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and
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Abstract

In this paper we investigate quantum cellular automata whose global transitions
are defined using a global transition function of classical cellular automata. And
we prove the periodicity of behaviors of some quantum cellular automata.
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1. Introduction

Since classical (discrete) cellular automata (CA, for short) were introduced by J.
von Neumann about 60 years ago, CA have been applied to various fields and much
research is still reported.

Feynman (1982) proposed first the notion of cellular automata on principle of quan-
tum mechanics, and Watrous (1995) introduced the first formal model of quantum CA
as a kind of quantum computer. He proved that there exists a partitioned quantum
CA which can simulate any quantum Turing machine efficiently with constant slow-
down. After introduction of the formal model some researches on properties of quantum
CA were reported. Diirr and Santha (2002) considered the properties between the lo-
cal function of quantum CA and the unitarity of the global transition function, and
proposed an algorithm to decide if a linear quantum CA is unitary. Van Dam (1996)
investigated quantum CA with circular bounded configurations and proved the exis-
tence of a universal quantum CA. Although most quantum CA investigated till now
have infinite cell space, Inokuchi and Mizoguchi (2005) dealt with quantum CA with
finite cell array. They introduced a notion of quantum CA with cyclic finite cell array
and showed a sufficient condition for local transition functions to form quantum CA.
And they introduced some examples of quantization method of reversible classical CA.
And several types of construction method of quantum cellular automata were proposed
by Schumacher and Werner (2004) and they showed that any quantum cellular automa-
ton is structurally reversible. Nevertheless much research on quantum CA has been
published, few research on dynamical behaviors of quantum CA has been reported very
much. Inui et al. (2005) studied statistical dynamical behaviors of a quantum CA. They
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calculated the time averaged probability of finding a configuration for cell size 4 exactly
in finite quantum CA defined by quantization of classical CA with Wolfram’s rule 150,
in addition they proved that the time averaged mean density of cells with the state 1 is
0.5 for arbitrary cell size.

Because quantum computation operates under the unitary law, the reversibility of
both quantum and classical systems has received much attention. A lot of papers con-
cerned with the reversibility of CA have been published and particularly the research
by Morita and Harao (1989) is widely noticed. They introduced partitioned CA with
which we can easily construct reversible CA, and proved that reversible CA are capable
of universal computation. Wolfram (2002) investigated the reversibility of several mod-
els of CA of the elementary CA with infinite cell array and showed that only six CA,
whose transition functions are identity function, right-shift function, left-shift function
and these complement functions, are reversible. In addition, Inokuchi et al. (2005) in-
vestigated the reversibility of elementary CA with one dimensional finite cell array and
proved that some CA including non-trivial CA are reversible and the other CA are not
reversible.

A quantization of classical CA by rotation of classical cells is introduced in Inokuchi
and Mizoguchi (2005) and we get quantizable classical CA, i.e. reversible CA, from the
results of Inokuchi et al. (2005). In this paper we investigate quantum CA with finite cell
array which can be determined by reversible CA and the quantization, and we focus on
the periodic behaviors of quantum CA. Bertoni and Carpentieri (2001) proved that for
any unitary matrix A and any € > 0 there exists ¢t € N such that ||A?! —id|| < e. Hence
any quantum CA behave almost periodically. Reversible classical CA with finite cell
array behave periodically because CA with finite cell array are finite transition systems.
It can be conjectured intuitively that quantum CA which are determined by reversible
CA and rotation of the product of 7 and a rational number behave periodically. For
example, the quantum CA, which is defined by a classical CA with behaviors of period
5 and rotation of %’T, have periodic behaviors of period 15. In the following discussion
we will prove for some quantum CA to behave periodically.

2. Preliminaries

In this section we define quantum CA and we mention the reversibility of classical
CA with one dimensional finite cell array. This definition of quantum CA was introduced
by Inokuchi and Mizoguchi (2005). The global transition function of quantum CA is
defined by the global transition function of classical CA and a rotation matrix.

Let C be the set of all complex numbers and I a singleton set {x}.

DEFINITION 2.1. Let X and Y be finite sets. A (transition) matrix of size |Y| x | X|
is a mapping

a: X xY —-C

DEFINITION 2.2. For each element z € X we define the matrix €, : I x X — C of
size | X| x |I| by

et ={ 5 0
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EXAMPLE 2.3. We let Q = {0,1}. Then ggp : I x Q? — C is

OO O

(
€00 = E
(

LEMMA 2.4. Every matrix p : I x X — C can be uniquely represented as a linear

combination
p= E kies
rzeX

where k,, is a complex number.

DEFINITION 2.5. A matrix a: X X Y — C is called a quantum matrix (q-matrix)
if it satisfies the unitary law

aTa = Id‘X‘
where o' is the transposed matrix of a and Id| x| is the identity matrix of size | X|.
LEMMA 2.6. e Fwery composite of g-matrices is also a g-matriz.

o A matriv M : X x Y — C is a ¢-matriz if and only if ump = (Mup)* (Mp) for all
matrices p,pu: I x X — C.

Let Q denote the set {0,1} of binary digits and n a positive integer and f : Q* — Q be
a local function with rule number R (0 < R < 255), where

R= Z giat2bte £(gpe).

abce@?

A classical CA CA — R.(n) with cyclic boundary condition has a global transition
function dg . : Q" — Q™ defined by

5R,c($1$2 T »Tn) = f(xnfﬂlxz)f(xlxﬂg) e f(xn—lmnxl)a

and a classical CA CA — R,_(n) with fixed boundary condition a — b (a,b € Q) has a
global transition function dg ,—p : @" — Q™ defined by

Ora—b(T122 - ) = flaxi22) f(T12223) - - - f(@Xn—120D)
for z1xo -, € Q™.

DEFINITION 2.7. A (rotation) matrix Ag : Q@ x @ — C is defined by

)\9:()\9((1),8) )Z(cosﬁ _Sin0>:QxQ—>(C

sinf cos6



20 S. INOKUCHI, Y. Mi1zoGUCHI, H. LEE, and Y. KAWAHARA

Trivially Ay satisfies the unitary law, that is, A\g is a g-matrix. We define the tensor
product of A\gs by

o cosfhg —sinflg
Ao ® Ay = ( sinf@lg  cosBAg )

cos? 6 —cosfsinf —cosfsinf sin® 6

B cos @ sin 6 cos? 6 —sin?@  —cosfsinf

o cos fsin 0 —sin 6 cos? 6 —cosfsinf |’
sin’ 0 cos 0 sin 0 cos fsin 0 cos? 6

and
ARXNR- DA = M@ (N ®--® Ng)

. cosf(Ng @ R Ng) —sinf(Ag® -+ N\g)
o Sinf(Ag@---®@Ag) cosO(Ag®@---® Ag)

And for m,n € C
m®n=m Xn.

DEFINITION 2.8. A quantum CA QCA—[4, 0](n) with n cells is a system consisting
of a bijection § : Q" — Q™ and a g-matrix g : @ x Q@ — C.

QCA—[5,0](n) =(6:Q" = Q" X:QxQ—C)

For a function 6 : Q™ — Q™ a matrix I' : Q™ x Q™ — C is defined by
_ 1 (y=4)
P ={ o (0700

If ¢ is a bijection it is trivial that I" is a g-matrix. For a quantum CA QCA — [4,0](n)
its global transition g-matrix A : Q™ x Q™ — C is defined by

A=Ng@Ag®@ @A) : Q" x Q" — C,

Ay, x) = Ao(y1,0(2)1) @ Ag(y2,0(2)2) @ - @ Ag(yn, 0(2)n) (2,5 € Q")
Ao (Y1, 6(2)1) A0 (Y2, 6()2) -+ Ao (Y, 6(2)n)

And we say that QCA — [6,0](n) and QCA — [¢§,6](n) are symmetric if § : Q" — Q"
and 0’ : Q™ — Q™ are symmetric (cf. Inokuchi et al. (2005)).

EXAMPLE 2.9. QCA-[890,0—0,0](2) is constructed by dgo0—0 : @* — Q2 and Ag : Q X
@ — C where dgp,0—o is the global transition function of CA-909_((2). The global
transition g-matrix A is

1 0 00
A = (( cos 6 sin@)@(cosf) —sinf )) 0 01 0
sinf  cosf sinf  cosf 01 00
0 0 0 1
cos?f cos fsin 6 cos 6 sin 6 sin? 0
_ —cos fsinf —sin® 0 cos? 6 cos 0sin 0
a —cosfsinf cos? 6 —sin? 6 cos fsin 6

sin® —cosfsind —cosfsinf cos? 6
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Hence the g-matrix Aeg; after one step transition from initial g-matrix gy is

0 cos fsin 6

1 —sin? 6
Agor = A 0| cos? 6

0 —cos fsin @

Usually we say that a classical CA(or its global transition function 4) is reversible

if § is injective. Since the cell size of classical CA treated with in this paper is finite, the
injectivity and the bijectivity of § are equivalent.
Generally the global transition function § : Q™ — Q" of a classical CA is not always a bi-
jection. Since quantum computations have to satisfy the unitarity law, we can construct
a quantum CA QCA — [§,0](n) if and only if the transition function ¢ of a classical CA
is reversible. The following table is an extract from the results of Inokuchi et al. (2005)
and shows the reversibility of 1D finite classical CA CA — R(n) with fixed and cyclic
boundary conditions.

’ Rule numbers H Fixed boundary \ Cyclic boundary ‘

204, 51 Reversible Reversible
240,15, 170, 85 Not reversible Reversible
90, 165 Reversible Not reversible
iff n =0 (mod 2)
60,195,102,153 Reversible Not reversible
150,105 Reversible Reversible
iff n # 2 (mod 3) | iff n # 0 (mod 3)
166,180,154,210, Not reversible Reversible
89,75,101,45 iff n =1 (mod 2)
others Not reversible Not reversible

We introduce the following term concerned with periodic behaviors of quantum CA.

DEFINITION 2.10. A quantum CA QCA — [§,0](n) is called “globally periodic” if
there exists a positive integer p such that

AP = Id|gn)-
Now we will use new notations of kg = cosf, k1 = sinf and @ defined as follows:
(z®y)i =i +y; (mod2) (z,y € Q")
Then using those notations, the (a,b)-th component of Ag is represented by
Xo(a,b) = (—1)F7 Dbk 00 (6).
And we let wu =11---1 € Q™. Then for x,y € Q™ we define

n
<,y >= Zﬂikyk,
k=1

which is the absolute sum but not the sum modulo 2, and

m(z) =< z,u>.
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It is trivial that m(z ® u) =n —m(x) and < x,y > + < z,z >=< z,y ® z > (mod?2).
At the end of this section we prove the following lemma which shows the elements
of the global transition g-matrix A of quantum CA.

LEMMA 2.11. For all configurations x,y € Q" the (y,xz)-th component of the g-
matriz A : Q" x Q" — C of QCA — [6,0](n) is given by

Ay, z) = (_1)<6(x),y®u> cos—m(8@)®Y) g Gipm(3(@)By) o
PROOF. Let x,y,2z € Q™ and 2’ = §(z). Then we have

Ay, x)
= )\0(3/1»55/1)>\6(y2»$l2))\G(ynaff%)
= (DTN e (O)(= 1)y (0) - (1) TV Ry, 60 (0)

= (—1)svewe >’iy1@z’1 (9)%2@% @) Ry, ®x!, (0)

_ (_1)<z’7y619u> cos™ (@' ®Y) g ginm (= ®y) g

3. Analysis of the Behaviors of Quantum Cellular Automata

All reversible CA with 2 states, 1D finite cell array were listed in the previous sec-
tion. We can consider that the behaviors of a quantum CA and its symmetric quantum
CA are isomorphic. Therefore in this section we deal with either a reversible CA or its
symmetric CA.

We will show the results of computer simulations of quantum CA QCA-[d60,0—0, 5](5)
(Figure 1) and QCA-[d60,0-0, §](5) (Figure 2). First we calculated the probability of

S 2
S0

3 15
S04

& 1
2

0.2

% 0 NN/ NIV N7

0 60
T (Step) 20 40 60 80 100

0 20

Figure 1: QCA-[d60,0-0, 5](5)

a0 60
T (Step 20 40 60 80 100

Figure 2: QCA-[d60,0—0, 7](5)
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finding the state 1 at each cells where the initial g-matrix is €gp100, and the results are
presented by darkness in the left-hand side figures. If quantum CA is globally periodic we
can see it from the left-hand side figures. In order to examine in detail we calculated the
change of the mean density of cells with the state 1 (the middle graphs in Figure 1 and 2)
and the discrete Fourier transformation of the middle graphs (the right-hand side graphs
in Figure 1 and 2). From Figure 1 we cannot obtain the result that QCA-[d¢0,0—0, 5](5)
is globally periodic. But from Figure 2 we can guess that QCA-[d60,0—0, §](5) is globally
periodic. From our computer simulation we can guess the following theorem which show
the globally periodicity of the behaviors of some quantum CA.

THEOREM 3.1. Let n be a positive integer. Then for QCA-[0rp.c.,0](n) the fol-
lowing table hold where r is a rational number, g.p. shows that QCA-[0gp.c.,0](n) is
globally periodic for any n, and g.p.1, g.p.2, g.p-3 and ¢.p.4 show that QCA-[0rp.c.,0](n)
is globally periodic if n is even, if n # 0 (mod3), if n # 2 (mod3) and if n is odd,
respectively.

0 5 1 rm others
b.c. 0-0 | ¢ [ 0-0] ¢ [00] ¢ |00] ¢
R=204 gp. | gp- | gp- | 90 | gp- | g-p ?
R=51 g.p. | gp. | gp. | g.p. | gp. | g.p. | 9-p- | g.p-
R=240,15, ? g.p. ? g.D. ? | g.p. ? ?
170,85
R=90,165 g.p1 ? g.p1
R=60,195 9.p ¢ g.p.
102,153
R=150,105 || g.p.2 | g-p-3 | g-p-2 | g-p-3
R=166,180, ? 9.D-4 ? ?
154,210,
89,75,
101,45

The following lemma is very useful for proving the theorem in the following discussion.
LEMMA 3.2. For any x € Q™ the equation
S (e {2 5o
0 otherwise
yeQn
holds.

PROOF.

P C D DIC

yeqr yeQr
_ Z (71)z1y1+~--+mnyn
yeQR™
n
= [La+@07
=1

2 if w=0n
I

otherwise
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3.1. Quantum CA with Rotation Angle 0 = 5

In this subsection we discuss the behaviors of quantum CA decided by reversible
CA and the 7 rotation.
s

The rotation g-matrix Ay of 6 = 7 is presented by

0 -1
As = ( 1 0 )
And the negation function = : @ — @ is easily represented by a unitary matrix
0 1
The negation function —: Q — @ is extended into a function -, : Q" — Q™ by

=@ .

Now we let 6r : Q™ — Q™ be a global transition function of a reversible classical CA
and dg : Q™ — Q™ the compliment function of dz, that is,

Or () = ~n(0r())

and let A : Q" x Q" — C and A’ : Q™ x Q™ — C be global transition g-matrices of
QCA — [0Rr, 5](n) and QCA — [6rs,0](n), respectively. Note that ép/ is reversible and
R’ =255 — R.
Then we have

w3

- (=1)m0@)  if 2 =6r(z) Du
0 otherwise
and ¢'(z) = §(z) ® u for z,z € Q™. Hence the equation
|A(z,2)| = |A'(2, z)]

holds for any z,z € Q™. The quantum CA QCA — [0/, 0](n) is essentially the classical
CA CA—-Rj_(n) and CA — R} . (n) is reversible. Therefore we have the following
proposition.

PROPOSITION 3.3. For any quantum cellular automata QCA—[0r, 5](n) defined by
the global transition function dr of reversible classical CA and the 3 rotation q-matriz
Az there exists a positive integer p such that

Ap == Iden‘

3.2. Quantum CA with Rule 204

Trivially the global transition function da94 of C A —204(n) is the identity function
Idgn on Q™. Welet A =X @A ® @A : Q" x Q" — C be the global transition
g-matrix of the quantum CA QCA— [d204, 0](n). First we will prove the following lemma.
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LEMMA 3.4. For any 0,0’ € R and any x € Q™ the followings hold:
I M® @A) (Ao @@ Agr) = (Ngtor @ -+ @ Agtor)
2. A(z,z) =cos" 0,
3. Az @u,z) = (—=1)""™=) sin™ 6.
ProOOF. 1. For any 0,6’ € R we can easily check A\gAgr = A\gg:. Hence we have

M@ @Xg)( Ay ®@--- @ Nor)
((/\g/\g/) R ()\9)\9/))
= (Motor @ @ Xotgr).

2.
Alz,z) = M@ @ N)(z,2)
= Adg(z1,21) X - X Ng(Tp, Tp)
= cos" 6.
3.
Alz@Du,z) = MR - N)(z B u,x)

= Ml —z1,21) X - X Ag(l — zpp, xp)
= sin™@ g(—sin )™
= (—1)"_7"(1) sin™ 6.

The global transition g-matrix A is unitary and using the above two lemmas we have
A™(z,x) = cos™ mb.
Hence we can get the following proposition:
PROPOSITION 3.5. In QCA — [d304,0](n) the following equation
A™ = Idgn
holds if there exists m satisfying

o min{ m' e N|m'0enZ} if niseven,
" | min{ m' eN|m'0 €2xZ } otherwise

3.3. Quantum CA with Rule 51

The global transition function d5; of the CA C'A — 51(n) is the negation function
—,. The global transition g-matrix of the quantum CA QCA — [§51, 0](n) is given by

A=) Q- ® (M) : Q" x Q" — C.
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2
2 cosf sinf 0 1
o)™ = <( —sinf  cosf > ( 10 ))
_ sinf  cosf \’
o cos —sind

= ldig.

And we have

Therefore we can prove the following proposition:
PROPOSITION 3.6. In QCA — [d51,0](n) the following equation
AQ - Id‘in
holds.
PROOF.
A? = (M) ®---® (Ng))?
= ()\eﬁ)Q R ® ()\6_‘)2
Id|Q| Q- Id|Q|
Idenl

3.4. Quantum CA with Rule 240 and 15

Classical CA with the local functions of rule number 240 and 15 are reversible

only in the case of cyclic boundary condition. We can prove the following lemmas on
quantum CA QCA — [0240,¢,0](n) and QCA — [d15,c, 0](n).

LEMMA3.7. LetT: Q" x Q" — C and IV : Q™ x Q™ — C be matrices determined
by d240,c : Q" — Q" and d15,c : Q" — Q" respectively. For any 0 the following holds:
LTM® @) =Ng®@ @ Ag)T,
2. (()\9 (SR )\g)F/)Q =12
PROOF. 1. For any z, y € Q™ we have
(Mg @@ X)D)(y, )
= (M@ @)Y, TnT1T2 - Tp1)
= (W1, wn) X Ag(y2,71) X Ag(ys,72) X -+ X Ao(Yn, Tn—1)
= Ao(y2, 1) X Xo(y3,22) X =+ X Xg(Yns Tn—1) X Ao (Y1, )
= (M@ @ X)) (Y23 Yn¥1,7)
= T ®@--®A))(y, ).

2. The equations —,,I' = ', and IV = —,,T" can be checked easily. Hence we have
(M@ @A) = (M@ ®Xg)m])?

(MA@ @A) (Mg @+ @ Ag)['=,, T

(

()\0 R ® Ae)ﬁn)Ql—Q
= I?
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Using the above two lemmas we can get the configuration after 1 or 2 transition
steps in QCA — [0240,c, 0](n) and QCA — [015,c, 0] (n) from QCA — [d204, 0](n). Hence we
get the following proposition:

PROPOSITION 3.8. Let A, A’ and A" be the global transition g-matrices of QC A —
[0204,0](n), QCA — [0240.c,0](n) and QCA — [d15,c,0](n), respectively. If there exists a
positive integer p such that AP = Idgn then the equations

(A)7 = Tdign),
and B

(A" = Idigny
hold where p' = lem(p,n) and p” = 2p’.

3.5. Quantum CA with Rule 90

Classical CA with the local function of rule number 90 are reversible only in the
case of n = 0 (mod 2) and fixed boundary condition. In this subsection we discuss the

behaviors of quantum CA decided by dgo,0—0, ¢ = § and cell size n = 0 (mod2).

When n is even, in classical CA CA — 90(n) of 0 — 0 boundary condition it can be
checked that dgg o_o(z) = 0™ if and only if x = 0™ for x € Q™. By using it and lemma
3.2 we can prove the following lemma.

LEMMA 3.9. In QCA — [090,0—0, §](n) for any x € Q™ the equation
A (z ®u,x) = (—1)%1Fn
holds where n s even.

PRrROOF. We let z,y, z be arbitrary configurations in @™. Then we can check that
the following equation holds;

< 890,0—0(y), 2 B u >+ < dgo,0—0(z),y ®u >
= < 090,0-0(¥),2 >+ < do0,0—0(y),u >+ < dg0,0—0(),y > + < dg0,0—0(z),u > (mod2)
= < 390,0-0(2),u >+ < (Y2,91 + Y3, Y2 + Ya, * Yn—2 + Yn, Yn—1), 2 >
+ < (y2,91 + Y3, Y2 + Y4, Yn—2 + Yns Yn—1),u > + < dg0,0-0(7),y > (mod2)
= < d90,0—0(x),u >+ < dgo,0—0(2),y >
He2+Dyr+ (21 + 1+ 23+ Dya + (22 + 1) + 22+ Dys
+ooo+ (Zn—ot 14+ 2+ Dyp—1 + (zn—1 + Dy, (mod2)
= < dg0,0-0(),u >+ < dgo,0-0(x),y >+ < dgo,0—0(2 ©u),y > (mod2)
= < d90,0—0(x),u >+ < dgpo—0(z®2zBu),y> (mod2)

Therefore by lemma 3.2 we have

A*(z,7) = ZA(z,y)A(y,x)

yeEQR™

(_1)<590,0—0(y)7z@u> (_1)<590,0—0(f)»y€9u> }

- 2 { V2)" ) V2)"

yeQn,
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390,0— ,
_ (—1>< 90,0—0(x),u> Z (_1)<690,0,0(x69z69u),y>

2’ﬂ
y€Q7L

_ ( 1 <d90,0—0(x),u> Zf 690’0_0(1‘ DzD u) = On

0 otherwise
B ( 1 <d90,0—0(x),u> ’Lf Tdz@u=0"
= 0 otherwise
_ [ C)mte ifz—aeu
= 0 otherwise

PROPOSITION 3.10. In QCA — [dg0,0—0, §](n) the equation
A4 == Id‘Qn'
holds where n is even.

PrOOF. For any z,z € Q™ we have

Atz,z) = ) A%zy)A%(y,2)
yer
B A%(z,y)A%(y,z) ify=rSuand z=ydu
- { 0 otherwise
- 1 ifz=x
o { 0 otherwise

3.6. Quantum CA with Rule 165

Classical CA with the local function of rule number 165 are reversible only in the
case of n = 0 (mod 2) and fixed boundary condition. In this subsection we discuss the
behaviors of quantum CA decided by 165,00, # = 7 and cell size n =0 (mod2).

In classical CA CA — 165(n) of 0 — 0 boundary condition we can check easily that

5165,0—0(“}) = 0" if and only if

- — (0110)F  if n =4k
Tl (1100)*11 if =4k +2

for w € Q™ where n is even and k = [§]. By lemma 3.2 and it we can get the following
lemma:

LEMMA 3.11. Let w € Q™ be a configuration such that d165,0—0(w) = 0™. Then in
QCA — [d165,0-0, §](n)

9 B (_1)I2+13+“-+9€n—1 Zf z=whrdu
A%z, 2) = { 0 otherwise

where n is even.
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PRrROOF. For any z,y,z € Q" we can get the following equation by the same way
as the proof of lemma 3.9;

< 6165,0—0(Y), 2 ® u > + < d165,0—0(T), Yy Du >
= < 6165,070(-'17) DzQu,u>+ < 5165,070(3’: DzD u),y > (mod?)

Then by lemma 3.2 we have

A2(Z,.’L‘) = Z A(Z,y)A(y,J?)

yeQn

(71)<5165,070(y),269u> (71)<5165,0—0(I),y®u> }

= 2 { V2)" * (V2"

yeQn

d165.0—0(2)B2zBuU,u
_ (71)< 165,0—0 () Dz@u,u> Z (71)<516510,0(x@z®u),y>

2n
yeEQR™
1)<616570—0(I)@Z@u’u> if 5165,0—0(58 Brd u) —Qn
otherwise

otherwise

(7

0
_ { (_1)<516570—0(1)@Z@u,u> ifr®zPu=uw
o 0

(_

0

1)w2+x3+~~+xn71 Zf z=wPrd®u
otherwise
PROPOSITION 3.12. In QCA — [d165,0—0, §)(n) the equation
A" = Tdgn|

holds where n is even.

PROOF. Let w € Q™ be a configuration such that d165,0—0(w) = 0™. Then we have

Aza) = ) N(zyA%(y,2)
yeQr
_ A%(z,y)A%(y,z) ify=wdrduand z=wdydu
o { 0 otherwise
- 1 ifz=z
o { 0 otherwise

3.7. Quantum CA with Rule 60

Classical CA with the local function of rule number 60 are reversible in the case of
any cell size n and fixed boundary condition. In this subsection we discuss the behaviors
of quantum CA decided by dg9,0—0 and 6 =

For x € Q™ and an integer ¢« (0 <i <n

we define (i) € Q™ as follows:

' SE|

e z(0) ==z

o 2(i); = p—it+1 + 1 (mod 2),
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o 2(i)it; =xj +Tp_it1+1 (mod 2) for 1 < j<n-—i,
. a:(i)i_j =Tp—itl T Tn—j+1 (HlOd 2) for1<j<i—1.
We can easily check the followings:

e (1) =(0,21,22,...,Tp—1) B (Tn, Tp,. .., Tn) Bu
o z(i+1)==x(i)(1)
e z(n)(l) =2

In addition, we can easily check that for any x € Q™ the equation dg0,0—0 () ®d102,0—0 (2B
u) = 0™ holds if z = 2(1) Then the following lemma can be proved.

LEMMA 3.13. In QCA — [d60,0-0, 5](n) the equation
A*(z,) = (FLym s if 2 = z(7)
0 otherwise
holds for any configuration x € Q™ and 1 <i < n.
PrOOF. We prove it by induction on 4. First, for x,y, z € Q™ we have

< 60,0—0(2),y & u >+ < dg0,0-0(Yy), 2B u >
= < 60,0—0(x),y > + < d60,0—0(x), u > + < d60,0—0(Y), 2 > + < dg0,0-0(y),u > (mod2)
= < de0,0-0(z),u >+ < de0,0-0(z),y >
+ < (W, y + Y292+ U3, Yn—2 T Yn—1,Yn—1 + Yn), 2 >
+ < (WL +y2,y2+ Y3 Un—2 + Yn—1.Yn—1 + Yn),u > (mod2)
= < d0,0—0(x),u >+ < d0,0-0(2),y >
1+ 1420+ Dyr+ (22 + 1423+ Dya+ (23 + 1+ 24 +1)ys
+oF (o1 + 1+ 20 + Dyt + (20 + 1yn (mod2)
= < dg0,0—0(x),u >+ < Jg0,0—0(2),y >+ < d102,0—0(z B u),y > (mod2)
= < d60,0—0(x),u >+ < d60,0—0(z) © d102,0—0(z D u),y > (mod2)

since the local function fip2 : @3 — @ with rule number 102 is represented by fip2(a, b, c) =
b+ c¢ (mod2) for a,b,c € Q. Therefore by lemma 3.2 we have

A?(z,2) = ZA($79)A(Z/72)

yeQR™

(_1)<560,0—0("L‘)7y€9u> (_1)<650.oo(y),z€9u>}

- 2T

yEQ‘VL
(_1)<560,070($)7U>

271

Z (_1)<560,070(37)@5102,070(2@“),11>
yEQ"

1 <860,0—0(x),u> Zf 560’070(33) o 5102)070(2 o u) — Q"
otherwise

(-
0
B ( 1 <d60,0—0(x),u> if 2 :x(l)
o 0 otherwise
(=)= 4f 2 = 2(1)
0 otherwise
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And we assume that the equation holds in the case of i < k. Then we prove that the
equation of ¢ = k + 1 holds.

AR (2) = Y AM(2,y)A%(y,2)
yeEQ™
_ [ (0ErUm e if y = (k) and 2 = y(1)
0 otherwise

_ ] nEEeG0e Gp s— (k4 1)
0 otherwise

For any = € Q™ we have

2(§)n =2 ij + n.
§=0 J=1
Therefore the following proposition holds:
PROPOSITION 3.14. In QCA — [d¢0,0-0, 5](n) the following
A2 = (—1)"Td)gn
holds.

PrROOF. For any z,z € Q™ we have

AP (za) = Y AP(z,y)A(y,x)
ye™
[ ()T if y=a(n) and = = y(1)
0 otherwise

_ { (_1)2?:0 z(j)n Zf =1

0 otherwise

0 otherwise.

_ { ()" ifz=ua

3.8. Quantum CA with Rule 195

Classical CA with the local function of rule number 195 are reversible in the case of
any cell size n and fixed boundary condition. In this subsection we discuss the behaviors
of quantum CA decided by 619500 and 6 = 7.

For x € Q™ and an integer ¢ (0 < i < n) we define z(i) € Q™ as follows:

e z(0) ==z
o z(i); = Tp_jt1 + i+ 1 (mod 2),

) .T(Z)H_J = l‘j + l'n—z'-&-l —+ Z(TL+]) —+ 1 (HlOd 2)
for1 <j<n-—i,
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o 2(i)ij = Tn—it1 + Tp—jt1 +i(n+j) +j(n +1) (mod 2)
forl1 <j<i-—1.

We can easily check the following equations:
o x(1) = (zp,Tn, ,Tn) ® (0,21, 22, -, Tp_1) B (n—1,n—2,---,0)
o z(i+1)=ux(i)(1)
o z(n)(1) ==

And we can easily check that for z € Q™ the equation d195,0—0(z)Dd170,0—0(2Du)DzduU =
0™ holds if z = 2(1). Then the following lemma holds by using the above fact and lemma
3.2:

LEMMA 3.15. In QCA — [d195,0—0, 5|(n) the equation

A¥(z,x) = (—1) 5= (<20 D tnaG-Da k=52 gp o — ()
0 otherwise

holds for any configuration x € Q™ and 1 <i < n.

PRrROOF. We prove it by induction on i. First, since the local function fi7 : Q3 —
Q@ with rule number 170 is represented by fi70(a,b,¢) = ¢ (mod2) for a,b,c € Q we
have the following equation modulo 2 by the same way as the proof of lemma 3.13:

< 0195,0—0(2), ¥y B u > + < d1950-0(y), 2 D u >
= < 0195,0-0(2) Bz B u,u >+ < d195,0-0(7) B d170,0-0(2 B u) B2z Du,y > (mod2)

Therefore by lemma 3.2 we have

A2z,z) = Y Aa,y)Aly,=)

yeQ™

(_1)<5195,070(w),y€5u> (_1)<5195,070(y),2®u> }

= 2 { V2" ) V)"

yeQR™
(_1)<6195,0,o($)€9z®u,u>

2n

Z (_1)<5195,070($)@5170,070(2€Bu)®z®u7y>
yEQ‘VL

B (_1)<6195,070(2)®z€9u,u> Zf 5195’070(1.) D 6170’0,0(2 D u) Dzdu=0"
0 otherwise

(_1)<§1957070(x)@z@u,u> Zf z = :E(].)
0 otherwise

_ [ (st S Gy ()
0 otherwise

And we assume that the equation holds in the case of i < k. Then we have

A2z 2) = ZA%(%Z/)A2(ZJ’Z')

yeEQ™
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(= 1) S {<el=Du>+na(i—1n+ 252 b+ <y(0)u>-+ny(0)n -+ 2052
_ if y=x(k) and z = y(1)

0
otherwise
_ [ (Sl ek 25 e g 1)
0 otherwise.

PROPOSITION 3.16. In QCA — [0195,0-0, 5|(n) the following

A2n+2 _ —Iden‘ n = 4k + 3
Idgn otherwise

holds.
PRrROOF. For any x,z € Q™ we have

A2 (z,)

> A%z y)A(y,2)

yeQR™

(—1) i {<el-Du>+na( =)+ 2051 1) {<yu>tnyn+20570 )
_ if y==(n) and z=y(1)

0
otherwise
n+1 - . n(n+1) )
(—1)21:1 {<z(j-1),u>+nz(j—1)n+ 25} if =1
0 otherwise
B (71){ +2n?tn 4 dntesndion? | 7ndeendszontany if 2 =1
0 otherwise

and we can check that

3 2 4 3 2 4 3 2 . .
P +22n —+n 4 4n +3761 +5n 4 m*+8n 1+229n +4n is Odd 1fn — 4k—|— 3

n3+2n2+n 4 4n4+3n3+5n2 =+ 7n4+8n3+29n2+4n
2

. & 15 is even otherwise.

Therefore we have

Idgn otherwise.

3.9. Quantum CA with Rule 150

Classical CA with the local function of rule number 150 are reversible in the fol-
lowing cases:

e n # 2 (mod 3) and fixed boundary condition

e n# 0 (mod 3) and cyclic boundary condition
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where n is cell size. In this subsection we discuss the behaviors of each quantum CA
decided as follows:

® 0150, any ¢ and cell size n =4
® 0150,c, 0 = § and cell size n # 0 (mod3)
® 0150,0-0, 0 = § and cell size n # 2 (mod3)

3.9.1. QCA — [b150.¢,0](4)

We set
cos (2;19 2!}(”){9) —9(n) 0( )
n cos2(2n 0 —gn
Al(n) = g(n) 0 cos?(2nb) —g(n) ’
0 g(n) g(n)  cos®(2nf)
g(n) (0) 0( | g9(n)
0 n)  —g(n) 0
AQ(TL) = 0 _gg n) ggén) 0 ’
gln) 0 0 g(n)
O T ) neng
B g(n 0 — sin“(2n —g\n
A3(n) = g(n)  —sin2(2n0) 0 —g(n) |’
sin?(2n0) g9(n) 9(n) 0
Al(n) —A2(n)
Bl(n) = (A?(n) Al(n) )’
A2(n) —A3(n)
B2(n) = ( A3(n)  A2(n) )’a”d
[ Bl(n) —B2(n)
C(n) = (BQ(n) Bl(n) )

Then we can show the following lemma:
LEMMA 3.17. In QCA — [0150,c,0](4) the following equation
A% = C(k)
holds for any positive integer k.

Therefore considering positive integer m such that cos?(2m#) = 1 we can get the follow-
ing proposition

PROPOSITION 3.18. In QCA — [0150,¢,0](4) the following equation
AP = Idign)

holds if there exists m satisfying m = min{ m’ e N | 2m'0 € nZ }.
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3.9.2. QCA — [5150,, ](n)

In the classical CA C' A — 150 of cyclic boundary condition we can easily check that
0150,c(x) = 0™ if and only if z = 0™ for x € Q™ where n # 0 (mod 3). Using the fact
and lemma 3.2 we can prove the following lemma:

LEMMA 3.19. In QCA — [d150,c, §)(n) the equation

9 ()P dfz=adu
Az @) = { 0 otherwise

holds for all x,z € Q™ where n # 0(mod3).

PROOF. For any z,z € Q™ we have

A*(z,7) = ZA(z,y)A(y,l‘)

yeQn

(—1)<0150,¢(y),2Ou> (_1)<5150,c(z),y@u>}

B XQ:{ v Ve

(=1)=mv <B150,0(2@2@u),y>
R e
yeQn
_ 1)<z,u> Zf 515070(‘@@2@10 B
- otherwise

otherwise

3

B 1)<wv> if z=z®u
otherwise

(_
0
(=1)<=v> 4frxPz=u
0
(_
0
The following proposition can be got immediately from the above lemma.
PROPOSITION 3.20. In QCA — [d150,¢, §](n) the equation
At = (=1)"Id|gn
holds where n # 0(mod3).

PrROOF. For any z,z € Q™ we have

A'zx) = Y A(zy)A%(y,2)
yen
_ Az, 2 D u)A2(zr Du,x) if v=1=z
- { 0 otherwise

{ (=)™ ifx==z2

0 otherwise
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3.9.3. QCA— [5150,0-0, Z](n)

In the classical CA C' A — 150 of 0 — 0 boundary condition we can easily check that
0150,0—0(x) = 0™ if and only if z = 0" for z € @™ where n # 2 (mod 3). Then we can
prove the following lemma:

LEMMA 3.21. In QCA — [0150,0—0, 5](n) the equation

9 B (_1)12+m3+'~~+$n—1 Zf z=xPu
Az z) = { 0 otherwise

holds for all x,z € Q™ where n # 2(mod3).

PrROOF. For any z,z € Q™ we have

Az) = Y Alzy)Ay.e)

yeEQ™

(_1)<5150.070(y),269u> (_1)<5150,070(€D),y®u> }

= 2 { V)" - V)"

yeQ™
(_1)rz+m3+-~+zn71

2”

Z (71)<5150,070(I®Z®U),y>
yeQ™

(_1)$2+w3+~~+wn71 lf 5150,070(55 DzD u) =0"
0 otherwise

= (7

0

Using this lemma we can get the following proposition:

1)x2+m3+~~+zn71 ifz=xdu
otherwise.

PROPOSITION 3.22. In QCA — [d150,0-0, (1)
A4 = (_1)nld‘Qn|
holds where n # 2(mod3).

PrROOF. For any z,z € Q™ we have

Alz) = Y A%zy)A(y,2)
yeqn
- A%(z,x D u)A2(z Du,x) if =2
- { 0 otherwise

0 otherwise

B {(-1)%2 if 1=z

0 otherwise.

{ (71)m2+I3+"'+9L’n—1(71)(I2+1)+(I3+1)+'”+(I”*1+1) Zf r==z
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3.10. Quantum CA with Rule 105

Classical CA with the local function of rule number 105 are reversible in the fol-
lowing cases:

e n # 2 (mod 3) and fixed boundary condition
e n =% 0 (mod 3) and cyclic boundary condition

where n is cell size. In this subsection we discuss the behaviors of each quantum CA
decided by as follows:

® 0105,c, 0 = T and cell size n # 0 (mod3)

® 0105,0—0, 0 = T and cell size n # 2 (mod3)

3.10.1. QCA — [d105,c, 5] (n)

In the classical CA C' A — 105 of cyclic boundary condition we can easily check that
0105,c(z) = 0™ if and only if © = 1" for x € Q™ where n # 0 (mod 3). Then we can
prove the following proposition:

PROPOSITION 3.23. In QCA — [d105,c, §](n) the equation
A2 - Id‘in
holds where n # 0(mod3).

PrROOF. For any z,z € Q" by lemma 3.2 we have

A?(z,2) = ZA(Z/!/)A(Z/:%)

yeQn

(_1)<5(y)72®u> (_1)<5(9¢)»y®u> }

- Z{ V2 (A

yeQTL
(_1)n+3m(x)+m(z€9u) Z (_1)<5(9¢@z@u),y>
2’!1
yeQ’!L

1 ifdrerou)=0"
- 0 otherwise
_ L ifzdzdu=u
- 0 otherwise
_ 1 ifz=z
- 0 otherwise

3.10.2. QCA — [51054),0, %](n)
In the classical CA C'A — 105 of 0 — 0 boundary condition we can easily check that
0105,0—0(w) = 0™ if and only if

~ [ (010)% if n=3k
YT 1000k if no=3k+1.
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for w € Q™ where n # 2 (mod 3). Then the following lemma can be proved by the
above fact and lemma 3.2:

LEMMA 3.24. Let w € Q" be a configuration such that d105,0—0(w) = 0. Then in
QCA — [6105,0-0, 5](n) the equation

9 ()=t f z=wdaBu
Az @) = { 0 otherwise

holds for any x,z € Q™ where n # 2(mod3).

PRrROOF. For any z,z € Q™ we have

A’(zz) = Y Az y)Ay,)
yeEQ™
(_1)<5105,0—0(y)7269u> (_1)<5105,0—0(I)1y€9“>
- 27 X }
LU W Vo)

105.0— 5
_ (71)< 105,0—0 () DzBu,u> Z (_1)<51051070(I@z@u),y>

2 yeQn
- (—1) <m0 0(@)@=Bu> G f 51550 o(x @ 2 G u) = 0"
0 otherwise
B (—1)<0105,0-0(2)B2Buu> 4 f iy 2Py =w
- 0 otherwise
B (—1)@ten Gf z=whrdu
o 0 otherwise

PROPOSITION 3.25. In QCA — [d105,0—0, 5](n) the equation
A" = Idign,
holds where n # 2(mod3).

PrOOF. For any z,z € Q™ we have

Atzm) = Y A(zy)A%(y,)
yeQ™
- A%(z,y)A%(y,z) ify=w@r@uand z=wdyDu
o { 0 otherwise
_ 1 ifz==z
o { 0 otherwise.

4. Conclusion

In this paper we treated quantum CA whose global transition function is defined by
the global transition function of classical CA and rotation of cells. A quantum cell can
be represented by any point on the sphere and a transition in quantum CA is considered
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as a movement from a point to another point on the sphere. While trivially classical
CA with finite cell array behave in finite space, we think that generally quantum CA
(including quantum CA quantizated classical finite CA) behave infinitely for any initial
configuration. In this paper we proved that some quantum CA is globally periodic.
Globally periodic quantum CA have infinite variety of configurations and finite behav-
iors from any initial configuration. That is, in globally periodic quantum CA for any
initial configuration we can get the same configuration after some step transitions. By
this property we may apply globally periodic quantum CA to cryptography theory or
quantum communication theory by using rule number and rotation angle as keys.
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Appendix A Computer Simulations

In this appendix we will show three kinds of results of computer simulations for
each QCA — [0R,pe, Mol(n). We let co = ggn-219 and ¢4 = egn-3199. The first results
(the left-hand side figures) shows the probability of finding the state 1 at each cells by
darkness. The second results (the middle graphs) shows the change of the mean density
of cells with state 1 and the third result (the right-hand side graphs) shows the discrete
Fourier transformation of the second results.

Appendix Al. Behaviors of QCA — [d60,0—0, Ag](D)
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Appendix A2. Behaviors of QCA — [d204,c,0](5)
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Appendix A3. Behaviors of QCA — [051,c, A9](5)
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Periodic Behaviors of Quantum Cellular Automata

° ° °
- > ®

Mean density Dica,t)

°

Mean densi ty DiCeon,t)
° ° °

°

°

Mean density D(Ceont. t)
° ° °

°

Mean density D(Ceont. t)
° ° °

Behaviors of QCA — [0240,¢, M) (5)

20 60
L Time (Step

175
15
125

1
0.75
0.5
0.25

80 100
20 40 60 80

100

Figure 13: 0 = 3

20 60
tTime (Step 20 40 60 80 100

Figure 14: 6 = %

0 60
o Time (Step) 20 20 60 80 100

Figure 15: 6 = &

70 60
t:Ti e (Step) 20 40 60 80 100

Figure 16: 8 = 0.35764

43



44

Appendix AS5.

S. INOKUCHI, Y. Mi1zoGUcCHI, H. LEE, and Y. KAWAHARA

Behaviors of QCA — [090,0—0, Ag](4)
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Appendix A6. Behaviors of QCA — [d165,0—0, A](4)
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Figure 24: 8 = 0.35764

45



46

Appendix AT.

S. INOKUCHI, Y. Mi1zoGUcCHI, H. LEE, and Y. KAWAHARA

Behaviors of QCA — [0195,0-0, \|(5)
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Periodic Behaviors of Quantum Cellular Automata

Appendix A8. Behaviors of QCA — [d150,0—0, Ae](4)
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Behaviors of QCA — [§150,c, Ag)(5)
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Periodic Behaviors of Quantum Cellular Automata

Behaviors of QCA — [0105,0—0, Ao(4)
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Appendix All. Behaviors of QCA — [§105,¢, A\g](D)
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