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Improvement of Implementation of IDR(s) and Bi_ IDR(s)
Methods in FEM Analysis by Element-by-Element Scheme
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Abstract: Large scale analysis of fluid dynamics needs much computational time and memory even if

state-of-the-art computers with multicores are used. This motivates us to incorporate Element-by-Element

scheme capability into the employed IDR(s) and Bi_IDR(s) methods which were recently proposed. A way

of obtaining a better convergence is insightful for kernel implementation of matrix-vector multiplication.

Through numerical experiments, we reveal performance improvement of kernel implementation.
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000000000000000000 Az =b0 IDR(s)
0000 BiIDR(s) 00000

2.1 IDR(s) O
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G = (I —w;A)(G;—1 N Null(P")) (1)
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() G C g1 forallj>0
(ii) G; = {0} for some j < N
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1. Let xp be a random vector, and put rg = b — Axg
2. Forn=0,...,s—1Do

3. v = Ar,

4. w= ®n,7n)

(Vn;vn)

5. q, = Wrn, en = —Wun

6. Tntl =Tn +€n, Tnt1 =Tn +4q,
7. End Do

8. Es=(es—1,..-,€0), Qs=(qs_1,---,4q0)
9. Don=s,s+1,...
10. Solve ¢, from PTEncn = PTrn
11. Vn =Tn — Ency

12. If mod(n,s+ 1) = s then

13. tn, = Avp

14. = Gm¥n)

(tn,tn)

15. en = —Encnp —win

16. q, = —Qncp +wu,

17. Else

18. q,, = —Qncp +wu,

19. e, = —Aq,
20. End If
21. Tnil =Tn +€n, Tpil = Tn +4q,

22. if [|[Pn+1ll2/]lroll2 < € then stop
23. Ent1 :(en7~~~7en+1—s)a Qn = (qn7~~.7qn+l—s)

24. End Do
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IDR(s) 000000000000 BiIDR(s)DOOO
oooo**ooo0o0o0on »y 000 G4 0000
00000000000000000000 200000
000000000 BiIDR(s) DOOOOOOOOO
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Tn+i+1J—pj (221,8,.]:1,,2) (3)
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1. Let @p be a random vector, and put 7o = b — Axg,

2. g,=q;,=0,i=1,...,s H=1l,w=1
3. n=0
4. While ||rn]|2/||70l|l2 > € Do
5. f=Plro, f=(¢1.....6s)
6. Dok=1,...,s
7. Solve ¢ from He = f,c = (v1,...,7s)
s s
8. V=Tn— Y Vigpdr =wv+ Y Vid;
i=k i=k
9. g, = Aqy,
{Make g;, orthogonal to py,...,P,_1 }
10. Doi=1,...,k—1
- o= (Pirgr)
Hii
12. gk =9k — Q9;,qr = 4 — Qq;
13. End Do
{Compute pl'g,,i =k,...,s update H }
14. Kik = (P, Gk), i =ky o8, Hi ) = pi 1
{Make residual orthogonal to py,...,p; }
15. g= 0k
Mk, k
16. Trtl = Tn — BGk, Tnt1 = Tn + gy,
{Update f = PTr }
17. If £ < s then
18. b =0,i=1,...,k,
19. ¢i =i — Bk, i =k+1,...,s
20. F=(¢1,---,¢s)
21. End If
22. n=n+1

23. End Do

24. t=Ar,
t
2. w= &)
(t,¢)
26. Tnil = Tn +Wrn,Tnt1 = Tn —wit

27. n=n+1
28. End While

3. DO0DOOOObDOooboOobOoo

3.1 EbEOOOOOOOOOOOOOOOO
gooboooooooooOoooooooooooooon
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Fig. 1000000000000 00000 Fortran O
0000000030000 A®e™(G, i, m)000000
0000000000000000000000000 j
0i0mO0000D00000D0O0O000O0O000000
U0mDOO0DO0DOO0O0O0O0O0 A®™(,i,m)00000
00000000 x000000000000 r0000
0000000000000 0000D000000000
0000 nmO0000D0000000O00DO0DO0

r(:) = 0.0d0
do m = 1, nelm
doi=1,9
doj=1,9
r(nn(j,m)) = r(nn(j, m)) + A™ 3, i, m)  x(nn(i, m))
enddo
enddo
enddo

Fig.1 A Fortran-like code of matrix-vector multiplica-

tion in EbE scheme.

O0000O0OO0OEpPEOOOOOOOOCOOOOOODOO
oooooooocoooooo

3.2 0000000D0000D0000000

Fig.2 0000000 tmp 00000 x(nn(i,m)) 00
000D0000000000000000000 Fortran
000000000000000000000000000
000 x(on(i,m)) 000000000000000000
00000000000000000000000000

00000000000000000000000000
00000000000000000000000000
000000000000000000000000000
00000Fig.20000020000 x(nn(i,m)) 00
0tmp000D00000000D000D0000O000O0O
00000O0x(nn(i,m)) 000000000000000
000000000D000000000000D00000
x(nn(i,m)) 000000000000000000000
oooo

r(:) = 0.0d0
{Initialize r(k) (k=1,...,N)}
do m = 1, nelm
doi=1,9
tmp = x(nn(i, m))
doj=1,9
(o, m)) = r(un(j, m)) + A% (5,1, m) * trp
enddo
enddo

enddo

Fig.2 A Fortran-like code of matrix-vector multiplica-

tion using temporary variable “tmp”.

3.3 000000 A®™ 00000000
Fig.20000000000 tmpO000000O0O000O
00000000000000000000000000
O0O0Fig.3000000000000000000000
00000000000000000000000 Fortran
00000000000000000000000000
0000000000000000Fortran 000000
00000000000000000000000000
00000000000000000000000000
000000000000000000000Fig. 3000
Ae™(j i, m)000i0000 ;00000000000
0O00O00A®™(, i, m)00000000000000
000000000000000000000000
Fig.300000000000000000000000
00000000000000 A®™ 000000000
000000000 A®™ 00000000000000
00000000000000000000000000
000000000 OFig. 40 Fig. 1000000000
Fig.50 Fig.2000000000000000

4. 0O 0O O O
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r(:) = 0.0d0
do m = 1,nelm
doj=1,9
tmp = x(nn(j, m))
doi=1,9
tmp = tmp + A°™ (j,i, m) * x(nn(i, m))
enddo
r(nn(j, m)) = tmp
enddo
enddo

Fig.3 A Fortran-like code of matrix-vector multiplica-

tion using poorly simple exchange between indices

7330
1.

LLj77 and
r(:) = 0.0d0
do m = 1, nelm

doj=1,9
doi=1,9

r(nn(j, m)) = r(nn(j, m)) + Aslem. (i, j, m) * x(nn(i, m))

enddo
enddo
enddo

Fig.4 A Fortran-like code of matrix-vector multiplica-

tion according to row-wise reference of Acle™-

r(:) = 0.0d0
do m = 1, nelm
doj=1,9
tmp = r(nn(j, m))
doi=1,9
tmp = tmp + A'™ (i, j, m) * x(nn(i, m))
enddo
(m(j, m)) = trp
enddo
enddo

Fig.5 A Fortran-like code of matrix-vector multiplica-

)

tion using temporary variable “tmp” and accord-

ing to row-wise reference of Aclem-
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000 At=0.0100000000000 1000000
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s=1,2,4,8000000000000000000OO
00000 20000]|res1ll2/||rollz <1078 00000
0000000000oO0O0O0O0o0o0UoooDO 10000

4.1 IDR(s) 0000

O0D000IDR(s) 000000000 DOOO0ODOOODOO
000 Table 1 0000 Primequest 580 (000 PQO
00)000 IDR(s) D0D0O0O0DO0DDOODOO Table 2
0000 SR16000 (DODOSROOD) OO0 IDR(s) O
000000oooooooooo cooooooooo
gettimeofday( ) 000D OO0O0O0O0DDDO IDR(s=4)0
O000CO0O0O00OTable 10 Table 2000000
goooobooooo

opt. 00000 option OO0O
prio. 0000000000000 (priority)
lev. 0000000000 0OD0OO0O00 (level)

solv.time | 00 0000000000000
mat.time | 000000000000 O0O0OOCOOO

gboboooooobdoboobuobobooobooo
gboooooobobooooboobobooooboooooo
O FortranOOOO0O0O0D0OO0OO0OOO

(1) lev.1000DOO0DOO0 (Fig. 10 Fig.4000)

(2) lev2000 lev.1 D0DO0D0O0DO0OOOO 30000
00000000 (loop-unrolling)

(3) lev.3000 lev.100DODOOODOO0ODODOODDOOO
000000000000 (Fig.20 Fig.5000)

(4) lev40 00O lev.3000000000O00O 30000
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Table 1 0 Table 2000 “ratio-1” 00000000
gooooOoOoOoOoOoOO0 to00O0O0OOoObOOOoDDOo
000000000 000O0%atio-2”7 0 “ratio-3” 0000
goooooOooooOoOopooooooood oo
O00000O00ooOooo (levl)D0DO0DOOODODOO
ooo0o0oooUooooooooooog

Table 1 Performance improvement of IDR(s) method by

some implementations on PQ.

4.2 BilIDR(s)0000
OD00O0O0D0BIIDR(s) 00000000000 Ta-
ble 30 PQO O Bi_IDR(s) 0000 OTable 40 SROD
BilIDR(s) 0000000000000 BiDR(s = 2)
00000000000

Table 3 Performance improvement of Bi_IDR(s) method

by some implementations on PQ.

opt. | prio. | lev. solv.time mat.time
[sec.](ratio-1) | ratio-2 | [sec.] | ratio-3
-00 col. 1 473.68 | 1.000 | 439.42 | 1.000
2 | 436.91 (1.00) | 0.922 | 402.60 | 0.916
3 416.04 | 0.878 | 381.68 | 0.869
4 385.84 | 0.815|350.49 | 0.798
row 1 474.30 | 1.001 | 439.59 | 1.000
2 | 435.88 (1.00) | 0.920 | 401.09 | 0.913
3 355.19 | 0.750 | 319.99 | 0.728
4 316.69 | 0.669 | 282.23 | 0.642
-Kfast | col. 1 35.53 | 0.075| 34.10| 0.078
2 | 32.38 (0.074) | 0.068 | 31.06 | 0.071
3 35.23 | 0.074| 33.95| 0.077
4 32.35 | 0.068 | 31.06 | 0.071
row 1 16.39 | 0.035| 15.08 | 0.034
2 7.75 (0.018) | 0.016 6.48 | 0.015
3 17.15| 0.036 | 15.75| 0.036
4 16.60 | 0.035| 15.29 | 0.035

opt. | prio. | lev. solv.time mat.time
[sec.](ratio-1) | ratio-2 | [sec.] | ratio-3
-00 col. 1 482.90 [ 1.000 | 390.61 | 1.000
2 | 447.56 (1.00) | 0.927 | 356.61 | 0.913
3 430.53 0.892 | 338.48 0.867
4 395.07 | 0.818 | 304.31 | 0.779
row | 1 479.57 | 0.993 | 388.86 | 0.996
2 | 446.41 (1.00) | 0.924 | 354.99 | 0.909
3 373.36 | 0.773 | 283.76 | 0.726
4 341.06 0.706 | 249.64 0.639
-Kfast | col. 1 31.66 | 0.066 | 33.69 | 0.086
2 | 28.99 (0.065) | 0.060 | 30.82| 0.079
3 31.74 | 0.066 | 30.18 | 0.077
4 29.09 | 0.060 | 27.53 | 0.070
row 1 14.98 0.031 | 13.42 0.034
2 | 7.33(0.016) | 0.015| 5.79| 0.015
3 14.97 | 0.031| 13.42 0.034
4 15.06 | 0.031| 13.51| 0.035

Table 2 Performance improvement of IDR(s) method by

some implementations on SR.

opt. | prio. | lev. solv.time mat.time
[sec.](ratio-1) | ratio-2 | [sec.] | ratio-3
-O0 | col. 1 139.48 | 1.000 | 116.32 | 1.000
2 | 133.25 (1.00) | 0.955 | 110.42 | 0.949
3 121.57 | 0.872| 98.65| 0.848
4 115.17 | 0.826 | 92.27| 0.793
row | 1 130.86 | 0.938 | 107.98 | 0.928
2 | 130.79 (1.00) | 0.938 | 107.64 | 0.925
3 89.34 | 0.641| 66.46 | 0.571
4 92.24 | 0.661| 69.25| 0.595
-Oss | col. 1 8.15 | 0.058 7.33 | 0.063
2 8.11 (0.061) | 0.058 7.27 | 0.063
3 8.04 | 0.058 7.23 | 0.062
4 8.12 | 0.058 7.30 | 0.063
row | 1 6.51 | 0.047 5.68 | 0.049
2 6.50 (0.050) | 0.047 5.65 | 0.049
3 6.71 | 0.048 5.87 | 0.050
4 6.70 | 0.048 5.88 | 0.051

Table 4 Performance improvement of Bi_-IDR(s) method

by some implementations on SR.

opt. | prio. | lev. solv.time mat.time
[sec.](ratio-1) | ratio-2 | [sec.] | ratio-3
-O0 | col. 1 | 141.05 (1.00) | 1.000 | 130.97 | 1.000
2 134.39 | 0.953 | 124.30 | 0.949
3 121.14 | 0.859 | 111.06 | 0.848
4 114.00 | 0.808 | 103.92 | 0.793
row | 1 | 131.43 (1.00) | 0.932|121.36 | 0.927
2 131.06 0.929 | 120.99 0.924
3 84.83 | 0.601| 74.75| 0.571
4 87.96 | 0.624 | 77.89| 0.595
-Oss | col. 1 8.72 (0.062) | 0.062 8.17 | 0.062
2 8.68 | 0.062 8.13 | 0.062
3 8.69 | 0.062 8.14 | 0.062
4 8.68 | 0.062 8.13 | 0.062
row | 1 6.91 (0.053) | 0.049 6.36 | 0.049
2 6.94 | 0.049 6.38 0.049
3 7.14 | 0.051 6.59 | 0.050
4 7.17 | 0.051 6.60 | 0.050

IDR(s) 0000 Table 10 Table 2000 Bi_IDR(s)
0000 Table 30 Table 4000000000000
oooooooo



-90— goboobobooobg

ej00000O0OOOODOOOOOLDOOOOODOOO
ooooooooooboooooboooooboOoooon
oooooooooobocoooobooooobooooon
0OPQOSROOOOOO

eIDR(s) D OO0D0ODOODDOODDOOUOOOOO
lev20000000000000O00O0O00OO

0000000000 A®™ 00000000oooog

gboooao

eJIDD A™ O0UID0UDOO0ODOOOOOODO
eJ0I0SRODOA®™ O0OODOODODODOOO
gbooooboooobooooooboobobooooogaon
00 PQUOOA™ 000000D00D0000O00O
gbooooobooboooooooboboooooooon
O00OTable 100000000 (ratio-1) O 0.065 O
0001600000000 Table3O0OOOO 0.0740
ooo8oooooooooboodod

5. O 0O O

EbEODOODODODODOOODODNOONOODO
000 IDR(s) 00 BiIDR(s) 000000000000
000000000000000000000000000
000000 A®®™ 000000000000000000
00000000000000000000000000
000000000000 A™™ 00000000000
000000000000000000000000000

g o o o

1) E. Barragy, G. Carey: A parallel element-by-element
solution scheme, Int. J. Num. Meth. Engrg., Vol.26,
pp.2367-2382, (1988).

2) G. Beer, I. Smith and C. Duenser: Element-by-element
techniques and Parallel Programing in The Boundary
Element Method with Programming, Springer Vienna,
(2008).

3) J. Erhel, A. Tranard and M. Vidrascu: An element-by-
element preconditioned conjugate gradient method on a
vector computer, Parallel Computing, Vol.17, pp.1051-
1065, (1991).

4) T. Hughes, 1. Levit, J. Winget: An Element-by-Element
Solution Algorithm for Problems of Structural and Solid
Mechanics, Comput. Meths. Appl. Mech. Engng., 36,
pp.241-254 (1983).

5 00000000000000DO00O0D0O CIVAOOUO
gooboboobooooooobobo vooooooooo
00000 (2005)0

6) 00000000000 DO0OOO0O00O0OOOOooOOoDO
00000000000O0o0oOooOooOo (2008)0

7) 0000000000000 0OOLevel Set DOOOOOO
gooboboobooooooooobooooboOoD 8000
000000D5-60 pp.1-40 (2003)0

8) 00UDDLODUDDODOODDOOLODODOUOOO CAE
0000 000000UooUoooooooooo(2001)0

9) H. Okuda, K. Ohshiro and T. Atsugi: Data-parallel com-
putation of EBE finite element method for air/water/soil
coupled systems, Computational Mechanics, Vol.23,
pp.158-163, (1999).

10) 0000000000000 00O0000 EBEOOOOO
00o00ooooDOooo0ooooooDo (BO)OVol.esd
No.6400 pp.3869-38760 (1999)0

11) 00000000 O00SMP Clusters 0000 Element-by-
Element 000000 Hybrid 000000000000
1400000000000000 pp.347-3480 (2001)0

12) 00000000000 O0O000OO0OU0oODOoUoOo
Element-by-Element 00 000000000000000
00000 OTransaction of JSCESOPaper No.200700220
(2007)0

13) 000000000000 00Element-by-Element Matrix
Storage Free 0000000000 OO0OOOOOODO
00000 Vol.110 pp.483-4840 (2006) 0

14) OO00OO0O0OOOUOOIDR(s) DO0ODO0OOOOOOOOOO
J000000000000o0oooooooovol.190No.30
pp-329-3500 (2009)0

15) 000000000000 0D00000 BidIDR(s)O0OO
0oooooooo@on)

16) Y. Saad: Iterative methods for sparse linear systems
(2nd edition), SIAM, Philadelphia, (2003).

17) 00 000000000000 000D00IT TextOOO
00 HPCOODOODOODOODOOOODO (2009)0

18) T. Sheu, C. Fang and S. Tsai: Application of an
Element-by-element BiCGStab iterative solver to a
monotonic Finite Element Model, Computers and Math-
ematics with Applications, Vol.37, pp.57-70, (1999).

19) P. Sonneveld, M. van Gijzen: IDR(s): a family of sim-
ple and fast algorithms for solving large nonsymmetric
linear systems, SIAM J. Sci. Comput., Vol.631, No.2,
pp.1035-1062, (2007).

20) P. Sonneveld, M. van Gijzen: An elegant IDR(s) variant
that efficiently exploits biorthogonality properties, De-
part. of Applied Math. Anal., TR08-21, Delft University
of Technology (2008).

21) 0O00O0OpenMPUOOODOOOOOOOOOOOOOOO
00 O (2006)0

22) M. van Gijzen: Iterative solution methods for linear
equations in finite element computations, PhD thesis,
Delft University of Technology, (1994).

23) H. van der Vorst: Iterative Krylov methods for large
linear systems, Cambridge University Press, (2003).

24) N. Vannieuwenhoven, K. Meerbergen: An element-by-
element algebraic multilevel block-ilu preconditioner,
Abstract of ICCAM 15th Int. Congress on Computa-
tional and Applied Math., Leuven, July 05-09, (2010).

25) M. Wang, T. Sheu: An element-by-element BiCGStab
iterative method for three-dimensional steady Navier-
Stokes equations, J. of Computational and Applied
Math., Vol.79, pp.147-165, (1997).

26) J. Winget, T. Hughes: Solution algorithms for nonlinear
transient heat conduction analysis employing element-
by-element iterative strategies, Comput. Meths. Appl.
Mech. Engng., Vol.52, pp.711-815 (1985).

27) 0000000000000O0 VII-O00O0000000
00000 -00000(2002)0



