agree completely with
those of Wahl et al.11 including the zone-center phonon fre-
quencies. In addition, the present results by LDA, PBE, and
HSE for stress-free BaTiO3 agree well with those of Wahl
et al. including the zone-center phonon frequencies, despite
the choice of the HSE parameters and the PAW potentials dif-
ferent from Wahl et al. The external strain uext is defined as
(a � a0)/a0 using the theoretical stress-free a-axis lattice con-
stant (a0) of a tetragonal BaTiO3 calculated with each XC
functional.

III. GINZBURG-LANDAU (GL) THEORY
AND EXPERIMENTS

The total energy of a ferroelectric phase at an elec-
tronic ground state is calculable, when the positions of all
the nuclei are given, because the ground state electron den-
sity is calculable from these positions. For the ground state,
this can also be done with the positions of a part of nuclei

because the other nuclei positions can be obtained through
the minimization of the total energy. For ferroelectricity,
the effective choice of these nuclei positions is that con-
tributing to the polar distortion, which is the basis of GL
theory.

In the GL theory,31–33 the change of free energy from that
of the paraelectric phase is expressed by spontaneous polar-
ization PS and strain u that correspond, respectively, to polar
and nonpolar distortions. The coefficients of this expression
are chosen so that the measurables given by the GL energy
agree with the experiments of a specific sample under study.
Therefore, the coefficients depend on the samples of these
experiments, and the GL coefficients of BaTiO3 have changed
substantially with years,31,32,52,53 reflecting the increase of PS

and TC by the improvements of crystal quality. This suggests
that a GL theory can be regarded as a thermodynamic descrip-
tion of representative samples. Therefore, we may use GL
results as semi-experimental data.

The standard GL theory appears slightly complicate31,33

but becomes extremely simple, when restricted to cubic-
tetragonal phase transition. When restricted to the tetrago-
nal (P4mm) phase such as BaTiO3 and PbTiO3, the increase
of TC and PS by in plane compressive stress is self-
evident.20,24 Therefore it has been known theoretically since
the proposal of the GL theory by Devonshire,31 and exper-
imentally been proved since the 1970s.16,35 We should be
aware that mechanical stress or mechanical boundary con-
dition in GL theory expresses only a part of epitaxial
effect.

The present ab initio calculations are for the RT phase
of BaTiO3, which is experimentally unstable at 0 K under a
stress-free condition. That is, the present ab initio calcula-
tions deduce the quantities, when this RT phase happens to
exist at 0 K. Likewise, the GL theory below deduces the quan-
tities, when this RT phase continues to exist down to 0 K.
Hence, the comparisons of the quantities given by these two
methods are meaningful, while the GL results are considered
semi-experimental data.

The GL free energy of bulk ferroelectric having an m3m
symmetry in a paraelectric phase is given as31,33
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where the suffixes of polarization P 1, 2, and 3 represent x, y,
and z component, where the z and x directions are along the
c and a axis of the unit cell. The suffixes 1, 2, 3, 4, 5, and 6
of stress X in Voigt notation represent xx, yy, zz, yz, xz, and xy
component.

Li et al. improved the first two lines of Eq. (1′) by taking
up to the 8th power of P.32 We substitute the first two lines of
Eq. (1′) with the formula of Li et al. GL free energy for tetrag-
onal symmetry per unit volume is derived from this modified
Eq. (1′) by setting P3 = P, P1 = P2 = 0, X1 = X2 = X, X4 = X5,
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and X6 = 0.

∆G(P, X) = ∆G0(P) − g(X) − Q11X3P2 − 2Q12XP2, (1)

∆G0(P) = α1P2 + α11P4 + α111P6 + α1111P8, (1a)

α1 ≡
T − TC

2ε0C
, (2)

g(X) ≡
s11

2

(
2X2 + X2

3

)
+ s12

(
X2 + 2XX3

)
+ s44X2

4 . (3)

Here, T, C, and ε0 are ambient temperature, Curie con-
stant, and vacuum permittivity, respectively. G0(P) in Eq. (1)
is a GL energy for stress-free condition; α1, α11, α111, and
α1111 are the dielectric stiffness and higher order stiffness
coefficients at constant stress; sij is the elastic compliance
coefficient at constant polarization, and Qij is the cubic elec-
trostrictive constant. Unlike ordinary GL expansions, Eq. (1)
contains a P8 term but is returned to common expressions31,52

by using proper values for α1, α11, and α111 and setting
α1111 = 0.

When strain u is variable instead of stress X, the Legendre
transformation yields

∆H(P, u) = ∆G(P, X) + 2Xu + X3u3 + 2X4u4,

= ∆G0(P) − g(X) − Q11X3P2 − 2Q12XP2

+ 2Xu + X3u3 + 2X4u4. (4)

The strains at equilibrium are given by ∂H/∂X3 = 0, ∂H/∂X4

= 0, and ∂H/∂X = 0, which yields ∂G/∂X3 = �u3, ∂G/∂X4

= �2u4, and ∂G/∂X = �2u, which gives two equations for X
and X3,

X ≡
s11u − s12u3 − (s11Q12 − s12Q11)P2

(s11 − s12)(s11 + 2s12)
, (5a)

X3 ≡
(s11 + s12)u3 − 2s12u − ((s11 + s12)Q11 − 2s12Q12)P2

(s11 − s12)(s11 + 2s12)
.

(5b)

The stress-free condition X = X3 = 0 yields spontaneous elas-
tic strains usp3 = Q11PS

2 and usp = Q12PS
2. Therefore, the

lattice constants a and c of the stress-free tetragonal phase
are

a = aC

(
1 + usp

)
= aC

(
1 + Q12P2

S

)
, (6a)

c = aC

(
1 + usp3

)
= aC

(
1 + Q11P2

S

)
, (6b)

where aC is the lattice constant of the stress-free cubic phase
at TC.

For an in plane stress only case (X3 = X4 = 0), Eqs. (5a)
and (5b) yield X = (u � Q12P2)/(s11 + s12). By this equation,
the stress and coupling terms in Eq. (4) are ∆H � ∆G0 = � (s11

+ s12)X2
� 2Q12XP2 + 2Xu = (u2

� 2uQ12P2 + Q12
2P4)/(s11

+ s12). When ∆H � ∆G0 is expressed by this equation, Eq. (4)
becomes

∆H(P, u) = αu
1P2 + αu

11P4 + α111P6 + α1111P8 +
u2

s11 + s12
,

(7)

α
u
1 ≡

T − (TC + ∆TC)
2ε0C

=
2ε0C

(T − (TC + 4ε0C
Q12u

s11 + s12
)), (7a)

∆TC = 4ε0C
Q12u

s11 + s12
, (7b)

α
u
11 ≡ α11 +

Q2
12

s11 + s12
. (7c)

The stress-free condition X = 0 is expressed by ∂Hu/∂u = 0.
This gives �2Q12P2/(s11 + s12)+2u/(s11 + s12) = 0, yielding
usp = Q12P2 again.

Equation (7a) shows the increase of T c (∆T c) by in plane
compressive stress, which indicates also an increase of PS.
This has been known over a half century because it is obvious
from Eqs. (1)–(2)20,24

∆G(P, X) = ∆G0(P) − g(X) − 2Q12XP2

= α′1P2 + α11P4 + α111P6 + α1111P8 − g(X), (8)

α
′
1 ≡

T − (TC + ∆T ′C)

2ε0C
=

2ε0C
(T − (TC + 4ε0CQ12X)),

where ∆T c
′ ≡ 4ε0CQ12X. Equation (8) becomes Eq. (7) by

X = (u � Q12P2)/(s11 + s12) derived for X3 = X4 = 0.
The equilibrium PS is given by ∂Hu/∂P as

α
u
1 + 2αu

11P2
S + 3α111P4

S + 4α1111P6
S = 0. (9)

When α1111 = 0 as in the standard GL theories, Eq. (9) is
solved easily. For α1111 , 0, analytical solution is given by the
Cardano formula for the cubic equation.

For X3 = 0, Eq. (5b) gives u3 = 2s12u/(s11 + s12) + (Q11

� 2s12Q12/(s11 + s12))P2. Consequently, the c-axis lattice con-
stant c of a tetragonal phase with an external strain is given
by

cT = aC

(
1 +

2s12u
s11 + s12

+ (Q11 −
2s12Q12

s11 + s12
)P2

S

)
. (10)

For stress-free case (X = X3 = 0), the above relationship
u = usp = Q12PS

2 is applicable, and therefore, Eq. (10) becomes
Eq. (6b).

In the present ab initio calculations, the results are given
for an external strain uext, which is the change from the
a-lattice constant of the tetragonal BaTiO3 under no external
stress (a0). On the other hand, the present GL theory gives the
results for u = usp + uext. In Secs. IV–VI, the results are shown
for uext. The constants in Eqs. (1)–(3) are the same throughout
the present paper: (2ε0C)�1 = 4.124 × 105 C�2 m2 N/K, α11

= �2.097 × 108 C�4 m6 N, α111 = 1.294 × 109 C�6 m10 N, and
α1111 = 3.86 × 1010 C�8 m14 N, and Q12 = �0.044 m4 C�2,
Q11 = 0.10 m4 C�22, s11 = 8.05 × 10�12 m2/N, and s12 = �2.35
× 10�12 m2/N.31,52–58

In Fig. 1, the comparison of the present GL theory for
the stress-free condition with experiments of BaTiO3 demon-
strates its validity. In Fig. 1(a), TC in Eqs. (7a) and (9) is
adapted from the experiment.59 PS by Eq. (9) agrees excel-
lently with experimental PS.59–61 PS of ideal samples can be
higher than these experimental values, because a complete
switching is difficult, especially at low T ’s,60 and samples
could be imperfect. Consequently, we cannot exclude the pos-
sibility that an appropriate PS of the tetragonal phase at 0 K is
slightly higher than the present GL estimations that are based
on these experiments.

Figure 1(b) compares the T -dependence of the lattice con-
stant by the GL theory with two experiments,12,13 whereas the
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FIG. 1. Comparison of the present GL calculations of tetragonal BaTiO3 with
published experiments to examine the properties at 0 K (new criterion). (a)
T -dependence of PS.59,60 TC in the GL calculation is adapted from the experi-
mental value of the curve (107 ◦C).59 (b) T -dependence of the lattice constants
of tetragonal phases a and c (Nakatani et al.,13 Kay and Vousden12). TC and
aC in the GL calculations are adapted from the experimental values of each
curve.

lattice constants are less sensitive to experimental difficulties
than PS. In Fig. 1(b), TC and aC in Eqs. (6a) and (6b) are those
of each experiment. The a’s and c’s by the GL theory agree
well with those of each experiment. Because the GL a’s are
larger than the experimental ones below RT and the GL c’s are
close to the experimental ones, Fig. 1(b) indicates that the GL
volume V and GL c/a ratio at 0 K pose an upper bound of V
and a lower bound of c/a at 0 K, respectively.

Kay and Vousden12 showed that the average lattice con-
stant changed linearly with T in all the phases of BaTiO3:
cubic, tetragonal, orthorhombic, and rhombohedral. There-
fore, we use also a linear extrapolation of the experimental
average lattice constant (V1/3)13 to 0 K in Fig. 2(a). This
extrapolation is validated by an independent experiment of
the rhombohedral phase62 that is exactly on this extrapolation
line.

The inset illustrates a BaTiO3 unit cell and defines the
positions of specific atoms. In particular, we denote an oxygen
atom in a TiO2 and BaO layer as O2 and O1, respectively. In
Fig. 2(b), atomic displacements from cubic positions along the
c-axis (∆z’s) are plotted and extrapolated to 0 K. An appropri-
ate ∆z of each atom should be between ∆z of each atom at RT
and ∆z of each atom extrapolated to 0 K because the change of
lattice constants and atomic displacements should be slowing
down below Debye temperature.63,64

Therefore, the extrapolations in Figs. 2(a) and 2(b) provide
a lower bound of the unit cell volume V and an upper bound
of |∆z| of stress-free tetragonal BaTiO3 at 0 K, whereas the
data at RT provide an upper bound of V and a lower bound

FIG. 2. (a) Experimental T -dependence of average lattice constant V1/3 =
(a2c)1/3 and atomic positions of tetragonal BaTiO3 red diamonds: Nakatani
et al.,13 black circles: Kay and Vousden,12 green triangle: rhombohedral
phase.62 Dashed and dotted lines are linear fittings. (b) Experimental atomic
positions expressed as atomic displacement of parallel to z axes from those of
the cubic phase in fractions of the c lattice constant (Nakatani et al.,13 Ba is
at z = 0). Solid lines are linear fittings. In (a), the V data13 at 298 K and 303
K are not plotted because they suffer a marked influence by the tetragonal-
orthorhombic phase transition. The illustration of a BaTiO3 unit cell defines
the positions and symbols of specific atoms.

of |∆z| at 0 K. A part of data in Figs. 1 and 2 is listed in
Table I.

IV. STRESS-FREE TETRAGONAL BaTiO3

A Hubbard-like potential U was tested for LDA+U,
PBE+U, PBEsol+U, and TPSS+U with U = 0–8 eV applied
to O2p and Ti3d states. Because TPSS+U with U = 8 eV
on O2p yielded the most appropriate c/a, V, and PS in
these tests, we show the results of this case. The choice
of U = 8 eV on O2p is consistent with the effectiveness
of LDA+U and GGA+U with U on O2p in Ti-containing
oxides.43,65

In Fig. 3(a), the ab initio PS and c/a in stress-free cases
(uext = 0) are compared with experimental and GL data. The
horizontal and vertical dashed-dotted lines represent the GL-
PS and GL-c/a at 0 K, respectively, whereas this c/a is a
lower bound as discussed in Sec. III [Fig. 1(b)]. Therefore,
the best ab initio estimate is the yellow shaded area on the
horizontal line on the right-hand side of the vertical line. This
shows that both PS and c/a were underestimated by LDA and
Wu-Cohen9 but estimated appropriately by PBEsol, TPSS,
TPSS+U, HSEsol, and B1-WC(PP).10 [B1-WC(PP) stands for
hybrid exchange-correlation functional by Bilc et al.10 using
the pseudopotential.] This rating is opposite to the conven-
tional ones. Interestingly, all the PS vs. c/a data are on a single
curve, of which coefficient is given in Table II. In Fig. 3(a),
the data of Wu-Cohen9 represent approximately experimental
PS and c/a at RT, which is the conventional criterion.
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TABLE I. Summary of present GL and ab initio results and published experimental data for tetragonal and stress-free cubic phase BaTiO3. An experimental
PS is 0.269 C/m2 at 270 K.60 The experimental unit cell value at 0 K is from the extrapolation in Fig. 2(a). The value PS by the GL theory is with TC = 107 ◦C
of the experiments in Fig. 2(a), whereas those in blanket are by the GL theory with TC = 135 ◦C given by Ref. 13.

uext a (Å) c (Å) V (Å3) c/a ∆Ti ∆O2 ∆O1 PS(C m�2) Eg (eV)

Expt. RT 0 3.993a 4.037a 64.35a 1.011a 0.010a
�0.013a

�0.022a 0.254b 3.27c

Expt. 403 K 0 4.010a

Expt. 0 K 0 (63.89) Extrapolation
GL 298 K 0 3.998 4.038 64.54 1.010 0.257(0.267)
GL 0 K 0 3.992 4.051 64.56 1.015 0.318(0.321)

LDA

�0.020 3.862 4.114 61.36 1.065 0.018 �0.024 0.065 0.405 1.803
�0.010 3.901 4.052 61.68 1.039 0.016 �0.018 0.039 0.339 1.777
�0.005 3.921 4.025 61.88 1.027 0.015 �0.016 0.027 0.307 1.767

0 3.941 3.990 61.97 1.012 0.013 �0.013 0.012 0.261 1.750
Cubic 0 3.949 3.949 61.60 1 0 0 0 0

PBEsol

�0.020 3.892 4.192 63.50 1.077 0.018 �0.028 0.077 0.453 1.812
�0.010 3.932 4.119 63.68 1.047 0.017 �0.022 0.047 0.385 1.775
�0.005 3.952 4.086 63.81 1.034 0.016 �0.019 0.034 0.352 1.761

0 3.971 4.059 64.01 1.022 0.016 �0.017 0.022 0.320 1.749
Cubic 0 3.986 3.986 63.31 1 0 0 0 0

TPSS

�0.020 3.909 4.188 64.00 1.071 0.019 �0.027 0.071 0.434 1.843
�0.010 3.949 4.141 64.59 1.049 0.018 �0.022 0.049 0.384 1.821
�0.005 3.969 4.109 64.73 1.035 0.017 �0.020 0.035 0.355 1.807

0 3.989 4.070 64.76 1.020 0.016 �0.017 0.020 0.318 1.794
Cubic 0 4.001 4.001 64.07 1 0 0 0 0

TPSS+U

�0.020 3.891 4.190 63.45 1.077 0.019 �0.027 0.077 0.441 2.027
�0.010 3.931 4.117 63.61 1.047 0.017 �0.021 0.047 0.376 1.981
�0.005 3.951 4.088 63.81 1.035 0.017 �0.019 0.035 0.350 1.954

0 3.971 4.045 63.77 1.019 0.015 �0.016 0.019 0.305 1.937
Cubic 0 3.982 3.982 63.13 1 0 0 0 0

HSE

�0.0193 3.889 4.324 65.38 1.112 0.018 �0.038 0.112 0.550 3.428
�0.0093 3.928 4.215 65.04 1.073 0.019 �0.029 0.073 0.472 3.372
�0.0043 3.948 4.181 65.16 1.059 0.019 �0.026 0.059 0.449 3.358

0 3.965 4.145 65.16 1.045 0.019 �0.024 0.045 0.421 3.348
0.0050 3.985 4.112 65.31 1.032 0.018 �0.021 0.032 0.396

Cubic 0 3.992 3.992 63.62 1 0 0 0 0

HSEsol

�0.020 3.867 4.180 62.52 1.081 0.019 �0.027 0.081 0.452 3.404
�0.010 3.907 4.100 62.58 1.049 0.018 �0.021 0.049 0.385 3.362
�0.005 3.927 4.069 62.74 1.036 0.017 �0.019 0.036 0.358 3.335

0 3.946 4.042 62.94 1.024 0.016 �0.017 0.024 0.333 3.307
Cubic 0 3.961 3.961 62.14 1 0 0 0 0

aExperimental values: Ref. 13.
bExperimental values: Ref. 59.
cExperimental values: Ref. 89.

The appropriate values of V and the distance between
Ti and O2 along the c-axis (∆zTi–O2) at 0 K are in the yel-
low shaded area surrounded by vertical and horizontal lines
in Fig. 3(b). Here, the vertical and horizontal dashed lines

represent an experimental V and ∆zTi–O2 at RT, respectively,
as discussed in Fig. 2. The vertical and horizontal dotted lines
show an extrapolation of experimental V and ∆zTi–O2 to 0 K,
respectively, as discussed in Fig. 2.
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FIG. 3. Properties of stress-free tetragonal BaTiO3 by the present and pub-
lished ab initio calculations9,10,26 compared with experiments and new crite-
rion. Yellow shades show a plausible range. (a) PS vs. c/a. The horizontal and
vertical dashed-dotted lines show PS and c/a at 0 K by the GL theory, respec-
tively. The oblique solid lines are a fitting. (b) Distance of the Ti atom from the
O atom along the c-axis (z-axis) in fractions of the c lattice constant (∆zTi–O2)
vs. unit cell volume V. The dashed and dotted vertical lines represent an upper
and a lower bound of V, respectively, which is given by the experiments at
RT13 and the extrapolations from Fig. 2(a). The dashed and dotted horizontal
lines represent a lower and an upper bound of ∆zTi–O2, respectively, which is
given by the experiments at RT13 and the extrapolations from Fig. 2(b). (c)
In plane (usp) and out of plane (usp3) spontaneous strains. Asterisk, plus sign,
and open circle represent GL results at 0 K and RT and an experimental data
at RT, respectively. The values of data points and fitting parameters are listed
in Tables I–III.

Consequently, PBSsol and TSSP+U, which predicted
appropriate PS and c/a, predicted appropriate V and ∆zTi–O2

at 0 K. The deviations of V and ∆zTi–O2 by the other XC func-
tionals except for LDA, HSE, and PBE could be acceptable. In
brief, PBEsol and TPSS+U are considered to yield appropriate
estimates of PS , c/a, V, and ∆zTi–O2.

In addition, the in plane (usp) and out of plane (usp3) spon-
taneous strains calculated ab initio are plotted in Fig. 3(c).
The experimental usp3 is calculated from Ref. 13 by (c298

� a413)/a413, where c298 and a413 are the c axis lattice con-
stant at 298 K and the lattice constant of the cubic phase at
413 K, respectively. This poses a lower bound of usp3 because
the c lattice constant of the tetragonal phase tends to increase
toward 0 K and the lattice constant of the cubic phase decreases
toward 0 K. The comparison of the GL usp at 0 K and RT in

Fig. 3(c) shows that |usp| at 0 K is larger than |usp| at RT. There-
fore, PBEsol and HSEsol are considered to predict appropriate
values of usp and usp3.

The ab initio calculations using experimental lattice con-
stants may remedy the underestimations of lattice constants
and PS by LDA calculations. By using a- and c-lattice con-
stants of BaTiO3 at RT, we calculated PS using LDA and
PBEsol. These PS’s were much higher than the experimental
value at RT (0.254 C/m2 59), despite the use of RT lattice con-
stants. This problem was severer with LDA (PS = 0.313 C/m2)
than with PBEsol (PS = 0.303 C/m2). Similar overestimation
of LDA was observed for SrTiO3.42

The results of these ab initio calculations and those for
cubic BaTiO3 are summarized in Table I, which shows good
agreement of the present LDA, PBE, PBEsol, and HSE results
with previous calculations of stress-free BaTiO3.10,11,26,39 The
fittings to these calculations are summarized in Table II.
Table III lists elastic constants in addition to usp and usp3 cal-
culated from the ab initio a, c, and ac. Table III lists also
electrostrictive constants Q12 and Q11 given by these usp and
usp3 and the ab initio PS through Eqs. (6a) and (6b). Most of
the PBE and HSE results are not shown in Secs. V and VI
because the results deviated unacceptably from experi-
ments. The validity of the new criterion is confirmed in
Sec. V.

V. TETRAGONAL BaTiO3 UNDER EXTERNAL STRAIN

In the present paper, the external biaxial in plane strain
uext ≡ (a � a0)/a0, where a and a0 are the a-axis lattice con-
stant under external stress and no external stress (stress-free),
respectively, and are calculated ab initio with a same XC func-
tional. For example, uext = (aLDA

� a0
LDA)/a0

LDA for LDA,
and uext = (aPBEsol

� a0
PBEsol)/a0

PBEsol for PBEsol. The suf-
fix 0 stands for no external stress. Similarly, (c/a)/(c/a)0 is the
ratio of c/a for uext , 0 to c/a for uext = 0 ((c/a)0).

The lower bound of uext is �0.02, below which thin film
growth without significant defects and dislocations is empir-
ically unsuccessful. Although lattice constants are measured
more reliably than PS, they may still contain artifacts. For
example, the c-lattice constant, the unit cell volume V, and c/a
increase by off-stoichiometry.66–71 This problem is severe for
Si and Ge substrates because an insufficient oxidizing environ-
ment is used. These elongations of the c-lattice constant are due
to a pure chemical origin and unrelated with ferroelectricity
or the depolarization field because they occur in many nonfer-
roelectric metal oxides.66–71 On the other hand, the increase
of c/a is reduced by dislocations, which tends to occur for
large strain.36,72,73 These data are removed or remarked in
Figs. 4–6.

In Fig. 4, PS increases with compressive strain in agree-
ment with experiments35,36,73–78 and the GL theories.24,31 The
present LDA results agree overall with the LDA results by
Ederer.39 In Fig. 4, for a small strain, the ab initio PS agrees
well with the GL PS; but for a large strain, the ab initio
PS increases more rapidly than the GL PS. This is because
the coefficients in Eqs. (1)–(3) are obtained from experi-
ments using small stress above RT. In particular, the appro-
priate elastic compliance coefficients s11 and s12 would be
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TABLE II. Parameters of fittings to ab initio results. The value of parameter C is absent, when the fitting is
linear. “O” and “O∗” in the 1st column indicate that the fitting is forced to pass the origin (0, 0) and passes
near the origin, respectively. R2 and σ stand for the coefficient of determination and the standard deviation,
respectively.

y = A + Bx + Cx2 y x A B C R2 σ

Figure 3(a) PS (C/m2) c/a �49.046 1 90.991 1 �41.7708 0.993 0.0059

Figure 4
PBEsol PS (C/m2) uext 0.323 64 �6.285 �1.000 0.0019
TPSS+U 0.309 78 �6.652 �0.996 0.0061
HSEsol 0.329 38 �6.010 �0.997 0.0049

Figure 5(b)
PBEsol c/a uext 1.020 94 �2.763 �0.999 0.0013
TPSS+U 1.019 21 �2.881 �0.999 0.0011
HSEsol 1.022 71 �2.853 �0.998 0.0018

Figure 5(c) c/a/ (c/a)0 uext 0.999 955 �2.680 �0.997 0.0017

Figure 6(c) ∆zTi–O uext 0.032 25 �0.696 2 �0.995 0.0006
∆zTi uext 0.015 90 �0.154 8 �0.931 0.0005
∆zO uext �0.016 35 0.541 6 0.992 0.0006

Figure 7(a) PS (C/m2) c/a �1.991 01 2.263 21 0.996 0.0047
Figure 7(b) PS (C/m2) c (nm) �3.186 49 0.867 18 0.976 0.01421

Figure 8(a) O PS (C/m2) ∆zTi 3.236 × 10�5 11.19 607 0.997 0.0098
Figure 8(b) PS (C/m2) ∆zTi–O1 0.085 16 5.494 0.988 0.0101

O 9.791 × 10�5 8.509 �25.6 0.999 0.0063
Figure 8(c) O∗ PS (C/m2) ∆zTi–O2 3.55 × 10�4 9.771 1.000 0.0045
Figure 8(d) PS (C/m2) ∆zO2 0.131 57 �11.53 �0.986 0.0109

O 1.272 × 10�4
�22.80 �227 0.999 0.0050

lower than the present values (Table III) and are expected to
decrease with uext.79 This is supported by the underestimation
of the c, c/a, and V under strain by the GL theory in Figs. 5
and 6.

The comparisons of the GL curves of PS, c/a, (c/a)/(c/a)0,
and V at 0 K and 298 K in Figs. 4 and 5 indicate that the effect of
biaxial strain surpasses the temperature effect for uext < �0.01.
Therefore, as mentioned in Sec. I, the direct comparison of the
ab initio PS, c/a, V, and (c/a)/(c/a)0 with the experimental
ones at RT is meaningful for uext < �0.01. In Fig. 4, PS’s by
all the calculations except for LDA and HSE are close to the
experimental PS at uext ≈ �0.022.78

Although reliable experimental PS’s under strain are lim-
ited, c/a correlates well with PS in Fig. 3(a) and the mea-
surements of the lattice constants are more reliable than
those of PS. However, in Fig. 5(a) showing lattice constants
vs uext, some thin film data (small open circles) show c-
lattice constants larger than the other thin film data (open
circles).13,73–78 Because the data represented by these small
open circles have the unit-cell volume appreciably larger
than those of bulk single crystals, they appear substantially
influenced by off-stoichiometry and are not displayed in
the subsequent figures. In this view, PBEsol, TPSS+U, and
HSEsol are considered to agree with experimental c-lattice
constants.

The comparison of the GL results at 0 K and 298 K
in Fig. 5(b) suggests that the experimental c/a at 298 K

can represent approximately 0 K data when being shifted
by the distance indicated by the arrows. The meaningful
comparison with experiments is for uext < �0.01 (yellow
shaded area), where RT effect is unimportant. Therefore,
PBEsol, TPSS+U, HSEsol, and TPSS are considered to
agree with experimental c/a.73–76,78 In addition, the curves of
(c/a)/(c/a)0 vs. uext by all the ab initio calculations in Fig. 5(c)
are fitted by a single line that agrees well with the experimental
(c/a)/(c/a)0.

Because unit cell volume V is ca0
2(1 + uext)2, Fig. 5(a)

suggests that PBEsol, TPSS+U, and HSEsol predict appro-
priate V ’s under strain. In Fig. 6(a), V calculated with all
the ab initio calculations except for LDA are consistent with
experiments.73–76,78 In particular, PBEsol and TPSS+U agreed
mutually. Consistently with the c vs. uext in Fig. 5(a), the
unit cell volume by the GL theory in Sec. III decreased
rapidly with uext, disagreeing with both experiments and ab ini-
tio calculations. This error can be resolved by the GL the-
ory that uses ab initio PS and electrostrictive coefficients in
Table III.

In Eq. (7), the minimum of the P-dependent part of
the GL free energy, which gives an equilibrium PS for
a given u [Eq. (9)], is negative and decreases with |u|.
Therefore, the change of GL free energy ∆F in Fig. 6(b)
should be dominated by the elastic term in Eq. (7): u2/(s11

+ s12), which is consistent with the observation of ∆F ∝
uext

2 in the inset of Fig. 6(b). Therefore, ∆F by the GL
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TABLE III. Spontaneous strains along the a-axis (usp) and c-axis (usp3) and
electrostrictive coefficients Q11 and Q12 at 0 K deduced from ab initio a-
and c-lattice constants and PS through Eqs. (6a) and (6b) in comparison with
experimental values at RT and values by the GL theory for RT and 0 K. Elastic
compliances (GPa) of cubic and tetragonal BaTiO3 calculated with PBEsol
and HSEsol is listed.

usp usp3 Q12 Q11

LDA �0.0021 0.010 �0.031 0.15
PBEsol �0.0050 0.018 �0.047 0.17
TPSS �0.0031 0.017 �0.031 0.17
TPSS+U �0.0029 0.016 �0.031 0.17
HSE �0.0068 0.038 �0.043 0.24
HSEsol �0.0036 0.020 �0.033 0.18

Expt. RT �0.0042a 0.007a
�0.044b 0.10c

0.11b

GL 0 K �0.0045 0.010
GL RT �0.0031 0.007

C11 C12 C13 C33 C44 C66

Cubic PBEsol 311 104 125
Cubic HSEsol 343 128 151

Cubic
Expt.b ∼410 K 164 67

108
Expt.d ∼410 K 173 82

Tetra PBEsol 299 111 85 136 125 107
Tetra HSEsol 324 126 97 152 143 131

aExperimental values: Ref. 13.
bExperimental values: Ref. 55.
cExperimental values: Ref. 54.
dExperimental values: Ref. 56.

theory, which was approximately 60% of the ab initio ∆F’s,
can be corrected by multiplying the literature value of s11

+ s12
55,56 with 0.6. This is consistent with the compari-

son of the experimental and ab initio elastic constant in
Table III.

The ab initio ∆F exhibited also ∆F ∝ uext
2, confirming

the dominance of elastic contribution to the strain-induced

FIG. 4. External biaxial in plane strain (uext) dependence of PS of tetragonal
BaTiO3, compared with experiments (open circles) at RT at uext < 078 and
at 270 K at uext = 0.60 Yellow shade shows a plausible range. Open squares
show the published LDA results.39 The dashed and dotted lines represent the
GL results for 0 K and RT, respectively. The comparison of these two GL
curves indicates an approximate amount of correction needed to convert RT
data into 0 K data. Solid lines are a fitting to each result by PBEsol, TPSS+U,
and HSEsol.

FIG. 5. uext-dependence of (a) c, (b) c/a, and (c) ratio of c/a to the stress-
free c/a of tetragonal BaTiO3, compared with thin film data73–78 and a single
crystal data at RT13 (open circles and small open circles). Yellow shades show
a plausible range. The dashed and dotted lines represent the GL results for
0 K and RT, respectively. The comparison of these two GL curves gives an
approximate amount of correction needed to convert RT data into 0 K data,
which is shown by arrows in (b). Solid lines in (b) are fittings to each result
by PBEsol, TPSS+U, and HSEsol. In (a) and (b), HSE data are not displayed.
The solid lines in (c) are the fitting to all the results except for those by
HSE.

∆F. This inference is reconfirmed by ab initio ∆F of SrTiO3

that exhibited also ∆F ∝ uext
2 and had the values similar to

those in Fig. 6(b) despite very different values of PS.42 In
Fig. 6(a), V ’s by LDA and TPSS change more than those cal-
culated by other ab initio calculations, whereas ∆F’s given
by all the ab initio calculations are almost the same in
Fig. 6(b).

The dependence of internal forces on XC functional is also
evident in the atomic displacements in Fig. 6(c). The atomic
displacements by all the ab initio calculations were mutually
similar except for those by LDA. The displacements of LDA
were smaller and changed faster with uext than others, which
is considered as the origin of the small PS and its rapid change
of PS with uext in Fig. 4.

In summary, the calculations of stress-free and stressed
BaTiO3 in Secs. IV and V show that PBEsol, TPSS+U, and
HSEsol yielded mutually similar results and agreed with exper-
iments. That is, these XC functionals yielded similar volume,
lattice constants, atomic positions, and PS, although their
accuracies of bandgaps were very different. LDA appeared
to underestimate the lattice constants, PS, and internal
forces.
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FIG. 6. (a) Unit cell volume V and (b) difference of free energy F from stress-
free F (∆F) are plotted against uext. (c) Displacements of Ti and O2 atoms
from cubic positions along the c-axis (z-axis) (∆zTi, ∆zO2) and difference of
them (∆zTi–O2) in fractions of the c lattice constant are plotted against uext.
The inset shows the replot of ∆F as the functions of uext

2. Open circles in
(a) are experimental volume of thin films73–76 and a single crystal13 at RT.
The volume of a single crystal13 extrapolated to 0 K is shown by an asterisk.
Yellow shade shows a plausible range of values. The GL results used the
experimental stress-free volume at RT.13 In (a) and (b), the GL results for 0 K
and RT are shown by the dashed and dotted lines, respectively. The solid lines
in (c) are fittings to all the data except for LDA. Fitting parameters are listed in
Table II.

VI. CRYSTALLOGRAPHIC ESTIMATION OF PS

We found that the plot of PS vs. certain crystallographic
parameters under different strains calculated with several XC
functionals lay precisely on a single curve, despite widely
varying PS. Thus, we think that the primary crystallographic
origins of PS can be found by a set of PS and crystallographic
parameters calculated ab initio with different XC function-
als, which can be used for the crystallographic estimation of
local PS. An example is transmission electron microscopy
(TEM), which uses frequently the displacement of the Ti
atom from the center of the unit cell to identify PS and its
direction.34

The present Berry phase method for PS
50,51 is considered

accurate because the calculations with all the XC function-
als for experimental ion positions and lattice constants at
303 K13 agreed with the experimental PS at 298 K (exp.:
0.25 C/m2,59,61 LDA, PBEsol, and TPSS+U: 0.24 C/m2,
and HSEsol: 0.23 C/m2). In addition, PS by different XC
functionals was virtually the same for the crystallographic

parameters given by PBEsol for stress-free BaTiO3; LDA:
0.326 C/m2, PBEsol: 0.325 C/m2, TPSS: 0.326 C/m2, TPSS
+U: 0.323 C/m2, HSE: 0.312 C/m2, and HSEsol: 0.312 C/m2.
These calculations confirmed that ion positions determined PS

predominantly.
Therefore, the wide variations of the ab initio PS in

Secs. IV and V were mostly due to the difference of the estima-
tion of the crystallographic parameters: lattice constants and
ion positions. Here, each functional tended to yield specific
deviations of crystallographic properties from ideal experi-
mental ones. We think that such deviations exist locally in
experiments owing to ambient temperature, defects, and local
strains. Because of the correctness of the present Berry phase
method,50,51 the ab initio PS deviating from ideal experi-
ments can be reinterpreted as exact calculations of PS in
crystals deviating from ideal ones. That is, all the ab initio
PS’s in Secs. IV and V correspond exactly to the experimental
situations.

Consequently, the correlations between PS and crystal-
lographic properties calculated with different XC functionals
(Figs. 7 and 8) correspond to those in experiments. Therefore,
these correlations are used to identify the primary crystallo-
graphic property responsible for PS that is usable for crystal-
lographic identification of PS in experiments. The parameters
of fitting curves in Figs. 7 and 8 are summarized in Table II
for the experimental estimation of PS. All the nonlinear fit-
tings passed the origin of each figure and the linear fitting in
Fig. 8(c) passed the close vicinity of the origin.

In agreement with established knowledge, PS correlated
with c/a in Fig. 7(a). However, the c-lattice constant corre-
lated with PS better than c/a [Fig. 7(b)], which validates the

FIG. 7. (a) PS vs. c/a and (b) PS vs. c lattice constant for stress-free and
strained tetragonal BaTiO3. Solid lines are fittings, which are for the whole
results by PBEsol, PBE, TPSS, TPSS+U, and HSEsol in (a) and for all the
results in (b). Fitting parameters are listed in Table II.
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FIG. 8. Correlation of PS with atomic displacements (a)
∆zTi, (b) ∆zTi–O1, (c) ∆zTi–O2, and (d) ∆zO2 of tetragonal
BaTiO3. The displacements are measured from the cubic
position parallel to c-axes (z-axis) in fractions of the c
lattice constant, and ∆zTi–O2 and ∆zTi–O1 are the differ-
ence between ∆zTi and ∆zO2 and between ∆zTi and ∆zO1,
respectively, and the Ba atom is at (0, 0, 0). Solid lines
are linear and nonlinear fittings to all the results in each
panel, except for those by HSE in (a). Fitting parameters
are listed in Table III.

comparison of c-lattice constants in Fig. 5(a) as substitutes
of PS. In contrast to the conventional view, the correlation
between PS and the unit cell volume V was weak as indicated
by Figs. 4 and 6(a). Therefore, the good correlation of the
c-lattice constant with PS is considered due to the combined
effect of c/a and V. The conventional crystallographic identi-
fier ∆zTi (inset of Fig. 2) was found also to correlate with PS,
although some ∆zTi results by HSE were out of correlation
[Fig. 8(a)].

Both oxygen ion positions (∆zO1, ∆zO2) correlated with
PS better than ∆zTi [Figs. 8(b)–8(d)], although the values of the
Born charges10,26 suggest that their correlations be similar to
that of ∆zTi. Especially, the correction of ∆zTi–O2 and ∆zO2 with
PS was excellent, whereas PS depended linearly on ∆zTi–O2

and nonlinearly on ∆zO2. Therefore, both ∆zO2 and ∆zTi–O2 are
useful as identifiers of PS, where the same conclusion holded
for SrTiO3.42

Because PS correlates excellently with ∆zO2 and ∆zTi–O2

and a substantial contribution to ∆zTi–O2 came from ∆zO2, the
ferroelectricity of BaTiO3 and SrTiO3 is considered as oxygen-
driven, as explained by Bilz et al.80 In terms of Γ15 zone-center
phonon of the cubic lattice, the present displacement patterns
were equal to a mixture of Slater, Last, and Axe modes,81–83

whereas the weight of Slater mode was larger than others in
BaTiO3 and the weight of each mode was nearly the same in
ferroelectricity in SrTiO3.42

VII. IMPLICATIONS OF PRESENT RESULTS

In this section, we call the comparisons with the exper-
iments at RT the conventional criterion, calling the compar-
isons with the GL theory results at 0 K presented above the
new criterion. Here, PS is the most essential criterion.

A. Published and present results

Many ab initio calculations of the bulk properties of pro-
totypical ferroelectric BaTiO3 have been reported9,39,40 and

examined in benchmark tests.10,11,26,27 In the previous ab initio
calculations of tetragonal BaTiO3, the conventional criterion
(stress-free) is used. For example, Wu-Cohen GGA XC func-
tional,9 which is the basis of B1-WC,10 is considered accurate
because it yields the properties that agree with the conventional
criterion. Consequently, B1-WC(AE) in Table VI of Ref. 10
yields the properties that are consistent with the conventional
criterion. [B1-WC(AE) stands for hybrid exchange-correlation
functional by Bilc et al.10 using the all-electron potential.]
Moreover, the search for accurate XC functional for prototyp-
ical ferroelectrics including BaTiO3 continues based on the
conventional criterion until now.26,27 An important target of
these searches is the solution of the super-tetragonality (c/a)
error and the resulting overestimation of PS as written in the
abstract of the recent paper.26 Here, we confirmed that XC
functionals were far more important for the accuracy than the
parameters such as PAW potentials, k-point sampling, energy
cutoff, convergence algorithms, the screening length in HSE,
etc.

In the conventional criterion for stress-free BaTiO3 (c/a
= 1.01–1.011, PS = 0.254 C/m2, etc., Table I), PBE, PBEsol,
TPSS, TPSS+U, HSE, HSEsol, B1-WC(PP),10 SCAN,26 and
B3LYP10 overestimated c/a and PS [Fig. 3(a)]. These com-
parisons were partly reported by Wahl et al.11 and Table IV
of Bilc et al.10 In this conventional criterion, LDA and Wu-
Cohen9 yielded accurate c/a and PS of stress-free BaTiO3, and
B1-WC(AE)10 yielded accurate PS [Fig. 3(a), Table I].

The opposite conclusion was shown by the new criterion
for stress-free BaTiO3 (c/a = 1.015, PS = 0.318 C/m2, etc.,
Table I); TSSP and TSSP+U yielded accurate c/a and PS, while
LDA and Wu-Cohen9 underestimated both c/a and PS, and
B1-WC(AE)10 underestimated PS [Fig. 3(a)]. Both c/a and PS

given by PBEsol, HSEsol, and B1-WC(PP)10 were acceptable
in the new criterion [Fig. 3(a)]. These conclusions agreed with
those for the heavily strained cases in Figs. 4 and 5.

The present study aimed to find the approaches of
ab initio calculations that yielded accurate predictions of
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inhomogeneous ferroelectrics that have internal large strain
and clarify the limitation of the accuracy. In particular, in
Figs. 4 and 5, the experimental properties at large strain
agree with the results by PBEsol, etc., and disagree with the
results by LDA that have been used for strain dependence
so far.37–41 This suggests that the results for other ferro-
electrics are also better to be reexamined with appropriate XC
functionals.

Hybrid functionals estimated energy gap far better than
DFT. Because the electron distribution is important for PS, we
were interested in the accuracy of PS given by hybrid function-
als (HSE, HSEsol). However, Figs. 3–5 show that improve-
ments by hybrid functionals were not evident. Therefore,
we can perform accurate calculation with less computation-
demanding DFT, except for torsional distortion such as
antiferro-distortive rotation of SrTiO3.42

B. Depolarization instability, domain, size effect

The accuracy of PS is the main factor for the accu-
racy of stability of ferroelectricity, which is critically impor-
tant for domains,1,18,20,34 depolarization field instability, and
size effect.19–21 The stability of stress-free ferroelectricity is
the difference between free energy of ferroelectric and para-
electric phase ∆Gf-p or ∆H f-p. In Fig. 9, ∆Gf-p and ∆H f-p

given by ab initio and GL calculations decrease drastically
with PS.

The curves by GL theory in Fig. 9 are obtained in the
following manner: ∆H – u2/(s11 + s12) with P = PS in Eq. (7)
gives ∆H f-p because the free energy of the paraelectric phase
(P = 0) is set to be zero. That is,

∆Hf−p = α
u
1P2

S + αu
11P4

S + α111P6
S + α1111P8

S. (11)

P = PS satisfies Eq. (9). Using Eq. (9) with P = PS, Eq. (11)
is changed to

∆Hf−p = −α
u
11P4

S − 2α111P6
S − 3α1111P8

S. (12)

Similarly, in the stress-free case, we obtain from Eq. (1a),

∆Gf−p = −α11P4
S0 − 2α111P6

S0 − 3α1111P8
S0, (13)

FIG. 9. ∆Gf-p (∆Hf-p) vs. PS. Solid and dashed lines represent universal
curves by GL theory using Eqs. (12) and (13), respectively. Filled and open
circles represent ab initio calculations and GL calculations using Eq. (7),
respectively.

where PS0 stands for PS under stress-free condition. In
addition, ∆H f-p was obtained through the direct numerical
minimization of Eq. (7), which should agree with Eq. (12).

Equations (12) and (13) show that ∆H f-p and ∆Gf-p are
functions of only PS because all the coefficients in Eqs. (12)
and (13) are constants (no u, no T ). Therefore, we reinterpret
that Eqs. (12) and (13) represent the universal PS-dependence
of free energy of tetragonal BaTiO3 regardless of the origin of
PS change.

In the conventional theory for 1-dimensional cases, the
depolarization field and its electrostatic energy density are
approximately �PS/ε0 and PS

2/2ε0, respectively.21,84 The sum
of PS

2/2ε0 and ∆Gf-p (∆Ef-p) determines the existence or
inexistence of ferroelectricity. In Fig. 9, despite only 20% dif-
ference of PS, ∆Gf-p given by LDA is a half of ∆Gf-p given by
TPSS+U, PBEsol, and HSEsol because ∆Gf-p depends crit-
ically on PS. This shows the significance of the accuracy
of PS for the fundamental problem, e.g., the depolarization
instability. In particular, Fig. 9 shows that LDA substantially
underestimates the stability of ferroelectricity, whereas it has
been used in most of calculations of depolarization instability
and size effect.

In realistic treatment of the depolarization instability, the
domain should be considered. In addition, the GL theory
by Watanabe et al.24,25,85 has predicted (1) existence of the
free carrier layer at polar discontinuities (Fig. 10): ferroelec-
tric/insulator interface, ferroelectric free-surface, and charged
domain boundaries, (2) diminished depolarization instability
and size effect by screening of these carriers, and, there-
fore, (3) freer domain configurations. The example of (3) is
the stable existence of the domains in Fig. 10(a) even with-
out defects, and the example of (2) is the stability of PS in
Fig. 10(b). In this theory, the accuracy of PS

2/2ε0 and ∆Ff-p is
even more important than that in the aforementioned standard
theory.

For the ferroelectric free-surface, the predictions (1) free
carrier layer and (3) domains were experimentally verified with
BaTiO3,25,85 which was confirmed by the ab initio calculations
of Krčmar and Fu.22 After these theory and experiments,24,25

the conduction at SrTiO3/LaAlO3 was reported,86 and its pri-
mary origin was recently found to be the depolarization field
and defects.87 Therefore, the results of SrTiO3/LaAlO3 veri-
fied partially the prediction (1) free carriers at the ferroelec-
tric/insulator interface. In addition, another prediction of (1):
free carriers at charged domain boundaries is reported recently
in numerous publications.

The characteristics of prediction (2), which are recently
called hyper-ferroelectricity, originate from the prediction (1).
Therefore, all these issues will be clarified by the ab initio cal-
culations of the prediction (1)24,25 in an atomistic picture. In
these calculations, the most important part is the shaded area
of ferroelectric in Fig. 10(a)–10(c), where large strains and
distortions exist. Because these strains and distortions in the
shaded area are far larger than the RT effects, the XC func-
tionals that agree with the new criterion will be effective. In
addition, these XC functionals should be appropriate because
these issues are interested as intrinsic ground state properties
that are not due to the electron excitations from defects by a
finite temperature.24,25,85
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FIG. 10. Typical situations of free carrier layer forma-
tion at polar discontinuities by the depolarization field,
where arrows and shades show PS of the ferroelec-
tric and carrier layer, respectively (adapted from Fig.
1 of Ref. 25): (a) head-to-head or tail-to-tail domain
boundaries, (b) ferroelectric/insulator interface, (c) clean
damage-free surface as a prototype. (b) and (c) were
predicted by Ref. 24. (c) was experimentally verified in
Refs. 25 and 85. These experiments and the theory24 led
to the generalization that includes (a).25 The theoretical
calculation22,25 showed the thickness of the layer was
approximately 1–3 nm, which was later experimentally
confirmed by SrTiO3/LaAlO3.86

VIII. SUMMARY

The present paper proposed a new criterion for the accu-
racy of ab initio calculations of ferroelectrics under high
strain and a method for obtaining the criterion that is the
stress-free bulk properties at 0 K estimated by a GL the-
ory. This criterion revealed the rating of the accuracy of ab
initio calculations of tetragonal BaTiO3 different from the
conventional criterion, and the super-tetragonality error for
tetragonal BaTiO3 is much less than conventionally thought
(Fig. 3). Here, strains are essential in many situations includ-
ing inhomogeneous ferroelectric, e.g., domains and surface
(Fig. 10), and the present paper showed more enhanced ferro-
electricity by large strain than the previous reports in a definite
manner.

To date, the comparisons of ab initio calculations with
experiments on stress-free BaTiO3 at RT have been used
as the conventional criterion in benchmark tests,10,11,26,27

demonstrating the effectiveness of LDA, Wu-Cohen,9 and
B1-WC(AE),10 over other XC functionals. Because the com-
parison of ab initio calculations with properties at RT is
undesirable, we proposed a new criterion, which is given
by Ginzburg-Landau (GL) thermodynamics that can impose
the same constraints on lattice symmetry as those of ab ini-
tio calculations, and is a thermodynamic representation of
experiments. Therefore, to compare experiments with ab initio
calculations that yield properties at 0 K, the present paper esti-
mated experimental properties at 0 K using the GL theory in
Sec. III. Using this new criterion, the present study examined
LDA, PBEsol, TSSP+U, TSSP, HSE, and HSEsol,4–10 where
the Hubbard-like term U was 8 eV on oxygen atoms.43,65

The GL theory was also used to estimate an approximate
magnitude of the temperature effect (the change in proper-
ties associated with the change in temperature from 0 K to
RT). This showed that for an external strain uext < �0.01,
the strain effect surpasses the effects of a temperature dif-
ference of 300 K, allowing for the direct comparison of
ab initio results with experiments. This implies an effective
TC� 300 K for uext < �0.01 in Eqs. (7) and (7a). This was sup-
ported by our simple estimations of the effective TC

88 that was
>1100–1300 K for uext < �0.01 (except for LDA), whereas
Eq. (7b) predicted 800 K at uext = �0.01.

In the new criterion (stress-free) for BaTiO3, TSSP, and
B1-WC(PP),10 and, especially, HSEsol, PBEsol, and TSSP+U
calculations of both PS and crystallographic properties agreed
with the experiments better than LDA, Wu-Cohen,9 and
B1-WC(AE),10 in contrast to conventional views10,11,26,27

(Secs. IV and V). In addition, the crystallographic properties
under stress calculated with PBEsol, TSSP+U, and HSEsol
were also consistent with the experiments. Consequently, the
XC functionals that agreed with the new criterion agree with
experiments under large strain, which confirms the reliability
and generality of the new criterion. Therefore, BaTiO3 under
large stress or electric field that exceeds the RT effect can be
calculated accurately with these XC functionals. The accuracy
of Wu-Cohen,9 B1-WC(AE) and B1-WC(PP),10 and SCAN26

for large strain on BaTiO3 is expected to be similar to those
estimated by the new criterion in Fig. 3.

Consistent with previous studies,10,11,26,27 the agreement
of LDA with experiments of stress-free BaTiO3 at RT was
excellent, particularly, with respect to the main properties of
ferroelectricity: PS, c/a, ∆zTi, ∆zO2, and ∆zO1. This was due
to the compensation of the temperature effect by the error of
LDA since, in Figs. 4 and 5, the difference between the quanti-
ties obtained using LDA and others XC functionals (excluding
HSE) was the same as the difference between the quantities
using the GL theory for RT and 0 K. However, the agreement
of the LDA calculation with experiments at RT is not expected
in complex situations, such as domains and depolarization,
because the large strain effects surpassed the effect of 300 K for
uext < �0.01. For example, in Figs. 5(a) and 5(b), the strained
experiments at RT agreed more with the other XC functionals
(excluding HSE) than LDA for uext < �0.01. In general, XC
functionals that are optimized for the conventional criterion
will be effective for bulk BaTiO3 at RT without large stress
or electric field but will not be when the effects of stress or
electric field surpass the RT effect. In addition, LDA overes-
timated PS more than PBEsol, when experimental stress-free
lattice constants were used.

For cubic BaTiO3, the PBEsol, TSSP+U, and HSE
approaches yielded mutually similar results and were con-
sistent with experiments (Table I). Thus, both good and bad
predictors of bandgaps worked well for PS, c/a, ∆zTi, ∆zO2,
∆zO1, and V of tetragonal and cubic BaTiO3. Therefore, the
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electronic states at the valence band maximum and conduction
band minimum were not critical for most ferroelectric prop-
erties. In addition, the contribution of polar distortion, i.e.,
PS-related distortion, to the change of the free energy due to
the strain was much smaller than the contribution of the elas-
tic energy [Sec. V, Fig. 6(b)]. The free energies and unit cell
volumes suggest that the elastic compliance coefficients at 0 K
for uext < �0.01 are lower by approximately 40% than exper-
imental values at uext ∼ 0,55,56 which explains the difference
between some properties obtained by the ab initio calculations
and the GL theory.

The data points of PS vs. certain crystallographic param-
eters under different strains calculated with different XC func-
tionals were found to lie precisely on a single curve, despite
the wide variations of these data points. Here, the present wide
variation of PS obtained by XC functionals was due to the
variation of crystallographic parameters. Because such vari-
ations of crystallographic parameters are expected to exist
locally in experiments, the parameters’ theoretical variations
were regarded as the experimental ones. These considera-
tions have yielded empirical analytical expressions of PS by
crystallographic parameters.

The parameters that correlated best with PS were ∆zO2 and
∆zTi–O2. This supports oxygen-driven ferroelectricity,80 and
∆zO2 and ∆zTi–O2 can be used as experimental identifiers of PS,
e.g., for TEM. In addition, the c-lattice constant correlated well
with PS, probably because it represented the combined effects
of the c/a ratio and the volume. These results also suggest that
the effectiveness of XC functionals for PS can be measured by
the correct prediction of ∆zTi–O2, ∆zO2, or ∆zO1 at zero-stress,
or, approximately, c lattice constant or c/a ratio with volume
at zero-stress. The present results and the related data in the
literature are summarized in Tables I–III.

The present approach can also be useful for other ferro-
electrics, when experiments using high quality samples that are
the bases of GL theories are reported. As for PbTiO3, the lattice
constants near 0 K are experimentally known, but experimental
PS at RT (∼0.75 C/m2) is compared with ab initio calcula-
tions10 because PS near 0 K is experimentally unknown. Our
GL theory estimate of PS at 0 K is 0.84 C/m2. This may be
much lower than the intrinsic value because the development
of high quality PbTiO3 single crystals is still underway.
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