SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

Implications in Compressed Sensing and the
Restricted Isometry Property

Inoue, Hiroshi
Graduate School of Mathematics, Kyushu University

https://hdl. handle. net/2324/18979

HERIEER : MI Preprint Series. 2011-5, 2011-02-21. S KZFEKZIREIEFIF PR
N—=2 3

HEFIBAMR

KYUSHU UNIVERSITY




MI Preprint Series

Kyushu University
The Global COE Program
Math-for-Industry Education & Research Hub

Implications in Compressed
Sensing and the Restricted
Isometry Property

Hiroshi Inoue

MI 2011-5

( Received February 21, 2011 )

Faculty of Mathematics

Kyushu University
Fukuoka, JAPAN



Implications in Compressed Sensing and the
Restricted Isometry Property

Hiroshi Inoue™
*  Graduate School of Mathematics, Kyushu University, 744 Motooka, Nishi-ku, Fukuoka 819-0395, Japan.

ma209006@math.kyushu-u.ac.jp

Abstract

We give a simple idea for verifying the Restricted Isometry Property(Candes [3]).
Although our approach is based on the Candeés proofs, the proposed results are more
flexible and meaningful than those of Candes. In this note, we establish our new
results about the accuracy of the reconstruction from undersampled measurements
which are possible to improve estimation depending on the situation.
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1 Introduction
We suppose that we observe
y=Az, z e R", (1)

where A is a m x n matrix. Our goal is to reconstract * € R" with good accuracy. We
are interested in m < n case. It occurs the problem is of course ill-posed, but we know an
important results when we suppose @ is known to be sparse or nearly sparse and A obeys
restricted isometry property(RIP) introduced below. Then we can reconstract € € R"
with good accuracy. In detail, this premise changes the problem, making the search for
solutions feasible. In fact, we show that the solution x* to the following optimization

problem

3{2}% | & |1 subjectto y= Az (2)



recovers & exactly, where || - || is [;-norm. Furthermore, we extend the results for noiseless

recovery to the case of noisy recovery. We observe
y=Ax + z, (3)

where z is an unknown noise term. In this context, we consider reconstructing a as the

solution x* to the optimization problem

min || & ||y subjectto ||y — Az [|2< ¢, (4)
ZeR"
where ¢ is an upper bounded on the size of the noisy contribution and || - ||2 is ly-norm.

Definition 1.1. A matrix A satisfies the Restricted Isometry Property(RIP) of order s

if there exists a constant § with 0 < § < 1 such that
(1=0) |l al3<]| Aa [3< (1+6) | a |3 (5)

for all s-sparse vectors a. A vector is said to be s-sparse if it has at most s nonzero
entries. The minimum of above constants ¢ is said to be the isometry constant of A and
it is denoted by ds.
The condition (5) is equivalent to requiring that the matrix AL Ag has all of its eigenvalues
in [1 — 65,1+ 0], where Ag is the m x |S| matrix composed of these columns for any
subset S of {1,2,--- ,n}.

It is well-known in[1, 2, 4, 5] that RIP is very useful to study the general robustness
of CS. In particular, Candes [3] has obtained the following results:
Theorem 1.1 (Noiseless recovery). Assume that das < v/2 — 1. Then the solution * to

(2) obeys
| —2 1< Co || @ —a |l (6)
and
| & — @ [o< Coe || @ — . | (7)
2> O\/g s |1

for some constant Cj given explicitly, where x; is the vector & with all but the largest s

components set to zero. In particular, if @ is s-sparse, the recovery is exact.



Theorem 1.2 (Noisy recovery). Assume that dys < v/2 — 1 and || z |[o< e. Then the

solution &* to (4) obeys

| " — @ [l2< Co x, [ +Che (8)

1
% |z —
where Cy, C' are explicitly given constants.

We shall roughly state the Candes idea. Let {ey}xr=12.., be the basic vectors in
R" Leta=>Y_  atey € R"and T C {1,2,--- ,n}. We put ar = _,_, a} ej, where
a;f = ay if £ € T and a;, = 0 if otherwise. Candes obtained the above results by taking
first the location Ty of the s-largest coefficients of x, next the location 77 C T§ of the
s-largest coefficients of h = x — x* and repeating this method, and by investigating
hryur, and her,ur)e. In this paper we shall improve the Candes results (Theorem 1.1 and
Theorem 1.2) by taking the numbers s’ that are different from s of above T, T5,---. By
the difference of using the RIP, we have two main results:

Let s,s" € N with s <n and s <n —s. We put

\/565—0—5’ /
2y/1+ 0ss o p o, S <s
a=—F———""and p= sts
1-— 5s+s’ —\/5625/ S/ > g
175S+S/ ’ —

Suppose that max (ds1¢, dog) < ﬁ Then, since 0y, 4 > 0oy if & < s and 549 < oy

if s/ > s, we have p < 1. Under this preparation the following main theorems hold:

Theorem 1.3. Assume that A satisfies the RIP of order maz (s + s, 2s’) and

1 58 Ed 78/ <s
> max (B, Gay) = { 5*/ > g 9)
) N % 2s 3 -
and put
(i) = 8 <s
C’O _ 1-p s - (10)
(ﬂ) $o¢>s
—p s -
and

Then the following hold:

Noiseless recovery. The solution * to (2) obeys
2" =z [i< Co [l 2 -z [ (12)

3



and

2
| 2" —x < —SCO | £ —x, |1

Vs

In particular, if « is s-sparse, the recovery is exact.

Noisy recovery. The solution * to (4) obeys
|z —x |1 < Co || & — s |1 +C1e

and

2 1
— —CC¢
Vs Vs

2" =z [lo< —=Co || 2 =z [l +

Theorem 1.4. Assume that A satisfies the RIP of order (s + 2s’) and

S
5s+s/ + A/ ;63+23’ <1

and put

1+_7> 5 8 <s a9
Dy = <17>f N 7D1:{ 2

Then the following hold:

Noiseless recovery. The solution x* to (2) obeys
2" —x 1< Do | 2 -, |
and
|~ lh< =Dy | - a. |
T —x — T — x,
2% 50 1
Noisy recovery. The solution * to (4) obeys
|x* —x |1 < Do || @ — x5 || +D1e

and
2 1
— —De

2" =z [lo< —=Do || 2 — 2 [l +

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)



The RIP requires bounded condition number for all submatrices built by selecting s
arbitrary columns and the spectral norm of a matrix is not generally easy to commute.
Hence, it is meaningful to improve the assumption: dos < v/2 — 1 of Theorem 1.1 and
Theorem 1.2. In Section 3, we shall show that our results are more flexible than those of

Candes by taking some appropriate numbers s’

2 Proofs

In this section we prove Theorem 1.3 and Theorem 1.4. The proofs are based on those of
Theorem 1.1 and Theorem 1.2 in [3].
Proof of Theorem 1.3. It suffices to show the case of noisy recovery. By Lemma 2.1 in

[3] we have
[(Aa, Ab)| < dsrv || @ [l2]| b |2 (22)

for all a,b € R"™ supported on disjoint subsets T, 7" C {1,2,--- ,n} with |T| < s and
T < s\

We put
h=x"—-«x (23)
By the linearity of A and the triangle equality we have
| Ah ||2< 2¢ (24)

For the simplity we use the following symbol: For Ya € R" and T C {1,2,--- ,n} we put

ay .

. T Q; 7Z€T
aT: . ,CL,L: . c

: 0 ,:€T

T

an,

Let Ty be the location of the s-largest coefficients of . Then, &7, = x, and for Yk € T

we have
| > Jasl, i > s+ 1 (25)
Let T be the location of s'-largest coefficients of th. Then,
|t > |hi|, ke, Yie (TyuT) (26)
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Repeating this method, we get vectors hr,(j > 2) satisfying the conditions

T,
g

Let {1,2,--- ,n} =ToUTyU---UT, 1 UT,, |T,|] <s. Let 2<" j <r—1. Clearly,

i, kel Vie(ThybuTyu---UTy)" (27)

1
2
< / . = ! T
I by [l2= (Z ‘h ) <V || by [l \/s_rkng;(‘hk (28)
and it follows from (26) and (28) that
By b= D21 | = 8 Py e (29)
k=1
which implies that
1 v
|| h’Tj ||2S ﬁ “ th—l ||1a 2<7)<r—1 (30)
Furthermore, it follows that
lhe, s =Y b [ =8 | b [l
and
I hr llo < VT bz, s
< Ve || hr |l
1
s 75 | b,y [l (31)
By (30) and (31) we have
| hry o< \/— | hry h, 2<5<r (32)
We next show
| heryurye [[2< \/— | hrg (33)




Indeed, this follows from (32) that

| by 2 = 11l Il2
j>2
< Z | Az, |2
]>2
< > N by Ik
\/_ 7>1
= 5 Il
j>1
1
= | hrs 1 (34)

Vs

Since

lzli = |z
= |z+h|:
= || xp, + hp, + xre + hre I

= || @n, + by 1+ || @5 + b |

> |lzn i = [ by [+ || Rz |10 — || 27
it follows that
| hre < el — |2 [+ |2z (1 + || bz [
= [xre |1+ | ®ze [1 + || bz |11
= 2| xg [ + [ by |1n
= 2|z -z [y + [ by 1, (35)

which implies by (28) that

A

1
| herurye 2 < Je | hre |lh
1

IN

(II hry [ +2 || @ — . 1)

< V3 H hz, |2 —i—\/_ | x—xs |1 (by Schwartz inequality)

\f It e+ = . (36)
7

IN



Suppose that ' < s. Then we have day < 05, by the definition of restricted isometry

constants. Hence it follows from (22) that for 7j > 2

[(Ahg,or,, Ahgy)| < |[(Ahgy, Ahg,)| + |(Ahgy, Ahyy)|
< Osts || hry [l2ll Ry [l2 +02s || Bry ll2]] Ry [l2
< dsis || By ll2 (| By ll2 + || Ry l2)
< bupr Py 2 V2 (L iy 1B+ 1 ey 13)* by by L g

V200 || hay [l2ll B, + By |2
V2ss || by |2l Prgory 2,

which implies by (24) and (32) that

H AhTOUTl H% = <AhTQUT1 ) Ah - Z AhTJ>

i>2
= <AhT0UT1 ) Ah> - <Ah’T0UT17 Z Ath>
i>2
< || Ay 2l Ak [l +)  [(Ahgur, Ahg)| (37)
i>2

< V1+6ss || hrun |2 26
+ \/555+s’ (Z H th H2> H hTOUTl H2

Jj=2
= H h’TOUTl H2 <25\/ 1+ 0515 + \/558+8’ Z H th ”2>
j>2
< | hayon | (25\/1 T Oure V20— Z | b, ||1>
]>1

1
= [ hnur |2 (25\/ 1+ dsps + \/555—5—5’@ | h’Té “1)

Hence we have

IN

H AhToUT1 ||§
1
< W mn o (20T B 4 VB | b 1)

(1 - 6S+S’) ” h’ToUT1 ||§

A\

which implies that

2 V 1+ 5s+s \/—534-5’

1_58+s/ + 1 SH\/— I g [l

= a5+T | hrg [l (38)

H hTOUTl ||2 <



Furthermore, since

lhrg i < [ hg L +2 2 -2 |0 (by (35))
< Vsllhy 242z -2 |
< Vsl hnon |2 +2 2 - |,

it follows from (38) that

S 2
(1 — 4/ ;P) | hrur [2< as + ek | @ — |

Hence, the assumption ds, ¢ < ——= (iff 1 — \/_ p > 0), we have

o 2p

— &y ||1

[z —a" o=l k2 < [ houn 2+ | Raun)e
5 2
< Nhnor llz +4/ 5 I Rror |2 e |z — [

_ (m/ )uhm e+ @~ s

1+4/Z 2 1
\/S_ozs—l— ( _+p >||:v—ac5||1

2 (1tryy ||
g T — Ty
Vs \1—p '

INA
c’LlCIJ
N\
—
i
S
N————

™

_l’_

v
V2)
~—~ +
C/J\lm
— | =

‘+
T I
N———

8

|

8

@

Hence, we have

2 1
|z —a" < —=Co || & — s |1 +—=Cle

Vs Vs
Furthermore, we have by (39) and (40),

lz—a" |1 = [k L+ | hrg [la

< 2Vs | hnur 2 +2 |2~z |

< B () e

~ 5 — Ls |1

N TN

o' s {1+

< 2\/§<_>€+”_/(_p) | x—a; |1
1—0p s \1—-p

= Cie+Cyllz—z s

9
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(40)



This completes the proof in case of s’ < s.

Suppose that ' > s and dyy < —L—. Then J,,y < dyy and the assumption dypy <
14+/% -

1
e

as the case s’ < s. This completes the proof of Theorem 1.3.

implies that (1 —,/%p) > 0. Hence we can prove (11) and (12) at the same way

Proof of Theorem 1.4. Using (22) on (37) directly, we can obtain the inequality:

H AhTOUTl H% < H AhTOUTl HZH Ah H2 +Z }<AhT0UT1>Ath>}

j>2
SRV 1+ 6S+S’ H hTOUTl ||2 2e + Z(SS+2S’ ” hTOUTl H2|| th H2
j>2
= [Thzurn |2 (25\/ Lt O+ Oorae Y || by ||2> :
j>2

and by (32), (35), (36), (39) and (40)

1+ 2 2 1
VT ( ] )Hw—wwh

| x—a [[2< ag + R

CleVer W s

which implies that

1
ﬁDlg,

2
[z —x" [2< %Do |z -z |+
and then
|z —a [1< Do || ® -z, |1 +D1e

This completes the proof.

3 Discussions

By taking appropriate numbers s’ for s, we shall search good conditions under which
Theorem 1.3 and Theorem 1.4 hold and under which the Candes results are improved.
(1) In Theorem 1.3 and Theorem 1.4, taking s’ = s, the assumption (9) coincides with

the assumption
Gay < V2 — 1 (41)
in Theorem 1.1 and Theorem 1.2, and the assumption (16) coincides with the assumption
095 + 035 < 1 (42)

10



in the Candes. [2].
(2) Let s =2k, k € N. Taking s’ = k, the assumption (9) becomes

ds, < (43)

W =

35
2
and the assumption (16) becomes

03, + V205, < 1 (44)

Since 535 + V2695 < (1 + \/ﬁ) d2s, this condition is better than the condition (41) in
Theorem 1.1 and Theorem 1.2.
(3) Let s =2k + 1, k € N. Taking s’ = k+ 1, Theorem 1.3 holds under the assumption
Jasi1 < E (45)
2 3
and Theorem 1.4 holds under the assumption

Jssts + V20501 < 1 (46)

(4) We take s" = 2s. Then, Theorem 1.3 holds under the assumption

1
0as < 5 (47)
and Theorem 1.4 holds under
035 + ! 055 < 1 (48)
3s \/§ 5s

(5) Let s = 2k, k € N. Taking s’ = 3k, Theorem 1.3 holds under
1

1+,/2
2
55, + \/g% <1 (50)

535 < (49)

and Theorem 1.4 holds under
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