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Abstract

The unitary group of the hyperbolic hermitian space of dimension two
over a quaternion division algebra over a number field is a non-quasisplit
inner form of Sp(4), and does not have a parabolic subgroup corresponding to
the Klingen parabolic subgroup. However, it has CAP representations with
respect to the Klingen parabolic subgroup. We construct them by using the
theta lifting from the unitary groups of one-dimensional (-1)-hermitian spaces
and estimate their multiplicities in the discrete spectrum. In many cases, their
multiplicities become bigger than 1.

1 Introduction

The purposes of this paper are, for an inner form G of Sp(4) defined over a number

field k,

1. construction of a certain class of non-tempered automorphic representations
and evaluation (of lower bounds) of their multiplicities in the discrete spec-
trum, and

2. the description of the multiplicities expected from the evaluation using the
formulation of the Arthur’s multiplicity conjecture.

According to the Arthur’s conjecture [Art89], for any irreducible non-tempered au-
tomorphic representation m, there exists an A-parameter

Y Ly x SL(2,C) — G = SO(5,C),
where £, is the hypothetical Langlands group of k, satisfying |sp2,c) # 1 such
that 7 is expressed as an element of its global A-packet. When 7 is isomorphic to

the restricted tensor product @), m, of local irreducible representations =,, each m,
is also expressed as an element of the local A-packet of the local A-parameter 1,



obtained by 1. Since Sp(4) and G share the set of A-parameters there should exist
the global and local A-packets for Sp(4) associated to ¥ too. At this time, at almost
all place of k, the local A-packets of Sp(4) and G coincide.

For a general reductive group, an irreducible representation appearing in the
residual spectrum is a typical example of non-tempered automorphic representation.
The residual spectrum is the subspace of the space of the L?-automorphic forms
generated by the non-cuspidal irreducible automorphic representations appearing in
the discrete spectrum. The irreducible decomposition of the residual spectrum for
Sp(4) is completely determined [Kim95]. In the case where k is totally real, part of
the irreducible representations appearing in the result of [Kim95] can be rewritten
by representations given by theta lifting [KN94]. For comparison with the case of
G we quote the latter here.

Theorem 1.1 ([KN94]). Let k be totally real. An irreducible representation appear-
ing in the residual spectrum for Sp(4) is one of the following irreducible representa-
tions.

(1) The trivial representation 1g,uy of Sp(4,A). Here A = Ay denotes the adele
ring of k.

(2) the theta lift R(V') from the trivial representation of the orthogonal group O(V, A)
of a 2-dimensional non-hyperbolic quadratic space V' over k.

3) The unique irreducible quotient of Ind>PAA) (5] det |4/ for an irreducible self-
Ps(A) A

dual cuspidal representation o of GL(2, A) whose standard L-functions L(s, )
do not vanish at s = 1/2.

The unique irreducible quotient o IndSPZA) Wi k|- |a @) for a quadratic char-
Pr(A) /

acter wy i, which is associated to a non-trivial quadratic extension k' of k, and
an irreducible unitary representation m of SL(2,A) such that

o C 7T<Q)|SL(2,A)
for some character Q@ of A}, /k* not isomorphic to its conjugate. Here m(12)

is the automorphic representation of GL(2,A) given in [LL79, Prop.6.5] and
[GTTS, p.491].

Here Ps and Py are the Siegel and Klingen parabolic subgroups of Sp(4), respectively.
The respective Levi factors Mg and My satisfy that Mg ~ GL(2) and My ~ G,, x
SL(2). Fach irreducible representation in the above appears with multiplicity one in
the discrete spectrum.

In this paper, we treat only the case where G is expressed by the unitary group
of the 2-dimensional hyperbolic hermitian space over a quaternion division algebra
D over k. In this case, as for the irreducible decomposition of the residual spectrum
the following is obtained.



Theorem 1.2 ([Yas07]). Let k be totally real. An irreducible representation appear-
ing in the residual spectrum for G is one of the following irreducible representations.

(1) The trivial representation 1¢ of G(A).

(2) The theta lift R(V') from the trivial representation of the group U(V')(A) of adele
points of the unitary group of a (-1)-hermitian (right) D-space V' of dimension
one.

3) The unique irreducible quotient of Ind%) (o Vp L2 for an irreducible self-dual
PL(A) A

cuspidal representation o of D*(A) whose standard L-functions L(s,m) do not
vanish at s = 1/2.

Here P is the Siegel parabolic subgroup of G, where its Levi factor M is isomorphic
to D*, and vp the reduced norm of D. In the case of (1) and (3), the multiplicity of
each representation is one. In the case of (2), the multiplicity of each representation
is 2890=2 where Sp is the set of places of k at which D is ramified.

When comparing the irreducible decomposition of the residual spectra of Sp(4)
and G, it is noticed that similar forms of representations appear. However there
are no representations for G' corresponding to those in Theorem [l (4) for Sp(4).
This is because there is no proper parabolic subgroup of G over k containing the
correspondence of the Klingen parabolic subgroup of Sp(4) by an inner twist. Never-
theless, the representations in Theorem [[.T] (4) must be expressed as elements of the
A-packets of some A-parameters, and there should exist also the A-packets for G of
these A-parameters. Therefore, if they exist, they consist of cuspidal representations
of G(A), which are expressed in the forms defined as follows.

Definition 1.3. Let 7 ~ Q) m, be an irreducible cuspidal representation of G(A).
We say that m is a CAP representation with respect to Py if there exist an irre-
ducible cuspidal representation o ~ @, 0, of SL(2,A) and a character w = [, wy
of A*/k* such that for almost all v, m, is isomorphic to a composition factor of

Sp(2,ke
Indpf(((kv))(wv| o ® ay).

Remark that because G is isomorphic to Sp(4) over k, for almost all v, Pk is
regarded as a subgroup over k, of G for such v, and the above definition makes
sense.

We make use of theta lifting to construct such CAP representations. The theta
correspondences from O(2) to Sp(4) become automorphic representations appearing
in Theorem [[.1] (4). Therefore, the target representations are constructed by the
theta lifting from the unitary group of a skew-hermitian space over D of dimension
one to G, which is an inner form version of the theta lifting from O(2) to Sp(4). In
fact, writing Uy(V') for the connected component of the unit of the unitary group



U(V') of a skew-hermitian space V' over D of dimension one, a non-zero irreducible
automorphic representation 6(V, y, S) of G can be defined for an irreducible auto-
morphic representation (character) of Uy(V') and a set S of places of k£ which consists
of finite elements and satisfies a certain condition (Theorem [6.1]). As special cases,
the representations in Theorem (2) (the case that x = 1,5 = ) and the in-
ner form version of cuspidal representations constructed in [HPS79] (the case that
x = 1,5 # 0) can be dealt with. As for the multiplicity m(8(V, x, S)) of 8(V, x, S)

in the discrete spectrum, we have the following estimate.

Theorem 1.4.
28(5xNSp)—1 Sp ¢ SX’ SpnN SX # (Z),
m(0(V,x,S)) > ¢ 202 Sp C Sy,
1 SpNS, =0,

where S, = {v|x2 =1}

This estimate is obtained by the failure of the Hasse’s principle for skew-hermitian
spaces over D. In view of the result of the multiplicities of representations in Theo-
rem (2), it is expected that the above inequality sign is exchanged for the equal
one. If the equality is satisfied then the value in the right hand side should be de-
scribed by the formulation in the Arthur’s multiplicity conjecture. Therefore, under
this assumption the author inspected how local A-packets, S-groups and pairings
between them, etc. should be described in the formulation. As a consequence, it
turns out that they can be described as they satisfy some necessary conditions (§[T).

2 Inner form G of Sp(4)

Let k£ be a number field, and A = Ay its adele ring. We write A, Ay for the

infinite and finite components of A, respectively. | |a denotes the idele norm of A*.

For any place v of k, we write k, for the completion of k at v and | |, for the v-adic

norm. If v is non-archimedean, O, denotes the maximal compact subring of k,.
k-group Sp(2) will be realized by

s = {a ez oy, *)u=(_,, )}

Fix a minimal k-parabolic subgroup Py of Sp(4) by

L *

*

POI ESp(4) )

EE S

*

and a Levi factor My of P, consisting of diagonal matrices. The unipotent radical
of Py is denoted by Uy. We define the Siegel parabolic subgroup Ps = MgUg and



the Klingen parabolic subgroup Px = MUy of Sp(4) as

My = { <3 tao_l) ae GL(Z)} ,
o[ Do)

and
([t
a b a b
\ c d
(/1 a b ¢
Uk = < ! i a,b,c e G,
L —a 1

Let R be a quaternion algebra over a local or global field F'. We write vg, 7 and
x for the reduced norm, the reduced trace and the main involution of R, respectively.
We write R_ = {x € R|7g(z) = 0}. When F = k, we write Sg, for the set of places v
of k at which R is ramified. This set has finite and even elements. M(n, A) denotes
the algebra of all n x n-matrices over a ring A. For a = (a;;) € M(n, R), write
Ta = (*a;;). Let D be a quaternion division algebra over k. On W = D%? viewed
as a left D-module, a hyperbolic (D, *)-hermitian form hy, is defined by

0 1\ (*
hw (21, 22), (Y1,92)) = (21, 72) <1 O) <*§2) (Y1, 29, 91,92 € D). (2.1)
Its unitary group G = G(W, hy) is a k-group which associates

01\. /(01
G(A) = {9 € GL(2,Rep A) | g (1 0) 9= (1 0>}
to each (abelian) k-algebra A.

There is a p,q € k* such that D ~ (p,q)x [Sch85, p.75]. Then G and Sp(4)
are isomorphic over the quadratic extension K = k(,/p) of k and moreover G is an
inner form of Sp(4). Define a k-parabolic subgroup Ps = MsUg of G as

M= {mie)i= (5 .0 ) [ e D7},
vs={ut) = (5 4)|ver-}.

Via an inner twist this parabolic subgroup coincides with the Siegel parabolic sub-
group of Sp(4). Therefore we use the same notation Pg as the case of Sp(4). The
character Mg > m(z) — vp(z) € G, is again denoted by vp. Ps is a minimal and
maximal proper parabolic subgroup of G defined over k.




The k-split component of the center of Mg is

{0 2] e

Let W denote the Weyl group of G, which consists of two elements. A representative
of the non-trivial element of Wy is chosen by

wo = (‘f é) e G(k).

If v & Sp, G(k,) can be identified with Sp(4, k,). For every place v of k, we fix
a maximal compact subgroup K, of G(k,) and a Haar measure dg, such that

Sp(4,0,) for a non-archimedean v & Sp,
K — Sp(4,R)N0O4) ~U(2) for a real v & Sp,
) Sp(1,1)NSp(2) =~ Sp(1) x Sp(1) for a real v € Sp,
Sp(4,C)NU(4) ~ Sp(2) for a complex v € Sp,

and the volume of K, with respect to dg, is equal to 1 for almost all non-archimedean
v. We define a maximal compact subgroup K of G(A) by [ [, K, and a Haar measure
dg of G(A) by [], dg..

3 Construction of automorphic forms of G

3.1 Automorphic forms of the unitary group of a (-1)-hermitian
space

Fix a non-zero 1y € D_. Define a non-degenerate (-1)-hermitian right space (V, hy)
over D as V =D and
hv<l’1,l’2> = *Il *To * X2 (331,.132 - D)
G(V) and Go(V) denote the unitary group and the special unitary group of V'
defined over k, respectively. When emphasizing V' as a space of k-valued points,
it will be written by V;. Also V,, stands for the completion of V' at a place v and
Va = V ®; A. In particular, we will often use the notation G(Vj), G(V,),G(Va)
instead of G(V')(k),G(V)(k,), G(V)(A), respectively. Similar notation is also used
for Go(V'). It is known that G(Vi) = Go(Vi) and G(V,) = Go(V,) for any v € Sp.
Set k' = k(n), which is a quadratic extension of k, and define a quadratic space
(T,br) over k as T' = k' and by = Ny, where Ny, is the norm of &'/k. We may
make the following identification:
— O(T’U) v g SD7

G(Ve) = { SO(T,) v e Sp,

Go(Vy) = SO(T),

G(Vi) = Go(Vi) = SO(Ty).



Here T, is the completion of 7" at v and SO(T;) = SO(T')(k). T, is isotropic if
and only if n%(€ k) is a quadratic residue in k,, and in this case identify O(T,,) =
(1,1;k,). A maximal compact subgroup L, of G(V}) is defined as

o(T,) v ¢ Sp and T, is anisotropic,

L,=< 0O(1,1;0,) v¢&Sp and T, is isotropic,

SO(T,) v € Sp,
Remark that if v € Sp then T, is always anisotropic. A measure dh, on G(V,) is
chosen by the Haar measure such that the volume of L, is 1, and a measure dh on
G(Va) is defined by the product of dh,,.

Fix a 79 € O(T};)\SO(T}), which always holds 7§ = 1. Let x = [, x» be an
unitary character of Go(Vx)\Go(Va). Consider the induced representation of G(V;,)
from y,. In the case of v € Sp, x, is also recognized as a representation of G(V)
because G(V,) = Go(V,). In the case of v & Sp, if x2 # 1 then Indj ( Xv is
irreducible, which is denoted by Y, and if x> = 1 then

G(Vs - .

Inng(Vz)XU ~yroy,. (3.1)

Here ., X, are characters of G(V,) characterized by \E(v) = £1. Write S, for
the set of places v of k satisfying x? = 1. If y,, is unramified, fo, € X is defined by

1 hel,
Po0(h) = { 0 h¢lL,
Let S be a subset of S, N S% with finite number of elements. An irreducible
representation o(V, x,S) of G(Va) is defined by the restricted tensor product,

(Res Xo) @ (Qes Xo )

with respect to ¢g,. In particular, if x? =1 then o(V] x, S) becomes a character of
G(Va). The v-component of o (V] x, S) for a place v is denoted by ,(V, x, S). Since
G (Vi) = Go(V), we can define an injective intertwining operator characterized by

o(V.x, S ®¢u Hd)u € A(G(Vi)\G(Va))-

Here A(G(Vi)\G(Va)) is the space of automorphlc forms on G(Viy)\G(Va) ([IMWO95]
§1.2.17). o(V,x, S) is identified with the image of this intertwining operator. Con-
versely, any irreducible G(Va)-subspace of A(G(V;)\G(Va)) is expressed by the
form o(V, x, S) for some x and S because the restriction of an automorphic form on
G(Va) to Go(Va) is also automorphic form.

3.2 Theta correspondence

Let ¢ be a non-trivial character of A/k, and for any place v of k, the v-component
of 1 is denoted by v,,. For a vector space X over k,, S(X) denotes the space of the
Schwartz-Bruhat functions on X. The Weil representation wy, v, of G(V,) x G(k,)
with respect to v, is defined on S(V,,) as in [Yas07]. In particular, for v & Sp,



Wy, v, s identified with the Weil representation wy,, 7y, of O(Tv,) x Sp(4, k) defined
on S(Ty,) where Ty, is the 2-dimensional quadratic space with the quadratic form
given by the symmetric matrix

<ja :g) when 7y = (i —ﬁa) e M(2,k,)_.

The explicit formula of wy, v, is described as follows: For f € S(V,), = € V,,
(1) wy, v, (R 1) f(z) = f(h™'2), (he G(W)),
(2) wy, v, (1,m(a))f(x) = v, (v(a))lvp,(a)]f(za), (a € D*(k,)),

(3) wy,vi (1, u(b) f(z) = m( o, (0hv (2, 2))) f(x), (b€ D_(k)),

(4) Wlpmvv(l,wo)f(ﬂf) = <_17 - det%)v/€<Dv) *’T-va(_x)'

Here (-,-), is the Hilbert symbol at v, (y, the quadratic character (— detV,, -), of
kX, k(D,) =—1if v e Sp and k(D,) = 1 otherwise, and

Fof@) = | F@Gm,ote(y, x)v)dvy

Vi
where dy, y is the self-dual measure with respect to the bilinear form

1
Vy XV, 2 (2,y) — w(gTDvOU(ya%)VJ-

For a non-archimedean v € Sp, fo, € S(V,) denotes the characteristic function
of M(2,0,) Cc M(2,k,) =V,. §(Va) is defined by the tensor product of S(V,) with
respect to fo,, which is identified with a space of functions on V. The global Weil
representation wy, of G(Va) x G(A) with respecto to ¢ is defined on S(Va) by the
restricted tensor product of the local Weil representations. For f € S(Va), set

0(f;h,9) =D wuv(hg)f(&) (heG(Va),g € G(A)),
E€Vy
which converges absolutely and becomes G(k)-invariant. Since G(V;)\G(Va) is com-
pact, for ¢ € o(V, x,S) and f € S(Va), the integral

0(f.6)(g) = / 0(f: hy g)o(R)dh
G(Vi)\G(Va)

is defined and converges. Then 6(f,$) becomes an automorphic form on G(A).
We denote by O(V, x,.S) the space generated by 0(f,¢) for all ¢ € o(V,x,S) and
f€8(Va).

Lemma 3.1. If (x,S) # (1,0) then 0(f, ¢) is cuspidal.



Proof. The constant term 6(f, ¢)p, of O(f, ) along to Ps is calculated as follows.
ool = [ ere
Us(k)\Us (A)

, ) (ug)du
- h h)dhd
/Us(k)\Us(A) /G(Vk)\G(VA) Z wy,v (h, ug) f(§)¢(h)dhdu

eV

/ > / wy,v (h, ug) f(§)(h)dudh
GV\G(VA) éeyy, /Us (K)\Us (A)

[ wlgmlthy (€ )y h o) (o dbdn
Us(k)\Us(A)

/ka)\G(VA) i 4

_ / W (B, ) F(0)b(R)dh
G(Vi)\G(Va)

~ (L9l | o).
G(Ve)\G(Va)
Since (x, S) # (1,0), ¢ is orthogonal to a constant function. Therefore the last term
is zero. [

For n € D_, the Fourier coefficient F, f of an automorphic form f on G(A) is
defined by

Fof(g) = / flug)ty(u)du (g € G(A)),
Us(k)\Us(A)

wtere 0,(( §))=0(-Jroom) @€ D_(A))

Lemma 3.2. Let n € D_\{0}.

F,0(f.6)(g) = { Fn0(f, ¢O)(m(04)g) Z;@Eggz for some a € D*,
Proof.
(.00 = [ O ug)sy(u)i
Us(k)\Us(A)

h, ) (u)dhd
s<k>\Us(A>/G<vk>\c<vA>562V:k%’v( ug) f (&)@ (h)vy(u)dhdu

1
B /ka)\c(vA) /D(k)\D(A) 2w (b ) F(OSR)Y (G (bl (€,€) = m)))dbdh

I
S

N /G(Vk \G(Va) hvz w¢’v(h’g>f(€)¢( )dh (32)



If 7 is not expressed by the form *amya for some o € D*, (32) = 0. Assume
n = *anya for a a € D*.

B2) = / ST wur b, g)f (1 a)o(R)dh
GViN\G(VA) prea(v)

wy,v (W'h, g) f()p(W'h)dh
Vi)

~ [ ol f@amn
G(Va)

/Gv(vk)\G(VA) h’EG(

_ /G o, G sm(@)g) (1) (3.3)

In particular, if « =1,

Foub(f.6)(g) = / W (b 9)f(1p)&(R)dh.

G(Va)
Therefore

B.3) = F,0(f, d)(m(a)g) (3.4)
O

UV, x,S) denotes the space generated by functions F,, f on G(A) for all f €
O(V,x, S). The right regular action r of G(A) defines a representation of G(A) on
UV, x,S), and

-,’tno : @G/:Xus) > fonof EZ/[(‘/,X,S)
becomes a surjective intertwining operator. From Lemma Bl Lemma and the
Fourier inversion formula, 7, is also injective. Therefore we have the following.

Proposition 3.3. If (x,S) # (1,0) then ©(V, x,S) is isomorphic to U(V, x, S) as
a representation of G(A).

Let v be a place and o, = x§, for some x, and € = £1. U(V,,, 0,) is defined by
the space generated by functions

Ao(fos @) 2 G(ky) 3 go /G(V)qu,Vu(hv,gv)fv(lD)¢v(hv)dhv (3.5)

for all f, € S(V,) and all ¢, € x¢. Similarly for the global case, a representation of
G(k,) on U(V,, x°) is defined by the right regular action r.

Lemma 3.4. (1) U(V,,0,) # 0 for all v.

(2) For almost allv ando, = 1T =1, Mo (fow, Pov) is Ky-invariant and Xy (fo.v, Po0) |k, =
1.

10



Proof. (1) It suffices to show that there are f/ € S(V,) and ¢! € o, such that
Ao(fr, @) (1) # 0. For a non-zero ¢/, there is a relatively compact open subset O of
V, such that

/ cho(hs V)&, (he)dhy # 0
G(Wy)

where cho is the characteristic function of O defined on V. If v is non-archimedean
we can take che as f). If v is archimedean then fo is approximated by elements in
S(V,), so that we can choose an apropriate f!. (2) For any non-archimedean v ¢ Sp
such that 1, is unramified and v { 2, f;, is K,-invariant, and so is A, (fo.0, ¢o.0)-
Since

)‘U(fO,vy ¢0,v)(1> = / wwv,Vv(hm gv)fO,v(lD)¢0,v<hv>dhv

G(W)

- / oo (1,1) fon(h=") b0 (o)
G(Wy)

= / 1dh,

=1,
and A, (fo.us Po.0) is Ky-invariant, A, (fo., dow)|k, = 1. O

From the above lemma and [B3), for f(z) =[], fu(z,) € S(Va) and ¢(h) =
I1, #u(hy) € 0(V, X, S), we have a decomposition,

Fao0(£,0)(9) = [ [ Mo(for 20)(90) (9= (90) € G(A)). (3.6)

Therefore the next proposition follows.

Proposition 3.5. O(V,x,S) # 0 and ©(V,x,S) is isomorphic to the restricted
tensor product @, U(V,, 0,(V, x, S)) with respect to A,(fo.us Po.)-

4 Review of Shalika-Tanaka lifting

Here we review the results of [ST69]. Let (7, qr) be a non-degenerate and non-
hyperbolic quadratic space over k of dimension 2 and x = [], X, a character of
SO(Ty) invariant on SO(Ty). For a place v, the Weil representaion wy, 4, of O(T,) x
SL(2,k,) on S(T,,) is defined usually. For u € T, such that ¢r, (u) 7é 0, f € S(Ty),
put

(P f)(u) = /S o, TR

This integral converges absolutely and defines a continuous function on the open
subset of T, which consists of u € T, satisfying qr, (u,u) # 0. S(xu,T,) denotes
the image of S(T;) by P,,, which is regarded as a representation of SL(2,k,) by

11



the transfer r of the action of the Weil representation. Fix vy € O(Tx)\SO(T})
and write S*(T,,) for the space consisting of f € S( v) such that f(vyou) = £ f(u).
Clearly, S(T,)) = ST(T,) ® S~ (T,). Elements ¢F of Ind SO(T, 7o) )Xv are defined by

¢y (h) = xu(h) (h € SO(V,)),

G (o) = £1.
Then Indo( 7,y X 1s spaned by ¢E. For any f, € ST(T,), f- € S (T,),

/ Fo was b= [ wETTdh =0 (4.1)
O(Ty) O(Ty)
And for f = f. + f- € S(T,),
PO = [
SO(Ty)

1 — 1
5 [ progEman g [ fertwg (42
2 Jom,) 2 Jo,)
Irreducible representations Y- which appear as subrepresentations of Indo( (“ )Xo are

defined as in §3.11 Fix a uy € T, such that g, (ug) # 0. We denote by @g(Tv, X5) (e =
+1) the space of functions

SL(2.k,) 5 g /O o) o) SR

for all f € S(T,) and all ¢ € X, which is regarded as a representation of SL(2, k,)
by the right regular action. From (41]) and ([€2]), a surjective intertwining operator,

U S(vaTv> — 0u(Ty, X;)
is defined as follows. If Ind Xv is irreducible then S(x,,T,) = ©%(T,, x;") and
U is taken by the identity map If IndSO(T X 1s reducible then

(f) = (SLE k) 3 9= 1(9)flw) + € () from) ) (for f € S0, To).

From the representation theory of SL(2,k,), the results of [ST69] with respect to
S(Xv, Ty), [MVWS8T7] Chap.3 IV Th.4 and [Pau05] Th.15, the following is obtained.

Theorem 4.1. (1) ©%(T,, 1, (= det)) = 0.
(2) ©Y%(T,,X5) is non-zero and irreducible for X5 # 1; .

(8) If T, is hyperbolic then

SL(2,k,
In dBSL(Q)(,)C )X Xv = 1 or X?; 7£ 17
0XT,, X5) ~ an irreducible subrepresentation )
g SL@k) Xo # 1 and x; = 1.
of In BSL)(k, )Xfu

12



Here B2 s the Borel subgroup of SL(2) consisting of upper-triangular ma-
trices and x, 1s also regarded as a character of the subgroup of SL(2) consisting
of diagonal matices in the natural way.

(4) If T, is non-hyperbolic and X5 = 1 then ©Y(T,,X5) is isomorphic to an irre-
B )
(—detTy,-), of kY. Suppose T, is non-hyperbolic and x, # 1. If v is non-
archimedean, ©%(T,, X¢) is supercuspidal. If v is real, ©%T,, X) is isomorphic
to the discrete series representation 6(enn) with the Harich-Chandra parameter
enn where ¥, = exp(A-), A = ey/=1|\| € V—1R, x, = exp(2mny/—1-), n € Z
and n =1 if T, is positive definite, —1 otherwise.

ducible subrepresentation of Ind (r, where Cr, is the quadratic character

For a subset S C S, with finite cardinality, an irreducible representation o (7', x, .S)
of O(Th) is defined as in §B.Il Its component at v is denoted by x¢ for any v. An
element of o(7, x, S) is identified with a function on SO(T})\O(Ta) by the corre-

spondence,
o(T,x, S ® By — H o

Note that for ¢ € o(T, x, S), ¢(h)+ gb(%h) becomes an automrphic form on O(Th).
For ¢(#0) € o(T, x, S), we define

(Poof) () = / LTI (] € S(T), we Ta)

The image S(7), x,S) of S(Ta) by P, is determined independently of choice of ¢.
It is an irreducible representation of SL(2, A) by the right regular action r, which
is isomorphic to the restricted tensor product

QO X)-
For f € S(T,x, S), define a function I, f on SL(2,A) by
(L)(9) = > (r(9)/)(€) (g € SL(2,A)).

£eSO(Ti)\(T\{0})
The Weil representation (w¢T,S(TA)) of O(Ta) x SL(2,A) is defined by the re-
stricted tensor product of (w§, 5., S(T)). For f € S(Ta), set

O(fih,g) = D whr(h,g)f(§) (heO(Ta),g € SL(2,A)),
£eTi\{0}

0°(f, 6)(g) = / o B G TRR (6 € (T, x.5)

Then 6°(f, ) becomes a cuspidal automorphic form on SL(2,A). We denote by
0%T, x, S) the space generated by 0°(f,¢) for all ¢ € o(T,x,S) and f € S(Ta),
which is a cuspidal representation of SL(2, A).

13



Theorem 4.2 ([ST69]). (1) The follwing diagram of intertwining operators is com-
mutative.

S(Ta)
Px,dzl 90(')(15)
S(TaX7 S) T)@O(TaXVS()

In particular, if ©°(T, x, S) is non-zero then ©°(T, x, S) is isomorphic to S(T, x, S) ~
X, O%UT, X)) as a representation of SL(2, A).

(2) For a non-hyperbolic quadratic space T of dimension 2 and a character x of
SO(T,)\SO(Ta), there is a subset S of S, with finite cardinality such that
0T, x, S) is non-zero.

5 Local theory

5.1 Non-archimedean case

Let v be a non-archimedean place. For an irreducible admissible representation o,
of G(V,), put

N, = ﬂ Kerf,

where f runs over Homey,)(wy, v, o). Then there is an unique admissible repre-
sentation Q(V,, 0,) of G(k,) such that

S(Vo)/No, = 0y @ QVsy, 00)
as a representation of G(V,) x G(k,) ([MVWS7] Chap 2 TIT 5, Chap.3 IV 4). Let

= x¢ for a character x, of SO(k,) and € = £1. IndSO(V Yo 18 unitarizable by an
inner product

0o) = | o AT (6.6 € 1G5 ).

If ¢1,...,¢; form an orthonormal basis of x¢ with respect to this inner product,

l
S(Vu) 3 for > 6 @ Mol for ) € X @UWVL, XE)
i=1
becomes a surjective intertwining operator. This implies that U (V},, X¢) is a quotient
representation of Q(V,,, x¢).

Proposition 5.1. If V, is anisotropic and either v € Sp and o, = 1~ = det or
v e Sp and o, # 1 then U(V,, 0,) is irreducible and supercuspidal. U(V,,, o,) will be
also denoted by 0(V,,, 0,).

14



Proof. Any o, is supercuspidal and the Howe correspondent Q(V,, 0,) of o, to G(k,)
becomes the first occurrence in the Witt tower over W,. This follows clearly in the
case of v € Sp and from Theorem AI(1) in the case of v ¢ Sp. From [MVWST7]
Chap.3 IV Th.41), Q(V,, g,) is irreducible and supercuspidal. Since U(V,, o) is non-
zero and a quotient of Q(V,,, 0,), U(V,, 0,) is also irreducible and supercuspidal. [

Let v & Sp and T, = Ty,. From the definition of the Weil representation, there
are &,& in T, linearly independent such that U(V,, o,) is identified with the space
U(T,,o,) generated by functions

)\v(fva ¢v) . Sp(47 kv) > Gy — L(T ) Wwv,Tv<hvagv)fv(£17§2)¢v(hv)dhv

for all f, € S(T?) and all ¢, € Y. We may assume that both ¢z, (£;) and gr, (&)
are non-zero by acting of an element of Mg(k,). We denote by U'(T,, 0,) the space
generated by functions

Xo(fui60) : Sp(dik) 3 g o /O ol 90 0.

for all f, € S(T?) and all ¢, € X5. It is easily checked that U'(T,,o,) is a sub-
representation of Indi’}f?l;v§)(§Tv| |t ® €%T,,0,)) and if ©Y(T,,0,) is non-zero
then so is U'(T,,0,) . From the explicit formula of the Weil representation, if
Ao(fo, v) is zero then so is A (fy, ¢»). This induces a surjective intertwining opera-

tor V,;U(T,,0,) — U (T,,0,) characterized by

Ty (Ao for 00)) = N (for 60)-
For a smooth representation = of G(k,) (or G(V,) x G(k,)) and P = Py, Ps, Pk,
mp denotes the normalized Jacquet module with respect to P. If v € Sp and T, is
anisotropic we obtain directly

(W, )P = Cr | - 15 @ Wy, 1
as a O(T,) x My (k,)-module where (r, ||, ! is a representation of the first component
of kX x SL(2,k,) ~ Mg(k,). From this isomorphism, we have

U(Ty, 00) P = Cr,| - |;1 ®@O<Tvvav)- (5.1)
Proposition 5.2. Suppose that T, is anisotropic.

(1) If v & Sp and o, # det then U(T,,0,) is isomorphic to the unique irreducible
uotient Jie(Gy |- | @ O°(T,, ) of IndSL5) (G|, © OX(T3.00).

(2) If v € Sp and o, = 1 then U(T,,0,) is isomorphic to the unique irreducible
quotient Js((Cv,| - [1%) o vp,) of S (Gl - [¥) 0 vp,)-

In both cases, U(T,, 0,) is denoted by 0(V,, 0y).
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Proof. Assume o, = 1. Let R(V,,) denote the image of the map

S(Vo) 3 f = (G(ky) 2 g — wy, v, f(0)) € Indps P ((CAR %) o vp,).
Then the G(V,)-coinvariant space S(V,)a(v,) of S(V,) is isomorphic to R(V},) as a
representation of G(k,) ([MVWS87] Chap.3 IV Th.7). It is known that R(V}) is
irreducible for all v ([KRS92] Prop.1.1, [Yas07] Prop.4.5). Since U(V,,0,) is non-
zero and a quotient of S(V,)g(v,), it is isomorphic to R(V,). If v € Sp, U(V,, o)
is isomorphic to Jg((Cv,] - |o o2 )ovp,) by [YasO7] Prop.4.5. If v ¢ Sp then R(V,) is
isomorphic to an irreducible subrepresentation of Indip Zlkk“ Cr, |-, ®@0%T,,0,))

because ©°(T,, 0,,) is non-zero. As for Jacquet module, from (5.1)) and [BZ77] §2.12,
we have

R(V, ) = (-1, @0 (T, 00),
(Ind3 G en ] - 1)1 © €T, 00))pye = Cr, @ Indd) Gl - o

+ CTU| ) |_1 & @O(Tm Uv) + CTU| ’ |v ® @O(Tm Uv)

in the Grothendieck group. From [ST93] Prop.5.4, Indf,p ?kk” (|-, @ 0%T,, 00)

has three irreducible constituents. More precisely, all the constituents consist of
T (Cr |- 1o @ ©°(Ty, 00)), Js(| - v/ *Cr, Star), 0(Ty,00).
Here,

. Js(qu)/ZCTv Star(z)) is the unique irreducible quotient of IndSp ik)” (I ]UQCTU StGL(Q))

where Sty (o) is the Steinberg representation of GL(2, k,) and Js(|- |v %, Stare)pe =
S v
¢r, ® In dBéf(;i(k ¢l o

- 0(Ty, 0,) is an irreducible tempered representation with Jacquet module (r, | -

o ® ©°(T,, 00),
J(Cr |- o @ O°(Ty, 00))pe ~ (| - 51 © O°(Th, 00).

Therefore, R(V,) is isomorphic to Jx((r,| - |» ® ©%(T,,0,)). Next assume v & Sp,
o, # 1,det. Since o, is supercuspidal, Q(V,, o,) is irreducible by [MVW8&7] Chap.3
IV Th.41) and so is U(T,,0,). Since ©°T,,0,) is supercuspidal, as for Jacquet
module we have

(In dSp 4I<: QTU| It ®O0%T,, 0.))pe = (| - |, ©@ ©%Ty, 00) + (1| - |0 @ O°(T,,, 04)

in the Grothendieck group. Since Indii (?,;’j’S)CTJ |1 ®0%T,, 0,) has length at most
2, from (|5:|:|) Q(V,, 0,) is isomorphic to the unique irreducible subrepresentation of

IdS“‘““ (nl 1, @ 0T, 0y). O

If v & Sp and T, is isotropic, there is a smooth subrepresentation F of the
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Jacquet module (wy, 1,)p, as a representation of O(1,1;k,) x Mg(k,) such that

(W )P /F = |- 5t @ Wy, 1o)s

O(1,1;k4) X G (ko

F (Indsé(1,1;k)vx)x<s,i(k)v)7v) ® lsr()
where | - |1 is a representation of the first component of G,,(k,) x SL(2,k,) ~
Mg (k,) and 7, is the representation of SO(1,1;k,) X G, (k,) ~ k) x k) defined on
S(GL(1, ky)) by

7o(c,a)d(y) = ¢(c'ya) (c,a,y € k', ¢ € S(GL(1,k,)))

(See [MVWS8T7] Chap.3 IV or [Kud86] Th.2.8). Note that

O Liko)XGm(ke) _ _
IndSO(Ll;kUX)xGm(kv)Tv ~ S(0(1,1; ky))

where a representation on S(O(1, 1; k,)) is given by the left and right regular action
of O(1,1; k) x Gy, (ky) (or O(1, 15 k) x O(1,1; ky)).

Lemma 5.3.
Z/{<Tva UU)PK :UU|Gm(kv) ® ]-SL(2) + | . |;1 ® @O(Tvy Uv)
+ -1, @ (a supercuspidal representation of SL(2,k,)),
in the Grothendieck group.

Remark 5.4. The supercuspidal representation appearing in the lemma may be zero.

Proof. For a smooth representation p of O(1,1; k,) x Mk (k,), N(p,0,) denotes the
intersection of the kernels of f which belong to Homoq 1.,)(p, 0v). Then p,, :=
p/N (p,o,) becomes the maximal o,-isotypic quotient of p, which is isomorphic to
0,@m(T, 0,) where 7(7, 0,) is a smooth representation of Mg (k,) ([MVWS&T7] Chap.2
III). In general, for an exact sequence of smooth representations of O(1,1;k,) X
MK(kU)7
0—p1—p2—p3—0,
a following exact sequence is obtained.
Plo, = P20, — P30, — 0.
This implies that there is an exact sequence,
7(p1,00) 5 7(p2n ) — T(ps, 70) — 0.

Now let us set p1 = F, po = (wy, 1) P+ P3 = (W,,1,) P /F. For ¢,(# 0) € 0y, a
surjective map

Wapy, T, > fv = )\;;(fm (bv) € Z/{(Tva U'U)
can be reduced to

o+ (W1 ) P — U(T, 00) e
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by definition. For ¢ € T, such that ¢z, (£) # 0, put

M@= [ R)E TR (1€ SO0, Tk 0 € k).

Xo, (fo)(g) = / Wi, 1, (R 9) FL(&)du(h)dh (f, € S(T,), g € SL(2,k,)),
O(1,1;ky)

where these integral converge absolutely. U (T,,0,) (resp. U (T,,0,)) denotes
the space generated by functions )\év( f») for all f, € S(O(1,1;k,)) (resp. )\z’)v( )

for all f/ € S(T,)). p1 and ps provide U} (T,,0,) and Us-(T,,0,) with structure
of representations of My(k,). Then U3 (T,,,), which is isomorphic to |- [;! ®

0%(T,,0,), is a quotient of U(T,,0,)p, and the following diagram is commutative;
0 p1 P2 (5.2)
l’\év l&bv
0—=U(T,,0,) —=U(T,,00) Py
Similarly to the observation before Proposition 5.1l there are surjective homomor-

phisms 7(p;, 0,) — Uk (T, 0,) (i = 1,3) and 7(ps,0,) — U(T,,0,)p,. From (5.2),
we have the following commutative diagram;

m(p1,00) ——>m(p2,00)

| |

0—U(T,,0,) —=U(T,,0,)p-

Since
1 m,~0o
dimc Homgq 1. o (Ty. 0 @) = v v
C O(1,15k0) xO(1, 1) (Tus Oy @ Ty) 0 otherwise,
and /\év is non-zero, one concludes that ¢ is injective and

U(m(pr,00)) = 7(p1,00) = Upe(To, 00) = Oule,, (k) ® Lsiia)-
Since (W), 7,)psee = 1® 1+ 7, (See [MVWST7] Chap.3 IV or [Kud86] Th.2.8) ,
1+1 o, =1
0 _ 0 _ v 9
W((wmev)BSL@),O—U) = @ (TU,JU)BSL@) = { UU|Gm(kv) o0 7§ 1’
in the Grothendieck group. Since ©°(T}, o) is a quotient of 7(wy, 1, ,0,),
W(wngv, 0,) = 0°%T,,0,) @ (a supercuspidal representation)
by (an analogy for SL(2) of) [BZ76] Th.4.17. Consequently,
T((Wp 2,)Prcs T0) =00l Gy ® Lsi) + |- 157 @ O°(T, 0)
+ |+ |;! ® (a supercuspidal representation of SL(2,k,))

in the Grothendieck group. Since U(T,, 0,)p, is a quotient of 7((wy, 1, )Pk, o) and
Uy (T,,0,),Us(T,, 0,) are subquotients of U(T,, o,)p,, the proposition is obtained.
O]
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For a quasi-character p, of k and a smooth representation 7, of SL(2,k,),
(IndSp * k§)(uv R Ty)) P = Ho @ Ty + y @ Ty + T,y gsr @ (Indzgff)”k )uv)
in the Grothendieck group ([BZ77] §2.12).

Proposition 5.5. Let v & Sp and T, is isotropic. ThenU(T,,c,) has an irreducible
quotient isomarphio to

(| |U ®© Indsg(ﬁ(f)?kv)xv) =1In dSOlllf:Z XU7X12) 7é 17
H(Tvaa—v) = (| |U ®I dzgf(j):(kv)]‘) Oy = ];,
Ji(| - |, ® ©%T,, 0,)) 0r=X5 X2=1, xo #1, e = £1,
Js(|- 10 Store) o, = det,
where Stgro) is the Steinberg representation of GL(2, k ) cmd J (1) (resp. Js(T))
Sp(4 k/'v

denotes the Langlands quotient of Indp, )7 (resp. Ind 7').

Proof. By Lemma [5.3 and [BZ76] Th.4.17, U(V,,, 0,) p, has a quotient equal to

{ |15t @0 (Vi 00) + X0 @ Lsne) + X3 ' @ 1se) (X5 # 1),
|- 1,1 ®@0%(Vy,00) + X0 ® 1sr(2) (x;=1)

in the Grothendieck group. If x? # 1, Indip ?kk Xo® g (2) is irreducible from [ST93]

Th.5.4 (i), and Jg(] - |, ® Indggf@k;’zk )Xv) is isomorphic to IndSp(4kk“;)XU ® lgr(a)-
Therefore, in the Grothendieck group

SL(2,ky) Sp(4,ky
Jie(| - o ® Ind2fle xa)pe = (Ind7 G5 x @ Lorgs)) py

=] |,'®n dgﬁﬁﬁzk yXo + Xo @ lsr2) + e lsr(2) (X2 #1).
If x2=1,x, # 1, in the Grothendieck group
Sp(4,ky) Sp(4,ky s 4kv
IndyP S (1 o ® xo) = IdZ2 (| - o @ 0(xw, +) + Ind 2 (| o @ 60, =)

= IndifEi;’i“)(xv ® Lsr2)) + Indsp o kv (Xv ® Stsre)

where (., &) is irreducible representations of SL(2, k:,U) such that

In d;éf(;v() Xo =2 0(Xo, +) D 6(Xo, —)

and Stgp(2) is the Steinberg representation of SL(2,k,). The length of Indl,spf)7 Ei’;v)(\ .
lo ® xv) is 4 from [ST93] Th.5.4. By comparison of Jacquet modules, we see that the
semisimplification of Jx (|- |, ® 6(xv, +))p, coinsides with the common composition

factor of (IndSp(4 k”)| lo @ 0(Xv, 1)) P, and (IndSp(4 k)“)xv ® lsr2)) Pk Therefore,

(l : |v & 5()(117 ))PK - | : |v1 ® 5(XU7 )+ Xov & 15L(2) (Xv = 1,Xfu 7£ 1)
in the Grothendieck group. If o, # det, a non-zero quotient of U(T,, c,) is isomor-

phic to a subrepresentation of Indip(zlkk“ (- |,'®6°%T,,0,)) because ©°(T,, a,,) # 0.

If x, # 1, from the Jacquet module of Indsp(4 o) (] ' ®@©°%T,,0,)) and the de-
scription of the above Jacquet modules , we have that Je(| - |, ® ©%T,,0v)) is a
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quotient of U(T,, 0,). Assume o, = 1. In dSp (4kk))(1 ® 1gr(2)) is a subrepresentation

of Indf;p Elkk” (- I;'@1In d;];g;” 1). From the comparison of Jacquet modules, there

kv)
is a non-zero inetertwining operator from U(7,,0,) to Indip Zlkk;)(l ® 1sr(2)). From

[ST93] Lem.3.8 and [Tad94] Lem.6.2,

Ind7? G5 (1@ 1sp0)) = (|- o @ Ind ) 1) @ Js(| - [ Stane).  (5.3)

Since the Jacquet module of the image of U(T,,, 0,,) does not contain JS(|'|11)/QStGL(2))PK,

Jr (] o ®Ind§éf§”k )1) is a quotient of U(T,,, o,). Finally, consider o, = det. Since

U(T,,0,)p, has a quotient isomorphic to 1 ® 1g(2), there is a non-zero intertwining

operator from U(T,,o,) to Indf,p Elkksj)(l ® lsr(2)) by the Frobenius reciprocity. It

is seen that Jx(] -], ® In dggf(?’?@ )1) is not an irreducible constituent of the image
of U(T,,0,) from the Jacquet modules. Therefore, by (5.3)) one concludes that a

quotient of U(T,, 0,) is isomorphic to Jg(] - |i/QStGL(2)). O

5.2 Archimedean case

Let v be an archimedean place. g(V,) and g, denote the complexifications of Lie
algebras of G(V,) and G(k,). Let S(V,) C S(V,) be the space of Schwartz functions
which correspond to polynomials in the Fock model of wy, v,. For an irreducible
admissible (g(V},), L,)-module o, let N, be the intersection of all subspaces N’ C
S(V,) such that S(V,)/N =~ o,. Then there exists an admissible (g,, K,)-module
p(o,) such that

S(Vo)/Ns, =0, @ ploy)

as a (g(Vy) @ gv, L, x K, )-module. Furthermore, if p, is non-zero, p(o,) has a
unique irreducible (g,, K,)-quotient 0(V;,, 0,) ([How89] Th.2.1). For o, = x¢ for a
character x, and € = +1, U(V,, 0,) is defined by the space generated by \,(f,, ¢)
for all f, € S(V,) and all ¢, € x§. Similarly to the non-arhimedean case, U(V,, 0,)
is a quotient of p(o,). Therefore 0(V,, 0,) is a quotient of U(V,, ).
Proposition 5.6. Ifv & Sp and o, # det then 0(V,, 0,) is isomorphic to the unique
irreducible quotient Ji (| - |, ® ©°(T,, 0,)) of Indiﬁtﬁ” (¢, - o ® ©UT,, 0,)) where
T, ="1Ty,.

This proposition is obtained by [Pau05] Th.38 if v is real and [AB95] Prop.21, Th.2.8
if v is complex.
Proposition 5.7 ([LZ97] Cor.3.2 and [AB95] Prop.2.1). If v & Sp is real, Ty, is
isotypic and o, = det then 0(V,,0,) is isomorphic to an irreducible consituent of
Indi’;(é’:){)(sgm - [1/2) o det where sgn is the sign character of R*. If v is complex
and o, = det then 0(V,,0,) is isomorphic to the unique irreducible constituent of

Indiﬁéé’f)ﬂ @ | - |Cl/ ) containing the lowest K,-type of the induction.
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When v ¢ Sp and v is real we choose a Cartan subgroup T of G(k,) = Sp(4, R)
with Lie algebra t, o and complexification t, as follows:

t,o =t NM(4,R) Csp(4,R),

a1

a2

tv - t(alaa2) - ai, Gz S C

When writing e; : t, 3 t(ay, az) — a; € C (i = 1,2), the roots of t, in g, = sp(4,C)
are
A(gva tv) = {:l:el + €9, :|:2€1, :i:2€2}.

U, (resp. U_) C A(gy,t,) denotes the set of positive roots defined by simple roots
€1 — eg,2e9 (resp. e; —eg, —2¢e1). If X € V=1t s dominant with respect to ¥,
the limit of discrete series defined by A and V. is denoted by 6(A, W.). If v € Sp,
G(R) is realized by

Sp(1,1) = {g € Sp(4,C) | g, "7 = ]1,1} , Ly =diag(l,-1,1,-1).
We choose a Cartan subgroup T' of G/(k,) with Lie algebra t, o and complexification
t, as follows:

t'U,O = tv M v _]-M(47R) C Yo,

a1

as

tv = t(al,ag) = ay, g € C

—ay

the roots of t, in g, are
A(gv, tﬂ) = {iel + €2, :t2€1, :]:262}

where ¢; : t, 3 t(ai,a2) — a; € C (i = 1,2). ¥, (resp. V_) C A(g,,t,) denotes
the set of positive roots defined by simple roots e; — e, 2e5 (resp. —e; + e, 2¢1). If
A € /=1t is dominant with respect to W, the limit of discrete series defined by A
and U4 is denoted by §(A\, U.). If v € Sp, G(V,,) is isomorphic to O*(2) ~ C!, so
that a character of G(V,) is identified with that of C!.

Proposition 5.8. Let 1, = exp(A-) for A =ey/—1|A\| € vV—1R € = £1.

(1) If v € Sp, v is real and T, = Ty, is anisotropic then
~ 6((170>7\P+) €n > 07
6(Ve, det) = { 5((0,—1), W) en<0.

where n =1 if T, is positive definite, —1 otherwise.

(2) Assume v € Sp and v is real. If 0, = 1 then 0(V,,0,) ~ Indgéla)ﬂygv ;{2). If
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o, = exp(2my/—1n-) (n € Z\{0}) then
o ol(n],1),94) en >0,
o0 00) = { o((1, W),\I’f) en < 0.

In particular, if |n| > 1, 0(V,,,0,) is in the discrete series.

To prove this proposition we recall the Fock model. For n € N, we define the
Fock space

F = {F : C" — C, entire

P = [ PG)Pe e < +oo}
Cn

where d,.z is the self-dual measure with respect to C*xC"™ 3 (z1, z3) — eV—1Re(z1-72) ¢
C!. Then F is a Hilbert space by the inner product given by |- |.. For f € L*(R"),
put

Bio) = [ 1) Blo,2) dyo (zeC,

n 1 1
B(z,z) = 2% - exp (—§|/\|3172 + |)\|éx-z - ZZQ> (x e R", z€ C")

where dyx is the self-dual measure with respect to X x X > (z,y) — ¢(z-y). The
L*norm |- |2 on L*(R") is defined by dyz. Then B becomes an isomorphism from
(LR™), | - |z2) to (F,| - |e) ([Fol89] Chap.1 § 6). The Weil representation wy, of
the metaplectic cover of Sp(2n,R) is defined on L(R™) as a unitary representation.
By the transfer by B, the Weil representation can be also realized on F, which
is denoted by wy,. The Harish-Chandra module of @y, is C[z,...,2,] C F and
the explicit formula of @y, is described as a (sp(2n, C) & C,U(n) x C')-module as
follows:

(1) C’Di/lv((oat)) =t IdC[z1 ..... Zn] (t S C),

» 1 Eij_Eji ‘_6\/ zg+ .
_ J < <
(2) @ (2(6 /_(EZ]+EJZ)‘ 5” (1<i,j
n)
EV ( ZJ+ )‘ EZ]+E]Z ..
- = < <
n),
L e/=1U(E,;+E) | Ei+E; 0 -
4 - 6y T i T 1 < <
(1) Gu 2( Ei;j+Ej; | —ev/—1(E;;+E; ) 82’182] I=ijs
n),
. b
) @l (5 )ose) = nslarer=I) (4 D)o e Ut x O s e
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Here E; ; = (0, 10;,)k; and (2), (3), (4) are the actions with respect to a basis to

A
ot — {(—e\/B—_lB eﬁ_13> B € Sym(n, C)},

- {(e\/?B _j_—w) Be Sym(n,C)},

where sp(2n,C) =p~ @ €® pT and ¢ is the complexification of the Lie algebra of a
maximal compact subgroup of Sp(2n, R).
In our case, n = 8 and the transfer w,, v, on Clz1,. .., z4] of wy, v, as a (g(V,) ®
gy, L, X K, )-module coincides with the composition of w,, and the splitting,
~du:g(Vy) @ go — sp(8, R),
L, xK, 3> (k) — (e(1,k),1) € U(4) x C,
where ¢ : G(V,) X G(k,) — Sp(8,R) is the natural homomorphism, d: its differential,
and U(4) is identified with the maximal compact subgroup of Sp(8,R).

Let us prove Proposition 5.8 If v € Sp and o, = 1, the statement has already
been shown by [Yas07] Prop.4.7. In the other case, we will prove only the case of
v € Sp. For the case of v € Sp is similarly proven to the case of v € Sp and
o, = exp(£2my/—1-). (And it is proven for € > 0,7 > 0 in [Ada04] Th.4.1.) Since
for

A € Alt(n, C), B € Sym(n, C)} ;

Y, = (t _t) € Lie0*(2) (L € R),

0 0 0 0
B Y)) =+vV—1ent(z1— Ny paa
Wy,v, (Y1) ent(21 oz + 22 92 23 97 24 824)’
we have an isotypic decomposition of Clz1, ..., z4] as g(V,)-modules,

C[Zla s e )24] = EBkGZ Pku
P = @ Clz1, 2] %) ® Clzs, 24)*,
k1—ka=enk
where P, is the isotypic space of a character exp(2mv/—1k-) of G(V,) ~ C! and

Clzi, zj](l) denotes the set of homogenuous polynomials of degree I. The actions of
a basis of g, is described as follows:

1 0 0
A 0 . - _
(1) Wwv,vu(( -1 0>) =2z o2 29 D2’

0 0 0
~ 1 o v v
(2) w¢vvvv(< 0 1)) - 23823 248247



o)) = 2677\/_21
) = 267’]\/_2’3
o)) = —267]\/_22

0])= —267]\/_24—

A 01 1 L
0 Gl (P g )) =5 - 1520
00 1 o?
~ 10 — —
® Gonl(Hy )= fan -1y

01
~ 10 |) — =
© G (gyth)) = g Tleam 44 1622>

10) Gu((gy 1)) = Jerv Tz + 450

023024
Using this description one can demonstrate the following:
e Every Py is irreducible as a g,-module.

e The set of K,-types in Py, is
{ {(enk +1,1) |l € Z>o}  enk >0,
{(l,—enk + 1) |l € Z>o} enk <O.
The multiplicity of each K,-type is one.

e The infinitesimal character of Py, is associated to
{ (enk,1) e ¢ enk > 0,
(1, —enk) € t* enk < 0.
by the Harish-Chandra isomorphism.

In particular, if |k| > 1, Py is the discrete series representation with the Harish-
Chandra parameter (enk,1) if enk > 0 and (1, —enk) otherwise. If enk = =41,
0((1,1),Q4) and Py are irreducible highest weight modules with the same highest
weight. Therefore, they are isomorphic.
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6 Main theorem

Let V. x,S be asin §[3

Theorem 6.1. There is an irreducible G(A)-subspace ©'(V, x, S) of O(V, x, S) such
that

0'(V,x,S) ~ R 0(V,, 0, (V. X, 9)).

Proof. From § [ ©(V,0,S) has a quotient isomorphic to

R0V 00V, x. 9)).

Since ©(V, 0, S) is completely reducible, it must contain a subspace isomorphic to
this representation. O

Theorem 6.2. ©'(V,x,S) is a CAP representation with respect to Px. More con-
cretely, there is a set S" of places of k with finite cadinarity such that

1. ©Y%T, x,S") is non-zero and irreducible cuspidal representation of SL(2, A),

2. For almost allv, 0(V,,,0,(V, x, S)) is isomorphic to the unique irreducible quotient
of d5) Gl - o ® OY(T,, 0 (V, X, §)).

where T is the quadratic space on k(n) defined by the norm form.

Proof. We can choose S’ satisfying the first condition by Theorem [£2l For almost
all v € Sp, T, is isometric to Ty, because both the quadratic spaces have the same
determinant and the Hasse invariant 1. From this and results of § Bl the second
condition follows. O

We write m(0'(V, x, S)) for the multiplicity of ©'(V, x, S) in the discrete spec-
trum of L*(G(k)\G(A)).

Theorem 6.3.
Qﬁ(sxﬂsD)il Sp ¢ SX’ Sp N SX 7’é 0
m(0'(V,x,5)) = ¢ 2% Sp C S,
1 SpnsS, =0.

To show this theorem, we make use of the failure of the Hasse’s principle for
(-1)-hermitian spaces over a quaternion division algebra. For n € D_\{0} let kp,, =
{ce k| (n? c), =1forallv & Sp}. A group homomorphism ) is defined by

kpy D¢ {(0*, 0)obuesy € {112,
Let {£1} be regarded as the subgroup of {41} via the diagonal embedding. Note
that the number of elements of kp,, /A~ ({£1}) is 285p=2,
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Proposition 6.4. [Sch85, Theorem 10.4.6, Remark 10.4.6] Let (n) be a (-1)-hermitian
right D-space of dimension 1 defined by n € D_\{0}. Then for any c € kj,,, (cn)
is locally isometric to (n). For any a € A" ({%1}), (an) is globally isometric to (n).
{{an) |a € kp, /A1 ({£1})} ds the set of classes locally isometric to (n), so that this
set contains 2*°0=2 elements.

In the case of v € Sp, the Weil representation wy, v, of G(V,) x G(k,) is de-
termined by not the isometry class of V,, but the choice of a basis of V. In fact,
if 1 and x5 are elements in V, not equal to each other, x; and x, define different
WEeil representations and the Howe correspondents of an irreducible representation
of G(V,) with respect to these Weil representations do not need to be isomorphic.
Here if n, = hy, (z, z) for x € V,,, we write wy, ,, for the Weil representation defined
by v instead of wy, v,. Also write A,(ny, fo, @) instead of A\, (f,, ¢,) of [B.5), and

0(ny, xv) instead of 8((n,), Xv)-

Lemma 6.5. Let v € Sp and V,, ~ (n,). Forc € kS, f, € S(V,) and a unitary
character x, of G(V,,), there ezists f) € S(V,) such that

)\U(/r/'l]7 fU? X'U) - A’U(C/r’v’ f1/17 X’(l:})
where

[
X { Xo (m5.¢)y=—L
In particular, 6(n,, X») =~ 0(cny, X5)-

Proof. If (¢,n?) = 1, there is a £ € k(n) C D such that *¢& = c. If (¢,n?) = —1,
there is a £ € D_ such that £ = ¢ and &n = —né. In both cases, (£,&)y, = cny, so
that & defines the Weil representation wy, ,, of G(V,) x G(k,). It is easily checked
that wy, o, is realized on S(V;,) by

w%f,cnu(hag) = wd’vﬂ]v (é_lh/g’g) (h E G(VU)79 E G(k’l)))
Therefore for g € G(k,),

Allor for X)(9) = / o) (1)
[ € WD )l O
G(W)

= / wwv,anv<hl7g)fv(le)Xg<hl>dh,
G(W)

= )\(C”?v, Jos Xf})(g)
]

Proof of Theorem [6.3.
IfveSpand x2 =1, 0(no, xo) = 0(cno, Xo) for any ¢ € k* from Lemma[G.5 There-
fore, if a € kf, holds (a,n5), = 1 for all v € Sp\Sy, OV, x,S) =~ ©'(aV, x, 5).
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From Lemma B2 if V;,...,V, are (-1)-hermitian spaces over D of dimension 1 not
isometric to each other, in the space of automorphic space of G(A)

O Vi, x,S) + -+ 01V, x,9) =0'(Vi,x,9) & --- & O0'(V,, x, ).
The image into kp, /A~'({£1}) of the set of a € k5, holding (a,n5), = 1 for all
v € Sp\Sy is isomorphic to
{ {a € kf, /ker X| (a,7%), = 1 for v € Sp\Sy} Sp € Sy,
kgm/)\*l({il}) Sp C Sy.
The cardinality of this set is equal to the number in the right hand side of inequality
in the theorem.

7 Multiplicity conjecture

7.1 Arthur’s conjecture

In this section we attempt to explain expected value of the multiplicity appearing in
Theorem[6.3]in view of the Arthur’s multiplicity conjecture. Therefore, the argument
in this section supposes some conjectures.

Let F be a local field of characteristic 0 and I' = Gal(F/F). The quasisplit inner
form of G is G* = Sp(4). We have the following bijection [PR91].

{inner forms of G"‘}/N R~ HY(F,G*.q)
w W
G’ — ug T3>y g o'ne

Here ~ means isomorphic equivalence and ng : G*(F) — G'(F) is an inner twist.
In addition, if F is non-archimedean then from [Kot84] Prop.6.4
HYF,G") =~ mo(Z(Gre)T)P

W W

’LLG/ —> CG/,
Here é\*sc is the simply connected cover of G =G = SO(5,C) so that é\*sc =
Sp(4,C) and ( )P means Pontrjagin dual. Write ji. : G*,. — G* for the covering
map. The local Langlands group L is defined by

Lo Wr x SU(2,R) F : non-archimedean,
F= Wg F : archimedean,

where W is the Weil group of F'. By a (local) A-parameter is meant a continuous
homomorphism ¢ : Lz x SL(2,C) — *G = G x W such that

(i) writing pr : Lr — W for the conjectural homomorphism and p, : *G — Wg
the projection to the second component, ps o ¢ = pp,

(ii) its restriction to L is a Langlands parameter with bounded image [Bor79|,
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and
(iii) its restriction to SL(2,C) is analytic.

We write Cy, for the centralizer of the image of ¢ in G. For alocal A-parameter ¢ and
an inner form G’ of G* suppose the existence of local A-packet Hg/ [Art89], which
becomes a finite set of irreducible admissible representations of G'(F'). For a global
or local A-parameter 1, Sy denotes ji ' (Cy). Sy is defined by 7(Sy) = Sy/Sy),. For
an inner form G’ of G* the following condition is called the relevance condition for
(G/7 ¢)
Ker éG’ D) Z(@SC)F N Sl(/)}
Since
75 = Im(Z(Goe)" — Sy) = Z(G o) /(Z(Gie) N SY),

if (G’ 1)) satisfies the relevance condition then éG/ can be regarded as a character of
ZL.
P

Conjecture 7.1 ([Art06] §3). Let F' be non-archimedean. For a local A-parameter
Y : Lp x SL(2,C) — LG* there exists a pairing

(Or:Sex( JI 1§H—c
G'eH (F,G*,q)
which satisfies the following condition:
For any inner form G' of G*, if (G' 1) does not satisfiy relevance condition,
Hgl = 0 and otherwise there exists

p: Hg' —  II(Sy, (er) = {irred. repre. o of Sy | O’|Z£ = éG,}/N
W W
T - P

such that (s, m)p = Tr p(s) for all s € Sy.

If F'is non-archimedean then the set of inner forms of G* consists of G5. = Sp(4)
and non-split group G%°. If F is real it consists of G%, G = Sp(1,1) and the
compact group Sp(4), and if F is complex it consists of only G%.. In any case put
I, =11, i , I = Hggs (ILy® = 0 if F' is complex). Since we do not treat the case
that G co1nc1des with the compact Sp(4) at a real place, we will not consider the
A-packet in the case.

Next consider the global case. Assume existence of the hypothetical Langlands
group Ly of k. A global A-parameter is defined similarly to the local one. Two A-
parameters are equivalent if they are G- conjugate. An A-parameter 1 is said to be
elliptic if the centralizer Cy, of the image of ¢ into G is contained in the center Z (G)
of G. The set of equivalence classes of elliptic A-parameters is denoted by Wy(G).
For an elliptic A-parameter 1, the associated local A-parameter 1, is given for any
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place v by the hypothetical homomorphism £;, — L. Sy is defined similarly to
the local one. Then a homomorphism Sy — Sy, is given. Assume that the pairing
(, )t Sy, x (I, UITE ) — C satisfying Conjecture [Tl is given for any v . Then
the global pairing (, ) = [[,(, )v : Sy X II§ — C is defined if the product exist.

Let €, : Sy — {£1} be the character defined in [Art89]. II§ is defined by the set of

T = ®m, such that w, € Hg(k”

set

) and 7, 1s unramified for almost all v. For w € Hg

v

1
mo(n) = 57 2 ol )

8€S¢
The Arthur’s multiplicity conjecture is described as follows.

Conjecture 7.2 ([Art89] Conj.8.1). The multiplicity of m in the discrete spectrum
of L*(G(k)\G(A)) is equal to > pewo(q) My (7).

7.2 Multiplicity of Klingen CAP representation

From the Adams’ conjecture ([Ada89] § 4, 1), it is expected that ©'(V, y, S) belongs
to the global A-packet associated to the A-parameter ¢ = iy, : Wi x SL(2,C) —
SO(5,C) x Wy, defined by

Uy = (Iﬂdw’,j,u(x) ® 1SL(2,C)) @ (wir/k ® Sym?) x Idy,.

Here, k' is the quadratic extension k(n) of k with discriminant §, Wy, Wy the Weil
groups of k, k', wy, the quadratic character associated to the quadratic extension
k' /k, Sym? the second symmetric power of the standard representation of SL(2, C)

and p(x) : Wi — C* the image of the element of H'(Wj, Uk///k\(l)) associated to
x by the Langlands’ class field theory via the restriction map H'(Wy, Uy (1)) —

Hl(Wk/, Uk//k(l))

We need description of local and global A-packets, S-groups and pairings to
describe the conjectural multiplicity. To obtain local and global A-packets, we set
an assumption (c.f. [Ada89] § 4.5 Conj.B).

Assumption Let F' be a local field of a form k, for some v, Dr the quaternion
algebra D(F) and K a quadratic algebra of F' with descriminant dx. For a
unitary character y g of the group of norm 1 of K, set an A-parameter g
for G(F') by

Uk = (Indy” p(xx) ® lspec)) @ (wiyr ® Sym?) x Idy,
where u(xk) is defined as before. Then the A-packet Hg(F) associated to

. . . K,xg
YK v, coincides with

{H(VFJ 0) | Vp, U}
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where Vi runs over non-degenerate (-1)-hermitian right spaces over Dp with
dimension 1 and determinant —dx, and o is in the L-packet H¥f{ associated to
a L-parameter gb;/f( defined by the composition of the embedding *Go(Vr) —
LG(VE) and the L-parameter L — “Go(Vr) associated to .

By the equivalent relation of L-parameters for G(V,) ([Ada89] § 3.4), we obtain

v, _ ) {irreducible constituents of Ind o(Ve )Xv} v & Sp,
{XU7 Xo } v E SD-

Xv
G(kv)

From our assumption, 11,/

(1) The case of v € Sp

is described as follows:

{0(VE XD} xi#1and 6 & (k)2
- ) {0 LX)} A Land de (k)2
{0(V;5,x0)} xo=1andd ¢ (k)2
{0(H,, x7)} x2=1andde (k)

Here V* is the two-dimensional quadratic space over k, with determinant —¢ and
Hasse invariant +1, H, is the 2-dimensional hyperbolic space over k,. Note that
0(V,,0,) appearing in the above packets is of the form of an irreducible quotient of
In dSp @ k;)(w% ko] * lo ® ) for some irreducible representation 7, of SL(2,k,) and

the Character W /k, associated to the extension k! /k, except for o, = det.
(2) The case of v € Sp
Hns :{ {9(%7X’U> (V;JaXv )} Xv 7é 1
b {0(Vo, xo)} Xo =1,
where V,, is the 1-dimensional (-1)-hermitian space over D, with determinant —J.

Note that elements of I} are supercuspidal except for x, = 1.
Next describe global and local S-groups for .

2Z/AZ x L)27 X? #1,
Sy 2
D4 X = 1,
where Dy is the dihedral group with 8 elements. If k] is a quadratic extension of k,
then

o o[ 2242 x2/22 2 #1,
Yo = D4 X?;:la

and if k] ~ k, & k, then

L {1 G #L
Sy, = { Z/2ZX>< {1} i? =1.

The homomorphism Sy, — S, is determined by the above description of S-groups
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and the following diagram:
Dy=7Z/AZ xZ/27 = 7/)2Z xZ/2Z — 7Z/27Z x {1}
U U U
22/47Z x 2/2Z — {1} xZ/2Z — {1} x{1}
Finally, define a pairing (, ), as follows. If v € Sp and x2 = 1,
{5, 0(Vo, xo)do = { (j):2 ztheizviise,
if v € Sp and x2 # 1,
(- 0(Vis x§))o = sgn' 2 @ 1,
and otherwise
(-, 0V X))y = Sgn(e—l)/2 ® sgn(”_l)/2,
where —1 = (2,0) € Z/4Z x Z/2Z, we regard H, = V," and if Sy, ~ D, it is
reduced to Z/27Z x Z /27 via k. Remark that our definition of local pairings satisfies
Conjecture [Tl
We calculate €, = 1 by definition. Therefore, for an irreducible automorphic rep-
resentation T = ©1(V.x, S) € Hg for some V, .S, the Arthur’s conjectural multiplicity
is described by
26NNSD)=1 2 £ 1 SN S, # 0,
my(m) = ¢ 285072 X>=1, SpnNS, #0
1 SpnsS, =0.
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