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The decay form of the time correlation function U,(z) of a state variable u,(¢) with a small wave number k,,
has been shown to take the algebraic decay 1/{1+(y,,)?} in the initial regime 1< 7',(17) and the exponential
decay a,,, exp(—7v,,t) in the final regime > Tflw, where 7',(17) denotes the decay time of the memory function
I',(¢). This dual structure of U,(t) is generated by the deterministic short orbits in the initial regime and the
stochastic long orbits in the final regime, thus giving the outstanding features of chaos and turbulence. The %,
dependence of v,,, a,,, and v, is obtained for the chaotic Kuramoto-Sivashinsky equation, and it is shown
that if &, is sufficiently small, then the dual structure of U, () obeys a hydrodynamic scaling law in the final

regime > 7-,(17) with scaling exponent z=2 and a dynamic scaling law in the initial regime 7 << T,(]) with scaling
exponent z=1. If k,, is increased so that the decay time 7'51”) of U, () becomes equal to the decay time 7'517), then

the decay form of U,(7) becomes the power-law decay 7

DOI: 10.1103/PhysRevE.80.051124

I. INTRODUCTION

Chaos and turbulence consist of unstable nonperiodic or-
bits with positive Liapunov exponents, and their sensitive
dependence on the initial points brings about an exponential
increase of the initial errors, so that the nonperiodic orbits
become stochastic and random after an initial regime [1-3].
Therefore, the nonperiodic orbits in the time correlation
function U,(z) of a state variable u,(r) consist of determinis-
tic short orbits in an initial regime < 7-5,7) and stochastic long
orbits in a final regime ¢> n"), where 7'5[7) is the decay time
of the memory function I',(¢). This leads to a dual structure
of the randomization of the nonperiodic orbits in U,(z),
which is governed by a non-Markovian evolution equation
with the memory function I',(¢) as the kernel of convolution
[4,5].

Indeed it has been shown for the Kuramoto-Sivashinsky
(KS) equation in a previous paper [4] that such a dual struc-
ture is displayed by the time correlation function U,(z) and
its memory function I',(z) for a small wave number k,.
Namely, if the decay time T,(l“) of U, (1) is sufficiently larger
than the decay time 7" of the memory function I',(7), then
the decay form of U,(r) consists of the algebraic decay
1/{1+(%,,)*} in the initial regime 1< Tﬁlw and the exponen-
tial decay a,, exp(—7,,!) in the final regime 1> 7',(17) [4], lead-
ing to an outstanding dual structure of chaos and turbulence.

If the wave number k,, is increased, then Tn") decreases and
becomes of the same order of magnitude as 7517). Then, the
exponential decay is replaced by a slower decay. Indeed a
power-law decay ¢~/ appears in the final regime ¢> 7-27) [5].
The algebraic decay in the initial regime << 7'5,7) still holds,
leading to a new dual structure of chaos and turbulence.

The purposes of the present paper are to study the time
correlation function U,(f) in the statistically steady state of
chaos and turbulence and to clarify the dual structures of the
decay form of U,(¢) due to the randomization of the nonpe-
riodic orbits. We first obtain the k, dependence of the basic
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in the final regime.
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parameters ¥,,, ¥Yn.e and e, explicitly for the chaotic KS
equation [4,6,7] and then derive dynamic scaling laws for the
dual structures of the power spectra of u,(z).

The present paper is organized as follows. In Sec. II, we
introduce the memory function I',(¢) and the dual structure
of the decay form of U,(¢) for the chaotic KS equation with
7Y < 7" In Sec. III, we consider the case where k, is very
small so that 7Y < 7). Then we have the exponential decay
in the final regime 7> 7517), which obeys a hydrodynamic
scaling law with scaling exponent z=2. In Sec. IV, we derive
the algebraic decay in the initial regime < 7'5,7) from the
similarity approximation (SA) equation for U, (). This decay
is shown to obey a dynamic scaling law with scaling expo-
nent z=1. In Sec. V, we discuss the case where 7',(17 ~ 7{1“).
Then we obtain the power-law decay #~*? in the final regime
for the chaotic KS equation. In Sec. VI, we discuss three
structures of the power spectra that correspond to the three
types of decay forms: the exponential decay, the algebraic
decay, and the power-law decay. Section VII is devoted to a
summary.

IL. DECAY FORMS OF U,(¢) IN CASE OF 7/<7"

We treat the chaotic KS equation for the state variable
u(x, 1),
U+ Uil 4ty + Uy, =0, (2.1)

under the periodic boundary condition u(x,t)=u(x+L,t) with
L=500 [4,7]. The Fourier transform

L
u,(r) = j u(x,ne ™ dx (n=0,*1,..., =N)
0

(2.2)

with wave number k,=27n/L and N=256 yields N evolution

equations
du,(1)/dt = (k2 = kb, (1) + N,(1), (2.3)

where N, (7) is a nonlinear inertial force given by
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. N
Ny = =7 2 Kty nun0). (2.4)
m=—N

The state variable u,(¢) fluctuates with time according to the
chaotic evolution equations (2.3), leading to a statistically
steady state [7]. This fluctuation u,(r) gives the simplest ex-
ample of the turbulent hydrodynamic fluctuations.

Now let us consider the time evolution of the time corre-
lation function

Un(1) = Cuy (D), (0], (0)]),

where the angular brackets denote the long-time average,

(2.5)

M-1

1 ;
(u,(u(0)) = " D w1+ Ty +40))u’(Ty + 40),
j=0

(2.6)

with M=(T-T,)/40=12X10°, T=5X107, T,=10° [4].
Then, as shown in previous papers [4,7], the projection op-
erator formalism leads to a non-Markovian evolution equa-
tion of the form

iUn(t) == ft rn(s) Un(t - S)dS, (27)

dt 0

where I',(7) is the memory function given by the second
fluctuation-dissipation theorem [8—11],

L,(1) = (o070, (),

in terms of the fluctuating forces r,(r) [4,7]. Taking the
Fourier-Laplace transform of Eq. (2.7), we obtain the time
correlation spectra

(2.8)

Ufw)= | U,t)e™dt= 2.9
o) fo a(t)e 0+ () (2.9)
in terms of the memory spectra
I'(w)= J [,(De7dt =T (w) +il"(w), (2.10)
0

where we have I',(w=0)=1/U,(w=0). These memory spec-
tra I, (w) describe the transport processes, such as the chaos-
induced friction and turbulent viscosity [4,8,9]. Therefore,
the hydrodynamical motions and associated transport pro-
cesses can be described by these time correlation spectra
U,(w) and memory spectra I',(w).

As the basic time scales of the system (2.3), let us intro-
duce the following integral time scales of U,(z) and I',(¢)

[12]:

W = f U,(Ndt=U,(0=0), (2.11)

0

1 * 1 1
Ve —— [ T (Ndt=——— 2.12
Tn Fn(t=0),[;) n() Fn(t=0) T,(lu) ( )

for the KS equation, where Egs. (2.9) and (2.12) lead to
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FIG. 1. The time scales Tn”) (broken line) and T:ly) (solid line) as
functions of k,,. This indicates 7-,(17) < 7'51“>.

1 1
Nw=0)=—"—""—-= , 2.13
n(w ) Un((l)=0) T}(/lu) ( )
I (1=0)= ——. 2.14
=0= 5 (2.14)

Therefore, both of Tn“) and T,(17) can be given by the memory
spectra I',(w).

Figure 1 shows the dependence of the integral time scales
7 and 77 on the wave number k,, which is obtained by the
direct numerical simulation (DNS) of Egs. (2.5), (2.11), and
(2.12). This indicates that

F=nlim) <1 for k, <015 (n<11). (2.15)

Namely, if the wave number k,, is sufficiently small, then the
integral time scale Tﬁl’/) of I',(r) becomes much smaller than
the integral time scale 7'£l”) of U,(r). Then, as shown by the
DNS of Egs. (2.3) and (2.5) in the previous paper [4], the
decay form of U,(¢) is given by the algebraic decay

U,(t) = (2.16)

1+ (Y1)

in the initial regime < 7.” and the exponential decay

Un(t) =y, CXP(— 7net) (217)

in the final regime > 7517), where we have
Yoo = 117, (2.18)
Y= 1272 2 =3,/ 25)7.(2.19)

Here Eq. (2.19) will be derived from Egs. (4.8) and (4.9) in
Sec. IV.

Figure 2 clearly shows that the DNS of U,(¢) consists of
the two decay forms: the algebraic decay (2.16) and the ex-
ponential decay (2.17). The orbits in the long-time average
(2.5) consist of the deterministic short orbits in the initial
regime << Tily) and the stochastic long orbits with positive
Liapunov exponents in the final regime t > 71,]). The algebraic
decay (2.16) in the initial regime < 7.”) is reversible under
the time reversal and produced by the reversible dynamical
coherence of the deterministic short orbits, as will be shown
in Sec. IV, whereas the irreversible exponential decay (2.17)
in the final regime 7> 727) is generated by the decay of the
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FIG. 2. A dual structure of U,(r) for k,=0.13 (n=10): () ——
—, the algebraic decay (2.16); (B) —-—, the exponential decay
(2.17); and —, DNS, where 7/'=5.2.

time correlation due to the randomization and mixing of the
stochastic long orbits. Here a typical randomization is pro-
vided by the chaos-induced friction and the turbulent viscos-
ity. Thus it turns out that the time correlation function U,,(z)
of chaos and turbulence consists of the dual structure of the
algebraic decay (2.16) and the exponential decay (2.17).
Here it should be noted that such a dual structure is possible
only for the non-Markovian evolution equation such as Eq.
(2.7), hence giving the outstanding features of chaos and
turbulence. A simple physical picture for this dual structure
of U, () is summarized in Table I. A theoretical derivation of
the decay forms [Egs. (2.16) and (2.17)] will be given in
Secs. III and IV.

III. EXPONENTIAL DECAY (2.17) AND ITS
HYDRODYNAMIC SCALING LAW FOR
LARGE-DISTANCE AND LONG-TIME BEHAVIORS

In this section, we assume that the wave numbers k, are
sufficiently small so that Eq. (2.15) holds: 7{17)< T,Su). Then
the memory function I',(¢) decays to zero immediately in the
time scale of Tfl”), so that we may assume the asymptotic
estimation

Fn(t) :Zyneg(t)’ (31)

where (1) is the Dirac delta function of ¢. Inserting Eq. (3.1)
into Eq. (2.10), we obtain the decay rate

T(0) =y, = 1/, (3.2)

where Eq. (2.13) has been used. In the following, let us con-
sider the time evolution of U,(¢) in the final regime > 727).
Then inserting Eq. (3.1) into Eq. (2.7), we have
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FIG. 3. The k, dependence of v,, with the solid line, showing
Eq. (3.5).

dU,(0)/dt = - vy,,U,(1), (3.3)
which is integrated to give
U,(t) = a,, exp(= y,.t) for t> 7-5,7). (3.4)

This equation justifies the exponential decay (2.17) under
condition (2.15). It should be noted here that Eq. (2.7) is
reversible under the time reversal, but Eq. (3.1) breaks the
time-reversal symmetry, leading to the irreversibility of the
exponential decay (3.4). It should also be noted that the ini-
tial regime < 7.”), where the algebraic decay (2.16) holds, is
shrunk to zero by assuming Eq. (3.1). In Sec. IV, we shall
remove this restriction which neglects the structure of the
initial regime.

The dynamic structures of chaos and turbulence are built
up by the irreversible exponential decay (3.4) in the final
regime 7> 7.7, In order to obtain the dynamic structures ex-
plicitly, let us determine the k,, dependence of 7,, and ¢, in
Eq. (3.4) explicitly. As shown in Fig. 3, the decay rate 7,
depends on k,, as

Yne = MK,

(N=73, z=2) (3.5)

for k,<0.1. In order to see the universality of the exponen-
tial decay (3.4) for small wave numbers k,,, let us consider its
spectrum

U,.(w) = am,f exp(= Yyt — iwt)dt (3.6)
0
=k, ‘D, (wlk), (3.7)

where, writing as 7= w/k’, {=kt, we have

TABLE I. A physical picture for the decay form of U,,(¢) in case of 7517) < Tn"). Nonperiodic orbits of chaos

and turbulence have positive Liapunov exponents and become stochastic and random in a time scale 7'51

)

bl

hence producing the outstanding dual structures for the decay forms of U, ().

Initial regime < Tfly}

Final regime > 7',(17)

Its main orbits are the deterministic short orbits.

The dynamical coherence of these orbits
produces an algebraic decay (2.16):
Un(0)=1{1+ ()}

Yua=1{27) 274} = pk, (4=0.65).

Its main orbits are the stochastic long orbits.
The randomization and mixing of these orbits
generate an exponential decay (2.17):

U,(1) = tye exp(=pel)-

Ype=1/7=NE2 (N=7.3).
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FIG. 4. The k, dependence of «,,, showing «,,=~1 for k,
<0.04.

D,(7) = a,, f Mg = e (3.8)
0

N+ing

As shown in Fig. 4, the parameter «,,, depends on k,,, but we
can put a,,= 1 for k,<<0.04. Then ®,(7) becomes indepen-
dent of k,, so that U, (o) in Eq. (3.7) gives a hydrodynamic
scaling law with scaling exponent z=2. However, this scal-
ing law is different from the dynamic scaling law proposed
by Forster-Nelson-Stephen for the Burgers turbulence, whose
scaling exponent is z=3/2 [13-16]. Although a deviation of
z from 2 could be possible when L in Eq. (2.2) becomes
larger, there do not exist any DNS and experiments that im-
ply z=3/2 [6,15,16].

Using Eq. (2.9), we can define the memory spectrum
I (w) by

I(w)=-io+ (3.9)

Uyw)

Therefore, the memory spectrum of the exponential decay
(3.4) is given by inserting Eq. (3.7) into U,(w) in Eq. (3.9),
ie.,

(o)=Y, (/k), (3.10)
where, using Eq. (3.8), we have defined

1 A 1
V.(ip=-in+ ) =a——i<1 —a—rw)n. (3.11)

The turbulent viscosity [8,13,17] is given by
vk ®) = kT (@) = W (w/K). (3.12)

Now let us assume that k,<<0.04, i.e., n=3, so that Fig. 4
leads to a,, = 1. Then, in the final regime w<\k, Egs. (3.7),
(3.10), and (3.12) lead to the spectra

N —iw/k’
U (o) =kt 3.13
ne(w) n )\2 4 (w/kf,)2 ( )
[e(w)=\E, (3.14)
vi(k,,®) =\, (3.15)

where I, (w=0)=7%,,=1/U,.(w=0). These spectra give a
hydrodynamic approximation to the time correlation spec-
trum U,(w) and the memory spectrum I',(w), satisfying the
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FIG. 5. Numerical verification of the similarity between U,,(¢)
(broken line) and T',(¢) (solid line) in the initial regime T<7,.

hydrodynamic scaling law with scaling exponent z=2 in the
large-distance and long-time regime with k,<<0.04 and o
<)\kﬁ. Thus it turns out that the hydrodynamic structures
[Egs. (3.13)—(3.15)], produced by the irreversible randomiza-
tion of the stochastic long orbits in the final regime > 7',(,[7),
obey a hydrodynamic scaling law with scaling exponent z
=2.

IV. ALGEBRAIC DECAY (2.16) AND ITS DYNAMIC
SCALING LAW

In order to derive the algebraic decay (2.16) theoretically,
let us consider the closure of the evolution equation (2.7) for
U,(?) in the initial regime << 7-517) from the viewpoint of the
similarity between U,(¢) and I',(r) pointed out in previous
papers [4,5]. Namely, instead of assuming Egs. (3.1) and
(2.15), we consider the decay form of I',(r) explicitly accord-
ing to Eq. (3.9) with wave numbers k, and frequencies w
from zero to .

Figure 5 shows that the decay form of I',(z) is similar to
that of U,(7) in the initial regime T/7,=¢/7.Y <1. This simi-
larity leads to a closure of the evolution equation (2.7) in the
initial regime << Tily), which enables us to derive the alge-
braic decay (2.16) theoretically.

Let us normalize ¢ and 7517) by 7'5,”) as

Tt %= A9,

n

4.1)

where Fig. 1 indicates 7,=1. Then, introducing a similarity
function Q,(T) for U,(¢) and I',(z), we have

Un(0) = Q,(1/7) = 0,(T), (4.2)
LT, (1=0)=0,(m) = Q(TI7,).  (4.3)
Therefore, the similarity function is given by
[ (T#7)

T)=U (T7W) = 21~ 4.4
0,1 = U,TH = 22 2 (44)

Using Eq. (2.14) for I',(t=0) in Eq. (4.3) leads to

1

L) =—=0,T/7,). 4.5
(1) TE,M)TE,Y)Q (1/7,) (4.5)

Therefore, inserting Egs. (4.2) and (4.5) into Eq. (2.7), we
obtain

1/7,

n

d
d_TQn(T) =- 0

This is the non-Markovian nonlinear evolution equation for
the similarity function Q,(7), which is called the SA equa-
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FIG. 6. Agreement of the numerical solution of the SA equation
(4.6) (solid line) with the DNS of the KS equations (broken line).

tion [5]. Figure 6 shows that the numerical solution of this
equation agrees with the DNS of the KS equation quite well.
Thus it turns out that there exists a similarity law for I',(¢)
that enables to determine I',,(¢) explicitly.

In order to derive the algebraic decay (2.16) from the
evolution equation (4.6), we consider the contribution of the
deterministic short orbits to Q,(7) in the initial regime
T/ "T‘n=t/7'f])<l with 7,=1. We assume that Q,(T) is a
simple function of 7" with a maximum at 7=0, just as Fig. 6
indicates. Then Q,(S)Q0,(T-7,S) in Eq. (4.6) does not
change very much in a short time within the initial regime
0<S<T/7,<1 and may be approximated by {Q,(7)}?, so
that Eq. (4.6) may be written as

dQ,(T)/dT = -{Q,(T)¥T/7,. (4.7)
This is integrated to give
1 7
=—+1 (4.8)
0,7 27,
Hence, inserting Eq. (4.8) into Eq. (4.2), we obtain
1
U ()= 0,(T) = —— for t<7, (4.9)
L+ (Val)

where 7, is given by Eq. (2.19) and ¢/ 7Y =T/7,< 1. Thus it
turns out that the algebraic decay (2.16) can be derived from
the SA equation (4.6) theoretically.

It is shown that the reversible algebraic decay (4.9) in the
initial regime << Tf]) also obeys a dynamic scaling law with
scaling exponent z=1. As shown in a previous paper [4], the
Fourier-Laplace transform of Eq. (4.9) leads to

U, ()= Ziexp<— i) - 1(1 + zwy’z;“) (4.10)

’)/na ’)/na w

for w> v,,, where we have added the imaginary part U, (w)
derived previously [4]. According to Fig. 7, we have

YVoa = Mk, (u=0.65,z=1) (4.11)
for k,<<0.15. Therefore, Eq. (4.10) takes the form
U ) =k, plwlk,), (4.12)

where we have defined

T i 2u?
() = ——exp(- 77/,U~)—_<1+_> (4.13)
2u 7 7

for = w/k,> w. Thus it turns out that the dynamic structure
(4.10) obeys the dynamic scaling law (4.12) with scaling

PHYSICAL REVIEW E 80, 051124 (2009)
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FIG. 7. The k, dependence of y,, with the solid line, showing
Eq. (4.11).

exponent z=1. The memory spectrum I',(w) can be obtained
from Eq. (3.9) by inserting Eq. (4.12) into U,(w). Then we
have

k
- = kn l/j(w/kl‘l) 2

r =—iw+ 4.14
) =i+ S (4.14)
where we have defined
1

Wn) =-in+ X v (4.15)

T ex (= p/w) L(1+2—>

p — —
2u 7 7

for n=w/k,> p. Thus it turns out that the dynamic struc-
tures (4.12) and (4.14), produced by the dynamical coher-
ence in the initial regime < 7{17), obey the dynamic scaling
law with scaling exponent z=1.

The basic decay rates (3.5) and (4.11) of the dynamic
scaling laws are also summarized in Table I.

V. POWER-LAW DECAY ¢ ¥? IN CASE OF #Y= 7"

Let us consider the Fourier-Laplace transform of the simi-
larity function (4.4), namely,

0,(Q)= f ) 0,(T)e ™ MdT (5.1)
0

with QT=wt, Q=w7", and Q,(Q)=U,(w)/7". Then the
SA equation (4.6) takes the form

In Fig. 1, let us assume that the wave number k, is large
enough to give

(5.2)

(5.3)

Then Eq. (5.2) becomes Qﬁ+iQQn—l=0, whose solution
gives the following real part Q, () of Q,(Q):

{1-(Q/2)%"2 for 0=Q=2

5.4
0 for > 2. (54

Hence the inverse transform of Eq. (5.1) leads to

0,(1) = ;j“ 0, (Q)cos(QAT)dQ =J,2T)/T, (5.5)
0

where J,(x) is the Bessel function of the first kind. For large
T>1, this takes the form

051124-5
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~3/2 3T
T)=-—+=T cos|2T-—|. 5.6
0.1 =+ ( Z ) (5.6)
This means that the time correlation (4.2) obeys the power-
law decay 2 for 1> 77,
This is in a strong contrast to the initial regime <7, (7)
where the algebraic decay (2.16) or (4.9) holds even if f])

=7'£L”), as shown in Sec. IV.
VI. FOUR LOCAL FORMS OF THE POWER SPECTRA

The power spectrum I,(w) of the time series u,(z) is re-
lated to the time correlation function (2.5) by the Wiener-
Khintchine theorem [9] as follows:

2
(6.1)

(" ,
liml< —f u,(t)e™''dt
Tﬂooz’ﬂ' T
(6.2)

0
=(1/m){|u,(0)H U (),

where U (w) is the real part of the Fourier-Laplace transform
(2.9).

I(w) =

U,(w)= f‘” U,(e™™dt=U(w) +iUl(w). (6.3)
0

First let us consider the small wave number regime (2.15), so
that we have 7',(17)< Tn”). Then inserting Egs. (2.17) and (2.16)
into U, (¢) in Eq. (6.3), we obtain

1

— for < 1/7
Ve 1 +(@/Y,0)?

7)., (6.4)

Ul(w)=

U)(w)= iexp(— i) for o> 1/77.  (6.5)
Therefore, inserting Egs. (6.4) and (6.5) into Eq. (6.2), we
obtain a Lorentzian spectrum which consists of a Lorentzian
peak (6.4) around w=0 with a linewidth 7, and an exponen-
tial wing (6.5). This is consistent with (3.7) and (4.10) and
agrees with the previous results [4].

Next let us consider the smaller wave number regime k,,
<0.04, so that we have 'ynez)\kﬁ and a,,,~ 1. Then we have
dynamic scaling laws (3.13) and (4.12), which lead to

Ul(w) = k‘ for o< 1/47,  (6.6)

+(wlk;)?

U,(w) =

. 2uk, xp( :};) for w>1/77.  (6.7)

These dependences on k, and w give the dynamic structures
of the power spectra in the large-distance regime with &,
<0.04.

We now increase k, beyond its value 0.15, so that the
Markovian condition (2.15) breaks down. Then it has been
found recently [5] that, in the case of

0.37 = 7777 < 0.84, (6.8)

U,(t) takes the decay form

PHYSICAL REVIEW E 80, 051124 (2009)
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-3 -2 -1 0 1 2 3 4
w

FIG. 8. The real part of the time correlation spectrum U, (w) for
@, =091, ym—195 6,=-1.5, and a,,,=1: —, U/ (w); —— U(+)(w)
and —-— U ().

Uil(t) = ane exp(_ Yilet)cos(wnt+ 0}1) (6'9)

for 1> T,(,Ly). Then it is well known that the power spectrum
(6.2) takes the asymmetric Lorentzian peak,

Ul(w) = U (w) + U (), (6.10)
+)( )= Qe ane(w w)sm02+ Ve €OS 6, 611
(=) +7,,
+ w,)sin 6, + v,, cos 6,
U (w) = 22 mCALH 5 7 (6.12)
2 (w+ )" +7,,

around w=w,. This is a generalization of Eq. (6.4). The
sharp asymmetric Lorentzian peak, however, does not appear
in the case of the KS equation because U/ (w) consists of
three curves of Fig. 8 which are not sharp peaks.

In the case of Tn”) ~ 7',(1”), Eq. (5.4) with Q:wrﬁf’) gives the
power spectrum

Ul(w) = 720/(Q) = 2901 - (#"w/2)?}2. (6.13)
In the neighborhood of w=0, we have
(u) 2012 1
1- (M) - (6.14)
2 L, oy
1+=(7,"w/2)
2
This leads to the power spectrum
225
Ul(w) = =2 (6.15)

@7
where we have defined ¥,,=22/ Tfl”). Therefore, although
Eq. (5.4) leads to the power-law decay (5.6), its power spec-
trum (6.15) exhibits a Lorentzian peak with a linewidth %,,.

Thus it turns out that, although the two local forms (6.4)
and (6.15) give symmetric Lorentzian peaks, the local form
(6.10) brings about a round hill like Fig. 8, and the local
form (6.5) gives an exponential wing.

VII. SUMMARY

A statistical mechanical theory of chaos and turbulence
has been developed by exploring the time correlation func-
tion U,(z) defined by Eq. (2.5) and its memory function I',,(¢)
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given by Egs. (2.8) and (3.9) for the chaotic KS equation
[4-6]. Their time scales T,(lu) and 7{3’), defined by Egs. (2.11)
and (2.12), and their dependence on the wave number k,,
shown in Fig. 1, give a fundamental information on the dy-
namic structure of the spectra U,(w) and I',,(w) in Eq. (2.9).

It has been shown in Secs. IIl and IV that if
7-,(17) < Tn”), then the decay form of the time correlation func-
tion U,(¢) of chaos and turbulence consists of the algebraic
decay (2.16) in the initial regime << Tfly) and the exponential
decay (2.17) in the final regime ¢> Tﬁl’/). Then it has turned
out that if the wave number k, is sufficiently small, then
the Fourier-Laplace transform of the exponential decay
(37) leads to the hydrodynamic scaling law
(3.13)—(3.15) with scaling exponent z=2. The Fourier-
Laplace transform of the algebraic decay (4.10) in the initial
regime 1< 71,,7) leads to the dynamic scaling law (4.12)—(4.15)
with scaling exponent z=1.

It has been shown in Sec. V that if 7Y~ 7", then the
decay of the time correlation (4.2) takes the form (5.6), lead-
ing to the power-law decay 12 for > 7.7,

Thus it has turned out that the time correlation spectra
U,(w) and the memory spectra I',(w) bring about interesting
dual structures and obey two types of dynamic scaling laws
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with scaling exponents z=2 and z=1, hence giving the out-
standing features of chaos and turbulence.

In chaotic systems of a few degrees of freedom, such as
the Duffing equation [2], the Hénon-Heiles system [18,19],
and the Rossler system [20], the decay time Tﬁl") of the
memory function seems to be nearly equal to the decay time
Tfl“) of the time correlation functions of the state variables, so
that we do not have the exponential decay but instead we do
have long-time tails, such as r# (1<B=3/2) and
exp[—(y)"] (0<wv<1). In the initial regime t<7-f17), how-
ever, we do have the algebraic decay,

1
1+at+ct>

Ut) = (7.1)

1 + b?

as will be discussed on other occasion.
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