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Abstract. We directly calculate fully nonlinear traveling waves that are periodic

in two independent horizontal directions (biperiodic) in shallow water. Based on the

Riemann theta function, we also calculate exact periodic solutions to the Kadomtsev-

Petviashvili (KP) equation, which can be obtained by assuming weakly-nonlinear,

weakly-dispersive, weakly-two-dimensional waves. To clarify how the accuracy of

the biperiodic KP solution is affected when some of the KP approximations are not

satisfied, we compare the fully- and weakly-nonlinear periodic traveling waves of various

wave amplitudes, wave depths, and interaction angles. As the interaction angle θ

decreases, the wave frequency and the maximum wave height of the biperiodic KP

solution both increase, and the central peak sharpens and grows beyond the height

of the corresponding direct numerical solutions, indicating that the biperiodic KP

solution cannot qualitatively model direct numerical solutions for θ ≲ 45◦. To remedy

the weak two-dimensionality approximation, we apply the correction of Yeh et al. [1]

to the biperiodic KP solution, which substantially improves the solution accuracy and

results in wave profiles that are indistinguishable from most other cases.

PACS numbers: 76B15

Keywords: Shallow water waves, Kadomtsev-Petviashvili (KP) equation, Short-crested
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1. Introduction

We consider herein the simplest two-dimensional traveling gravity water waves,

which are doubly periodic in two independent horizontal directions. In this paper, we

call waves that have two-dimensional wave patterns two-dimensional waves. Accounting

for two dimensions is important because real water waves are inherently two-dimensional
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rather than one-dimensional. Biperiodic waves can occur when periodic waves

propagating different directions intersect each other, or when waves reflect from a

vertical wall and interact with incident waves. However, obtaining reasonable numerical

solutions that describe fully-nonlinear fundamental water waves (i.e., direct numerical

solutions) remains a challenge when the nonlinearity is strong. Studies that search

for direct numerical solutions have developed enhanced calculation methods, and are

motivated by finding limiting wave profiles [2, 3], harmonic resonances [2, 4, 5],

instabilities [6, 7], the pressure exerted on a vertical wall [4, 8, 9], or the departures

from weakly-nonlinear solutions [7].

Many studies have used perturbation techniques to obtain a solution to the

fundamental water wave equations. This approach involves expanding solutions as a

power series in the small parameter ε (see, for example, [10], in which a third-order

perturbation solution is calculated for a finite water depth). However, perturbation

techniques often suffer from the following four limitations: (i) The radius of convergence

of solutions is smaller than the maximum wave amplitude. (ii) If the fundamental mode

(j, k) = (1, 1) is assumed, which implies that higher Fourier modes can only be generated

at higher orders, the solutions cannot represent harmonic resonant solutions consisting

of higher Fourier modes of the same order with the fundamental mode. (iii) If the waves

form a nearly one-dimensional wave profile (long-crested waves), the Fourier modes

related to the direction perpendicular to the propagation direction slowly decrease with

increasing wave number. Such waves occur when two waves propagating in almost the

same direction interact strongly with each other. (iv) In shallow water, the wave width

narrows and thus requires higher Fourier modes.

Using a semi-analytic approach, Roberts [5] devised an algorithm to perform the

perturbation technique that enables to calculate 27th high order perturbation solutions.

Furthermore, he applied the Padé approximation to accelerate convergence of the

solutions. Marchant and Roberts [8] generalized this algorithm to the finite-depth case

and obtained the 32nd order solutions.

Nicholls and Reitich [11] pointed out the above semi-analytic algorithms suffer

from numerical instability at high order due to subtle but significant cancellations.

They furthermore provided a new, stable high-order perturbation algorithm based on a

work of Nicholls and Reitich [12] which describes that a change of variables prior to the

perturbation expansion succeeds as it implicitly accounts for all significant cancellations.

The collocation method in space and time has been an effective method and can be

implemented on computer in a straightforward manner. Roberts and Schwartz [13], and

Okamura [14] calculated truncated double Fourier series solutions on infinite depth by

using the collocation method. However, if the waves form sharp peaks, derivatives

of the free-surface displacement with respect to space become discontinuous, thus

causing severe numerical error. To treat this problem, Tsai and Jeng [15] invoked a

kinematic condition that does not involve the derivative of the free-surface displacement

η. Recently, Okamura [2] used Galerkin’s method to obtain large-amplitude solutions for

an infinite depth based on truncated double Fourier series with the kinematic condition
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[15], thereby avoiding evaluation of any spatial derivatives of η and thus decreasing the

numerical error.

Our primary interest is in the Kadomtsev-Petviashvili (KP) equation which is

a weakly-nonlinear equation for shallow water waves and known to have biperiodic

solutions involving the Riemann theta function (i.e., KP solutions of genus-2, hereinafter

referred to as biperiodic KP solution) [16]. By assuming weak two-dimensionality, the

KP equation can be derived by extending the Korteweg-de Vries (KdV) equation, so

that the two equations share most of their assumptions. A singly periodic solution to

the KP or KdV equation can be written as a Jacobian elliptic function.

Dubrovin [17] and Nakamura [18] proved that the Riemann theta function satisfies

the KP equation, provided that the parameters satisfy certain relations. Segur and

Finkel [19] presented practical ways to construct this biperiodic KP solution, gave

explicit relations that solution parameters must satisfy, and conjectured that biperiodic

KP solution represents typical two-dimensional periodic wave phenomena on shallow

water. Akylas [20] shows an aerial photograph of real shallow water wave patterns, which

supports this conjecture. Motivated by this conjecture, Hammack [21] compared wave

patterns of biperiodic KP solution against experimental results obtained in a water pool.

The biperiodic KP solution describes the measured waves with reasonable accuracy, even

beyond the putative range of the KP theory.

The KP and KdV solutions, which involve Jacobian elliptic functions, and the

biperiodic KP solutions all approach solitons as the wavelength approaches infinity.

Miles [22] derived a theory for interactions of solitons, finding the resonant interaction

regime, that is equivalent to the KP theory; furthermore, he [23] first associated this

resonant interaction with the Mach reflection. By comparing the KP soliton with the

KdV soliton, Yeh et al. [1] and Li et al. [24] clarified and corrected a deficiency that

the KP soliton becomes unphysical when two such solitons propagate in significantly

different directions. In addition, the corrected Miles theory and KP theory agree more

strongly with numerical [25, 26] and experimental results of solitons [1], although this

correction has yet to be applied to KP periodic solutions.

Comparing numerical solutions to the KP equation and the second-order

fundamental water wave equation obtained by Bryant [7] suggests that the former

solutions (biperiodic KP solutions) differ significantly from the latter ones in both wave

height and wave frequency for large angles between the propagation directions of the two

incident waves. By using biperiodic KP solution and direct numerical solutions to the

fully-nonlinear fundamental water wave equations, we can more precisely understand

how the accuracy of biperiodic KP solution varies with increasing wave height a,

interaction angle θ, and water depth D.

In this study, we first generalize the method introduced by Okamura [2] to finite

water depth and then compare biperiodic KP solution with numerical solutions to fully

nonlinear fundamental water wave equations to study the accuracy of biperiodic KP

solution for various parameter values. Next, we apply the correction of Yeh et al. [1] to

biperiodic KP solution to investigate its accuracy for the wave frequency, the maximum
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wave height, and the wave profiles over all space. However, because we focus on the

accuracy of biperiodic KP solution and the applicability of the correction, we do not

discuss its stability. The sections are organized as follows: In section 2, we generalize

the method of Okamura [2] to the case of finite water depth. In section 3, we introduce

the KP theory and a method to calculate biperiodic KP solutions. In section 4, we first

study the Fourier modes of direct numerical solutions to verify their accuracy, and then

compare wave frequencies and maximum wave heights of direct numerical solutions and

biperiodic KP solution with varying wave height, interaction angle, and water depth.

We next compare wave heights over all space by using the normalized root-mean-square.

Finally, we apply the correction of Yeh et al. [1] to biperiodic KP solutions. The results

are summarized in section 5.

2. Formulation of direct numerical solutions

We use a Cartesian coordinate system (x, y, z) in which x and y are the horizontal

coordinates, and z increases upward. We consider the three-dimensional irrotational

flow of an inviscid and incompressible fluid bounded below at flat bottom z = −h and

above by a free-surface z = η(x, y, t). Since the flow is assumed to be irrotational, a

velocity potential ϕ(x, y, z, t) exists such that v = ∇ϕ where v is the fluid velocity, and

∇ = (∂/∂x, ∂/∂y, ∂/∂z) is the vector differential operator. The fully-nonlinear water

wave equations that govern η(x, y, t) and ϕ(x, y, z, t) consist of Laplace’s equation

∆ϕ = 0 for − h ≤ z ≤ η(x, y, t), (1)

with the bottom condition

ϕz = 0 on z = −h, (2)

the dynamic boundary condition

ρ(x, y, z, t) = ϕt + β +
1

2
∇ϕ · ∇ϕ+ gz = 0 on z = η(x, y, t), (3)

and the kinematic boundary condition

D

Dt
ρ (x, y, z, t) = 0 on z = η(x, y, t), (4)

where ∆ = ∇ · ∇ is the Laplacian, subscripts denote partial derivatives, g is the

acceleration due to gravity in the negative z direction, β is an arbitrary constant that

is necessary to determine the mean water depth, and D/Dt = (∂/∂t+∇ϕ · ∇) is the

Lagrangian derivative operator. (4) is obtained by applying D/Dt to (3), describing

that there is no change of the pressure on a fluid parcel at the free-surface with time, as

it follow along its trajectory [2, 15, 27]. Since it is not obvious that (4) can be replaced

with the usual kinematic condition: Df/Dt = 0 where f(x, y, z, t) = z − η(x, y, t) = 0

on the free-surface z = η, we show the derivation of (4) in the following. Noting that

the pressure on the free-surface is constant along the free-surface, we have

0 =
D2

D2t
ρ (x, y, η, t) =

{
Dρ

Dt
+ ρz (ηt +∇2ϕ · ∇2η − ϕz)

}
z=η(x,y,t)

, (5)
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where D2/D2t = (∂/∂t+∇2ϕ · ∇2) and ∇2 = (∂/∂x, ∂/∂y). (5) means (4) is equivalent

to the usual kinematic condition ηt+∇2ϕ ·∇2η−ϕz = 0 on the free-surface z = η when

ρz ̸= 0. (4) is useful for numerically obtaining limiting waves with sharp crests because

it contains no spatial derivatives of the wave height η.

We introduce the following dimensionless quantities and moving coordinate system,

assuming waves propagate in the x direction without change in the form:

T = κxx− ωt, Y = κyy, Z = κz, H(T, Y ) = κη(x, y, t), D = κh,

Φ (T, Y, Z) =
κ2

ω

(
ϕ− ω

κx

x+
ω2

κx
2
t

)
, G =

κ

ω2
g, B =

κ2

ω2
β,

(6)

where κ is the wavenumber of the incident wave, ω is the wave frequency, and defining

(p, q) = (sin θ, cos θ), (κx, κy) = (κp, κq) is the wavenumber vector of biperiodic waves.

In this paper, we will refer to θ as “the interaction angle”. (1)-(4) are transformed

according to (6) as follows:

p2ΦTT + q2ΦY Y + ΦZZ = 0 for −D ≤ Z ≤ H, (7)

ΦZ = 0 on Z = −D, (8)

P (T, Y,H) = B +
1

2

(
p2Φ2

T + q2ϕ2
Y + ϕ2

Z − p−2
)
+GH = 0 on Z = H, (9)

Q (T, Y,H) =p2ΦT

(
p2ΦTΦTT + q2ΦYΦTY + ΦZΦTZ

)
+ q2ΦY

(
p2ΦTΦTY + q2ΦYΦY Y + ΦZΦY Z

)
+ ΦZ

(
p2ΦTΦTZ + q2ΦYΦY Z + ΦZΦZZ +G

)
= 0 on Z = H.

(10)

We look for a periodic and symmetric solution Φ in the form

Φ = − 1

p2
T +

N∑
k=0

N∑
j=1

Aj,k [cosh (αj,kZ) + sinh (αj,kZ) tanh (αj,kD)] cos(kY ) sin(jT ),

αj,k =
√
k2q2 + j2p2.

(11)

If k + j is odd, Aj,k is always zero, so that the number of unknowns Aj,k is reduced

to N(N + 1)/2, and N is the truncation number. The quantities B and G are also

unknown. It is important to note that the formulation using Φ in the present paper is

consistent with that using Φ̃ = Φ + T/p2 in Okamura [2].

2.1. Computational method

By applying Galerkin’s method, we obtain the independent relations

Fl,m(Aj,k, B,G) =

∫ π

0

dT

∫ π

0

dY Q(T, Y,H;Aj,k, B,G) cos(lY ) sin(mT )

on Z = H(T, Y ),

(12)

which is two-dimensional Fourier transform of n-points with respect to T and Y . The

truncation number N in (11) and n are set (N, n) = (50, 64) unless otherwise mentioned.

We impose the following independent relation so that D becomes the mean fluid depth:

s(Aj,k, B,G) =

∫ π

0

dT

∫ π

0

dY H(T, Y ;Aj,k, B,G) = 0, (13)
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which is numerically evaluated by using the trapezoidal rule. Another independent

relation is expressed as

Π(Aj,k, B,G) = εD −H
(π
2
,
π

2
;Aj,k, B,G

)
+H(π, 0;Aj,k, B,G) = 0, (14)

where ε is a parameter of the nonlinearity. The wave height H(T, Y ) usually has a

maximum at T = Y = 0 where two periodic waves superimpose and interact with

each other, whereas H(T, Y ) has the minimum at T = π and Y = 0 (see figure 1).

The wave height H(π/2, π/2) corresponds to the crest of a periodic waves; hence, the

interaction between the two waves is very weak. In the case of the soliton-like wave, εD

almost corresponds to the soliton amplitude, and using (14) makes it easy to evaluate

the amplitude of one of periodic waves that construct a biperiodic wave and the weakly

nonlinear approximation of KP. Note that instead of using ε in (14), the wave steepness

ϵ defined as 2ϵ−H (0, 0) +H (π, 0) = 0 is often used in studies of short-crested wave.

Newton’s method is used to find Aj,k, B, and G from (12)-(14). Note that the wave

height H(T, Y ) is evaluated at every Newton iteration by solving (9) and substituted

into these equations (for the detailed procedure, see [2]). The third-order short-crested

wave obtained by Hsu et al. [10] is used as the initial solution of the iterations, and we

stop the iteration when the maximum difference between wave heights before and after

a given iteration is less than 10−10. Solutions that do not satisfy (10) for Q < 10−4ε are

excluded from the results. Finally, the Jacobian matrix, which is necessary for Newton’s

method, is calculated in Appendix A.

3. KP theory

The KP equation can be written in the dimensional form:(
ηt + csηx +

3cs
2h

ηηx +
csh

2

6
ηxxx

)
x

+
cs
2
ηyy = 0, (15)

where cs =
√
gh which denotes the phase velocity in shallow water. The KP equation

can be derived from the fully-nonlinear water wave equations (1)-(4) under the following

four approximations:

|η|max/h ≪ 1, κh ≪ 1, κy/κx ≪ 1, O (|η|max/h) ≃ O
(
(κh)2

)
= (κy/κx)

2, (16)

which respectively means weak nonlinearity, weak dispersivity, weak two-dimensionality

approximation, and the strengths of these three have comparable influence. Note

that (|η|max/h, κh, κy/κx) correspond to (H(0, 0)/D,D, 1/ tan θ), where H(0, 0) is the

maximum wave height. To organize results, in stead of H(0, 0)/D we use the

nonlinear parameter ε defined in (14), because controlling the incident wave height

H (π/2, π/2) − H (π, 0) in (14) is easier than controlling the maximum wave height

H (0, 0) in experiments. Non-dimensional form of (15):

(UT̂ + 6UUX̂ + UX̂X̂X̂)X̂ + 3UŶ Ŷ = 0, (17)
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can be obtained by using non-dimensional quantities:

U =
3η

2h
, X̂ =

x

h
− cs

h
t, Ŷ =

y

h
, T̂ =

cs
6h

t. (18)

Using the Riemann theta function ϑ, the biperiodic KP solution can be written in the

form

U
(
X̂, Ŷ , T̂

)
= 2 [lnϑ (Θ1,Θ2;B)]X̂X̂ , (19)

where

ϑ (Θ1,Θ2;B) =
∞∑

m1=−∞

∞∑
m2=−∞

exp

[
1

2
mT ·B ·m+ imT ·Q

]
,

Θi = MiX̂ +NiŶ + ΩiT̂ + π,

m =

(
m1

m2

)
, B =

(
b bλ

bλ bλ2 − d

)
, Q =

(
Θ1

Θ2

)
,

b < 0, λ2 ≤ 1

2
, d ≤ b(1− λ2),

where i is the imaginary number, and the mean wave height is always zero. A superscript

T denotes the matrix transpose operation. Dubrovin [17] and Nakamura [18] prove that

U(X̂, Ŷ , T̂ ) satisfies (17), provided that its eleven parameters satisfy certain relations.

Segur and Finkel [19] give explicit relations that eleven parameters of the solution must

satisfy. Assuming symmetric wave interactions, we reduced the relations involving eleven

parameters to a relation involving just two parameters b and λ:

Ω1(b, λ) = Ω2(b, λ), (20)

which corresponds to (12) (see Appendix B for details). We introduce the free-surface

displacement of a traveling wave U∗ on the moving coordinate system T ∗:

U∗
(
T ∗, Ŷ ; b, λ

)
= U

(
X̂, Ŷ , T̂ ; b, λ

)
, T ∗ = X̂ +

Ω1

M1

T̂ . (21)

The wave height HKP(T, Y ; b, λ) of the KP solution is expressed by

HKP (T, Y ; b, λ) =
2D

3
U∗
(

T

M1

,
Y

N1

; b, λ

)
, (22)

where D is the non-dimensional mean water depth in (6). Another independent relation

is

εD −HKP

(π
2
,
π

2
; b, λ

)
+HKP (π, 0; b, λ) = 0, (23)

which corresponds to (14). We solve (20) and (23) for b and λ using Newton’s method.

Using a fast convergent theta function is crucially important to find a root and increase

the solution accuracy. Three different forms of theta functions are introduced in (4.7),

(4.19a), and (4.19b) of Segur and Finkel [19], which are equivalent but have different

convergence speeds with respect to the number of terms after which the sum is truncated.

The convergence speeds of these functions mainly depend on b and λ in the case of

symmetric waves. We use theta function of (4.19b) of Segur and Finkel [19] for b ≥ 5;
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otherwise, we use (4.7) of Segur and Finkel [19]. (4.19a) may not be important for

symmetric waves. The upper and lower limits of the theta functions are set to mmax = 5

and mmin = −5, respectively. Solutions (b, λ) satisfy (23) to an accuracy of at least

10−5ε.

Here, as b approaches zero, the effective wave width gets shorter, and the wave

becomes solitons in the limit b → 0. For symmetric waves, λ determines the difference

between the interaction angle θ and another angle θ∗, which decides lines that wave

crests lie along:

tan θ∗ =
1− λ

1 + λ
tan θ, λ2 ≤ 1

2
. (24)

The difference between θ and θ∗ reflects how strongly the two waves affect each other in

an oblique interaction. Figure 1 presents a schematic diagram that shows the difference

between θ and θ∗.

Figure 1. Contour plot of wave patterns of biperiodic KP solution when long stems

occur with the interaction angle θ and the other angle θ∗ which decides lines that wave

crests lie along. λ = 0 implies no oblique interaction.

4. Results and Discussion

For short-crested waves, setting the wave numbers (j, k) = (1, 1) for the linear

solution an higher harmonic becomes infinite when a certain set of (D, θ) satisfies a

relation:

αj,k tanh (αj,kD) = j2 tanh (D) , (25)
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which implies that the higher harmonic is resonated with the linear wave of (j, k) =

(1, 1), that is the order of the higher harmonic is inappropriate. Sometimes direct

numerical solutions are affected by harmonic resonances, although we find no resonance

in KP solutions. In particular, as the wave amplitude ε increases, direct numerical

solutions tend to be strongly affected by harmonic resonances. Therefore, we compare

the direct numerical solution and biperiodic KP solutions for ε ≤ 0.1. Note that, even

for ε = 0.1, wave heights at the peak H(0, 0)/D can exceed 0.3. We denote by A-I

cases involving the parameters (ε, θ) = (0.1, 45◦), (0.05, 45◦), (0.01, 45◦), (0.1, 59.5◦),

(0.05, 59.5◦), (0.01, 59.5◦), (0.1, 69.5◦), (0.05, 69.5◦), and (0.01, 69.5◦), respectively. For

cases A-I, the mean water depth is fixed at D = 2π/50 so that the KP approximation

of weak dispersivity is satisfied. In this section, we compare and analyze in detail

solutions for cases A-I. In section 4.1, we check the Fourier modes of direct numerical

solutions |Aj,k| for cases A-I to verify their accuracy. To clarify how the accuracy of

the biperiodic KP solution varies when the two KP approximations are not satisfied

(i.e., weak nonlinearity and weak two-dimensionality), section 4.2 compares both wave

frequencies and maximum wave heights of solutions with varying parameters ε, θ, and

D. Section 4.3 makes a qualitative comparison of the wave height over the whole space

between solutions. Finally, section 4.4 confirms the correction [1] for biperiodic KP

solutions.

4.1. Fourier mode analysis

In this section, we analyze the amplitudes of Fourier modes |Aj,k| of the direct

numerical solutions for cases A-I to verify their accuracy. Figure 2 shows the amplitudes

log |Aj,k| for cases A-I. When ε is relatively small (i.e., ε = 0.01, 0.05), the amplitudes

|Aj,k| rapidly decrease below 10−15 before one of the wavenumbers (j, k) reaches the

maximum N = 50. The amplitude |Aj,k| decays more slowly as ε increases, although

for ε = 0.1, |Aj,k| is sufficiently small (|Aj,k| < 10−10) for at least one wavenumber to

reach the maximum N = 50.

Similarly, |Aj,k| slowly decreases with increasing θ, thus strengthening the oblique

interaction, which implies that the stem length becomes more elongated, and the phase

more shifted. For example, figures 3(a) and 3(b) show Fourier modes and a wave profile

for the case (ε, θ,D) = (0.01, 88◦, 2π/50), which has a larger interaction angle θ than

that for the case of figure 2(i). As the oblique interaction increases, |Aj,k| becomes

more biased and decays more slowly in the direction of the wavenumber k, forming a

square wave at the central peaks in the k direction (i.e., a long-crested wave). Such

slowly converging solutions cannot be obtained with high accuracy by the perturbation

technique with setting (j, k) = (1, 1) as the fundamental, because setting (j, k) = (1, 1)

as the fundamental, implicitly assumes that the higher Fourier modes can be generated

at higher orders in the expansions, which evidently contradicts the requirements of

a slowly converging solutions. In deep water, for the case 90◦ − θ = O(ε), Roberts

and Peregrine [28] obtained a long-crested wave solution based on the Jacobian elliptic
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Figure 2. Fourier modes log |Aj,k| divided by wavenumbers j and k for cases A-

I where the depth is fixed at D/2π = 1/50: (a) case A:(ε, θ) = (0.1, 45◦), (b) B:

(ε, θ) = (0.05, 45◦), (c) C: (ε, θ) = (0.01, 45◦), (d) D: (ε, θ) = (0.1, 69.5◦), (e) E:

(ε, θ) = (0.05, 69.5◦), (f) F: (ε, θ) = (0.1, 69.5◦), (g) G: (ε, θ) = (0.1, 59.5◦), (h) H:

(ε, θ) = (0.05, 59.5◦), (i) I: (ε, θ) = (0.1, 59.5◦).

function, which includes higher Fourier modes even in the first order. In the biperiodic

KP solution also represents long-crested waves. We thus set the truncation number

N = 50 in (11) so that most of the solutions converge, even for the case of figure 3,

which corresponds to slow decay of the Fourier modes. Moreover, we exclude solutions

from the following results when Q in (10) does not satisfy the condition Q < 10−4ε.

Note that increasing the mean water depth D presents no problem because wave profiles

become smoother sinusoidal waves as D increases.
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Figure 3. (a) Fourier modes log |Aj,k| divided by wavenumbers j and k, and (b) wave

profile of the direct numerical solution for the case (ε, θ,D/2π) = (0.01, 88◦, 1/50),

showing that a strong oblique interaction results in long-crested waves with peaks that

almost correspond to Mach stems.

4.2. Comparison of W and α for various parameters (ε, θ,D)

In this section, we compare wave frequenciesW = ω/ω0 and maximum wave heights

α of direct numerical solutions and biperiodic KP solutions for various wave amplitudes

ε, interaction angles θ, and mean water depths D. Here, W is normalized by the

linear wave frequency ω0 =
√
gκ tanh(κh). The wave frequencies W of direct numerical

solutions and the biperiodic KP solutions can be written as

Wdir =
1√

G tanhD
, WKP =

√
D

tanhD

(
p− Ω1

6D

)
, (26)

where Ω1 is given in Appendix B. The maximum wave heights α of direct numerical

solutions and of biperiodic KP solutions are written as

αdir =
H(0, 0)

εD
, αKP =

HKP(0, 0)

εD
. (27)

We first focus on the effects of weak nonlinearity and weak two-dimensionality, setting

the mean water depth D = 2π/50 so that weak dispersivity is satisfied. Note that

(|η|max/h, κy/κx, κh) in (16) correspond to (εα, 1/ tan θ,D).

Figures 4(a) and 4(b) respectively compare W and α values of direct numerical

solutions with those of the biperiodic KP solutions while varying the nonlinearity

parameter ε and the interaction angle θ. Table 1 compares W and α for cases A-I

in more detail. The biperiodic KP solution cannot be obtained for angles θ larger than

those shown in figures 4(a) and 4(b) because θ reaches the limit of the range in which a

symmetric biperiodic KP solution can exist, which will become clear in section 4.4 upon

checking the parameter λ.

The biperiodic KP solution is consistent with the direct numerical solutions for both

W and α for small ε and large θ, which satisfies (16). Even for ε as small as 0.01, W



12

40 60 80

1

1.02

1.04

1.06

1.08

1.1

1.12

40 60 80

1.5

2

2.5

3

3.5

75 76 77

3

3.1

3.2

3.3

Figure 4. Direct solutions (dots) and biperiodic KP solutions (dashed lines) for

ε = 0.01 (bottom), 0.05 (middle) and 0.1 (top), showing the dependence of (a) wave

frequency W and (b) maximum wave height α on θ. The symbols × describe direct

numerical solutions of cases A-I, and the symbols ▷ on the vertical axis indicate

superposition of periodic KdV solutions involving the Jacobian elliptic function. Note

that α differs slightly between the superposition of periodic KdV solutions and

the direct numerical solutions, which may be due to the difference between single

periodicity and double periodicity, and the strong nonlinearity involved in direct

numerical solutions for large ε.

Table 1. For cases A-I, wave frequencies Wdir − 1 of direct numerical solutions, wave

frequencies WKP − 1 of biperiodic KP solutions, maximum wave heights αdir of direct

numerical solutions, maximum wave heights αKP of biperiodic KP solution, differences

WKP/Wdir − 1 between Wdir and WKP, and differences αKP/αdir − 1 between αdir and

αKP.

θ ε Case Wdir − 1 WKP − 1 αdir αKP
WKP

Wdir
− 1

αKP

αdir
− 1

45◦
0.1 A 3.06× 10−2 8.96× 10−2 1.81 1.96 5.73× 10−2 8.41× 10−2

0.05 B 1.22× 10−2 7.39× 10−2 1.64 1.79 6.10× 10−2 9.18× 10−2

0.01 C 8.48× 10−4 6.36× 10−2 1.23 1.39 6.27× 10−2 1.29× 10−1

59.5◦
0.1 D 3.50× 10−2 5.05× 10−2 2.09 2.39 1.50× 10−2 1.44× 10−1

0.05 E 1.34× 10−2 2.61× 10−2 1.76 1.89 1.24× 10−2 7.62× 10−2

0.01 F 9.00× 10−4 1.31× 10−2 1.25 1.32 1.22× 10−2 5.66× 10−2

69.5◦
0.1 G 6.59× 10−2 8.86× 10−2 3.28 3.60 2.13× 10−2 9.59× 10−2

0.05 H 1.84× 10−2 2.32× 10−2 2.20 2.38 4.67× 10−3 8.33× 10−2

0.01 I 1.04× 10−3 3.73× 10−3 1.31 1.35 2.69× 10−3 3.00× 10−2

and α for biperiodic KP solutions vary gradually from those for the direct numerical

solutions as the slight decrease in θ is too small to satisfy the weak two-dimensionality,

such as happens for θ = 45◦, and both W and α eventually diverge to infinity at θ = 0,
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Table 2. For cases D/2π = 0.05, 0.15, 0.25: wave frequencies Wdir − 1 of direct

numerical solutions, wave frequencies WKP − 1 of biperiodic KP solutions, maximum

wave heights αdir of direct numerical solutions, maximum wave heights αKP of

biperiodic KP solutions, differences betweenWdir andWKP, 1−WKP/Wdir and between

αdir and αKP, 1− αKP/αdir.

D

2π
Wdir − 1 WKP − 1 αdir αKP 1− WKP

Wdir
1− αKP

αdir

0.05 4.82× 10−4 1.78× 10−4 1.17 1.17 3.05× 10−4 4.45× 10−3

0.15 1.31× 10−4 −6.78× 10−3 1.05 1.04 6.91× 10−3 7.47× 10−3

0.25 1.14× 10−4 −2.23× 10−1 1.02 1.01 2.23× 10−1 1.47× 10−2

which is an apparent shortcoming of the KP equation. Figures 4(a) and 4(b) also show

that biperiodic KP solutions deviate from superposition of periodic KdV solutions as θ

becomes smaller, whereas direct numerical solutions approach superposition of periodic

KdV solutions. In their studies of solitons of the KP equation, Yeh et al. [1] pointed

out this shortcoming; moreover, they described how it can be corrected. We discuss this

correction in detail in section 4.4.

As the wave amplitude ε and the interaction angle θ increase, the number of

visible disconnections increases and bifurcation branches become larger. If we compare

biperiodic KP solutions and direct numerical solutions while avoiding bifurcation

branches and for the relatively large angle θ = 69.5◦, both the maximum wave heights α

and the interaction angles θ deviate with increasing ε. For example, for θ = 69.5◦, the

maximum wave height reaches αdir = 3.28 at ε = 0.1 (i.e., HKP(0, 0) = 0.328, and the

wave steepness ϵ = 0.164), results in the large differences, αKP/αdir − 1 = 9.75× 10−2

and WKP/Wdir − 1 = 2.13× 10−2.

Table 1 shows that WKP/Wdir−1 is less than αKP/αdir−1, which indicates that the

wave frequency less influenced by the failure of the weak nonlinearity approximation.

This is reasonable because the perturbation solution shows that the wave frequency is

primarily influenced by the wave amplitude ε at second order, whereas the wave height

is primarily influenced at first order. Consequently, the wave height is more sensitive to

the nonlinearity than the wave frequency.

Comparing numerical solutions to the KP equation and the second-order

fundamental water wave equation obtained by Bryant [7] suggests that values W and α

for the former solution are greater than those for the latter ones. This becomes more

pronounced with decreasing θ. These tendencies are consistent with the present results.

We next focus on the effects of the failure of the weak dispersivity approximation by

setting (ε, θ) = (0.01, 85◦) so that only weak nonlinearity and weak two-dimensionality

are satisfied. Table 2 shows W and α for both direct numerical solutions and for

biperiodic KP solutions for the ratio D/2π = 0.05, 0.15, 0.25 of the mean water depth

to the wavelength 2π. Figure 5 shows W and α as a function of the ratio D/2π. For

small water depths D/2π, the biperiodic KP solutions are in close agreement with the
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Figure 5. Direct numerical solutions (dots) and biperiodic KP solutions (solid lines)

for (ε, θ) = (0.01, 85◦), showing the dependence of (a) wave frequency W and (b)

maximum wave height α on the ratio D/2π. The truncation number N in (11) and the

number of samples n for the fast Fourier transform in (12) are set to (N,n) = (60, 128)

for D/2π < 0.01, and (N,n) = (50, 64) otherwise to obtain solutions that converge

adequately and satisfy Q < 10−4ε. The symbols × are labeled on the direct numerical

solutions for D/2π = 1/200, 3/200, 5/200, 7/200, the wave profiles for which are shown

in figure 7.

direct numerical solutions. Although KP solutions are offset a little from the direct

numerical solutions, the small discrepancies can be diminished by decreasing ε. Even

with ε as small as 0.01, as D/2π increases, W and α for the biperiodic KP solutions

gradually deviate from the values for the direct numerical solutions, thus violating the

weak dispersivity approximation. Interestingly, at the maximum depth studied here (i.e.,

D/2π = 0.25), 1−WKP/Wdir deviates by as much as 2.23× 10−1, whereas 1−αKP/αdir

deviates by only 1.47× 10−2.

Although comparing α is simple and important for verifying the accuracy of

solutions regarding the wave height, α gives the wave height just at the center point,

and not over the whole space. We discuss this point in the next section.

4.3. Comparison of wave heights

To quantify the accuracy of biperiodic KP solutions regarding wave heights over

the whole space, we use the normalized root-mean-square (rms) σ, which is a traditional

measure of error, to express differences between direct numerical solutions and biperiodic
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KP solutions. We defined σ as

σ2 =

∫ π

0

dT

∫ π

0

dY [H(T, Y )−HKP(T, Y )]2∫ π

0

dT

∫ π

0

dY H(T, Y )2
. (28)

This definition of σ is the same as the one used by Hammack [21] except that sums

are replaced by integrals, which are evaluated by the trapezoidal rule to obtain more

precise values. The truncation number for the trapezoidal rule are set sufficiently large

so as not to affect σ by more than 10−5. The value σ = 0 leads to a perfect agreement

of results, and σ = 1 is equivalent to using no theory at all.

For cases A-I, σ is 2.54× 10−1, 2.40× 10−1, 1.68× 10−1, 1.34× 10−1, 1.09× 10−1,

6.49× 10−2, 1.56× 10−1, 6.45× 10−2, and 2.73× 10−2, respectively. As expected, σ

mostly increases with increasing ε and θ, which is well predicted by α in the previous

section. However, some discrepancies exist between the tendency of σ and α: for

example, for case C, σ is relatively small, unlike the value of αKP/αdir − 1 (see table 1),

suggesting that σ should be used to more precisely judge the accuracy.

Bryant [7] shows that the central peaks of the biperiodic KP solutions are sharper

and higher than those of the corresponding solutions to second-order fundamental water

wave solution, and this feature becomes more pronounced with decreasing θ. For cases

A-I of the present results, cross sections through the central peak in the Y direction

show the same tendency. Similarly, we study a cross section through the central peak

in the T direction so that we can observe a stem, which reflects the intensity of the

oblique interaction. Figure 6 compares cross sections in the T direction and over a range

−π/2 ≤ Y ≤ π/2 of the direct numerical solutions and the biperiodic KP solutions.

As expected from the result of table 1, for case I, cross sections in the T direction

match each other well. For relatively large angles, as θ decreases, the central peak of

biperiodic KP solutions tends to be sharper and higher than that of the corresponding

direct numerical solutions, which is similar to the situation for cross sections in the Y

direction. This result clearly indicates that biperiodic KP solutions cannot model direct

numerical solutions in both qualitatively and quantitatively when θ is too small to

satisfy KP approximation (16). This clarifies the deficiency in appearence of biperiodic

KP solutions that corresponds to their deviations in figure 4(b).

For relatively small angles, as θ increases, the central peaks of both the direct

numerical solutions and biperiodic KP solution become stems elongated in the Y

direction, indicating that their phases are similarly shifted by the strong oblique

interaction. Stems of solutions grow even longer and higher as θ increases, thus

transforming their shapes into one-dimensional waves. (see figure 3 for an example).

For the case θ = 45◦, 59.5◦, as ε increases, the central peaks of the biperiodic KP

solutions tend to become sharper and higher than those of the corresponding direct

numerical solutions. For example, σ surprisingly reaches 2.54× 10−1 for case A. This

discrepancy is caused by the failure of both the weak nonlinearity and the weak two-

dimensionality approximations. Studying wave troughs at T = π/2 in figure 6, we see
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that, as the wave amplitude ε increases, a soliton lump forms as the effective width

decreases and the wave troughs flatten. This intuitive assertion is proved by verifying

that parameter b approaches 0, because the biperiodic KP solution matches with KP

two-soliton in the limit b → 0.

We next examine how σ changes upon varying the mean water depth D. For

D = π/10, 3π/10, 5π/10 with ε = 0.01, we calculate σ = 4.08662×10−3, 6.51459×10−3,

and 1.07203 × 10−2. The result for σ slightly increases with increasing D, when the

biperiodic KP solution violates the weak dispersivity approximation. In most of these

cases, profiles of the biperiodic KP solutions are virtually indistinguishable from those

of direct numerical solution. For example, profiles of direct numerical solutions labeled

by the symbol × in figure 5 are plotted in figures 7(a)-7(d). From these examples, we

can see how a solitary wave lump evolves as the water depth D decreases.

4.4. Correction for weak two-dimensionality approximation

For solitons, Yeh et al. [1] shows the deficiency can be corrected within the

framework of the KP theory by representing the wave amplitude as ε sin2 θ∗ instead of

the measured wave amplitude ε. In this section, we check whether this can be applied to

a periodic traveling wave by replacing solitons in Yeh et al. [1] with periodic solutions.

The KdV equation describes one-dimensional propagating waves with weak

quadratic nonlinearity and weak dispersion. Both KdV and KP equations accept

the one-dimensional periodic solution of the Jacobian elliptic function (hereinafter

referred as to periodic KdV solutions and singly periodic KP solutions). Figure 8

shows wave profiles of the periodic KdV solution HKdV(T + Y ) (see Appendix C for

details) and superposition of them for parameters (ε, θ,D/2π) = (0.01, 85◦, 1/200). As

mentioned earlier the biperiodic KP solution becomes unphysical for large interaction

angles θ because the KP equation is derived by choosing the principal direction for

wave propagation and assuming weak two-dimensionality. The same is true when it

comes to the singly periodic KP solution; therefore, for large interaction angles θ, the

superposition of the periodic KdV solution can express more reasonable waves than the

singly periodic KP solution does (see figure 4). In this respect, by comparing periodic

KdV solutions with singly periodic KP solutions, we may clarify the deficiency due

to the weak two-dimensionality approximation of the KP theory. Figure 9 shows the

wave frequency W and the maximum wave height α for periodic KdV solutions, singly

periodic KP solutions, and biperiodic KP solution. In figure 9, as the interaction angle

θ decreases, singly periodic KP solutions deviates from the corresponding periodic KdV

solutions; moreover, the singly periodic KP solutions appear to be asymptotic to the

biperiodic KP solutions. The deficiency of the biperiodic KP solutions resulting from

the weak two-dimensionality approximation is replaced well by the difference between

the periodic KdV solutions and the singly periodic KP solutions.

Similar to the correction provided Yeh et al. [1] for KP solitons, we provide the

correction that uses ε sin2 θ instead of the original wave amplitude ε for either biperiodic
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or singly periodic KP solutions. One can confirm this by replacing solitons of the

hyperbolic function in Yeh et al. [1] with periodic solutions of the Jacobian elliptic

function. According to this correction, we modify (23) as follows:

εD sin2 θ −HKP

(π
2
,
π

2
; b, λ

)
+HKP (π, 0; b, λ) = 0. (29)

Figure 10 and table 3 show results corrected using (29) instead of (23).

Table 3. Results from table 1 corrected using (29).

θ ε Case Wdir − 1 WKP − 1 αdir αKP
WKP

Wdir
− 1

αKP

αdir
− 1

45◦
0.1 A 3.06× 10−2 7.39× 10−2 1.81 1.79 4.21× 10−2 −1.35× 10−2

0.05 B 1.22× 10−2 6.70× 10−2 1.64 1.63 5.41× 10−2 −6.60× 10−3

0.01 C 8.48× 10−4 6.28× 10−2 1.23 1.23 6.19× 10−2 −3.25× 10−3

59.5◦
0.1 D 3.50× 10−2 3.68× 10−2 2.09 2.12 1.70× 10−3 1.62× 10−2

0.05 E 1.34× 10−2 2.11× 10−2 1.76 1.76 7.58× 10−3 2.18× 10−3

0.01 F 9.00× 10−4 1.27× 10−2 1.25 1.25 1.18× 10−2 −2.01× 10−3

69.5◦
0.1 G 6.59× 10−2 6.85× 10−2 3.28 3.42 2.47× 10−3 4.32× 10−2

0.05 H 1.84× 10−2 1.88× 10−2 2.20 2.22 3.91× 10−4 9.86× 10−3

0.01 I 1.04× 10−3 3.48× 10−3 1.31 1.31 2.44× 10−3 −7.66× 10−4

In addition to correcting the wave width, the wave frequency needs correction, which

is demonstrated by Yeh et al. [1] only for the KP soliton but not for the periodic

KP solution. We have yet to find a method to correct the deficiency in the wave

frequency of the biperiodic KP solution. The corrected wave frequency of the biperiodic

KP solutions still poorly approximate that of direct numerical solutions for small θ;

however, it accurately approximates the wave frequency for large θ, and this correction

tends to be more effective for large wave amplitude ε. In addition, the correction for

the maximum wave height α is highly effective over the whole range 30◦ ≤ θ ≤ 90◦.

If one looks for a weakly nonlinear shallow water wave model that well approximates

the wave frequency W and wave velocity both for large and small θ, Benney-Luke (BL)

equation can be considered as a good choice. In fact, Milewski et al. [29] compared the

wave velocities for symmetric wave solutions to BL with those to KP and KdV, and the

results showed that the wave velocities for BL correspond well with those for KP at large

θ and with those for KdV at small θ, which is similar to the present results of the wave

frequency of direct numerical solutions in figure 10 (a). The good agreement is due to the

isotropy of BL equation i.e., no priori approximation of the weakly two-dimensionality,

unlike KP equation.

Next, we examine the correction of the wave profile by studying the important

parameter σ and wave profile cross sections. Because the wave height HKP is corrected

using (29), to make HKP comparable with original the wave height, we renormalize it

as H∗
KP = HKP/ sin

2 θ. Table 4 compares the original rms σ with corrected rms σcor.
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θ ε Case σ σcor

45◦
0.1 A 2.54× 10−1 1.40× 10−2

0.05 B 2.40× 10−1 4.33× 10−3

0.01 C 1.68× 10−1 2.26× 10−3

59.5◦
0.1 D 1.34× 10−1 2.25× 10−2

0.05 E 1.09× 10−1 7.51× 10−3

0.01 F 6.49× 10−2 2.36× 10−3

69.5◦
0.1 G 1.56× 10−1 4.59× 10−2

0.05 H 6.45× 10−2 1.17× 10−2

0.01 I 2.73× 10−2 2.56× 10−3

Table 4. Original rms σ and rms σcor corrected using (29) and the renormalization

H∗
KP = HKP/ sin

2 θ for cases A-I.

Table 4 shows that the accuracy of the biperiodic KP solutions improves for all

cases. In most cases, σ decreases by one or two orders of magnitude, and the resulting

wave profiles of the direct numerical solutions are indistinguishable from those of the

biperiodic KP solutions (see figure 11). These results show clearly that the correction of

Yeh et al. [1] is highly effective even for periodic waves and not only for the maximum

wave height α but also for wave heights over whole space.

We now consider how this correction improves in terms of the parameter plane

(b, λ). Figure 12 shows b and λ before and after the correction for ε = 0.01, 0.05, and

0.1

As we have seen in figure 6, waves at the central peak are unrealistically narrow, and

wave troughs flatten with decreasing θ, thus transforming the solutions into solitons. In

the limit b → 0, only four terms in (19) [corresponding to (m1 = −1, 0), (m2 = −1, 0)]

become dominant near of the central peak (T, Y ) = (0, 0); these solutions asymptotically

construct an exact soliton solution. As shown by figure 12, the parameter |b| rapidly
decreases with decreasing λ or θ, which unnaturally sharpens the wave profiles. The

method of Yeh et al. [1] corrects the discrepancy so as to increase |b| as oblique

interaction λ weakens by assuming a smaller wave amplitude εD sin2 θ.

The maximum value on the horizontal axis in figure 12 is the maximum value

for the symmetric biperiodic KP solution; that is, λ = 1/
√
2, and λ almost reaches

the maximum for the largest angle θ, which explains why we find no biperiodic KP

solution with larger θ in figure 12. Similarly, no direct numerical solution is found with

high accuracy for angles larger than those shown in figure 4, which may be because

the solutions already reach almost the largest angles for symmetric direct numerical

solutions.
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5. Conclusion

We have shown herein how to compute the truncated double Fourier series

solution of the fully-nonlinear water wave equation in shallow water. This is done

by generalizing the method used by Okamura [2], and allows us to calculate solutions

for fairly shallow water and relatively large wave amplitude [for example, (ε,D/2π) =

(0.01, 1/200), (0.1, 1/50)].

We have also calculated exact biperiodic solutions to the KP equation based on

the Riemann theta function by assuming weakly-nonlinear, dispersive, two-dimensional

waves. To clarify how the accuracy of the biperiodic KP solution changes when some of

the KP approximations are not satisfied, we have compared direct numerical solutions

with the corresponding biperiodic KP solutions for various wave amplitudes, wave

depths, and interaction angles. This comparison extends the work done by Bryant

[7] to fully-nonlinear cases.

As in the results of Bryant [7], we have found that the wave frequency WKP and

maximum wave height αKP of KP solutions are greater than those of the corresponding

direct numerical solutions, Wdir and αdir and that this effect becomes more pronounced

with decreasing θ. Moreover, bothW and α eventually diverge to infinity at θ = 0, which

is a shortcoming of KP solutions. We have also found that the normalized difference

WKP/Wdir − 1 is less than αKP/αdir − 1, which indicates that the wave frequency is less

affected by the failure of the weak nonlinearity approximation, which is consistent with

perturbation analysis.

Bryant [7] also shows that the central peaks of biperiodic KP solutions are sharper

and higher than those of the corresponding solutions to second-order fundamental water

wave equations and that this feature becomes more pronounced with decreasing θ. For

cases A-I of the present results, cross sections in the Y direction show the same tendency

as obtained by Bryant [7]. These results clearly indicate that biperiodic KP solutions

cannot model direct numerical solutions both qualitatively and quantitatively when θ is

too small (e.g., θ = 45◦) to satisfy the two-dimensionality approximation. For relatively

large angles, the central peaks of both direct numerical solutions and biperiodic KP

solutions become stems that elongate in the Y direction as θ increases, thus indicating

that their phases are similarly shifted by strong oblique interactions

Interestingly, at the water depth D/2π = 1/4, which is the maximum water depth

studied here, and for ε = 0.01, the difference 1 − WKP/Wdir deviates by as much as

2.23× 10−1, whereas 1−αKP/αdir deviates by only 1.47× 10−2. In most of these cases,

profiles of the biperiodic KP solutions are virtually indistinguishable from those of the

direct numerical solutions.

Applying the correction of Yeh et al. [1] to the biperiodic KP solutions makes it clear

this correction is effective even for the biperiodic KP solution. However, the corrected

wave frequency of the biperiodic KP solutions still poorly approximates that of direct

numerical solutions for θ ≲ 45◦, although the wave frequency is accurate for large θ.

This correction tends work better for large wave amplitude ε. In addition, the correction
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works well for the maximum wave height α over the entire range 30◦ ≤ θ ≤ 90◦. Finally,

by simply dividing the wave height by sin2 θ, we have found that the correction provides

excellent results not only for the maximum wave height α but also for wave heights over

the whole space. In most cases, as rms σ decreases by one or two orders of magnitude,

the resulting wave profiles of the biperiodic KP solutions become indistinguishable from

those of the corresponding direct numerical solutions.
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three anonymous referees for their comments and suggestions on an earlier version of

this manuscript.
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Figure 6. Sequence of wave cross sections from direct numerical solutions (dashed

lines) and the biperiodic KP solutions (solid lines) over half a period −π/2 ≤ Y ≤ π/2

for T = 0, π/6, π/3, π/2 and ε = 0.1, 0.05, 0.01 in shallow water D/2π = 1/50 with the

angle θ fixed at (a) 45◦, (b) 59.5◦, and (c) 69.5◦.
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Figure 7. Wave profiles for direct numerical solutions labeled by × in figures 5(a)

and 5(b). The ratio of water depth to wavelength D/2π is (a) 1/200, (b) 3/200, (c)

5/200, (d) 7/200, and is thus revealing how a solitary wave lump evolves as the water

depth D decreases. The wave profiles of the corresponding biperiodic KP solutions

are virtually indistinguishable from these wave profiles shown. To obtain solutions

that converge adequately (i.e., Q < 10−4ε), the truncation number N in (11) and the

number of samples n for fast Fourier transform in (12) are (a) (N,n) = (60, 128) and

(b)-(d) (N,n) = (50, 64).

Figure 8. Wave profiles of (a) the periodic KdV solution HKdV(T + Y ) (see

Appendix C for details) and (b) superposition of them for parameters (ε, θ,D/2π) =

(0.01, 85◦, 1/200) which corresponds with the direct numerical solution shown in

figure 7 (a). The superposed wave profile (b) shows no interaction between waves,

and this is an example of waves indicated by the symbols ▷ on vertical axis in

figures 4, 9, and 10. For large θ, wave profiles of (a) and (b) are similar to those

of singly periodic KP solutions, however only singly periodic KP solutions unnaturally

narrow as θ decreases.
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Figure 9. Biperiodic KP solutions (dashed lines), singly periodic KP solutions (solid

lines), and periodic KdV solutions (dots) for ε = 0.01, 0.05, 0.1 respectively, showing

how (a) wave frequency W and (b) maximum wave height α depend on θ. The symbols

▷ on the vertical axis indicate the superposition of periodic KdV solutions. Since

both singly periodic KP solutions, and periodic KdV solutions involve no oblique

interactions, W and α do not increase for large θ.
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Figure 10. Results from figure 4 corrected using (29) (solid lines), direct solutions

(dots), and biperiodic KP solutions (dashed lines) for ε = 0.01 (bottom), 0.05 (middle),

and 0.1 (top), showing how (a) wave frequency W and (b) maximum wave height α

depend on θ. The symbols × indicate direct numerical solutions for cases A-I, and the

symbols ▷ on the vertical axis indicate the superposition of periodic KdV solutions.
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Figure 11. Sequence of wave cross sections from direct numerical solutions (dashed

lines) and the corrected biperiodic KP solutions (solid lines) over half a period

−π/2 ≤ Y ≤ π/2 for T = 0, π/6, π/3, π/2 and ε = 0.1, 0.05, 0.01 in shallow water

D/2π = 1/50 with the angle θ fixed at (a) 45◦, (b) 59.5◦, and (c) 69.5◦.
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Figure 12. Parameter plane (b, λ) for the biperiodic KP solutions, before (upper dots

for each ε) and after (lower dots for each ε) the correction for ε = 0.01, 0.05, 0.1 and

D/2π = 1/50. For each ε, dots are at intervals of θ = 0.5◦ except for the largest θ.

The symbols × denote solutions of cases A-I.
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Appendix A. A Jacobian matrix

Here, we show how to calculate the elements of the Jacobian matrix

J =


∂Fl,m

∂Aj,k

∂Fl,m

∂B

∂Fl,m

∂G
∂s

∂Aj,k

∂s
∂B

∂s
∂B

∂Π
∂Aj,k

∂Π
∂B

∂Π
∂G

 . (A.1)

Because no information is available on the derivatives of the wave height H, we evaluate

the derivatives by using, for example, the derivatives of (9):

∂H

∂Aj,k

= −∂P/∂Aj,k

∂P/∂Z

∣∣∣∣
Z=H(T,Y )

. (A.2)

In a similar manner, we can calculate each element of J as

∂Fl,m

∂Aj,k

=

∫ π

0

dT

∫ π

0

dY

(
∂Q

∂Aj,k

− ∂Q

∂Z

∂P/∂Aj,k

∂P/∂Z

)∣∣∣∣
Z=H(T,Y )

cos (lY ) sin (mT ) , (A.3)

∂Fl,m

∂B
=

∫ π

0

dT

∫ π

0

dY

(
−∂Q/∂Z

∂P/∂Z

)∣∣∣∣
Z=H(T,Y )

cos (lY ) sin (mT ) , (A.4)

∂Fl,m

∂G
=

∫ π

0

dT

∫ π

0

dY

(
∂Q

∂G
− ∂Q

∂Z

∂P/∂G

∂P/∂Z

)∣∣∣∣
Z=H(T,Y )

cos (lY ) sin (mT ) , (A.5)

∂s

∂Aj,k

= −
∫ π

0

dT

∫ π

0

dY
∂P/∂Aj,k

∂P/∂Z

∣∣∣∣
Z=H(T,Y )

, (A.6)

∂s

∂G
= −

∫ π

0

dT

∫ π

0

dY
∂P/∂G

∂P/∂Z

∣∣∣∣
Z=H(T,Y )

, (A.7)

∂s

∂B
= −

∫ π

0

dT

∫ π

0

dY
1

∂P/∂Z

∣∣∣∣
Z=H(T,Y )

, (A.8)

∂Π

∂Aj,k

=
∂P/∂Aj,k

∂P/∂Z

∣∣∣∣
(T,Y,Z)=(π/2,π/2,H)

− ∂P/∂Aj,k

∂P/∂Z

∣∣∣∣
(T,Y,Z)=(0,π,H)

, (A.9)

∂Π

∂G
=

∂P/∂G

∂P/∂Z

∣∣∣∣
(T,Y,Z)=(π/2,π/2,H)

− ∂P/∂G

∂P/∂Z

∣∣∣∣
(T,Y,Z)=(0,π,H)

, (A.10)

∂Π

∂B
=

1

∂P/∂Z

∣∣∣∣
(T,Y,Z)=(π/2,π/2,H)

− 1

∂P/∂Z

∣∣∣∣
(T,Y,Z)=(0,π,H)

. (A.11)

Appendix B. Determination of parameters for the biperiodic KP solution

To set a point of the maximum wave height at the center (T, Y ) = (0, 0), Θ is

already shifted by π in (19). For symmetric waves, the parameters satisfy

(M1, N1,Ω1) = (M2,−N2,Ω2) , d = b
(
1− λ2

)
. (B.1)

Besides the less important two phase parameters, we have nine parameters

b, λ, d,M1,M2, N1, N2,Ω1,Ω2. By using (B.1), we reduce the number of parameters

to five: b, λ,M1, N1,Ω1. To fix the period of solutions to 2π, we have set (M1, N1) =
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(D sin θ,D cos θ) where D and θ are already defined in (6) and below (6). The solution

(19) satisfies (17) if and only if parameters satisfy the four equations indexed by two

component vectors pi. In the case for symmetric wave cases, these four equations can

be written as

M ·X = 4S ·V, (B.2)

where

X = (Ω1Y1 +Y2, C)T, V = M4
1

(
1, 4 (1− λ) , 6(1− λ)2, 4(1− λ)3, (1− λ)4

)T
,

M =

 M1 ϑ̂(p4)
...

...

M4 ϑ̂(p4)

 , S =

 S1

...

S4

 .

Here, C is an integral constant,

Y1 = M1

(
1, 2 (1− λ) , (1 + λ)2

)
, Y2 = 3N2

1

(
1,−2 (1 + λ) , (1 + λ)2

)
,

Mi =

(
∂ϑ̂(pi)

∂b
,
1

2b

∂ϑ̂(pi)

∂λ
,
∂ϑ̂(pi)

∂d

)
, (i = 1, . . . , 4),

Si =

(
∂2ϑ̂(pi)

∂b2
,
∂

∂b

(
1

2b

∂ϑ̂(pi)

∂λ

)
,
∂2ϑ̂(pi)

∂b∂d
,
1

2b

∂2ϑ̂(pi)

∂d∂λ
,
∂2ϑ̂(pi)

∂d2

)
, (i = 1, . . . , 4).

The theta constant is given as

ϑ̂(pi) =
∞∑

m1=−∞

∞∑
m2=−∞

exp
[
(m+ pi)

T ·B · (m+ pi)
]
, (i = 1, . . . , 4), (B.3)

where p1 =(0, 0)T, p2 =(1/2, 0)T, p3 =(0, 1/2)T, p4 =(1/2, 1/2)T, and the vector m is

defined in (19). Here, ϑ̂(p2) is equivalent to ϑ̂(p3). (B.2) is arranged as

Mi · (Ω1Y1 +Y2) + Cϑ̂(pi) = 4Si ·V, (i = 1, 2, 4). (B.4)

Eliminating C from (B.4), Ω1 is written as

Ω1 =
4
(
Siϑ̂(pj)− Sjϑ̂(pi)

)
·V −

(
Miϑ̂(pj)−Mjϑ̂(pi)

)
·Y2(

Miϑ̂(pj)−Mjϑ̂(pi)
)
·Y1

. (B.5)

Without loss of generality, we choose indices (i, j) = (1, 2) for Ω1 and (i, j) = (1, 4) for

Ω2, and we obtain relation (20) between the parameters b and λ.

Appendix C. Determination of parameters for KP and KdV solutions of

Jacobian elliptic function

The singly periodic KP solution to (17) can be written as

U(X̂, Ŷ , T̂ ) = A dn2 (Θ;m) + U0, Θ = MX̂ +NŶ + ΩT̂ . (C.1)
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Here, we determine parameters A,M,N,Ω, U0 based on direct numerical solutions. The

Jacobian elliptic function dn(Θ;m) is defined as

x = dn(Θ;m), dn−1(x;m) = Θ =

∫ 1

x

dx√
(1− x2) (x2 +m− 1)

,

which has a period of 2K(m), where K(m) is the complete elliptic integral of the first

kind, and m is the modulus. For the singly periodic KP solution, the amplitude A and

dispersion relation become

A = 2M2,
Ω

M
= −4M2 (2−m)− 6U0 − 3

(
N

M

)2

. (C.2)

Setting M,N so that the period of the solutions is 2π in both direction X̂, Ŷ gives

(M,N) =

(
K(m)

π
D sin θ,

K(m)

π
D cos θ

)
. (C.3)

where D is the non-dimensional mean water depth in (6). Similarly to (21), we consider

the free-surface displacement of a traveling wave U∗ on the moving coordinate system

T ∗ and define the wave height of singly periodic KP solution:

HsKP(T, Y ) =
2D

3
U∗
(
K(m)

π
T,

K(m)

π
Y

)
,

U∗(T ∗, Ŷ ) = U(X̂, Ŷ , T̂ ), T ∗ = X̂ +
Ω

M
T̂ .

(C.4)

Using dn2(0;m) = 1 and dn2(K(m);m) = 1−m, the relation that corresponds to (14)

becomes

ε− 4

3
mM2 = 0. (C.5)

We solve (C.5) for the modulus m. Note that K(m) has logarithmic singularity at

m = 1, and the convergence of the hypergeometric series to compute K(m) becomes

slow with increasing m; therefore, we first transform variable by using m = 1−exp(−w),

and we recover m after computing w [30]. The relation that corresponds to (13) is

AE (m) + U0K (m) = 0. (C.6)

Here, we used the formula∫ 2K(m)

0

dn (Θ;m) dΘ = E (m) ,

where E (m) = E (π/2;m) is the complete elliptic integral of the second kind. The wave

frequency WsKP and the maximum wave height αsKP of the singly periodic KP solutions

are

αsKP = HsKP(0, 0)/D, (C.7)

WsKP = sin θ

(
1 + ε

(
1

m
− 1

2
− 3ε

2

E (m)

K (m)

)
+

1

2
cot2θ

)
. (C.8)

The periodic KdV solutions HKdV(T ) can be calculated in a similar manner setting

θ = 90◦.
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