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CLOSURE SYSTEMS AND CLOSURE
OPERATIONS IN DEDEKIND CATEGORIES

By
Yasuo KAWAHARA* and Kakuji TANAKAT

Abstract

The concepts of closure systems and closure operations in lattice theory are
basic and applied to many fields in mathematics and theoretical computer science.
In this paper authors find out a suitable definition of closure systems in Dedekind
categories, and thereby give an equivalence proof for closure systems and closure
operations in Dedekind categories.
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1. Introduction

Closure systems and closure operations in complete ordered sets are one of the
basic concepts in mathematics and theoretical computer science. For example, the
closure systems and closure operations are not only used in algebraic systems, graph
theory, a definition of topological spaces and formal concept analysis ,introduced by
Ganter and Wille (1999) and Ishida, Honda and Kawahara (2008), but also related with
Galois connections. Tarski (1941) and Freyd and Scedrov (1990) extensively developed
the mathematical framework for relational methodology. Schmidt and Stréhlein (1993)
and Schmidt (2006) proposed that the framework is applied to computer science.

Now we will briefly review the fundamentals on infima, closure systems and closure
operations in ordered sets. Let (X, <) be an ordered set. For a subset T of X an element
a of X is called the infimum (greatest lower bound) of T if

r<a < VteT. xz<t

for all x € X. The infimum does not always exist. The infimum of T will be denoted
by inf T' (if it exists). An ordered set (X, <) is complete if for all subsets T of X there
exists the infimum of 7T'. Closure systems and closure operations are defined in complete
ordered sets.

Let (X, <) be a complete ordered set. A subset S of X is a closure system if
T C S implies inf T € S. A mapping f : X — X is a closure operation if it is extensive
(z < f(x)), idempotent (ff(x) = f(x)) and monotonic (z < y implies f(z) < f(y)).
The motivation of the paper arose from the following four fundamental exercises in a
complete ordered set (X, <):

(i) The image f(X) of a closure operation f : X — X is a closure system.
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(ii) If S is a closure system of X, then the mapping fs : X — X defined by fs(z) =
inf S, is a closure operation, where S, = {t € X |t € § and = < t}.

(iii) If f: X — X is a closure operation, then fx) = f holds.

(iv) If S is a closure system of X, then fg(X) =S holds.

In this paper the authors aim to study closure systems and closure operations
in Dedekind categories and to prove the above four statements (i), (ii), (iii) and (iv)
with relational methodology. In general it may be so heavy to implement set theory
or predicate logic on computers. However, in Bergharmmer and Neumann (2005), the
Dedekind categories are algebraically defined by a few conditions and so their imple-
mentation would be much easier. The setting and definitions are eventually simple
but the proofs of our main results (Theorem 4.4, 4.5 and 4.6) seem to be relatively
technical. Also we will glance at point axioms and membership relations to supply
spread around this subject. However the reader should remark that the statements
and the proofs of the main results are independent of the point axioms ,introduced by
Kawahara (2008), and membership relations introduced by Freyd and Scedrov (1990)
and Ishida, Honda and Kawahara (2008).

The paper organised as follows. In Section 2 we recall some fundamentals on
Dedekind categories which are our background. In Section 3 we mention three candidates
of the definition of closure systems in Dedekind categories. In Section 4 we demonstrate
the above statements (i), (ii), (iii) and (iv) in Dedekind categories.

2. Dedekind Categories

In this section we recall a notion of Dedekind categories, due to Mac Lane (1999)
and Olivier and Serrato (1980), which is an abstraction of the category of sets and binary
relations or the category of sets and fuzzy relations. Throughout this paper, a morphism
« from an object X into an object Y in a Dedekind category (defined below) will be
denoted by a half arrow « : X — Y, and the composition of a morphism « : X — Y
followed by a morphism 3 :Y — Z will be written as a8 : X — Z. Also we will denote
the identity morphism on X as idx.

DEFINITION 2.1. A Dedekind category D is a category satisfying the following four
conditions:
DC1. [Complete Heyting Algebra] For all pairs of objects X and Y the hom-set D(X,Y)
consisting of all morphisms of X into Y is a complete Heyting algebra with the least
morphism 0yxy and the greatest morphism V xy. Its algebraic structure will be denoted
by
D(X,Y)=(D(X,Y),C,U,M,=,0xy,Vxy),

where C, LI, and = denote the inclusion order, the join, the meet and the relatively
pseudo-complement of morphisms, respectively.

DC2. [Converse] There is given a converse operation # : D(X,Y) — D(Y, X). That
is, for all morphisms o,/ : X — Y and 8 : Y — Z, the converse laws hold: (a)
(ap)t = ptat, (b) (af)f = a, (c) If o C o, then of C o,

DC3. [Dedekind Formula] For all morphisms o : X — Y, :Y — Zandy: X — Z
the Dedekind formula a8 M~ C a8 M afy) holds.
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DC4. [Residual Composition] For all morphisms «: X — Y and §:Y — Z the residual
composition « © §: X — Z is defined as a morphism such that v C a © § if and only if
af~y C B for all morphisms v: X — Z. O

An object I of a Dedekind category is called a (strict) unit if 077 # id; = V;; and
Vx1Vix = Vxx for all objects X. The unit I plays a role as substitute for a singleton
set.

In what follows, all statements are assumed to be those in a Dedekind category
with a unit I (unless otherwise stated) and the word relation is a synonym for morphism
in the Dedekind category.

A relation f: X — Y is called a function, denoted by f: X — Y, if it is univalent
(f*f Cidy) and total (idx C ff¥). The universal relation Vxr : X — I and the identity
relation idx : X — X are functions. Also it is trivial that Vx;Vy = Vxy holds for
all objects X and Y. An I-point z of X, denoted by x € X, is a function z : [ — X.
For a relation p : I — X the notation = € p will denote that z is an I-point of X with
x C p. The residual composition will be frequently used in the paper. For example, the
supremum sup(p, &) : V. — X is defined by

sup(p, &) = (po ) Ni(pof) ol

for a pair of relations p : V' — X and £ : X — X. Dually the infimum inf(p, £) is defined

by inf(p, £) = sup(p, £%).
The basic properties of Dedekind categories are listed in the following proposition.
For the proof refer to Appendix in Kawahara (2007).

PropPOSITION 2.2. Let o, : X — Y, 8,8 Y - Z,~:Z - U, §:U — Z,
p:V—=X and £ : X — X relations. Then the following holds.

(a) Ifa C o and BT B then aBC o',

(b) IfaC o and BT B thend' © T a0 f,
(©) a(U;B)) = Ujaf; and (Uja;)B = Uja; 6,
(d) If a and & are univalent then a(3 1 3)5% = aB6t M aB'ot,
(e) If a is total, o' is univalent and o C o then oo = o,

() a0 (BOv)=afoy and (0 © By Ea o By,

(8) aC (a0 p)0p,

(h) aof=[e0p)opops,

(i) If a is a function then a © = af and a(3 0 ~v) = af O,
(G) If B is a function then af © v = a O (v,
)

(k) If 6 is a function then (o © B)0* = a © B6¥,



92 Y. KAWAHARA and K. TANAKA

sup(p, &%) = sup(p © €4, ¢),
sup(p,§) C p© & Csup(p,§) O,

)
)
(m) If €€ E & and sup(p,§) is total then sup(p,§)§ = pOE,
)
)

—
©)

If f : W — V is a function then fsup(p,&) = sup(fp,&),
IfENE Cidy then sup(p, €) is univalent. O

An endorelation £ : X — X is called an order if it is reflexive (idx C &), transitive
(€€ C €) and antisymmetric (£M&* C idy). Note that ¢ is reflexive and transitive if and
only if ¢ = ¢ O €.

3. Closure Systems

In this section we will study the basic feature for closure systems with respect to
orders in Dedekind categories. First of all we will introduce so-called point axioms:

(PA1) For all objects X the identity V;x = Uyecxx holds.
(PA2) For all relations p : I — X the identity p = Uge,x holds.

The first point axiom (PA1) holds in the category Relr (Set) of sets and L-relations
as well as the category Rel(Set) of sets and binary relations. Of course the second point
axiom (PA2) comprises (PA1). A Dedekind category D is said to be representable if it
can be embedded in Rel(Set), namely there is a faithful relator from D into Rel(Set). In
a representable Dedekind category almost all statements valid in Rel(Set) hold. (PA2)
is so strong as to hold only in representable Dedekind categories. (PA2) fails even in
the Dedekind category of sets and fuzzy relations, because a lot of fuzzy relations from
a singleton set into a set have no expression as a sum of points which are basically crisp.

Extending the notions of membership predicate € and power sets in set theory one
can define membership relations and power objects in Dedekind categories as follows:
For an object Y a relation 3y : p(Y) — Y is called a membership relation if for all
relations « : X — Y there is a unique function a® : X — o(Y) such that a = a®3y-.
Then the domain p(Y) of 3y is called the power object of Y. The relation =x =
5x 0 3x% 1 p(X) — p(X) is an abstraction of inclusion order (or containment) of
subsets. Zx is clearly reflexive and transitive. Contrarily its antisymmetry need not
hold. But the paper will concern only the definition and the reflexivity of =x.

PROPOSITION 3.1. Let 5x : p(X) — X be a membership relation and p,v: I — X
relations. Then p C v if and only if p® C V@Eﬁx.

Proof. First note that p@EXii = (3x O p*)* always holds:

p@EXti = p@(Bx®9Xﬂ)li {EX:9X@9X’j }
= (5x03xFp*HE { p®: function and 2.2 (k) }
= (5x ©p)" {p%>x=0p}
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Assume p® C V9= %, Then it holds that

P93x

V@EXuBX

V@Sy { SXuEX [ BXn }
V.
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=
=
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=
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@

Conversely assume p C p.

@

p (@]

pO=x? {idgx) EEx }
(3x 0 Pﬁ)lj

Gxovht {pCrand2.2(b)}
ve=

[

X"

O

Intuitively a closure system is simply a subset C of a complete ordered set in which
the infimum for all subsets of C' is in C'. The following two propositions state three
candidates (that is, the statements (a), (b) and (c) in Proposition 3.3) for relational
definition of closure systems. The statement (a) may be a naive abstraction of closure
systems in Dedekind categories. Firstly we will show that the statements (a) and (b)
are equivalent under the assumption (PA1).

PROPOSITION 3.2. Let & : X — X and v : I — X be relations. Under the assump-
tion of the point aziom (PA1) the following two statements are equivalent.

(a) p C v implies inf(p,&) C v for all relations p: I — X.
(b) Vivu C v implies Vv inf(u, &) E v for all relations p: V — X.

Proof. (b)—(a) (b) is a generalisation of (a). That is, setting V' = I in (b) yields (a).
(a)—(b) Assume Viyp C v. Then for x € V it holds that zpu E Vyyp C v and so
inf(xp, &) C v by (a). Hence we have

Vv inf(p, §) (Uzeva)inf(p,§) { (PA1) }
Uerx lnf(:u7 E)
Uzev inf(zp, &)  { = : function and 2.2 (o) }

v, { inf(ap, &) Cv )}

Il

O

Applying the point axiom (PA2) and the membership relation the statement (a) is
equivalent to (c) in addition to (b).

ProprosiTioN3.3. Let & : X — X and v : I — X be relations. Under the assump-
tions of the point axiom (PA2) and the existence of membership relations the following
three statements are equivalent.

(a) p C v implies inf(p,&) C v for all relations p: I — X,

(b) Vivu C v implies Vv inf(u, &) C v for all relations p: V — X,
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(c) v°Ex?inf(3x,&) Cv.

Proof. In the last Proposition 3.2 we have already seen that (a) and (b) are equivalent
under (PA1).

(a)—(c) We will use the point axiom (PA2) here. Let s € v®Zx*. Then (s3x)® =
sCv9x¥ and so s5x C v by Proposition 3.1. Hence we have inf(s>x,£) C v by the

hypothesis (a) and

V@EXﬁ inf(ax,f) = ('—lsEV@Exns) inf(ax,g) { (PA2) }
usEV@EXﬁSinf(9X7 5)

Usepoz,: inf(s3x,§)  { s: function and 2.2 (o) }
v, { inf(s3x,§)Cv}

1

which proves (c).
(¢)—(b) Assume Vyyu C v.
Then p C Vyru and so ,u@ C

have )
inf(y, )

(It is trivial that Vyypu C v if and only if p C Vyv.)
(VV]V)@EXﬁ = V9=t by Proposition 3.1. Hence we

p®inf(3x,€) {n=n"x}
VVIZ/@EXﬁ inf(Bx,f) { u@ C VV]V@EXti }
VVII/. { (C) }

This completes the proof. O

e

Remark that implications (b)—(a) and (¢)—(b) in the last Proposition 3.3 have
been proved without point axioms. The statement (c) looks like a simple definition
of closure systems in Dedekind categories. However it is too strong, because when we
may adopt it as the definition of closure systems we encounter some difficulty to show
Theorem 4.4 below, one of main results in the paper. On the other hand the statement
(a) is so weak that the proof of Theorem 4.6 (b) fails. Originally category theory is
an algebraic system without elements and so we prefer to establish theory of closure
systems without the point axioms. Hence closure systems in Dedekind categories are
formally defined by using the statement (b) in 3.3. For more detailed discussion the
reader should refer Remark 1 and 2 after Theorem 4.4 and 4.6, respectively.

DEFINITION 3.4. Let £ : X — X be a relation. A relation v : I — X is a closure
system (with respect to &) if Vyyu C v implies Vyy inf(u,£) C v for all relations
w:V—=X. O

In what follows the point axioms (PA1l) and (PA2) as well as the completeness of
Heyting algebras in Definition 2.1 (DC1) will not formally assumed.

4. Closure Operations

In this section we will describe the definition of closure operations in Dedekind cat-
egories and demonstrate the equivalence between closure systems and closure operations
in a relational fashion. Usually closure operations are extensive, idempotent and mono-
tonic endofunctions. As the definition is quite transparent and universal, it is natural
to reach the following definition.

DEFINITION4.1. Let £ : X — X be a relation. A function f: X — X is a closure
operation (with respect to &) if f C &, ff = f and £ C fEfE O
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To discuss the equivalence of closure systems and closure operations we need that
involved infima are functions.

DEFINITION 4.2. A relation £ : X — X is called complete if sup(p,§) : V — X is
total for all relations p: V — X. O

A relation £ is complete if and only if for all relations p : V' — X the infimum
inf(u, &) : V — X is total. Recall inf(u, &) = sup(u © &5, €).

The following proposition shows that the completeness of endorelations reflects the
ordinary completeness defined for all subsets of the universe of discourse.

PROPOSITION4.3. Let 5x : p(X) — X be a membership relation. A relation
€: X — X is complete if and only if sup(35x,§) is total.

Proof. Tt is trivial that the completeness of £ implies the totality of sup(3x,&). Now
assume that sup(3x,£) is total. Then for all relations p: V — X we have

sup(p,§) = sup(u®>x,€)  {p=p®sx}
= u%sup(>x,§€), { p®:function }
which proves that sup(u, £) is total. O

As stated in the introduction the image of a closure operation induces a closure
system. This indicates the following theorem in the relational setting.

THEOREM 4.4. Let £ : X — X be a complete order. If f : X — X is a closure
operation, then the relation vy = Vix f: 1 — X is a closure system.

Proof. Assume pu C Vy;Vixf = Vyxf. Tosee inf(u,§) C Vyx f it suffices to show
inf(u, &) Cinf(p, &) f. First note that u C Vyx f iff u = pf*f = pf. Then it holds that

inf(p, &)f T (pO&)f
C poéf {220}
C pofe {&Crery
= pufoé {220)}
po et {uf=n}
= inf(u,&)¢*, { ¢ : complete and 2.2 (n) }
and so
inf(p, &) f = inf(p, &) f Minf(u, & { inf(p, &) f Cinf(p, )& }
— inf(u,O)(f N &) { inf(u.€) : fumction }
T inf(u,&)(EMEY) {fE&}
= it €). {eme Cidy )

Since f and inf(u, &) are functions, the identity inf(u, &) = inf(u, £)f holds by Proposi-
tion 2.2 (e). O
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Remark 1. Suppose that the statement (c) in Proposition 3.3 is used as the definition

of closure systems. Then an inclusion V?E x*inf (3x,&) C vy should be proved in the

last Theorem 4.4. If (v;)®Ex* C Viex)(Ox f)® holds, then we have

V]@Exﬁ inf(3x,6) T Vipx)(Gxf)®inf(5x,¢)
= Vieinf((3xf)93x,¢€)
= vIp(X) inf(aXfa g)

and the proof will be completed after showing inf(3x f,£) C inf(2x f,£)f by the same
proof in Theorem 4.4. The inclusion (v;)®Zx* C Viex)(3xf)® is readily seen in
Rel(Set) to show the equivalence that pu T Vy xf iff u C uf*f by Dedekind formula
(DC3) in Definition 2.1. However it is difficult (Curtis and Lowe (1995)) to show it
without point wise discussion or point axioms. For we do not know how to internally
manipulate Dedekind formula in power objects.

The following informal observation suggests how to construct a closure operation
from a closure system:

inflyev|z <y} = inf(xz&Ny¢)
= inf(xfﬂxvxy/,ﬁ) {:Z?VX[:id] }
xinf(§ M Vx v, §).

THEOREM 4.5. Let £ : X — X be a complete order. For all relations p : I — X
the function f, =inf(EMVxp,§) : X — X is a closure operation.

Proof. Set p = £ Vxp for short. The antisymmetry and the completeness of &
guarantee that f, is a function (Cf. Proposition 2.2 (p)). The inclusion f, C ¢ directly
follows from

fo € (poHot {f,=nf(p€)}
C (€ofoé {pce}
= ¢ { &:order }

Next we remark that the identities f,p = {p = p hold:

foPTEHED { frTEand ECE}

and
pE (poghogdnvVxp {22(g)}
C (fp®€)|_|VX1,0 {fpgﬁefﬂ}
= [N Vxip { f, : function and 2.2 (i) }
C [T Vxip). { DF (DC3) }

Thus we have f,f, = f, from the following computation

fpfp = fpinf(ﬁ,f) { fp = inf(févg) }
inf(f,5,&) { f,:function and 2.2 (o) }
ijlf(ﬁ,ﬁ) { fop=0p}

= f,
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and £ C fpffg from

&f, T o) {f,=mf(p¢)}
= &poe) {p=¢&}
C poét {2.2(f) and af(c 0 B)C B}
= ?%ﬂ@@ {22(n)}

O

Finally we show the equivalence of closure systems and closure operations in Dedekind
categories.

THEOREM 4.6. Let £ : X — X be a complete order.
(a) If f: X — X is a closure operation, then f = inf(§ M Vxxf,&) = f,, holds.
(b) Ifv:I— X is a closure system, then v =V x inf({ M Vx v, &) = vy, holds.

Proof. (a) Let f : X — X be a closure operation. First note that E M Vx;Vixf =
ENVxxf=f&f =&f follows from

ENVxxf T (f&fff*NVxx)f {DFand&C fEf*}
Cfef { ff=Fand fff Cidx }
C &f {fE¢}
C {NVxxf. {¢E¢}

Set g = inf(§MVxxf,&). Then it holds that

inf(f&f,&) {&f =fEf }

finf(¢f,€) { f:function and 2.2 (o) }
g

f€ {gCE &by 45}

g

(I

d
. 3 {idx ¢}
Efogt { g=inf(¢f,€) : function and 2.2 (n) }
fo& {idxCé¢}
fet. { f : function }

11

Hence we have
g fEnfe =fenehcy,

which proves g = f, because g and f are functions.
(b) First of all we note that v C V;x f, follows from

v L V(idX HVX[U> { DF }
C V(fﬂvX[Vﬂfﬁ) {ldngﬂfu}
= vpn(Eed) {&=co}
C v[pn(pod) {rC¢}
C vinf(?,¢) {22(g) }

vf,.
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On the other hand
VIxfy - V]X 1nf(f/,f) E 124

holds because v is a closure system and o C V xv. O

Remark 2. In the proof of Theorem 4.6 (b) the inclusion Vx f, C v has been proved by
virtue of Definition 3.4 of closure systems applying the statement (b) in Proposition 3.3.
The first point axiom (PA1) might be needed to show the inclusion using the statement
(a). In the concrete case (iv) in Introduction the containment fg(X) C S for a closure
system S readily follows from fs(x) = inf S, € S obtained by the definition of (concrete)
closure systems.

5. Conclusion

In this paper authors have studied the definitions of closure systems and closure
operations in Dedekind categories. In particular we could prove the equivalence of closure
systems and closure operations in Dedekind categories without point axioms by selecting
a suitable definition of closure systems. This means that the equivalence also holds for
not only (usual) set theory but higher-order intuitionistic set theory, since a Dedekind
category with power objects may be regarded as the relation category of a topos. Also
we encountered one concrete inclusion (Vyx f)@2x* C V To(x)(2x f)® with a so-called
traditional difficulty ,indicated by Curtis and Lowe (1995), to manipulate intermediate
variables in relational methods. The idea given in the paper proposes a possible way
to avoid such difficulties in relation algebras. The proof of the equivalence was rather
technical than an ordinary proof with set theory. However the relational proofs might
be similar to programs with functional languages and so will be useful in the future,
for example, to analyse some topological structure of algebraic systems such as Boolean
algebras in Dedekind categories by Kawahara (2008) .
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