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JUMP-DIFFUSIONS FROM FINITE SAMPLES

By

Yasutaka SHIMIZU™*

Abstract

Diffusion coefficients of jump-diffusion processes with finite Lévy measure are
estimated from discrete observations at points ¢ = i/n (i = 0,1,...,n) using
filtered conditional moments of increments. The estimation is based on the local
time for jump-diffusions and the consistency result is obtained. This is an extension
of the result for pure diffusion cases by Florens-Zmirou (1993).

Key Words and Phrases: diffusion coefficients, jump-diffusions, discrete observations, asymp-
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1. Introduction

On a filtered probability space (Q, %, (%#)o<i<1, P), we consider an one-dimensional
jump-diffusion process X satisfying the following stochastic differential equation:

X =Xo+ /Ota(Xs) ds + /Ot b(Xs—)dWs + AtAC(XS7z)u(ds7dz), (1)

where X is a random variable, coefficients a, b and ¢ are measurable functions such that
a:R—R,b:R—Rand c:R xR — R, respectively, W is a Wiener process, u(dt,dz)
is a Poisson random measure with the Lévy density m; E[u(dt,dz)] = w(z)dzdt. We
assume throughout this paper that [, 7(z) dz < co. Therefore (1) is well defined.

This paper is devoted to the nonparametric estimation of the diffusion function
B(-) := b*(:) from discrete observations obtained in [0, 1]-time interval, that is, {X;n }7 g,
where t =i/n; i =0,1,...,n.

Recently, several authors have studied the asymptotic inference for discretely ob-
served jump-diffusions; see e.g. Bandi and Nguyen (2003), Mancini (2004), Shimizu and
Yoshida (2006) and Shimizu (2006a,b) etc. All their works are discussed under the sam-
pling scheme such that ¢ =i x hy; @ = 0,1,...,n for a sequence h,, > 0 satisfying
h, — 0 and nh, — oo as n — oo. This is because they tried to estimate not only
the diffusion but also the drift and the Lévy characteristics such as a(z), ¢(z, z) and 7.
We know well that it is impossible to estimate these characteristics without the asymp-
totics nh, — oco. However it is nothing unusual in applications that the terminal nh,,
is fixed. In this paper we suppose that the observations are obtained in [0, 1]-interval,
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and try to estimate the diffusion function with the estimation of the drift and the Lévy
characteristics abandoned.

When X is a diffusion process without jumps; p = 0, Florens-Zmirou (1993)
proposed a nonparametric estimator of the diffusion coefficient in view of the fact
that t~1F [(X5+t — X2 X :x] — fB(z) as t — 0 from the same type of obser-
vations as ours. However when X is a jump-diffusion, the limit is not only A(-).
Bandi and Nguyen (2003) extended their work to the case of jump-diffusions although
the sampling scheme is different; h,, — 0 and nh,, — co. They also focused on the fact
that

%EI}) %E (Xt — X)X, = z] = B(z) + /RCQ(x, 2)mw(z) dz, (2)

and discretized the above conditional expectation when ¢ is small by using the local time
estimators for X. Such a procedure is essentially the same as in Florens-Zmirou (1993),
but the assumption that nh, — oo is necessary since the right-hand side of (2) includes
the Lévy characteristics. Moreover the fact (2) clearly does not indicate the possibility
of separate estimation of 3(-) and [ ¢?(-, z) 7(2)dz.

Our goal in this paper is to estimate 3(-) separately under the sampling scheme
that nh,, is fixed. In order to execute the separate estimation as above, we need to
discriminate whether the increment of neighboring data A; X™ = Xin — Xyn | includes
a jump or does not. An asymptotic filter proposed by Shimizu and Yoshida (2006)
or Shimizu (2006a) enables us to judge whether a jump occurred or not in (¢ ,,tF].
Although it is a stochastic judgment, the error rate asymptotically decreases as n — oo;
see Section 2. Using increments that are expected not to include any jump, we take
the similar argument to the one in Florens-Zmirou (1993); see Section 3, where some
estimators of the local time of X are presented. The estimator of 5(z); say [, (z) is
constructed in combination with their local time estimators. Our main result is for the
consistency: nlgl;o Bn(x) = f(x) in probability for appropriate points z € R, which is

presented in Theorem 3.7.

2. The basic idea of estimation

Let Y be an one-dimensional diffusion process that follows dY; = a(Y;) dt+b(Y;) dW;.
As already described, Florens-Zmirou (1993) focused attention to the following infinites-
imal conditional moment to construct an estimator of b%:

tim LB (Ve — ViRV, = 2] = P(x). 3)

This fact also indicates the possibility that we can extract only the diffusion part if we
can identify the increment from the time ¢ to the first jump time. For that purpose, we
introduce the asymptotic filter proposed in Shimizu (2006a), which is originally due to
Shimizu and Yoshida (2006). The filter can separate the jumps of the process and the
increment by diffusions asymptotically, and it helps us to discretize the expectation in
(3). This is the basic idea in this paper. Indeed, the estimator of 3(-) we propose in The-
orem 3.7 later would look like a discrete approximation of 7~1F [(Yt+7 - Y;)?Y; = m]
for small 7.

Before introducing the filter, we make the following assumptions, which is the
similar setting as in Florens-Zmirou (1993) and Shimizu (2006a).
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A 1 For a constant L and a function ((z) of polynomial growth in z, |a(x) — a(y)| +
b(x) = b(y)| < Llz —yl, |e(x, 2) — ey, 2)| < ((2)|z —yl, and |c(x, 2)| < ¢(2)(1 + |x]).

A 2 The Lévy density 7 is bounded and satisfies that [, |z|Pm(z) dz < oo for any p > 0.
Moreover sup, ¢ 1) E|X;|P < oo for any p > 0.

A 3 There exists cg > 0 such that infer |c(x, 2)| > ¢o|z| in a neighborhood of z = 0.

A 4 The coefficient a is bounded and twice continuously differentiable with bounded
derivatives. The coefficient b is three times continuously differentiable with bounded
derivatives such that there exists constants k and K with 0 < k < b(z) < K.

In the sequel, we use the following notation. Denote by A; X" := Xyn — Xy» ; the
increments of X in the interval (¢ ,,t?], and denote by J!* the number of jumps in that
interval. The symbol P;*, stands for the conditional probability on o-field .#» , and
E! | means that the expectation with respect to P |, that is, P {-} = P{-|F»_ }
and B} |[-] = E[-|# |. Moreover X <Y means there exists a constant ¢ > 0 such
that X < ¢Y. Let u,, be a real valued sequence, and R : R x R — R be a function for
which there exists a constant C' such that R(upn,z) < u,(1 + |2|)¢ for all z € R? and
n € N.

The following lemma is due to Shimizu (2006a), which is the key result in this
paper.

LEMMA 2.1. Suppose Assumptions A 1-A 3. Fiz an arbitrary constant L > 0 and
p €10,1/2). Then the following inequalities are valid for any p > 1 and sufficiently large
n € N:

PU{[AX < Ln~P J =0 = R(1, Xy ),
PP{|AX" < Lo Jp =1} = R(n~ 0% Xpn ),
P {|AX" < Lnr, Jr > 2} = R X ),

P {|AX" > Ln™?,J =0} = R(n~ ’Xt?;1)7
P {|AX" > Ln ", J =1} = R(n™" X ),
Pl {|AX" > Ln P J > 2} = R(n™2 X )

This lemma implies that, under n — oo, we can judge that the interval (¢ ,,¢?] has no
jump if |A; X" < Ln~" and the interval has a single jump if [A;X"| > Ln~", and that
we can ignore the event which includes more than two jumps in that interval. Although
this lemma holds for any L > 0 and p € [0,1/2) if we take sufficiently large n € N, it is
important in applications to choose L and p suitably for fixed n. On some methods to

choose a suitable (L, p), see Shimizu (2007b).

Let us define the further notation: C* = U?zlcﬁj; i=1,...,n, where
Ci; = {lAX"<Ln™?J7 =5} (=01,
e = A{]AXT| < LnTP Ul > 2}

Thanks to the previous lemma, we obtain the following estimates for moments of the
increments A; X", which are provided in Shimizu and Yoshida (2006), Proposition 3.2.
Therefore their proofs are omitted here.
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LEMMA 2.2. Suppose Assumptions A 1-A 3. Then

o [AXT(C
B [(A X™)21(Cl

(Cio)
(Cio)
B [(AiX™)*1(Co)
B [(AiX™)*1(C)

)

B = X g RO X ), (

= BXy 07t + RO Xy ), (
-2

= R(TL 7Xt?;1)7 (6

(

= 38Xy Jn?+ R(n"3 X ),

—1

where 1(A) is the indicator function of a set A.
REMARK. Under the same assumptions as in Lemma 2.2, we see that
Bl [|[AX"INL(C)] = RN X ) (8)
for any N > 1. See Remark 3.1 in Shimizu and Yoshida (2006).

In the next section, we propose some estimators of the local time of X, which will
play the role of 7 in (3), and together with Lemma 2.2 enables us to discretize the
infinitesimal conditional moments in (3).

3. Local time estimates

Before the discussion for estimators of the local time, we shall state some auxiliary
results for the local time of semimartingales

Notice that the assumption [, 7(2)dz < oo implies that Y5, [AX¢| < 00 a.s.,
which is an important hypothesis for the following useful lemma, see e.g. Protter (2004)

LEMMA 3.1. We denote by Li(x) the local time of the jump-diffusion (1) in x during
[0,¢], then Li(xz) has a version with cadlag in x and continuous in t, and the following
equalities hold true:

t

1
Li@) = Liet) =l > [ 1o <X, <ot X XL as,
1 t
Li(z—) = llj%g ; 1{x —e < X <2} d[X, X]S a.s.,

where [X, X|¢ is the path-by-path continuous part of the quadratic variation of X.

Moreover we denote by L;(z) the symmetric version of the local time, that is,

t
= lim %/ 1({|X, — 2| < ) d[X, X]° a.s.
0

The next lemma is known as the occupation time formula.

LEMMA 3.2. Let X be a semimartingale with the local time Li(x) in x during [0, ],
and let g be a bounded Borel function. Then

| nwyar= [ ax s as

— 00
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Now, let us construct estimators of the local time L;(-) from the data (Xin)o<i<n
using the asymptotic filter C™ := {C"}}_,, and show their asymptotic behaviors.
First we prepare a lemma. Hereafter we use a convention Z?:l = 0 and use

Ifyy=1{0<y<1}), I'(y=1{-1<y<0}), Iy = %1({|y| < 1}).

LEMMA 3.3. Suppose Assumption A 4. Let {0, }nen be a sequence such that 6,, — 0

and né,? — 0o as n — oo, and let A,, = fe_cms ’ for a constant C > 0. Then it
follows for each i=1,...,n and any s € (t*_{,t?] that

() 1 () o o

PROOF. Let Y be a strong solution process to the SDE dY; = a(Y;) dt +b(Y;) dW;
and Yir = Xyr . Then (Xi)ie(n | 4 is indistinguishable from (Y;)ie(n | 4n) on the
set {J = 0}. Hence it follows for any s € (t7_,,t?]; i =1,...,n, that

I G) - () preer-m],

< [rdixg, < ah -1y <o

= O(An)

Ll

as n — oQ.

|t < el > 8ub)| L, + 10X, > n el < 8D

P{1Xep | < 00, Voo | > 0 p + P{IX0n | > 80, Ve | <00}

Here we denote by p:(z,y) the transition kernel of the process Y from z to y in time t.
Then it follows under A 4 that

o) S e (2220 )

for a positive constant c¢; see Friedman (1964) p257. Therefore we easily see that

(z,y)| < t71/2exp(—cy?/2t); see also Lemma 1 in Florens-Zmirou (1993).
Therefore, denoting by D}'(dx) the distribution of X;» , we have

/ / s Ds— t"l 7y)dyD;L(d.T)
>0n

— cy?
e U= dyD!(dx)

P{IXu | < 0, Ve | > 00

/5n ly|>6n /S t?—l
< Ve Ot (> 0).

The same argument as above is possible on the term P{[X;n | > d,,[Ys—| < 0, } since

we also see by (9) that supj, s, [pe(z,y)] S t=1/2exp (—c'y?/2t) (¢ >0). O
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LEMMA 3.4. Suppose Assumptions A 1-A 4, and that 6, | 0, nd,> — oo and
6, 'A, — 0 as n — oo. Let g be a function that is bounded and Lipschitz continuous,

and let
[nt] X _
(n) _ 1 . tp, — % n
G (w) = o S aliee )1 (S5 aien)

for an arbitrary t € (0,1]. Then the following convergence holds true for any x € R:

lim |Gy (2) — g(2)8(z) Le()| 12 = 0.

n—oo
PRrROOF. Notice the following decomposition:

G () — g(x)8~ () Ly(x) | 12

1 o thﬂ—l -7z n -1 T
o S )1 (F5 ) 1 = 0) ~ g5 o)
n i n I
[nt]
1 Xip , =T\ - n o
s Zg(Xt?,l)I (5) 1(C UC)

i=1 Lt

1 Xpe —x
=D 9(Xe )1 (t) 1({|A X" > Ln~*,J = 0})

=: a1+ s+ az.

On the second term ag, it is easily seen that ag < 6n_1P{CZ’-f1 UCP,} since g and I are
bounded. Thus ay = O (6n_1n*(1+f’)) — 0 as n — oo. Similarly, we see that az — 0.

Let us estimate the first term «q. In the sequel, we assume t = 1 and x = 0
without loss of generality; see Florens-Zmirou (1993), and denote by M) = g
and L;(0) = L. We show G converges to g(0)3~'(0)L in L'-sense.

Notice that

s femer o [ 85 (5 e

b og(Xo) X, . o
/O 6nﬁ(XS)I( 5. ) d[X, X]$ = 9(0)57(0)L

L1

!

Ll
= M+

On the term 77, noticing that d[X, X]¢ = B(X;) dt, the Lipschitz condition for g, and
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that g and I are bounded function, it follows by Lemma 3.3 that

ERIICSRIES) e

EL P e

S G ()

- 0@{(%+n*®)ﬁo (n — o).

n n

1 i
n < ?Z/tn

1=1 i—1

ds

L1

ds

1

ds + b, 12/ e 0

A

“HlLtds

Ll

On the term -, thanks to Lemma 3.2, we obtain that

H/_D; El(%f&i)f (5:) dr —g(0)8~(0)L

9(0n9) + ~9(0) -
/R S L (6un) ~ S5 L| T(a)da
1

72

Ll

B(0)
7/0 H‘Z’(énq Ll 0"" HLI )dq

A

2
0
+%/‘Hm%@fimkmﬂﬂww

T e 90)
I [ |55~ 50 ‘ I(a) dg.

Here we see that L1 (6,¢) is uniformly integrable since sup,, ,.1,1<1 E|L(6nq)|* < 00, which
can be shown by Assumption A 2 and Tanaka’s formula (e.g. Protter (2004), p.213,
Theorem 68). Moreover L(+8,,q) — L(0%) a.s. by Lemma 3.1. Hence L(+d,q) — L(0+)
in L. Furthermore the bounded term ¢(8,9)3~(8,q) — ¢(0)8~1(0) by the continuity.
Therefore the last three terms converge to zero as n — oo by the Lebesgue convergence
theorem since I(q) dg is a probability measure. This completes the proof. O

REMARK. Suppose the same assumptions as in Lemma 3.4, and let

[nt]

Xn — X
(n) 2
G i 2o ( 5 )

Then we also see that lim |\é§”> () — g(2)B8 (x)L¢(2)||zr = 0 for all z € R since

n (0 1 Xip , —@ n -
G (@) = GV @) = Zg<xt;1>1<'5)1<{m¢x > In—*})

1=1 I
= O(n ', "),

which tends to zero as n — oo.
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By Remark 3., we have the following.

COROLLARY 3.5. Suppose the same assumptions as in Lemma 3.4. Then

L) = 1%(%)%1@)&(@,

noy, — On,
]
n 1 Xin  —x -
B = e Y0 ) (F5) - L)

in L'-sense as n — .

The above estimator Bén)(~) still includes the unknown function 8. Therefore we
provide its empirical version as follows.

LEMMA 3.6. Let

[nt]

H(n 1 Xt'?—l - n n
B™(z) = 521((5) (A X™)21(CP).

Suppose the same assumptions as in Lemma 3.4. Then, for allx € R and t € (0,1]
B(@) - Li(a). (10)

PROOF. We shall show that Bgn)(x) - Bﬁ”) (z) = 0, then Corollary 3.5 yields
the consequence. For that purpose, it suffices to show the following two conditions; see
Genon-Catalot and Jacod (1993), Lemma 9: as n — oo,

v — X
1

[nt] 1 X,
> Bl [51(3 )(AiX”fl(cm]Bi")(x) L0, (1
i=1 " "

[nt]

S B
=1

On (11), we see by Lemma 2.2, (5) that

2
5 ] 25 0. (12)

X n — X
‘;1 <t > (A X™)21(CT)

]
1 Xin —x
Sm | (F) @] - )
i=1 " "

[nt] Xin —1
1SR, (5) B [n(AXm21E) — (X )]
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(Xt—én_w> Er L [(AX)M(en)]

Moreover, on (12), we see by Lemma 2.2, (7) that

[nt]

1 (Xip, —x
B || (B0 ) @waeraen)
=1 n n

This ends the proof. O

The next theorem is our main result, which is the direct consequence from Corollary
3.5 and Lemma 3.6.

THEOREM 3.7. Suppose Assumptions A 1-A 4, and that 6, | 0, nd,> — oo and
6n "N, — 0 asn — oo. Then the estimator Bu(z) == BYL) (ac)/Lgn)(a:) is consistent to
B(x) for all x € R with Li(x) > 0:

Bn(x) - B(z)

REMARK. Mancini (2004) also proposes the same type of the asymptotic filter,
which can also be applied to our purpose. However, in that case, the order condition for
0, would be changed.

REMARK. Under the asymptotics h,, — 0 and nh,, — o0, it would also be possible
to estimate B(-) and [ ¢?(-, z)7(2) dz separately, and also a(-) by operating the asymp-
totic filter to kernel estimators by Bandi and Nguyen (2003). In particular, when ¢(x, 2)
is known, Shimizu (2007a) proposes a nonparametric estimator of [ G(-,z)m(z)dz for
any known function G.
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