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Modal and Total Power Spectra of Nikolaevskii Turbulence
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!Department of Complex Systems Science, Graduate School of Information Science, Nagoya University,
Furo-cho, Chikusa-ku, Nagoya 464-8601
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We numerically investigate thmodalandtotal time correlation functions and the corresponding
power spectra for the Nikolaevskii equation. The modal power spectrum exhibits Lorentzian for low-
frequency ranges, while the total power spectrum diverges in the low-frequency limit. The dynamic
exponent is equal to 2 and 3 for smaller and larger system sizes, respectively. The relationship
between the Nikolaevskii turbulence and the soft-mode turbulence is also discussed.
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1. [Introduction

The universality of statistical properties of turbulence/andpatiotemporal chaos is a challenging
subject=3) Turbulence and spatiotemporal chaos occur from periodic dissipative structures in several
systems. However, a rare class of turbulence is found to occur supercritically from uniform static
states.

As a model system of this class of turbulence, two types of turbulence, soft-mode turbulence
(SMT)® and Nikolaevskii turbulence (N, have been actively studied, and their similarities have
been discussed. These two types of turbulence exhibit a similar onset, as follows. The uniform static
state is unstable with respect to finite-wavelength perturbations when a small parameter is positive.
However, this instability does not lead to spatially periodic static states, because the systems possess
a neutral uniform mode due to Galilean invariance or spontaneous symmetry breaking, and the cor-
responding weakly stable long-wavelength modes interact with the unstable short-wavelength modes.
Consequently, the spatially periodic static states do not occur, and instead spatiotemporal chaos oc-
curs supercritically from the uniform static state. Because of this similarity of the onset, we expect that
these two types of turbulence may exhibit turbulent fluctuations that belong in the same universality
class. However, this has never been confirmed.

The power spectrum, the time correlation function, and the dynamic exponent are important key-

words used to investigate the universality class. It was reported that the SMT exhibits a Lorentzian
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power spectrun®) In contrast, Matthews-Cox equatioAsyhich are small-amplitude equations that
approximately describe the NT in one-dimensional sgaehibit a non-Lorentzian power spectrum

in an intermediate frequency rangjeNote that, for a number of reasons, a direct comparison of these
two spectra is not possible. The first reason is tEedince in spatial dimension. Soft-mode turbu-
lence involves a complex electrohydrodynamic convection in homeotropically aligned nematic liquid
crystals in real three-dimensional space. In contrast, the Matthews-Cox equations are derived for the
NT in one-dimensional space. Unfortunately, amplitude equations for the NT in higher-dimensional
space have never been successfully derfvét.The second reason is the existence of higher har-
monics that are ignored when the Matthews-Cox equations are derived. These harrffenicha
stability of localized structures in the NFF) For these reasons, we cannot simply compare the above
two power spectra. In the present paper, as a partial step to study the second reason, we focus on the
power spectra of the NT in one-dimensional space. In particular, we nofteeedice between modal

and total power spectra, and we point out the ambiguity of spectral fitting in a narrow frequency range

2. Basic Equation

The NT is exhibited by
Au(x, t) = —02[€ — (1 + 82)?]u — udyy, (2.1)

which was derived for the propagation of longitudinal seismic waves in viscoelastic Reatid for
phase dynamics in the neighborhood of a codimension-two Turing—Benjamin-Feir point in oscilla-
tory reaction difusion system$*16)When the small parameteiis positive, the uniform steady state

of eq. (2.1),u = 0, evolves supercritically into a state characterized by spatiotemporal chaos, called
the NT. Recently, the robustness of this turbulence has been actively stéd@&Equation (2.1) ex-
hibits characteristic spatiotemporal chaos when the valeésofio greater tha®(10-1).8) Otherwise,

eq. (2.1) exhibits Kuramoto-Sivashinsky (KS)-like chdd$Thus, we adopt = 0.02 in the following.

We numerically integrate thid-truncated Fourier transform of eq. (2.1) under the periodic bound-

ary condition,
u(x,t) = u(x+ L, 1),

with a pseudo-spectral method. Hekeis the system size. The Fourier ¢heient U, (t) of u(x,t) is

defined as

L .
On(t) = f u(x, t)e kedx
0
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with k, = 2nz/L (n = 1,..., N). Figure 1 shows the energy spectrum,

() = OGO

which exhibits the characteristic profile of the NlTHere, « represents a complex conjugation. The

modal time correlation functiob,(t) of Oy, is defined as
M-1

Un(t) = (On(t)05(0)) = % Z On(t + T3)00(T)),
i=0

whereTj = To+Tmj, the starting time i = 1000, the maximum correlation timeTs, the ensemble
number isM = (Tt —Tg)/Tm, and the final time i ;. The details of this numerical treatment are given

in a paper?
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Fig. 1. Log-log plot of the energy spectru(k) for e = 0.02,L = 512, andN = 28

3. Modal Power Spectruml (w)
Figure 2 shows the modal power spectrum
l 00
In(w) = = f Un(t) cost)dt, (3.2)
T Jo
which is obtained from the numerical simulation toe= 512,N = 28, T, = 100, andT; = 3 x 10°.
As shown in Fig. 2, the asymptotic modal power spectrum is consistent with the exponential decay,
In(w) < €“™ for w— oo, (3.2
wherery is the characteristic time &f,(t). The exponential dependence of the modal power spectrum
onw in eq. (3.2) allows us to conclude that the corresponding modal time correlation fulkfn
exhibits the Lorentzian form in the limit — 0, which is consistent with both the numerical result

for the KS equatioff) and the analytical result in one-dimensional turbulence in geRBrhi. the
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opposite limitt — oo, i.e.,w — 0, In(w) is the Lorentzian spectrum, as shown in Fig. 2, which is also

consistent with the previous resuft$% 2%
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Fig. 2. Semilog plot of the modal power spectra (3.1) with the straight line denoting the exponential function
(3.2) for (a)k, = 0.491 andr, = 32, and (b)k, = 0.982 andr, = 37. Normal plot of the same spectra
with the curve denoting the Lorentzian functitfw) = 1n(0)/[1 + (wrﬁ”)z] for (c) ky, = 0.491,1,(0) =
1.61x 1076, andr” = 110, and (d)k, = 0.982,1,(0) = 0.232, andr'") = 104.

4. Total Power Spectruml (w)
4.1 Numerical evaluation
We now consider the total power spectriifm) for w — 0. Instead of evaluating the total power

spectrum directly, we first evaluate the total time correlation functions

N
Q) = ik dux.0) = T Ek) g 1)
n=1 n

which are shown in the modified forms¢tQ(t) in Fig. 3 andt?3Q(t) in Fig. 4, in the three cases
(L, N) = (256 27), (512 28), and (102429 for T, = 2000 andT; = 3 x 10°. Here,

< _ QW
=20y

Figure 3 indicates that the numerical result is consistent with the power-law decay
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Fig. 3. Modified time correlation function/tQ(t) for three cases: —L(N) = (256,27); ---, (512 28);
— — —, (102429, with a straight lineQ(t) = 2.12t"%/2,

~

£ Q)
o
Ul oo 1N o1 o
\

)]

500 1000 1500 2000
t

Fig. 4. Modified time correlation functiot?3Q(t) for three cases: ——L(N) = (256 27); ---, (512 28);
— — —, (102429, with a straight lineQ(t) = 6.9t2/3.

21247Y2 for tx 1000
in the casel(, N) = (256 27), while Fig. 4 indicates that the numerical results approach the power-law
decays
6.6t2° and 69t%° as tx 1300
in the casesl(, N) = (512 28) and (10242°), respectively. This means that the asymptotic time corre-
lation function becomes
Q(t) o« t™/7,

wherez, called the dynamic expone?ﬁ), is determined to be 2 fdr < L. and 32 for L > L.. Here,
L. is the critical system size and satisfies 256 < 512. This dependence of the dynamic exponent
on the system size was pointed out by Snepgies 23 for the KS equation. In order to evaluate the

total power spectrum, we supplement the total time correlation funQjpri(t), obtained from the
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numerical simulation, by giving the power-law decay for larger valuds of

Qmum(®) O0<t<Ty,
Qt) = (4.2)
Coot™? Th<t,

whereC,, is a constant. Finally, substituting eq. (4.2) into

() = }T fo "~ Q(b) cosgut)dt, (4.3)

we obtain the total power spectrurfw). Figure 5 shows(w) in the casel(, N) = (256 27) for z= 2
andC,, = 0.06. The total power spectruitfw) is graphically indistinguishable from the Lorentzian
spectrum for smaller values af, except in the case of < 0.01, andl (w) diverges as Avw for w — 0
owing to the power-law decay @(t). Note that this divergence does not bring about the divergence

of the total energy(0)/2.

0.3 0.4

Fig. 5. Total power spectrumi{w) with a broken curve showing the Lorentzian spectruftv(1 + (14.8w)?]
for comparison. Lorentzian-like spectrum can be observed only in the narrow range.

4.2 Semianalytic evaluation

Next, we again find the power-law decay of the total time correlation func@gt), « t~1/%, by
using a semianalytic method. As in eq. (4.Qtf) is a summation obJ,(t), and, in the case df— oo,
Up(t) for smaller values ok, has a major contribution to the summation becdugg) for smaller
values ofk, decays more slowly than that for larger valuekgfSince the Markov approximation is

valid for smaller values of,,21:24) U, (t) satisfies the exponential decay form
Un(t) o 7, (4.4)

wherevy, is the inverse of the characteristic timeldf(t). Furthermore, in the cadg — 0, we can

expect the dynamic scaling 1&W expressed by

n = C)Ks, (4.5)
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whereC, is a constant. Figure 6 shows the dependengg oh the wavenumbek, in a log-log plot,
indicating the dynamic exponeres= 2 for (L, N) = (256 27) andz = 3/2 for (L,N) = (1024 2°).
These exponents are consistent with those in Figs. 3 and 4z and is consistent with a previous
experimental resuf®) To our knowledge, this is the first time that the dynamic exponent is clearly
shown to bez = 3/2 in one-dimensional turbulence (see Fig. 2 in Snepgeal 2%). Of course,
numerical simulations in the case of larger valuek ahdN bring about better results, but the present

simulations are as much as we can do. Figure 1 indicates the energy spectrum
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Fig. 6. Log-log plot of the dependence af on k, for two casess, (L, N) = (1024 2%): o, (256 27), with
four straight lines showing, = 0.09%,, 0.21k3/2, 0.32k2, and 075k3/°.

E(k) = 0.07e 2% (4.6)

for smaller values of. Therefore, we can evaluate the asymptotic normalized time correlation function

Q(t) for larger values of by using egs. (4.4)—(4.6) as follows:

5 3942 for (L,N) = (2562,
Q(t) ~ (4.7)
6.4t72/3 for (L,N) = (102429,

where coéicients 3.9 and 6.4 ffer from those obtained from the asymptotic forms in Figs. 3 and 4
by 46 and 8%, respectively.

Next, substituting eq. (4.7) into eqg. (4.3), we obtain the asymptotic total power spectrum
l(w) o w2 for w—0, (4.8)

which diverges in this limit and is quite far from the Lorentzian spectrum, while Fig. 2 shows that the
modal power spectrurh(w) is Lorentzian for smaller values af. This is likely to be inconsistent.

However, ify, has a wavenumber dependence of the form (4.5) with the dynamic exporeif2,
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there is no contradiction because

00 1 Ly
I(w)mﬁ mdk“(u Z for Z>1/2.

Therefore, even il,(w) is Lorentzian for smaller values @f, the total power spectrum(w) can
be non-Lorentzian. It is important to note that the total power spectfumnand the modal power
spectrum(w) should not be confused in the case of a discussion on the spectral form.

We now comment on the dynamic exponenfigure 6 indicates the dynamic exponent 2 for
L = 256 andz = 3/2 for L = 1024, while the dynamic renormalization-group method prediet8/2
for the noisy Burgers equation, called the KPZ equatfof?) Yakho£”) suggested that the large-scale
properties of the KS equation can be described by the KPZ equation with the dynamic renormalization-
group method. It is reasonable that the large-scale properties of the Nikolaevskii equation can also
be described by the KPZ equation because the dynamic renormalization-group method ignores the

higher-order spatial derivatives.

5. Discussion

Finally, we compare our results with the two power spectra exhibited by the Matthews-Cox equa-
tions” and the SMTP) First, Fig. 6 in Tanakat al®) shows that the spectrum of the mode represented
by A (which corresponds to modg ~ 1 in the present paper) is Lorentzian for smaller frequencies,
which is consistent with Fig. 2. Note that although the modal power spectra are Lorentzian (Fig. 2),
the total power spectrum is not Lorentzian (Fig. 5). This is due to the fact that the characteristic time
of each mode depends on the wavenumber of the mode (Fig. 6). In addition, the higher harmonics
of modek, ~ 1, i.e., modek, ~ 2, 3, ..., which are ignored in the Matthews-Cox equatioffeca
the long-time correlation of turbulent fluctuations exhibited by the Nikolaevskii equii@econd,
the spectrum of the NT in the neighborhoodwf~ 0.05 is graphically indistinguishable from the
Lorentzian spectrum (Fig. 5). The spectrum in this frequency range may correspond to the Lorentzian
spectrum observed in the SMTHowever, the spectrum of the NT does not exhibit a single Lorentzian
regime (Fig. 5), and, in particular, the spectrum diverges in the low-frequency limit and is quite far
from the Lorentzian spectrum, as shown semianalytically in eq. (4.8). Thus, at present, there is no

persuasive evidence with respect to the universality between the SMT and the NT.
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