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Abstract

Copulas have lately attracted much attention as a tool for dealing with multi-
ple risks that cannot be considered independent. The normal copula, widely
used in practice, is known to have the same tail dependence parameter as the
product copula. The present paper brings into question the common interpre-
tation of this fact as evidence that the normal copula lacks tail dependence,
both by providing numerical examples and by mathematically determining
the asymptotic behaviour of the tail dependence.
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1. Introduction

1.1. Copulas

Copulas have gained increasing popularity in risk management as a tool
for investigating dependent risks. We begin by reviewing rudimentary defi-
nitions and facts on copulas. See Nelsen (2006) for further reference.

Definition 1.1. A copula is C: [0,1]?> — [0, 1] with the following properties:
(1) C(u,0) =C(0,v) =0, C(u,1) =u, and C(1,v) = v for all u,v € [0, 1];
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(2) if 0 <up <wuy <land0<wv <wy <1, then Clug,ve) — Cluy,ve) —
C(Ug,’Ul) + C(Ul,’l)l) > 0.

Example 1.2. The function C(u,v) = uv is a copula and called the product
copula.

For a bivariate random variable (X, Y), let Fx and Fy denote the marginal
distribution functions and let F'xy denote the joint distribution function:
Fx(z) = P(X <z), Fy(y) = P(Y <y), and Fxy(z,y) = P(X <z, Y <y)
for z,y € R. We say that (X,Y) is continuous if Fx and Fy are both
continuous.

Theorem 1.3 (Sklar). If (X,Y) is a continuous bivariate random variable,
then there exists a unique copula Cxy such that

Fxy(z,y) = Cxy (Fx(x), Fy(y))
for all x,y € R.

Example 1.4. The independence of X and Y is equivalent to Cxy being
the product copula.

Remark 1.5. If we write F~'(u) = inf{z € R | F(z) > u} for univariate
distribution functions F', we have Cxy(u,v) = Fxy (Fx'(u), Fy'(v)).

In this paper, the focus will be on the normal copula:

Definition 1.6. Let —1 < p < 1. If (X,Y) is a normally distributed bivari-
ate random variable such that F[X] = E[Y] =0, V(X) = V(Y) = 1, and
Cov(X,Y) = p, then Cx y is called the normal copula (or Gaussian copula)
with correlation p and denoted by C,,.

1.2. Tail dependence of copulas
Definition 1.7. Let C be a copula. We define A\¢: (0,1) — [0, 1] by

126+ C(t,1)

Ac(t) T—+

We call limy ~ Ac(t) the upper tail dependence parameter of C, if it exists.



Product copula | Normal copula C, with p = 0.5
t=0.8 0.2000 0.4358
t=20.9 0.1000 0.3240
t=20.95 0.0500 0.2438
t=0.99 0.0100 0.1294
t =0.995 0.0050 0.0993
t =0.999 0.0010 0.0543

Table 1: Upper tail dependence A¢(t) of the product and normal copulas

Remark 1.8. If (X,Y) is a continuous bivariate random variable, then

C1-P(X < F(0) - P(Y S F'(0) + P(X < FY'(0). Y < FA(0)

Ao (1) = 1— P(X < Fi'(t))
_P(X > F'(t), Y > Fy (1)
P(X > F¢'(1))
=P(Y > F/'(t) | X > F{'(1)).
Example 1.9. If C is the product copula, then \o(t) =1—t —0ast 1.

The normal copula is known to have upper tail dependence parameter 0:

Proposition 1.10. The normal copula with arbitrary correlation p € (—1,1)
has upper tail dependence parameter 0.

This proposition, with Example 1.9 in mind, is often interpreted to mean
that the normal copula exhibits no tail dependence. However, Table 1 sug-
gests that the product and normal copulas have different rates at which
Ac(t) converges to 0. The purpose of this paper is to completely describe
how A¢, () converges to 0.

Now we state a particular case of our main theorem, of which the complete
statement will be given in Section 2 (Theorem 2.3).

Theorem 1.11. We have

(I+p)?P o of | 1+2p—p" 4 s
Ao (t) = | =———L— ¢ 2040 S e Y s 10
ast /1, where s = ®71(t) /oo, with ® denoting the distribution function
of the standard normal distribution: t = ®(s) = (2m) /2 [°_ exp(—2?/2) dx.
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Remark 1.12. By using Proposition 3.2, we may infer from Theorem 1.11
that the leading behaviour of A¢, (%) is

(1—|—p)3 _lme 2
A (T) ~ _ 7 2(1+p)
O \ari— ¢
P 1 3 —p P
~ (4m) T <1+—p)(1_t)}+p(_log(1_t)> T+p
- p

Note that Heffernan (2000) mentions the order (1 —¢)(1=?)/(+0) in a different
language.

2. Precise statement of the main theorem

This section is devoted to giving the precise statement of our main theo-
rem. Henceforth we fix a real number p with —1 < p < 1 and denote A¢, (%)
simply by A(t).

Definition 2.1. We define sequences (a,),>0 and (b,),>0 of real numbers
by

. = (20 =11 _
ae= (i S0 B
=0 ’
b, = (—=1)"(2n — )N
where (—1)!! = 1 by definition. We further define a sequence (¢, ),>¢ of real

numbers by the following equation between formal power series in X:

X7 = Zm=0 I iy
> NS

In other words, we define (¢,,),>0 recursively by setting ¢y = ag/by and

n—1
1
n — 7 n bn—

for n > 1.



Example 2.2. The first three terms of the sequences are as follows:

1 2 3
R | 14— = (1+p)*(2
fo= b @ +p)< +1—p)’ 2 ={1+7) ( +1—p+(1—p)2)’

b():l, b1:—1, b2:3,
1+ 2p — p? 3+ 13p —3p? — 3p3 + 2p*
—_— cy = 5 :
L—p (I—=p)

Now our main theorem goes as follows:

00:17 C1 =

Theorem 2.3 (Main Theorem). For every positive integer N, we have

(L+p) i - —2n—1 —2N-1
= 2(1+p)
A(t) (1 ) e 20+ g CpS +O(s )

n=0

ast /1, where s = ®~(t)  oo.

Remark 2.4. Theorem 1.11 is the N = 2 case of our main theorem.

3. Proof of the main theorem

Let 1/2 <t <1 and put s = ®71(¢) > 0. If we set

22 — 2pzy + 1>

o0 o0 1
I )
s s 2w 1—/)2 P 2(1_p2) Y
B /OO L ( xQ)d
= exp| —— | dx,
s V27 P 2

then A\(¢) = A/B by Remark 1.8. We shall estimate A and B separately.
Let R, , Ny, and N denote the sets of positive real numbers, nonnegative
integers, and positive integers, respectively.

3.1. Estimate of B
Proposition 3.1. If € R, and N € N, then

o0 N-1
(—1)N/ e dr > (—1)Ne 0/ Z b0~ 1,
0 n=0



ProoOF. For n € Ny, set
oo 2
1, = / e " 2 dx.
0

Then the left-hand side of the required inequality is (—1)" I.
Since integration by parts gives

I, = —/ x’"’l(e’xzﬂ)’dx
0
— _[m—n—le—x2/2]go +/ (_n . 1)x—n—26—aj2/2 dff
0

— 6—n—1€—92/2 o (7’L _|_ 1)In+2a

we have
N-1 N—-1
(_1)N€792/2 Z bneanfl _ (_1)N+n(2n _ 1)”97%716792/2
n=0 n=0
N—-1
= ()Y (2n— D) (Isn + (20 + 1) Ion40)
n=0
N-1

()M (2n — DL, — ()N (20 + 1) n0)

I
o

n

DNy — (2N — 1)y

(—
(—1)" .

A
—_

Proposition 3.2. For every N € N, we have

N-1
1 2
_s2/ —2n—1 —2N-1
e E b, s + O(s
V2T (nO ( )>

B =

as s /1 00.

Proor. If N’ is an even integer with N’ > N, then Proposition 3.1 shows
that

N'—1 N-1
1 1
B > —_2W6_52/2 E bys 2l = —_27Te_82/2< E bps 2 4 O(S_QN_I))
n=0



By taking N’ to be an odd integer with N’ > N, we may similarly obtain
y g

N-1
1 2
—s /2 b —2n—1 —2N—-1
e E nS + O(s )
\ 2T (n:O ( >>

The proposition follows from these estimates.

B <

3.2. Estimate of A

Definition 3.3. We set a = /(1 —p)/2 and 8 = /(1 + p)/2, so that «
and 3 are positive real numbers with o? 4+ 3% = 1.

Lemma 3.4. We have

A= ée—s2/2 /OO (/OO e /2 dz) lowtBs)?/2—w?/2 gy,
m as/pB aw+Bs

PROOF. Symmetry gives

2?2 — 2pxy + 1>

1
AZQ// —#GX( )d:pd
a>y>s 2T/ 1 — p? p 2(1 — p2) Y

1 // ( x2—2pxy+y2)d p
exp| — xdy.
27T04ﬁ T>Yy>s 2<1 - p2>

We use the change of variables

(0) - (o) = (2) = (i Youss)

Since

r>y>s <= fz+afw—a’s>Pr—abw+a’s>s
— w>as/f, z>aw+fs

and

2> =2pzy+y°  (v4y)?  (r—y)?® (2627  (2afw—2a’s)?

201 —p2) 4(l+p) 4(1—-p) 832 8a2
2 (fw—as)? 2 (aw+Ps)?  w+ s
2 2 2 2 2



we have

1 o oo 2 (aw+53)2_w2+s2>‘ (ﬁ aﬂ)
277—055 /as/ﬁ /aw+ﬁs eXP( 2 " 2 2 det 6 —(Xﬁ

= ée’SQ/Q /oo (/OO e 712 dz) elowths)?/2o=w?/2 gy,
™ as/B aw+s

Lemma 3.5. For every K € N, we have

dz dw

3 i K—1
(-1)FA> (-1)f—e /Q;

bn/ (aw + Bs) 2" Le™" /2 qu.
as/f

ProoOF. Lemma 3.4 and Proposition 3.1 show that

(= e [T (g [T et

™

s/B w+fBs
5 o K-1
> —682/2/ (1% (Z bn(w + Bs)~ 21 e 2 qu
& as/f n=0

K-1 o
= (—1)K§6782/2 E bn/ (aw + Bs) 72" Te"/2 du.
m

n=0 as/B
Definition 3.6. For n € N and 7,k € Ny with j < k, we define

L _ k= g)ntj - 1)
PRk — 2) Il (n — 1)1

Lemma 3.7. Ifn € N and k € Ny, then we have the following:

(1) Tokt1,n = Torn(2k +1).
(2) Ththrin = Thrn(n +K).
(3) Tiktin =Tjkn(2k —j+ 1)+ 1j1pnn+j—1) forj=1,... k.

ProoOF. (1) We have

—~

2k)!
2%)1]

(2k +2)!
)” =T0,k+1,n-

TO,k,n<2k + 1) = (Q]{;T

(2k+1) =

—~



(2) We have

n+k—1)! n+k)!
Tekn(n+ k) = ﬁ(” +k) = En — 1;, = Thtlk+1n-

(3) We have

Tikn(2k — 7+ 1)+ 11 pnn+7—1)
_ @k=j)n+j—1)
2k —2)15!(n — 1)!

2k —j+ Dl(n+j—2)!
(2k =25 +2)11(j — Dl(n - 1)!
_ n |
22k _éjj>2<||jjzi_11 F((2k =2 +2) + )

( )!
(2k ) )!
_ (2k—j+2)(n+j - 1)
(2k ) )

(2k—j+1)

(n+Jj—1)

=27+ 2)!ll(n —1)!

Lemma 3.8. Ifn, K € N, then

()& /ojﬁ(aw—l—ﬁs) /2 duy

> (_1)1( Z (_1)krj’k’naf2k+2jflﬁn+2k+1anf2k71670352/2&2.
0<j<k<K-1

PROOF. Put u = s/f for simplicity. For m € Ny and n € N, set

fn = / W™ (ow + fs) e dw = / w™™ (aw + f2u) e/ dw,
as/B au

Then what we need to show is that

k

K-
(_1)K[0,n > (_1>K Z(_l)k Z rj’k’naf2k+2jflufn72k7167a2u2/2.
=0



Since integration by parts gives

Lnn = _/ w—m—l(aw 4 ﬁzu)_"(e_w2/2)/dw

= —[w*m (aw + f2u)™ 7w2/2}au
+ /m((—m — Dw™ ™ 2 (aw + B*u)™" +w ™ (—an)(aw + BQU)_"_I)e_’”Q/Q dw

U

—m—1, —m—-n—1_—co?u?/2
=« u € / (m + 1)Im+2,n - OénIerl,nJrl?

we have

k
—2k+j—1, —n—2k—1 _—a2u?/2
> rigna (@ e — L)

Jj=0

Tj,k:,naj ((Qk? -7+ 1)]2k—j+2,n+j + aln+ j)IQk—j+1,n+j+1)

Il

j=0
k k1
= g Tjkn@ (2k — j 4+ ) lopjronty + E Ti—1kn@ (N4 — 1) Iop—jyonij
Jj=0 Jj=1
k+1
= > Tiks1n0 Iogp_jyontj
Jj=0

10



by Lemma 3.7. It follows that

K-1 k

K k —2k+2j—1, —n—2k—1_—o2u?/2

—1) (—=1) g T knQ 7] e /
=0

k=0

K-—1 k k+1
i , A
E T ken Lok jnyj + g Tikt1,n0 Iop—j1ontj

j=0 7=0

k=
K-1 k k+1
=(-1)" <(—1)k Z Tikn0 Ity — (— 1)1 Z Tj,k+1,n04]f2k—j+2,n+j>

j=0 7=0

K
= (¥ (To,o,nfo,n — (-D¥ Z Tj,K,najfzK—j,n+j>

=0
K
p .
=(=1)"lon — E k0 gy
=0

< (=1D)¥Iy,.

Lemma 3.9. Ifl and m are integers with 0 <[ < m, then

m—l

m+l—n NW(m —1+n)!
m—1—n)!(2n)!!

= (20 — DI2m)L.

L]

PRrROOF. For each [ € Ny, let P, be the statement that the lemma is true for
all m > 1. We shall prove P, by induction on [.
To establish P, we need to prove that

for all m > 0. If m = 0, then both sides are 1. Suppose that equality holds

11



for m. Then

m—+1 m—+1
(m+n+1)! (m+n)!
2 G = 2 @ Mt
n= n=0
m+1 m~+1
(m+n)! 1 (m+n)!
Yt LA )
— (2! 2 £~ (2n —2)!!
(2m + 1)! 1o~ (m+n+1)!
= D Cm)! 4+ ———— -y
(m+ D@m= +2; 2n)!
_(2m+2)'!+lm+l(m+n+1)'
B 2 24~ (2t 7
from which it follows that
m+1
(m+n+1)!

n—=

Therefore equality holds for m 4 1 as well. Hence Py has been verified.
Now suppose that P, is true. Let m > [+ 1. Since

(m—Il4+n+1)! (m—I04+n-1)

(m—Il—n+1)! (m—-10l—n-1)!

- EZ:;tZI_Bi((m—l‘irn)(m—Hn—irl)—(m—l—n)(m—l—n+1))
= EZ:tZ;i;i-zn@m—mqun

for 0 <n<m-—1—1, we have

K m—l—l—n—i—l)( —l4+n—1)
— m—1—n-—1)(2n)!
K m+l—n+1)( —l+n+1)
— m—1—n+ 1)!(2n)!!
m—1-1 m—l—l—n—l—l)( _l+n_1)!2n(2m—2l+1).
— m—1—n+1)!(2n)!!

12



The inductive hypothesis shows that

m—[—1

(m+l—n+1)l(m—-I01+n+1)

Z (m—10l—n+1)(2n)!

n=0

K (m4+1l—n+D(m—-1014+n+1)!

(m—101—n+1)(2n)!

n=0
@+ DIEm =20+ 1)1 (2)(2m — 21 + 2)!
11(2m — 20)!! 01(2m — 20 + 2)!!
20+ DI2m—20+1)  (20)!(2m — 20 + 1)!
= — 1N I _
(20 = DHEm + 2! (2m — 2! (2m —20)!
and that
m—[—1

(m+l—n+D(m—-I01+n-1)!
Z (m—1—n+1)I2n)!

m—[(—1

2n(2m — 20+ 1)

n=0

m+l—n+Dm—-I1+n-1)
=(2m—-2l+1) Z ( (m_l_nl(l)!(Qn—Q)!! )

n=1

m—Il—2

(m+1—n)l(m—1+n)!
=<2m_2”1>§ (m—1—n)l2n)l
2+ D2m —20— 1)1 (2D)!(2m — 21)!
1@2m—20—2)1 0!(2m—2l)!!>

=(2m—-20+1) ((2[ —Diem)lt — (

20+ 1)!1(2m — 20+ 1)!
(2m — 20)!!

(20— D)2m 4+ 21 — (20 + D2m)lt —

2D)!(2m — 20 + 1)!
(2m — 20)!!

Therefore we have

m—{—1

(m+l—n+(m—-1014+n-1)!
Z (m—1—n—1)!(2n)!

= (20 + 1)lI2m)!L,
n=0

as required.

Proposition 3.10. For every N € N, we have

N-1
I [(14p)3 o)y 1= z( o _oN_
A= — [ =527 3mmp " E ans 22 4 O(s72V2) ).
2m 1—-0p —

13



PrRoOOF. Lemmas 3.5 and 3.8 show that

K-1 oo
(_1)KA > (_1)K§€—82/2 Z bn/ (aw +Bs)—2n—1e—w2/g dw
& — as/B
n=0
Kﬁ _ 2/2 A2 2/2/32
> (_1) Ze S e a“s
T
% Z (_1)n+k(2n _ 1)!!rjk2n+1a—2k+2j—152n+2k+2$—2n—2k—2
0<n<K—1
0<j<k<K—1
for every K € N.
Now let N € N. If K > N, then

Z (_1)n+k(2n . 1)!!Tj’kzn_’_la—2k+2j—1ﬂ2n+2k+28—2n—2k—2

0<n<K-1
0<j<k<K-1
N-1
_ m p2m+2 —2m—2 —2k+2j—1 —2N-2
= (-)"p S E (2n — D)) kon1cx I+ 0(s )
m=0 >0, 0<j<k
n+k=m
N-1

(_1)m52m+2872m722 —2- 12 n—1 ”rm l—n,m— n2n+1+0< 72N72>
=0 n=0

m=0
N—-1 m—I1
o 1 (m—+1—n)l(m—1+n)! _oN_
_ _1)m R2m+2 g—2m—2 20—1 2N—-2
m:o( U Z (gz)uo‘ ; (m —1—n)l(2n)! +0)
N-1 m
_ 2m (Z 1>52m+282m2 —i—O(s*ZN*Q)
N (20)!
m=0 1=0

14



by Lemma 3.9, and so

(—I)KA > (—1)Ké€_52/26_a282/2’82

(mz::o (2m)! (; 2] )ﬁ2m+28—2m—2 +O(S—2N—2)>
N <_1)K% %6_52/2 R
X (;(—Um (2;1”)!! (L+p)™ (Z %(1 _ p)—Z) §2m=2 | O(S—QN—2)>

By taking an odd K and an even K, we may obtain the proposition.

3.3. Proof of the main theorem
PRrROOF (OF THEOREM 2.3). By Propositions 3.2 and 3.10, we have

3

2e ﬁsQ (ZN:Ol ans_zn—Q + O(S_2N_2))

A
_B_ \/12765222712701b82n1+0(52N1))
1+P)3 6 2(1+p)5 Zn 0 InS 72n+0( ZN)
N 1b 572+ O(s72N)
l 1+P 6 2(1+p) ( (S—QN))
1 _1}_p 2(11+pp> s? ( CnS —2n—1 + 0(52N1)> .
V o —0
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