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Taking the Rubin model for the one-dimensional Brownian motion and the chaotic
Kuramoto-Sivashinsky equation for the one-dimensional turbulence, we derive a general-
ized Langevin equation in terms of the projection operator formalism, and then investigate
the decay forms of the time correlation function Uy (t) and its memory function I (t) for a
normal mode u(t) of the system with a wavenumber k. Let T,Eu) and T,i“’) be the decay times
of Uk(t) and I (t), respectively, with T,iw > 7',27). Here, 7‘,&“) is a macroscopic time scale if

k < 1, but a microscopic time scale if k& 2 1, whereas TIEW) is always a microscopic time scale.

Changing the length scale k™' and the time scales Tlgu>, T]iv)

the systems as follows. If T,iu) > Té7)7 then the time correlation function U (t) exhibits the

, we can obtain various aspects of

decay of macroscopic fluctuations, leading to an exponential decay Uy (t) o exp(—t/ Tliu)). At
the singular point where T,Eu> = TIE’Y), however, both U (t) and I (t) exhibit anomalous mi-

croscopic fluctuations, leading to the power-law decay Uy (t) oc t~3/2 COS[(Qt/T,Eu)) — (37/4)]
for t — oco. The above decay forms give us important information on the macroscopic and
microscopic fluctuations in the systems and their dissipations.

Subject Index: 051, 056
§1. Introduction

The time correlation functions or the power spectra are the most important
quantities for characterizing chaos and turbulence. In particular, the time correla-
tion function Uy(t) and its memory function I (t) for a normal mode uy(t) with a
wavenumber k clearly exhibit structures of chaos and turbulence,)=3) where I, (t) is
the time correlation function of the fluctuating force 74 (¢) of the k mode, representing
the second fluctuation-dissipation theorem.?-5)

Chaos and turbulence consist of unstable nonperiodic orbits with positive Lia-
punov exponents, and their sensitive dependence on the initial points brings about
an exponential increase of the initial errors, so that the nonperiodic orbits become
stochastic and random after an initial regime.9)7)

Therefore, the nonperiodic orbits in the time correlation function Ug(t) of a
™)

normal mode uy(t) consist of deterministic short orbits in an initial regime ¢ < 7",

where T,SY) is a decay time of the memory function I(t). This leads to a dual

structure of the randomization of the nonperiodic orbits in Ug(t), which is governed
by a non-Markovian evolution equation with the memory function I'(t) as the kernel

*) B-mail: okamura@riam.kyushu-u.ac.jp
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of convolution.)®) Let Tlgu) be a decay time of Uy (t) with Tk(:u) > T,EA’). If Tlgu) > 7,57),
then Uy (t) exhibits the exponential decay eXp(—t/T]gu)) in the final regime t 2 Tliu).l)
It has been shown in the previous papers!:?) that, at the singular point where
T,iu) = T,EW), both of Uy(t) and I (t) exhibit the power-law decay t=3/2 for t — oo
and undergo anomalous microscopic fluctuations.

The present paper is organized as follows. In §2, we summarize the statistical
mechanical theory of the Brownian motions to formulate the decay form of the time
correlation function Uy(t) and its memory function [(¢) in terms of the projection
operator formalism.')>% In §3, we treat the Rubin model for the 1D Brownian
motions and find a singular point where T,g“) = Tk(;Y) theoretically. Then we clarify

the decay forms of its U (t) and I'k(t) for turbulence and chaos. In §4, we treat the
Kuramoto-Sivashinsky (KS) equation by finding a singular point where T,Su) = T,EV),
and clarify the decay forms of its Uy(t) and Iy (¢) for turbulence and chaos. Section

5 is devoted to the summary.
§2. Statistical mechanical theory of Brownian motion

Let us consider the Brownian motion of an impurity of mass M floating in a
statistically homogeneous and steady turbulent water. If the mass M is sufficiently
larger than the mass m of the water molecule, then the time evolution of the x com-
ponent of the momentum, py(t), of the impurity is given by the Langevin equation

dpo(t)
dt

where 7y is the friction constant due to water and ry(t) is the microscopic fluctuating
force at the time ¢, satisfying

= —0po(t) + 10(t), (2-1)

(ro(t)po(0)) =0 (2:2)
and
(ro(t)ro(t")) = 20 (|po(0)[*) 6(t — ') (2:3)
with the long-time average
(F(t,t)) = lim 1 TF(t+ s,t' + s)ds. (2:4)

T—00 T 0

Let us define the two basic time scales

= /0 Uyt (2:5)
and . -
) = G /0 To(t)dt, (2:6)
which denote the decay time of the time correlation function
Uo(t) = LoDpo(0)) (2.7)

{lpo(0)[?)
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of the momentum pg(¢) and that of the time correlation function

_ (ro(rol0)) |
Lo = Teop) 28

of the fluctuating force ro(t), respectively. Then (2-1) and (2-2) lead to

dUy(?)
dt

= _’YOUO(t)v (29)

which is integrated to give the exponential decay Up(t) o< exp(—t/Téu)). Here, we

have used the relation Téu) = 1/~ derived from (2-5). The main feature of this decay

is irreversible with the decay time Té“)
Integrating (2-3) with respect to time leads to

e /0 ~ tro(t)ro(0)yt. (2:10)

7= Upo(0

This gives the friction constant vy in terms of the time correlation function of the
microscopic fluctuating force ro(t), and is called the second fluctuation-dissipation
theorem.):5)

Here, it should be noted that the time correlation (2-7) represents a macroscopic
fluctuation of the Brownian motion only if M > m, whereas the time correlation
(2-8) always represents the microscopic fluctuations at the molecular level. Indeed,
the Langevin equation (2-1) is valid only if M > m, i.e., Téu) > T(g’Y). Therefore, in
the present paper, we take a generalized Langevin equation.

As will be shown in §3, if we take M = 2m as an interesting case of the Rubin
model, then we have Té W = 7'(7) for the decay times of the time correlation functions
(2-7) and (2-8). Then the Brownian motion of the impurity exhibits anomalous
fluctuations with the decay form t=3/2. In this case, the Langevin equation (2-1)

must be generalized into a non-Markov evolution equation

dl?‘iit) = LA(t) - /0 F(t— s)A(s)ds +r(t), (2-11a)

o= () =0 ) = ) 0= () e

where x¢(t) is the position of the Brownian particle at the time ¢ and the memory
function Ip(t) is given by the time correlation (2-8). As shown by the projection
operator formalism,? the fluctuating force ro(t) is given by

ro(t) = exp[t(1 — P)iL](1 — P)iLpo(0) (2:12)
in terms of the Liouville operator £ and the projection operator P:

~ (g20(0)) {gpo(0)) ,
P9 = a2 O * Yoy (213)
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Therefore, the fluctuations due to the fluctuating force (2-12) are the microscopic
fluctuations at the molecular level, because the microscopic projection operator (1 —
P) in (2-12) excludes the macroscopic motion brought by L.

Multiplying the second component of (2-11a) by po(0) and taking the long-time
average, we obtain

dU;t“) _ /0 To(t — 5)U(s)ds. (2-14)

This is the basic equation that gives the relation between Up(t) and Ip(t). Their
Fourier-Laplace transform leads to

Oo(w) = /0 " Uo(t)eietdt = ero(w) (2-15)

where we have defined the Fourier-Laplace transform of (2-8)
A S .
I'n(w) = / Ty (t)e ™tdt. (2-16)
0
These quantities give a generalization of the classical theory of the Brownian mo-
tion for the macroscopic and microscopic fluctuations of the turbulent and chaotic
systems. We shall calculate them explicitly in the following.

§3. Rubin model for 1D Brownian motions

The Hamiltonian of the Rubin model shown in Fig. 1 is given by

2 &
H=gu+ + Z 41— Xp)F — KXG, (3:1)
=
which consists of N molecules at x = X; (j =1,2,...,N) and a Brownian impurity

at x = Xo under the periodic boundary condition,
_XN+]_ - Xo. (32)

The last term of (3-1) is introduced to eliminate the harmonic motion of the Brownian
impurity. This model is a one-dimensional lattice system of frequency

v = 2\/5, (3-3)

coupled by harmonic springs of strength K, with a buffer.®)

The first statistical mechanical treatment of the fluctuating force (2-12) and the
memory function (2-8) was given by Sakurai?) in 1965 and by Fick and Sauermann'®)
in 1990. Here, we briefly describe their treatment from a new point of view.

We obtain?)-10) S
Io(t) = m_yJi(vt)

34
T (3-4)
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Fig. 1. Heavy impurity of mass M in chain of harmonic oscillators.

where Ji(z) is the Bessel function of the first kind and we have I(0) = mv?/(2M).
The derivation of (3-4) is described in detail in Appendix A. The Fourier-Laplace
transformation of (3-4) gives

To(w) = m <—iw + V2 — w2> : (3-5)

M
and the substitution of (3-5) into (2-15) leads to

A M/m
Up(w) = . 3-6
() [(M/m) — 1]iw + V12 — w2 (3:6)
The two basic time scales Téu) and T(E’Y) are expressed by
@ _ o)~ M .
7o~ = Uo(0) = — (3:7)
and .
(v _ Lo(0) _ 2 .
To = = 1—10(0) - v’ (3 8)

where we have Téu)/ Té’Y) = M/(2m). In Fig. 2, the broken and solid lines represent
the m/M dependence of Téu) and Téw, respectively.

First, we consider the case of Téu) = év) (M/m = 2). Then, (3-6) leads to

Opw) = ——— = = Fy(w). (39)

To

00 01 02 03 04 05
m/M

Fig. 2. Broken line: 7" in (3-7); solid line: 73" in (3-8).
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Using the inverse transform of (2-15), we obtain from (3-9)

Uolt) = 5 To(1) (310)

, (3-11)

which is equivalent to Rubin’s result.®) Thus, it turns out that, at the singular point
T(gu) = Téw, the decay forms of Uy(t) and I'h(t) become

—3/2
1 t 2t 3T (u)
U(t)  —= | — cos | — — — for t> 7, (3-12a)
VT (Té“’) (Té”) 4 ) ’
and
Io(t) =~ V—Q t o cos 2t sm for ¢> 7" (3-12b)
T ayr \ 0 4 0

both of which exhibit ¢t~3/2 anomalous microscopic fluctuations. Here, we use the

relation
2 3
Ji(z) = [/ — cos <z - ) for z2>2. (3-13)
mZ 4

Clearly, (3-11) leads to the algebraic forms

U(t) ~ ! ENE ! 5 for t< Té’Y) (3-14)
L+ [t/(ﬁTo )} 1+ [t/\/ QTéu)T(gAY):|
and )
To(t) ~ VZ L 5 for t<n, (3-15)
1+ [t/(v2r))]
where we use the relation
N1(2) ! for z <2 (3-16)

27 (2)2)

Second, we consider the case of Téu) > T(gv) (M > m). The decay form of I'y(t)
becomes

To(t) = 2 /O " Iy(s)ds o(t) = 2]”\;” /0 h Jlis)dsé(t) _ 25((;’)) for t> 7", (317)

because

(w)

™)
2
Nivt) = N1(2t/7 ") ~0 for t>75 > T(gv). (3-18)

vt Qt/Té'Y)
Equations (2-14) and (3-17) lead to the exponential form

Téu)

Up(t) ox e/ for t> Téu). (3-19)
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Using (3-16), we obtain

_2M 1

T m? 14 [t/(\/%_év))r

from (3-4). The substitution of (3-20) into (2-14) leads to
dUo(t) 2M tUo(t)

~ - : (3-21)
dt mu2 14 {t/(\/%_o(v))r

which is integrated to give the algebraic form

Uo(t) ~ !

N 1
{1+ )| /

We summarize the various decay forms of Uy(t) and Ip(¢) in the initial regime

t < Téw and in the final regime ¢ > Téu) in Table I. The form and structure in the

initial regime are built by deterministic coherent short orbits, while those in the final
regime are built by stochastic and random long orbits. Here, it should be noted that

I(t)

for t< T(gv) (3-20)

for t<7\". (322)

the power-law form ¢ 3/2 is created by the microscopic fluctuations at a singular
point.
Finally, we consider the case of 27'0(u) = éV) (M = m), incidentally. The memory

function () is described by
J1(vt)

vt

o) = 21, (3:23)
which is easily obtained from (3-4), while the time correlation function Uy(t) is
described by

Uo(t) = Jo(vt), (3-24)

Table I. Rubin model’s time correlations characterized by 7{") and 7\"’.

Time scale Initial regime ¢t < Téw Final regime t > Té”)
7 s 7O (M > 2m) Uo(t) = ! - Uo(t) x et/
1+ |:t/\/27‘(§u)Té7):|
: algebraic form : exponential form
To(t) o ! To(t) = —2—6(1)

= Té”)

2t 3T
—3/2 _ 27
Uo(t) oc t cos <T(”) 7 )
0

R

1
=70 (M =2m)  Us(t) = 2
1+ {t / 275“)757)}

: algebraic form : power-law form
Iy(t) o L ; To(t) o< t=%/2 cos <2(t) - i{f)
1+ [t/ (v2r)] ©
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which is obtained from (3-6) using the inverse transform of (2:15). Equation (3-24)
is equivalent to Rubin’s result.®)

§4. Two basic decay times of KS equation for turbulence

To clarify the statistical mechanical properties of turbulence, let us consider the
one-dimensional KS equation?>2-11) from the viewpoint of Brownian motion. The
equation of motion for u(z,t) at the position z and the time ¢ is given by

Now, we assume that the system size L is sufficiently large so that the system
becomes a chaotic and statistically uniform steady state. Taking a mode ug(t) with
the wavenumber k expressed as

L
up(t) = /0 u(z,t)e ke d, (4-2a)
k={k), ez 2%” (n=+1,42,...,+N), (4-2b)
we can write (4-1) as
D) — (82 — K )uele) + M) (4:32)
;N
Ni, (1) = - > Fmttpy—y, ()t (1) (4-3b)

m=—N

To clarify the structure of turbulence and chaos due to the nonlinear force N (t),
the evolution equation (4-3) has been solved numerically for L = 500, N = 23.1)3)

Corresponding to the time correlation (2-7), the time correlation of the mode
ug(t) with wavenumber k is considered

Uk(t) =

((00) )

(lur(0)?)

According to the projection operator method,"%) we obtain
¢
Niop (8) = 0 o U, (1) — Z/ Dk (8 = 8)up,, (8)ds + 1, (1), (4-5)
0
m m

where we define the frequency matrix?

itk = D (N, ()], (0)) [ 0)uf ()] (4-6)

lm
l
the fluctuating force

ri(t) = exp[t(l — P)iL](1 — P)Ng(0) (4-7)
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and the memory function

T () = S, (O}, () | CurO)uf 0)) 7] (4:8)
l

Since (rk(t)uL(O)) = 0, the evolution equation for the time correlation (4-4) takes
the form
dUy(t)
dt

= (k? — EYUL(t) + i Ur(t) — /Ot D (t — 8)Up(s)ds. (4-9)

Here, we assume that the system is in a statistically uniform steady state. Equation
(4-9) is a generalization of (2-14). Using the parity invariance,'? we obtain from
(4-9)

dUy(t K
k() _ / T(t — 8)Ug(s)ds, (4-10)
dt 0
where k denotes the k,, of (4-2b), and I'y(t) is defined as
T
t)r,.(0

(lur(0)?) -

Therefore, as the framework of the Brownian motion theory summarized in §2, the
evolution equation (4-10) and the memory function (4-11) are obtained. This means
that the fluctuations in the KS equation (4-1) can be treated similarly to the Rubin
model of §2.

Here, note that if the wavenumber k is small, then the correlation (4-4) exhibits
macroscopic fluctuations, but if the wavenumber k is large, then the correlation (4-4)
exhibits microscopic fluctuations. The memory function (4-11), however, always
exhibits microscopic fluctuations.

Taking the Fourier-Laplace transform of (4-10), we obtain an important relation
between Uy (w) and I (w):

1

iw + [p(w)’ (412)

Up(w) = /000 Uy (t)e “tdt =

where Uy (w) and I, (w) are the generalizations of (2-15) and (2-16), respectively.

In correspondence with (3-7) and (3-8), the two basic time scales Tku) and 7',57)

are introduced by

w _ [~ o — L .
0 = /O Uit = 04(0) = 7 (4-13)
and A
() _ 1 e _ I (0) _ 1 '
= ), 0= = TIT0) 1y

In Fig. 3, corresponding to Fig. 2, the broken and solid lines represent the k depen-
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Fig. 3. T]éw (broken line) and 7',57) (solid line) as functions of k.

(w)

dences of Tku ()

and 7, ", respectively, thus leading to

u 1
T,i ) = for k<1, (4-15a)
T,iu) > TIEV) for k <0.15, (4-15b)
T,iu) ~ T,@ for k>1. (4-15¢)

Here, T,Eu) with k < 1 is the decay time of the macroscopic correlation Ug(t), whereas

T,gu) with k£ 2 1 is the decay time of the microscopic correlation Uy(t), and T,EV) is the
decay time of the microscopic correlation (4-11) of the fluctuating force ri(t). At the
singular point T,Eu) = T,EW), both Ug(t) and I'x(t) are expected to exhibit microscopic
correlations and develop the same power-law decay t73/2 as shown in (3-12). We
have not, however, obtained the power-law decay in the present numerical simulation
because of the lack of the ensemble number. Thus, we use the semi-analytical result?
for the power-law decay.

The basic time scales Tlgu) and TIE’Y) respectively defined by (4-13) and (4-14) are
just generalizations of the time scales (3-7) and (3-8). Table II shows a summary of

the decay form of U(t) characterized by Tku) /Tp). For the derivation of the time
correlation functions in Table II, see Appendix B. Comparing Tables 1 and II, we
found that Uy(t) has the decay form of similar structure to Up(t).

To end this section, we discuss why the decay form of the time correlation

function in the Rubin model is identical to that in the KS equation under the affinity
(u) (

assumption at the singular point Tku = Tkw. The time evolution equation (2:-14) in
the Rubin model is the same as (4-10) in the KS equation. Furthermore, another
relation between the time correlation function and the memory function is necessary
to solve the time evolution equation, and the relation in the Rubin model is generally
different from that in the KS equation. Hence, the time correlation function in
the Rubin model is different from that in the KS equation. At the singular point
T,gu) = TISY), however, we see that both of the relations coincide by comparing (3-10)
with (B-1). Therefore the time correlation function (3-11) coincides with (B-10) in



Decay Forms of the Time Correlation Functions for Turbulence and Chaos 11

Table II. KS equation’s time correlations characterized by T,Em and T,E"’).

7',5”’) Final regime ¢ > r,ﬁ“)

(u)
Uk (t) oc et/ 7k

Time scale Initial regime t <

1
T,gu) > 7'127) for k $0.15 Ug(t) = 3
1+ {t /V 27,5%,@]

: algebraic form : exponential form
u 1 _ 2
"~ for k> 1 Ui(t) = 5 U(t) ot 3/2cos< (i) —SI>
1+ {t /V 27,5%,@] T
: algebraic form : power-law form
the entire region at the singular point T]gu) = 7',5,7), which means that both of the

decay forms are also consistent.
§5. Short summary

We have clarified the statistical mechanical structures of turbulence and chaos by
taking the one-dimensional Rubin system (3-1) and the one-dimensional KS equation
(4-3). Their results are summarized in Tables I and II, which show that the KS
equation’s time correlation, Ug(t), has the decay form of similar structure to the
Rubin model’s time correlation Up(t).
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Appendix A
—— Deriwation of (3-4) ——

The Hamiltonian (3-1) yields the equations of motion

d23§'0 N dQSUs
W+ZXS$5207 dt? +w§$s+XSx0:O (32172""’N) (Al)
s=1

under a change of the variables!®

N .
/m . Tjs
xo = VMXy, Ts = —E X sin , (s=1,2,...,N) (A-2)
N N+1

where

(A-3)
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s
2(N +1)°
It is important to note that z; and z; (i # j) become independent as N approaches
infinity, because ys becomes zero as N approaches infinity. Thus,

(A-4)

ws = vsin

(Tiz;) =0 (i #j) for N — o0, (A-5)

whereas (X;X;) # 0 even for ¢ # j and N — oo. In the following, z; is denoted by
ZT; (t)
Expanding the fluctuating force (2-12) into the Taylor series in time, we obtain

e’} mn .
0+ Wg, ), (A-6)
n=1 "

where, using (2-13), we have

7o(0) = (1~ P)iLpo(0)
_ _ {[i£po(0)]z0(0))
O )

so that we have?)

r(gn) =(1- P)iﬁrénfl)
(7 0) (o)

° (70 (0)%)
Using (A-5) and (z;(t)po(t)) = 0, we obtain

po(0).  (A-8)

= Xs74(0) (A-9)
s=1
from (A-7). Similarly, we obtain
r((]n) _)- D s Xswh i?i(O), (n : even) (A-10)
- Zs XsWg ps(0). (n:odd)

It is important to note that the fluctuating force r(t) does not include the macro-
scopic motion related to xo(0) or po(0): in other words, the projection operator P
successfully excludes the macroscopic motion from dpg(t)/dt.

Using (A-10) and (zs(t)ps(t)) = 0, we obtain

n 2 2 n—2 .
<ré")r0> i ZX (e (A-11)
0. (n:odd)

Here, we use the equipartition law for N — oo:

(Ipo®)*) = wi{las(8)]?), (A-12)
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which is derived from the Hamiltonian of (A-1),

2 N
_n P wing |
H—2+El<2+ 5 >+xo§ XsTs- (A-13)

Equations (A-11) and (A-6) lead to

Ws

o0 2
(ro(tro) = {lpo(0)) S (X) cos (). (A14)

s=1
Therefore, substituting (A-14) into the memory function (2-8), we obtain
N 2 (N-1)/2 X 2
Io(t) = lim (XS) cos(wst) = lim (28+1> cos(wast1t)

N— w N— w
o0 s=0 S oo s=0 2s5+1

2mN+1 [7 t
= A}gnoo wﬂn;;/() V2 — w? cos(wt)dw = ]\”;Vzﬂflg), (A-15)

where Ji(x) is the Bessel function of the first kind. We use the relations

2
dS — 2(N + 1) dw , X28+1 — ﬁ V2 - w%s-‘rl , (A16)
T V2 — w? W2s+1 M N
obtained from (A-3) and (A-4).
Appendix B

—— Time Correlation Functions under the Affinity between the Time Correlation
Function and the Memory Function

We briefly state the derivation of the time correlation functions in the initial and
final regimes,? which are given in Table II. Let us assume the affinity between the
time correlation function U (t) and the memory function I'y(t) as follows:

r, (T7)

= (W) _ .
Q) = U (T7") = =5 (B-1)
Substituting (B-1) into (4-10), we obtain the closure equation
dO.(T T/7x ~
D - [ Qus)ulr - syas (B2
0
where we use (4-13) and define 7, = T,SY) / T,Eu).
B.1. Case of t < 7',57)
In the case of T' < 7%, (B-2) is reduced to
T )T

dr ~ R
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and its solution is o-

Tk
T)=_"F% _
QT) = Ty oz

which is called an algebraic form and is identical to

for T < 7, (B-4)

1
Uyp(t) = s for t< T (B-5)
1+ [t / zf,g“)f,g”)}

In Table II, t < 7',57) is replaced with t < TISY) because the numerical results support

the latter condition.?)

B.2. Case of T,&u) > 7',57) and t > T,gu)
In the case of 7, < T, (B-2) yields the solution
Qu(T) xe T for T>1, (B-6)
which is called an exponential form and is identical to

U(t) o e/ for > (). (B-7)

B.3. Case of T]gu) = 7',57) and t > TIE,U)
The Fourier-Laplace transform of (B-2) yields

Qr(2)Qr(027,) +i0Qx(2) —1=0. (B-8)

In the case of 7, = 1, we obtain the exact solution

A 2 2\’
Qr(2)=—i—+4/1- <> (B-9)
2 2
to (B-8). The inverse transform of (B-9) yields the time correlation function
1 T-3/2 3
T)==J112T) =~ 2T — — f T B-10
Qr(T) TJl( ) Nz cos< 1 > or — 00, ( )
which becomes
2t u
Up(t) o t73/% cos | — — 37 for t> Tlg ), (B-11)
IO
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