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Milnor-Selberg zeta functions and zeta regularizations

Nobushige KUROKAWA Masato WAKAYAMA* and Yoshinori YAMASAKI'

November 12, 2010

Abstract

By a similar idea for constructing Milnor’s gamma functions, we study “higher depth deter-
minants” of the Laplacian on a compact Riemann surface of genus greater than one. We prove
that, as a generalization of the determinant expression of the Selberg zeta function, this higher
depth determinant can be expressed as a product of multiple gamma functions and what we
call a Milnor-Selberg zeta function. Moreover, it is shown that the Milnor-Selberg zeta function
admits an analytic continuation, a functional equation and, remarkably, has an Euler product.

2010 Mathematics Subject Classification: Primary 11M36, Secondary 11F72.
Key words and phrases : Selberg’s zeta function, determinants of Laplacians, multiple gamma
function, Milnor’s gamma function, multiple sine function, Euler product.
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1 Introduction

In 1983, Milnor ([M]) introduced a family of functions {v,(z)},>1 what he thought as a kind of
“higher depth gamma functions”. These are defined as partial derivatives of the Hurwitz zeta
function ((w,z) := Y 7 ,(n + z)~" at non-positive integer points with respect to the variable w.
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fPartially supported by Grant-in-Aid for Young Scientists (B) No. 21740019.



Milnor-Selberg zeta functions and zeta regularizations 3

We call v,(z) a Milnor gamma function of depth r and will denote by I';(z) (see [KOW2] for
some analytic properties of I';(z)). The purpose of his study about such functions is to construct
functions satisfying a modified version of the Kubert identity, which plays an important role for
the study of Iwasawa theory.

The aim of the present paper is, as an analogue of the study of the Milnor gamma functions, to
introduce and study “higher depth determinants” of the Laplacians on a compact Riemann surface
of genus g > 2 with negative constant curvature. Let us give the definition of the higher depth
determinant in more general situations. Let A be an operator on some space. We assume that A
has only discrete spectra 0 = Ag < Ay < Ay < --- — o0 and the multiplicity of each eigenvalue A;
is finite. Define the spectral zeta function (4(w, z) of Hurwitz’s type by

Ca(w, z) := Z(Aj +2z) .

Jj=0

We further assume that the series converges absolutely in some right half w-plane (uniformly for
z on any compact set) and, for » € N, can be continued meromorphically to a region containing
w = 1 —r. Moreover, we assume that it is holomorphic at w = 1 —r. In such a situation, we define
a higher depth determinant of A of depth r by

Det, (A + 2) := exp(—a%CA(w, z)‘w:kr).

When r = 1, this gives the usual (zeta-regularized) determinant of A. Notice that if A is a finite-
r—1

rank operator and Aq,..., Ay are their eigenvalues, then we have Det,(A) = H;VZI )\;j , whence
Det, (A @ B) = (Det,A) - (Det, B) if both A and B are finite-rank.

To state our main results, let us recall the case of the usual determinant of the Laplacian, that
is, the case r = 1. Let H be the complex upper half plane with the Poincaré metric and I" a discrete,
co-compact torsion-free subgroup of SLs(R). Then, I'\H becomes a compact Riemann surface of
genus g > 2. Let Ap = —yQ(BB—; + 88—;) be the Laplacian on I'\H and A; the jth eigenvalue of Ar.
We write \; = 7“]2- + i where 7; € iR if 0 < \; < i and r; > 0 otherwise. It is shown that the
series (A (w, z) converges absolutely for Re (w) > 1, admits a meromorphic continuation to the
whole plane C and is in particular holomorphic at w = 0 (see, e.g., [DHP, S, Vo]). Moreover, the
determinant det (Ap — s(1 — s)) := Dety(Ar — s(1 — s)) can be calculated as

(1.1) det (Ar — s(1 —s))= Gr(s)Zr(s) = ¢(s)?~" Zp(s).
Here, ¢(s) is a meromorphic function defined by

¢(S) - 6—2(8—%)2—4(8—%)41(0)"'4(,(_1)F(s)_2G(3)_4
= 6_2(8_%)21—‘1(5)_21—‘2(5)4

with ((s), I'(s), G(s) and I',,(s) being the Riemann zeta function, the classical gamma function, the
Barnes G-function (= a double gamma function ([B1])) and the Barnes multiple gamma function
([B2]), respectively. Another factor Zr(s) in (1.1) is the Selberg zeta function defined by the Euler
product

o0

Zr(s)= [] (L= N(P)™*™)  (Re(s) > 1).
PePrim (T') n=0
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Here, Prim (') is the set of all primitive hyperbolic conjugacy classes of I' and N (P) is the square
of the larger eigenvalue of P € Prim (I'). It is known that Zr(s) can be continued analytically to
the whole plane C and has the functional equation

g—1

(1.2) Zr(l — 5) = (51(3)252(3)—4) Zn(s),

where S;,(s) is the normalized multiple sine function defined by (3.32) ([KK]). Notice that if we
define the complete Selberg zeta function =r(s) by

=r(s) := (T2(s)2Ta(s +1)%)7 " Zp(s),
then, the functional equation (1.2) is equivalent to
(1.3) Zr(1 —s) =Zp(s).

Moreover, it is well known that Zp(s) has zeros at s = 1, 0, —k for £ > 1 with multiplicity 1,
2g — 1, 2(g — 1)(2k + 1), respectively (the latest are called the trivial zeros because they also come
from the gamma factor as the Riemann zeta function) and at s = % +irj; with j > 1 (these are
called the non-trivial zeros). In particular, Zr(s) satisfies an analogue of the Riemann hypothesis,
i.e., all complex zeros of Zr(s) are located on the line Re (s) = 5. See [D] for arithmetic trial of a
determinant expression for the Riemann zeta function.

In this paper, as generalizations of the case of r = 1, we study the function

0
Dr,(s) := Det, (Ar — s(1 — s)):= exp(—%CAF (w, —s(1 —s)) ‘w:kr)
for general r € N. The following theorem describes our main results.

Theorem 1.1. Let r > 2.
(i) The function Dr,(s) is holomorphic in C\ [0,1] and satisfies Dr (1 — s) = Dr,(s).
(ii) It can be written as

(1.4) Dr,p(s) = Grye(s)Zr(s) = dr(s)7 Zr ().

Here, ¢,(s) is a holomorphic function in C\ (—00,0] and can be written as a product of multi-
ple gamma functions. Another factor Zp,(s) is a holomorphic function in C\ (—oo,1] having a
functional equation

2r =
(1.5) Zo,(—5) = ([[ 50 0D)" Zo,(s)  (seC\B),
j=1

where oy j(t) is the polynomial defined in (3.28). Moreover, Zyv »(s) has an Euler product expression.

Similarly to the result of » = 1, we may call Gr,(s) (or ¢,(s)) a gamma factor and Z ,(s)
a Milnor-Selberg zeta function of depth r, respectively. In fact, one can see that ¢1(s) = ¢(s),
Zri(s) = Zr(s), an,1(t) = —2 and a12(t) = 4 (see Remark 3.10) and hence the equation (1.4)
(resp. (1.5)) coincides with (1.1) (resp. (1.2)) when r = 1.

The organization of the paper is as follows. In Section 2, from the integral representation
of the spectral zeta function, we first show the existence of Dr ,(s) and study its basic analytic
properties. In particular, we obtain the claim (i) in Theorem 1.1 (Theorem 2.3). Next, using
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the Selberg trace formula, we derive the factorization (1.4). Then, in Section 3, we determine the
explicit expression of the gamma factor ¢, (s) in terms of the Milnor gamma function I',(z) (Propo-
sition 3.6). Furthermore, we give other expressions by the Barnes multiple gamma functions T, (2)
(Theorem 3.9) and the Vignéra multiple gamma functions Gy, (2) (Corollary 3.11), respectively. We
notice that the latters take advantage of seeing analytic properties of ¢,(s). Employing ladder
relations of the multiple gamma and multiple sine functions, we also give a functional equation of
¢r(8) (Theorem 3.13). In Section 4, via the expression (1.4), we first study analytic properties of
the Milnor-Selberg zeta function Zr ,(s) such as an analytic continuation and a functional equation
(Theorem 4.1). Moreover, we establish an Euler product expression of Zr,(s) in the following
sense; we define a “poly-Selberg zeta function” Zlgm)(s), which is another generalization of Zp(s)
defined by an Euler product. Then, it is shown that Zr ,(s) can be expressed as a product and
quotient of Zlgm)(s) (Theorem 4.12).

We find that, from the equation (1.4), remarkable cancellation of the singularities on (—o0,0)
occurs (though both functions Gr(s) and Zr ,(s) have singularities on the above interval, their
product Dr,(s) does not). Moreover, we notice that cancellation of the singularities of the poly-
Selberg zeta functions ZIQm)(s) also occurs in the above Euler product expression of Zp,(s). In
fact, although we show that Zlgm)(s) has singularities on (—oo + irj,  + ir;] for all j with 7; > 0
(Proposition 4.9), it follows from Theorem 1.1 that Zp ,(s) is holomorphic on these intervals. See
also Remark 4.7.

In the course of the explicit determination of the gamma factor ¢,(s), we will encounter the

following series involving the Hurwitz zeta function;

‘ Z“J“z 2jtmt
’ 2j+m+1 ’

This type of series has been studied in several places (see, e.g., [A, KS]). It will be shown that the
exponential of such a series (with z = %) is expressed as a product of the Milnor gamma function
(Proposition 3.4). We also note that a similar discussion developed in the paper yields explicit
expressions of the higher depth determinants of the Laplacian on the higher dimensional spheres
([Y]). See also [WY] for number theoretic analogues of the present topic.

In this paper, as usual, C, R, QQ are respectively denoted by the field of all complex, real and
rational numbers. We also use the notations Z, N and Ny to denote the set of all rational, positive
and non-negative integers, respectively.

2 Higher depth determinants

2.1 Existence and basic properties

Let Ap = —yQ(a@—;2 + 83—22) be the Laplacian on the compact Riemann surface I'\H of genus g > 2
and 0 = \g < A1 < Xy < --- = 00 the spectra of Ap. For T' > 0, define 9 ( )= Z/\ ST € At T
is known that O(ATF) (t) converges absolutely for Re (¢) > 0 and has the asymptotic formula O(AF)( t) ~
S0 D for some ) € R with c(_Tl) # 0 as t | O (see, e.g., [R]). Define C(AT)( z) =

n=—1
2o >7(Aj +2)7". Here, we let —m < arg(z) < m and take arg(}; + ) to be —m < arg(}; + z) T
for all j € Ny. In particular, let (A (w, z) := CAF (w, z). It is also known that the series CA (w, z)
converges absolutely and uniformly in any compact set in {w € C|Re (w) > 1} x {z € C|Re (2) >
—T7} and hence defines a holomorphic function in the region. One easily sees the following
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Lemma 2.1. The function C(Aj;) (w, z) admits a meromorphic continuation to the region C x {z €
C|Re (z) > =T} with a simple poles at w = 1.

Proof. Let Re (w) > 1 and Re(z) > —T. Then, from the integral expression

(T) IR S B PN )
(2.1) Qs = o [ e oD

for any N € Ny, we have

(T) e (T) E dt
— w _—zt - (T)n
Cap (w,2) F(w)/o te (GAF (t) E eyt ) .

n=—1
1! sl 1 [ dt
w,—z (T)n | &Y w,—ztn(T) 11 E
+Fw)/0te <cht)t+F(w)/1 e =198 (1)
n=-—1
_ 1 b st (T) (1)) 4t
_F_w)/o e (000 nzl ) &
L i A7) /lt’””l(i (_Zt)m)dt+ ! /Ooltwe“e(T)(t)ﬂ
I'(w) " Jo m! C(w) J; At
n=-—1 m=0
whence
() e () S dt
T _ w =zt [ p(T _ (T)m\ &Y
(2.2) (A (w, 2) T w)/o t“e (OAF (1) nglcn t ) ;

1 2 e (=)™ 1 =zt n(T) Al
_— tYe %0 t)—.
* ) sz!(w+n+m)+f’(w)/1 0 (05

Since H(ATF) (t) — 252—1 D = O(tN*1) as t | 0, the first integral in the righthand-side of (2.2)
converges absolutely for Re (w) > —(N +1). The second term defines a meromorphic function on C
having a simple poles at w = 1 (notice that the points w = 0,—1,—2, ... are not poles of C(Aj;) (w, z)
because of the gamma factor). Moreover, since Re (z) > —T', the last integral converges absolutely
for all w € C, whence it defines an entire function as a function of w. Therefore, letting N — oo,

we obtain a meromorphic continuation of C(Aj;) (w,z) to C x {z € C|Re (z) > —T}. O

We now study the higher depth determinants. From Lemma 2.1, the function
9 (r
Det?ET) (AF + Z) T eXP (_a_’UJC(AF) (’UJ, Z) ‘w:l—r)

is well-defined and is holomorphic in {z € C|Re (z) > —T'}. Notice that, since %C(Aj;) (w, 2)|
is holomorphic, by the definition, Det'") (Ar+2) has no zeros. Put Det,.(Ap+2z) := Det” (Ar+2).
We claim that Det,(Ap 4+ z) admits an analytic continuation. Actually, let Re (z) > 0. Then, for

any T > 0, we have

w=1-r

Carlw,z) = Y (i +2) 7+ (w,2).
0\ <T

From Lemma 2.1, the righthand-side is holomorphic at w = 1 — r. Hence, differentiating the both
hand sides at w =1 — r, we have

(2.3) Det, (Ap + z) = H exp(()\j + )t log(X\j + z)) . Detg,T) (AI‘ + z)
0<\; <T
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When r = 1, since exp(log (A\; + 2)) = Aj + z, the first factor in the righthand-side of (2.3) is a
polynomial and hence is entire. This shows that Det;(Apr + z) can be extended analytically to
{z € C|Re(z) > —=T}. When r > 2, the first factor in this case is holomorphic in C\ (—o0, 0]
(notice that the points z = —\; for j with 0 < X\; < T are branch points), whence Det, (Ar + 2)
can be also to {z € C|Re (z) > =T} \ (—=T,0]. Therefore, letting " — oo, one obtains the following

Proposition 2.2. The function Det,(Ar + z) can be continued analytically to

(i) an entire function with zeros at z = —\; when r = 1.
(ii) a holomorphic function in C\ (—oo,0] with no zeros when r > 2. O
Based on the above discussions, we next study the case z = —s(1 — s). Consider the function

C(Aj;)(w, —s(l —s)) = Z/\]->T(>‘j —s(1 —s))™". Here, we also let —m < arg(s) < 7 and take
arg(A; — s(1 — s)) to be —r < arg(A; — s(1 —s)) < m for all j € Ny. Write \; = 7’]2- + 1 where
ri € iRsp if 0 < A; < i and r; > 0 otherwise. From an easy observation, for all j with A\; > T, we
see that the argument arg(\; — s(1 — s)) is continuous in W) where

w@ . {{s € C|Re(s) > %{ \ (3, 0™ (
2

0<T<
{s € C|Re(s) > (T

)-

Here, we put o) =1 —ir, jor for 0 < T < 1+ with j) := min{j| \; > T} (for example, a(o) =1).
Let UT) = {s ¢ (C|Re( s(1 —s)) > =T} (see Figures 1, 2 and 3 for T = 0, T = 1 and
T > i, respectlvely). Notice that U(T) has two connected components if 0 < T < i and is

),

W=

<T
>

e

connected otherwise. Clearly, limy_,o, UT) = C. From Lemma 2.1, the function C(Aj;) (w,—s(1—13))
is meromorphic in C x (W) N U) and is in particular holomorphic at w = 1 — r for all r € N.
Moreover, for T > i, we see that it is also continuous at Re (s) = % because, for all j with A\; > T,
arg(\j — s(1 —s)) =0 if Re(s) = 3.

Let Dl(]’;)(s) = Det,(nT)(Ap — 5(1 — s)), which is holomorphic in W) N U@, Similarly to
the previous discussion, an analytic continuation of Dp,(s) := D%OZ(S) is given as follows. Let
s e WNU where W := W© and U := U®. Then, for any T > i, vs;e have

(2.4) Dr(s) = ef! ) (s) - D) (s),

where

61(“1,;)(5) = H exp(()\j —s(1 - 3))T_1 log (>\j —s(1 — s)))

0<A; <T

(T)

Since —s(1 — s) is symmetric with respect to s and 1 — s, Dy [(s) can be analytically continued to

U™ via Dgg(s) = D( )(1 — s) (we also use the continuity of Dgr)(s) at Re(s) = 2). Similarly,

2
e%TT) (s) admits an analytlc continuation. Indeed, when r = 1, since e%Tl) (s) is again a polynomial,

it is naturally extended to C as an entire function satisfying egl) (s) = e%T’l) (1 —s). Now let r > 2.
Notice that e%TJ?(s) has branch points at s = % +ir; for j with 0 < \; < T. By the same idea as
above, via e{)(s) = e{!)(1 — s), it can be extended to C\ ([0,1] U {} % irj|j with < X; < T})
Moreover, since lim,_,o s" ' log s = 0, we see that the points s = % +ir; are removable. Therefore,

(T)

one can conclude that ey '(s) is eventually continued to C\ [0,1]. As a consequence, from (2.4),
Dr(s) is continued to U™ if r = 1 and U™ \ [0, 1] otherwise. Therefore, letting T — oo, one
obtains the following
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Theorem 2.3. The function Dr,(s) can be continued analytically to
(i) an entire function with zeros at s = § +ir; when r = 1.
(ii) a holomorphic function in C\ [0, 1] with no zeros when r > 2.

Moreover, Dr ,(s) satisfies the functional equation Dr (1 —s) = Dr,(s). O
Im
1

O3 (1 Re Re

Figure 1: U = U©), Figure 2: U, Figure 3: U™ with T > i.

2.2 Initial calculations via the trace formula

In this subsection, we study the function (s (w, —s(1 — s)) by using the Selberg trace formula

o log N () %
2.5 f(ry) = T —f(log N +(g—1 f(r)rtanh(mr)dr.
@9 3 f0= 3 o RN 0) + ) [ Flyrtanngen

Here, Hyp (T") is the set of all hyperbolic conjugacy classes in I', 4, € Prim(I") for v € Hyp (T")
is the unique element satisfying v = 5’; for some k£ > 1 and f is a test function whose Fourier
transform f(r) := [0, f(z)e™""*dx satisfies the conditions f(=r) = f(r), f is holomorphic in the
band {r € C||Imr| < § + ¢} and F(r)=0(|r] 27?%) as |r| = oo for some § > 0,

For r € N, let Re (w) > r and s € W N U. Throughout the present paper, we always denote by
t =t(s) := s — 3. Notice that if s € W N U, then Re (¢?) > 1. From (2.1) with 7 = 0, we have

o 2 [ o 20\ d
(ap(w+1—r, —s(l—3)) = N _:1 — /0 guti=re=t¢ (Z eTJf) ?ﬁ
i=0

z:2 ~
Applying the trace formula (2.5) with the test function f(z) = 2\}71_—&67@ (then f(r) = e™*¢) to

the inner sum in the above integral, changing the order of the integrations, we have

(2.6) Cap(w+1—7,—s(1—35)) =0Or,(w,s)+(g—1) /00 (2 + t2)7w+1ﬂ71x tanh(7z)dx

r—1
r—1 i
= Or,(w,s) +2(g —1) Z ( 0 )tw 0 Jogg (w, 1),
=0
where ) - i
. w+1—r s
Or,(10.9) = = [ €060
with

1 log N (6-) _p2¢_Uog N )
Or(€,s) == = Z T e 1€
2VmE N2 = N(y) 2

yEHyp
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and
o0

(2.7) T, ) = / oty w)da
0

with
om(z;t,w) = (2? + 1*)"“2™ tanh(7z).

Notice that, when s € W N U, since there exists a constant ep > 0 such that log N(vy) > er for
all v € Hyp (I'), the integral in Or ,(w, s) converges absolutely for all w € C and hence Or ,(w, s)
defines an entire function as a function of w. Moreover, we will show in the next section that
Jm(w, t) can be continued meromorphically to the whole plane C and is in particular holomorphic
at w = 0. Therefore, differentiating the both hand sides of (2.6) at w = 0, we see that the higher
depth determinant

0
Dr,(s) = exp(—a—wCAF (w, —s(1 — s)) ‘wzl_)
0
= eXp(_a_wCAF (w +1—7r —s(1— s)) ‘w:())
can be expressed as

(2.8) DF’T(S) = Grﬂu(s)Zf"r(S),

where Gr,(s) := ¢,(s)9~! with

r—1 —1\,2(r—1—
9 2(77") 210
(29) orte) o= [T exp(=g s (0] _ )
and
(2.10) Zry(s):= exp(—i(%p (w 3)‘ )
o’ ow e w=0

Our next task is to examine each factor ¢,(s) and Zr ,(s) more precisely.

3 Gamma factors

3.1 Calculation of the derivative of J,,(w,t) at w =0

To obtain an explicit expression of the gamma factor ¢, (s), in this subsection, we study the function
Jm(w, t) defined by (2.7). Notice that the integral .J,,,(w,t) converges absolutely and uniformly in
any compact set in {w € C|Re (w) > 21} x {s € C|Re (s) > 3} and hence define a holomorphic
function in the region. In what follows, for simplicity, we assume that % < s < 1, which implies
that 0 <t < % Moreover, from the definition (2.9), we may assume that m is odd.

Suppose Re (w) > mT‘H Let R be a sufficiently large positive integer and € a small real number.
Consider the counterclockwise contour integral with the integrand ,,(z;t, w) on the z-plane (we
set —m < arg(z) < ) along the path

C(t;e,R) := [+0,R] U CT(0; R) U[-R,—0] U L_(t;¢) U C(it;e) U Ly (t;€),

where C*(0; R) is the semi-circle in the upper half plane from R to —R, C(it;¢) is the circle with
radius € centered at it and L, (t;¢) (resp. L_(t;¢)) is the right (resp. left) side of the segment
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Cct

Figure 4: C(t;¢, R).

connecting 0 and (1 — €)it. We take £ so small that the circle C'(it;&) contains no points of the
form i(k + 3), that is, the poles of tanh(rz), for all k € Zxq (Figure 4).
The residue theorem yields

R—1 1

. _ o;m+1 —miw IN2wtm (o 9 l -2\ %
(3.1) /C(t;a,R) om(z;t,w)dz =2 e kzo(k + 2) (1 2 (k + 2) ) .

On the other hand, we have

(3.2) / om(z3t,w)dz = / om(z;t,w)dz + </ +/ )(pm(z;t,w)dz
C(t;e,R) C+(0;R) [-R,—0] [+0,R]

+ Am(’UJ, ta 8) + Bm(’UJ, ta 8)1

where

it = ([ [ JonGstuids, Batwste) = [ en(itud
L4 (t;e) L_(t;e) C(itse)

Now, let us calculate each integral in the righthand-side of (3.2). At first, it is easy to see that
the integral on C+(0; R) converges to 0 as R — +oo because it is O(R™! 2R () Next, since
arg(z? +t2) = 0 (resp. 27) if z € [+0, R] (resp. z € [-R, —0]), we have

_ R
(/ +/ )gpm(z;t,w)dz =(1+ 62”“")/ om(z; t, w)de.
[7R770] [+0’R] 0
_ R
=2e ™" cos(mu)/ om(x;t, w)dz.
0

Here, we have used the fact that m is odd. This shows that

lim / +/ Om (2 t, w)dz = 2™ cos(mw)Jy, (w, 1).
R=+oo\ J[-R,~0] J[+0,R]

Finally, let us calculate A,,(w;t,e) and B,,(w;t,e). Notice that both functions are entire as
functions of w and, by the Cauchy integral theorem, do not depend on the choice of . Since
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arg(z? +12) = 0 (vesp. 2m) if z € L (t;¢) (vesp. z € L_(t;¢)), we have

e
A(wit,e) = (1 — ¢=2miw) / i€t w)ide
0

. (1-e)t 2. _y
= oMl 2wemmiw sin(mu)/ (1- t_2) & tan(w)d¢,
0
whence

_ t 2
Ap(w;t,e) = lim Ay, (w;t,e) = 2im 20 ™ sin(ww)/ (1- f—) Yem tan(r€)dE.
e—0 0 t2

Moreover, by straightforward calculations, we have B, (w;t,e) = O('~R¢(®)) as ¢ — 0 and hence
By, (w;t,e) = lim._,o By, (w; t,e) = 0 for Re (w) < 1. This shows that B, (w;t,e) =0 for any w € C
by the identity theorem. Therefore, letting R — 400 in the formulas (3.1) and (3.2), we have

im+1
(3.3) Tnlw 1) = s (Jon,1 (w,8) + T (w, 1)),
where
t 2
(3.4) T (w,t) == —t 2 sin(Trw)/0 (1- %) Yem tan(m€)de,
(3.5) Ima(w,t) = kzo(k 4 %)—2w+m<1 — 2k + %)_2),1”‘

The function Jp, 1(w,t) is clearly entire as a function of w. Let us calculate the derivative of
Jm,1(w,t) at w = 0. To do that, we need the following basic multiple trigonometric functions
([KOWT1], see also [KK]). Put Pi(u) := (1 —u) and P,(u) := (1 — u)exp(u + “72 + -+ %) for
n > 2. Then, the basic multiple sine S, (z) and cosine function C,(z) are respectively defined by

2

27z H Pl(%) =27z ﬁ (1 - %) = 2sin(7z) (n=1),

mez m=1

Sp(z) : = -
exp(

n—1

) H( P(-2) YT ),

0

Ca(z):= [ Pu (é) @ 5,202 S () .

mEZL
m:odd

When n > 2, we have S,,(0) = C,,(0) =1 and, for z # 0, the integral expressions

(3.6) Sn(z) = exp(/o ment cot(wf)df), Cn(z) = exp(—/o e tan(wf)df),
where the paths lie in C\{£1, £2,...}.

Proposition 3.1. We have

0
(37) %Jm,l(wat) w—OZ logcm+1(t)'
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Proof. From (3.4), we have
(1) = (1.4 0(@) (r-+ 0™ [[(1+ ()" tan(rei
- (— /Ot €™ tan(wf)df)w + O(u?).
Hence, from (3.6), one obtains the desired claim. O

We next study the function Jy, 2(w,t). We first show the following

Lemma 3.2. It holds that

(3.8) Tm2(w,t) = <“’ +j B 1>t2j§(2w+2j —m,%).

=0

This gives a meromorphic continuation to the whole plane C as a function of w with possible simple

poles at w = m+1 —J for j € Z>p. In particular, it is holomorphic at w = 0.

Proof. Notice that, since 0 < ¢ < % (recall that we assume that 3 < s < 1), we have |t?(k+3)7?| < 1
for all k& > 0. Therefore, from (3.5), using the binomial theorem, we have

oo

ot =350 S (7 g
Z(wﬂ >t2j§(2w+2j—m,%).

=0

1
)
with respect to j, this gives a meromorphic continuation to C. Now the rest of assertions are clear

Hence one obtains the expression (3.8). Moreover, since (2w + 2j — m, 5) is uniformly bounded

because the Hurwitz zeta function ((w, z) has a simple pole at w = 1. Notice that the origin is not
a pole of Jy, »(w, t) since, when j = 2 > 1, (w+]7.71) = O(w) as w — 0. O

Before calculating the derivative of Jy,2(w,t) at w = 0, let us recall the multiple gamma
functions, which is obtained from the Barnes multiple zeta function ([B2]) defined by

1
Cn(w, 2) = Z (my + -+ myp + 2)¥ (Re (w) > n).

mi,...,mMp >0

This clearly gives a generalization of the Hurwitz zeta function; (;(w,z) = ((w,z). It is known
that ¢, (w, z) can be continued meromorphically to the whole plane C with possible simple poles at
w =1,2,...,n. The multiple gamma function I';, ,.(2) of depth r is defined by

w:l—r).

In particular, we put I',(z) := I'y1(2) and I';(2) :=I'1 ;(2). These are respectably called the Barnes

0
a_/wgn(wa Z)

Lpr(2) i= eXP(

multiple gamma function ([B2]) and the Milnor gamma function of depth r ([M], see also [KOW?2]).

From the Lerch formula 2-¢(w, z)‘w:(): log I:/(%, we have I' 1(2) =T1(2) =T1(2) = I:(ﬁ), whence

these in fact give generalizations of the classical gamma function. We remark that T',(2)"! is an

entire function with zeros at z = —k of order (k:ﬁIl) for k € Np.
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From the expression (3.8), it can be written as

m—1
J, (wt):C(Qw—ml)—i—i wHg—1 tQjC(2w+2'—ml)
m,2\ W, D) ~ . J '9
+ o g 1 > i—1\ .. 1
+(w mTil )tm+1((2w+1,§)+ Z (““LJJ, >t2]g“(2w+2j—m,§)

. 3
j="52

=:Ti(w,t) + To(w,t) + T3(w,t) + Ty(w, t).

Then, using the expansions (“’Jrjj.'*l) = %(w + H(j — w? + O(w?)) as w — 0 for j > 1 where

H(m) := ZZZ:l%and C(w,z):ﬁ—d}(z)—i—O( —1) as w — 1 where ¢(z) := v logF( ) = F%(z)

is the digamma function and employing the formula (1 —m, z) = —% for m € N where By, (2)
”1 =Y Bm(z)%, we have
(3.9) Ti(w,t) = ¢(—m l) + iC(Zw m 1)‘ w + O(w?)
' ' 2 ow ’ 27 lw=
Bui1(3) 1
= m+12 210gI‘m+1(§) w+ O(w?)
m—1
1 9\ 1 1
(3.10)  Ty(w,1) 5 (0 +0@) P (¢(2 = m, ) + O(w))
7=1
m—1 1
2 Bm e
== Z .“—%Ut% w + O(w?),
= J(m+1-2j)
gml m—1, , s/ 1 1 5
31 Tywt) = G (w4 BTG =)w? + 0w (5 = v(5) + 0w?)

(312 Taw)= Y (w+ 0w (¢(2) —m,3) +Ow))

= (2Rm(t))w + O(w?)

as w — 0. Here, R,(t) is defined by

2-7"‘1’2 £25+m+1
(3.13) Z2j+m—i-1 B

This yields the following

Proposition 3.3. We have

9 m+1 1
m+1—k
(3.14) S Ima(w,t ‘ =2 § : ( >t T log Ty (t + 3)

—logCrny1(t) + ml (H(m; 1) — 2H(m)>tm+1.
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Proof. This follows from the identity %Jm,g(w, t)‘w:(): Z;l " a‘?ﬂT (w, t)‘ o together with (3.9),
(3.10), (3.11), (3.12) and the following proposition, which will be proved in Subsection 3.4. O

Proposition 3.4. Let m > 1 be an odd integer. Then, we have

m+1

1 1
— k m+1—k
(3.15) R,(t) = k§1(—1) (k - 1>t log Ty, (t + 2) 51ogcm+1(t)
mfl
1 1 1 Bpi1-2j(3) 1
——— (Hm) - —)tm+1 —§—9t2ﬂ log D1 ().
m+1< (m) =% (3) T3 Zjmri-2) ° 1(3)
From the equation (3.3), we have -2 .J,, (w, t) ‘w:O_ (e T (w, t)‘ ot 2T (w, t)‘w:())

(notice that cos(rw) ! = 1+ O(w?) as w — 0). Therefore, substituting (3. 7) and (3.14) into this
equation, one finally obtains the derivatives of J,,(w,t) at w = 0.

Proposition 3.5. It holds that

o im+1

L Jn(w,t)] = (H(m; S 2H(m))tm+1

3.16
( ) ow w=0 m+1

m+1

9m+1 Z < >tm+1 klogI‘k(t+ ;)

3.2 Explicit expressions of ¢,(s)
We obtain the following expression of ¢, (s) by the Milnor gamma functions.
Proposition 3.6. We have

(2rm)!! ( 1)21‘

(3.17) dr(s) = e r2er-nnt’ H Iwk(s)(ki,)%(71)“”*1(2#1)2*%.

To prove this, we need the following lemmas about sums of the binomial coefficients.

Lemma 3.7. Let r € N. Then, the following equality holds;

1 l r
318) o= 3 (7)o o) = 0

Proof. Since H(¢)—2H (2(+1) = -2 Zi:o WIH (we understand that H(¢) = 0 for £ < 0), changing
the order of the summations, we have

r—1

19 <ﬁ42%1§ffﬁn~—zf”>)y

(Zﬂl = (7:)16 (’;1), which is easily obtained by induction

on k. Therefore, since the sum on the rightmost-hand side of (3.19) is equal to the beta integral

bre) e
(r + ) S 2r(2r — 1)1

Here, we have used the formula 2;,1 (rzl)

1
/0 (1 - 22)~ldg = %B(%,r) r(

one obtains the desired formula. O
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Lemma 3.8. (i) Let r € N and 1 < k < 2r. Then, the following equality holds;

=251
In particular, D.(k) =0 if 1 <k <r—1.
(ii) For 1 < p < 2r, we have

I 0 (v : odd),
(3.21) D, = < )Dr(k) = r—1 -
kzp k—p 4(%- )(—1)2 L' (p: even).
Proof. From the binomial expansion (1 —¢2)" ! = Z;& (Tzl)ty , one sees that
4:(—]_) dk ! \r—1
22 Dy(k) = —2 2 (11—t |
(522) )= e (1027
4:(—]_) dk_l o\r—1 dk_2 2\7—1
= 1= k-1 A
(k —1)! [dt"f—1 ( ) t:1+( )dt"c 3 ) t=1

This shows that D, (k) =0if 1 <k <r—1. Now, let r < k < 2r and j > r — 1. Then, by the
Leibniz rule, we have

j
(=) d

wma (00

=3 (1) G- (s,
—j( r—1 >(_1)r122r2j_

j—r+1
Hence, from (3.22), using this formula with j = k — 1 and k — 2, one obtains (3.20). Moreover, it is
clear that the equation (3.20) is also valid for 1 < k£ < r — 1 because (kf ) = 0 for such a k. Hence

the claim (i) follows. We next show the claim (ii). Consider the generating function 212,7":1 5r,pﬂU” )

r

Changing the order of the summations and using the formula (3.20), we see that this equals

ii( ) mp—ZD z(1 4+ x)F

p=1k=p
=4z%(1 — 22"t
L fr—1
=4 —1)P 1y,
Z <p - 1>( e
p=1
This shows the claim. O

We now give the proof of Proposition 3.6.

Proof of Proposition 3.6. From the equation (3.16), changing the order of the products, we have

r—120+2
(3.23) 6n(5) = e T T Pule+ B0 oG

(=0 k=1

Crt2r H I‘ t2r k

Therefore, one immediately obtains the formula from (3.18) and (3.20). O
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To clarify the analytic properties of ¢,(s), let us rewrite the expression (3.17) in terms of the
Barnes multiple gamma functions. The following expression is obtained in [KOW?2];

(3.24) H Tj(z)ermi(®

where, for > 1 and j > 1, ¢, (2) is the polynomial in z defined by

j—1 .
(3.25) eri(2) =3 <9 z 1) (—1) (=1 — 1)

=0

For example, we have ¢, (z) = (r—1)!, ¢p_1(2) = 322 —7)(r— 1)}, ...and ¢,1(2) = (z = 1)" L. Tt
is easy to see that the polynomial ¢, j(2) satisfies the recursion formula ¢, ;(2) = (¢ — 1)¢,—1,5(2) +
(j = 1)er—1j-1(z — 1). From this, noting that ¢; () = (1 —1)7=" = 0 for j > 2, we see that
crj(z) =0 for 1 <7 <j—1. We also notice that it is given by the generating function

(3.26) (T +2)"! = Z crj(2) <T —?_j N 1> .

=1 j-1

For = € R, let us denote |z] by the largest integer not exceeding x. Then, we have the following
expression of ¢,(s) in terms of the Barnes multiple gamma functions.

Theorem 3.9. We have

_enn 1y 2 .
(3.27) br(s) = r2r—nut® 2 H Fj(s)aw-(s—i)’

i=1

where oy j(t) is the even polynomial defined by

(3.28) () 1 =4 Z (7“ — 1) )e 10%1,(%)2527«—24

=15

This gives a meromorphic continuation of ¢ (s) to the whole plane C with poles at s = —k of order
2(2k + 1) if r = 1 and an analytic continuation to the region C\ (—o0,0] otherwise.

Proof. From the equations (3.23) and (3.24), it suffices to show that
1 r—k
(3.29) arj(t) = z_:ck,j (t+ §)Dr(k)t2 .

Actually, from the equation (3.25), the righthand-side of (3.29) is rewritten as
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Putting k£ — m = p in the inner sums, one sees that this is equal to

g( i (: :;>Dr(k)) <Ji <J - 1>(_1)l(% L 1)p1)t2rp

k=max{p,j} =0
2r 2r
k—1 1
> Dy(k) ) ey (3)E277.
\k—p A2
p=1 \k=max{p,j}
Moreover, the summand for p =1,2,...,j — 1 vanishes because ¢, ;j(z) = 0, whence, consequently,

this can be written as Z D 7pcp,3( )tZT*”. Therefore, from (3.21), one obtains the equation
(3.29). The rest of the assertlon follows from the equations a11(t) = —2 and a;2(t) = 4 and the
fact that the point 2 = —k for k € Ny is a zero of I';(z) ™! of order (k;” 1) This ends the proof. O

Remark 3.10. From the equations ¢, ,_1(z) = 3(2z — r)(r — 1)! and ¢,.(z) = (r — 1)!, one sees
that both a;.9,—1(t) and oy 2,(t) are integers respectively given by

04,«727«_1(75) = 4(_1)r_102r,2r—1 (%) = (_1)7"(47" - 2)(2T - 1)!a

aror(t) = 4(—1)r02r,2r(%) =4(-1)""'@2r - 1),

We next give an expression of ¢, (s) via the Vignéras multiple gamma function Gy (z), which are
characterized by a generalization of the Bohr-Mollerup theorem ([Vi]). Notice that G;(z) = I'(2)
and G2(z) = G(z) where G(z) is the Barnes G-function studied in [B1]. From (27) in p. 87, [SC)),
we know that G,,(z) is essentially equal to I',(z);

(3.30) Gn(z) = V" TS0 b (I (=0) L () (D"

Here, b, i(z) is the polynomial of degree n — 1 — j defined by the generating function Jin—ly —
J g g g n—1

ZZ;& bk (2)(j+2)k. To be more precise, let s(n,m) be the Stirling number of the first kind defined

by (2)n = Y0 _(=1)"""s(n,m)z"™ where (2), = LEtn) — 2(z+1)--+ (2 4+ n—1). Then, it is

m=0 T'(z)
—1)* =k ~n—1 /m

given by b, ;(2) = W Yok (k)s(n, m + 1)2™~F. The following expression is immediately
obtained from (3.27) together with the identity (3.30).

Corollary 3.11. We have

2r)!! r ” ! 2r i
(3.31) bo(s) = ¢ PO ATIL Brlo OO TT g () 1V e 0-),

J=1

Here, B,,(t) is the polynomial defined by

Brl Z b]l t+ 04,«7]()

j=t+1
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Example 3.12. Let t = s — 5. Then, from (3.27) and (3.31), we have
$1(s) = e*t?rl(s)*?rg(s)‘*
— WO D G (6) 2 (s5) Y,
ho(s) = e 31Dy (s) 2 2Ty ()4 130 (5)36 0 (5) 24
2820 (— 1) 126¢ (—2)—4C! (— DG (s )*2t2+%GQ(s)’4t2+13G3(s)3GG4(3)247

d3(s) = e }lgt (s )72t4+t27ér2(8)4t4726t2+lilIw (s )72t27330F4(8)748t2+1020r5(3)71200F6(3)480
— e — 1846 -1613¢" (—2)+32t2¢(—3)—20t¢' (—4)+4¢' (—5)

% G1(8)72t4+t27§G2( ) 4t 42612 — 124 G3(3)72t27330G4(3)48t271020G5(8)71200616(8)7480.

Notice that the expression of ¢(s) = ¢1(s) is obtained in [Vo].

3.3 Functional equations of ¢,(s)

In this subsection, we establish a functional equation of ¢,.(s). To do that, we first recall the
normalized multiple sine function Sy (z) studied in [KK];

(3.32) Sn(2) i=Dp(2) ' Tp(n — 2)0",

Notice that, from the reflection formula, we have Si(z) = 2sin(rz) = S1(z). We remark that it is
shown in [KK, Theorem 2.14] that S,,(z) can be expressed as a product of S;(z) for j =1,2,...,n

and vice versa.

Theorem 3.13. We have
(3.33) o(1—s) (H Sk()74 7)) 6, (s)

foralls € Cifr =1 and s € C\ R otherwise.
To obtain the functional equation, we need the following lemmas.

Lemma 3.14. We have

n

(3.34) To(l—2z) = H(Sj(Z)F]‘(Z))(il)j (1;:11)

J=1

Proof. Let E,(z) := Sp(2)I'n(2). We first notice that, from the ladder relations

(3.35) Ln(z+1) =Tp(2)lnoi ()7,
(3.36) Su(z4+1) = S,(2)Sn_1(2) 71,
we have E,(z + 1) = E,(2)E,_1(2)~'. Here, we put I'y(z) := 27! and Sy(z) := —1. By the
definition (3.32), we have E,(z)("D" = T',(n — z). Hence, using the relation (3.35) repeatedly, we
have
n—2
En(2) ™" =Tp(n—2) =Tu(1 —2) [[ Tnci(n—1— (z+m)) "
m=0

n—2
=Tn(l—2) [[ Bna(z+m)D",

m=0
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i=n—1—m nflfﬂ') which is obtained
from the ladder relation of E,(z) and the formula " (™ = (bH), we have

m=a \q b—a

Therefore, using the equation E,_;(z +m) = [["} Ej(z)(fl)n_l_j( !

n—2 -1
To(l = 2) = E(2)V" (H Epa(z+ m)(_l)n>

m=0

n—2 n—1 ‘ -1
:En(z>(‘1’"<H 11 Ej(z)“”’“(n-’?_]-))

m=0j=n—1-m

n—1 ] B N
= En(z)(*l)n H E](Z)(il)] m=2n—l—j (nflfj)
7=1

= ﬁ Ej(Z)(fl)j(?:D.

Jj=1

This shows the claim. O

Lemma 3.15. For k=1,2,...,2r, we have
2r ] _1
(3.37) arg(t) = (-1)F Y (k B 1) ar;(t).

Proof. Write the righthand-side of (3.37) as o, (t). It suffices to show that erzl ap k(1) (Tﬁl_l) =
S () (T;rjfl) In fact, from (3.28), using the formula (3.26), we have

iar,k(t) (T-i-j — 1) _ 4t2’"_2(T+ %) (1 B w)rl.

. 2
Pt jg—1 t

On the other hand, using the identity Zi:l(_l)k (ij) (T:]_’cl_l) = —(_7;.‘2_2), we have

2r ] . |

2 rul) (70)- "2 ol ()
——aerr(or- (- EEE)

M)l

1
= 472 (T + 5) (1 -

Hence the claim follows. O

We now give a proof of Theorem 3.13.

Proof of Theorem 3.13. We first notice that both functions #*" and « j(t) are invariant under the

transform s — 1 — s because they are even polynomials. Therefore, replacing s with 1 — s in (3.27)
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and using the formulas (3.34) and (3.37), we have

2r J

201 o N (it ar;(t)
pr(l —s) = ¢ it 11 (H (Sk(s)Tk(s)) " (’“1)>

j=1 \k=1

@t o, 2T 2 (im
= et T (Su(s)T(s) " Tk ()@
k=1

— (I 866+, )
k=1

This completes the proof. ]

3.4 A proof of Proposition 3.4

Let m € Ny. The aim of this subsection is to give a proof of Proposition 3.4. Let

Z“"“Z I (] < Jzl)-
27 +m+1

Note that Ry, (t) = Ry (t,3). We start from the identity ([SC, p.159 (4)])

2 ¢(27 + 1, 1
=2 2 23]1 1 2 it §(log1“(z —1) — logF(z+t)) +ig(z) ([t <[z])-
j=1

Letting z = %, we have

t
(3.39) Ru(®) = [ €" e Ro(e 3)e
t
-5 | (G- +uiG+ f))d§+;¢(%)tm“

=~ (t,5) = 3108 Cia (1) + ——b(5)™,
where .
Bt 2) = /0 M (€ + 2)de.

Notice that, in the last equality, we have used the formula 1(3 —¢) = (3 +¢) — 7 tan(m¢) and (3.6).
Hence, we have to evaluate the integral ®,,(¢, z). Define the polynomials , A_g(z) for 1 <k <n-—1
and , By, (2) for m € Z>q by the generating function

te(nfz)t n—1 ) Lk o0 . m
T kZl(—l) nA ()t + Z_O(—n nBim(2) —.

These are called the Barnes multiple Bernoulli polynomials ([B2]). Notice that the degree of ,, By, (2)
is m +mn — 1. Since | B,(2) = Bn(2), nBm(z) gives a generalization of the Bernoulli polynomial.
In fact, using the polynomial ,, B, (z), one can evaluate the special values of the Barnes multiple
zeta function ¢, (w, z) at non-positive integer points;

_an(Z)

(3.39) Co(l—my2) = -

(m € N).

To obtain an explicit expression of ®,, (¢, 2), we first show the following
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Lemma 3.16. It holds that
t
(3.40) (m+ 1)/ " log 'y, (€ + 2)dE
0

m+1 —1
fm+1\[r+Ek-1 _
=Y (-1 1( A )( . ) " R log Ty k(4 2) + Pag(t, 25m),
k=1

where P, ,(t, z;m) is the polynomial in t of degree n + r +m defined by

—1
r+k k k ) 1Byt 2)

+
(3.41) P (t,z;m): = Z

-1
Mt H(r,m + 1)
(_1)m+1 (m + 1) (IOE’; Comars1(2) — man+T+l(z)>

DEH(r,r 4+ k — 1) (m—i—l)(r—i—k—l

+

with H(m,n) :=>"p_ +=H(n) — H(m — 1) for n > m.

Proof. Integration by parts yields

t m+1 k—1 m+1—k —w+k —w+m+1
" Cw e (=) tm! ¢ (t+ «) Cymil,y @
/05 (E+a) df_;(mﬂ—k)! RS S A S Y

Hence, for Re (w) > m + n + 1, changing the order of the integral and summation, we have

t
| e eraag= ¥ /f’" €4 (1 + -+ my +2)) " de
0 m1y...,Mn >0

B mf (—1)F=Tml gk (w0 — k4 2)
=

m+1— k) (—w+ 1)

+ (_1)m+1m!Cn(w —m— ]-? Z)

k=1 (—w+ Dm1
This gives a meromorphic continuation of the lefthand-side to the whole plane C. Now the desired
formula (3.40) immediately follows from the above equation by differentiating the both hand sides
at w = 1 — r together with the following equation obtained from (3.39);

Corollary 3.17. It holds that

m+1
(3.42) D, (t, 2) = Z(—l)k“( " )tm“—k log Tk (t + 2) + P(t, 2),
ot k-1

where Pp,(t,z) is the polynomial in t of degree m + 1 defined by

1 l-l—mB

= +1
(3.43) Pon(t,2) = —— g H(m)t" ! + Z

m+1-1(2) m+1
-1 logT’ .
m +1-1) t+(-1) og T'my1(2)
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Proof. From the formula (3.40), we have
t
D,,(t,z) =t"log T (t + 2) — m/ " M ogTy (€ + 2)de
0

m+1
m
=Y () oD+ 2) = Puatzn - )
k=1

—

Here, we have used the identity I'1 1 (2) = T'1(2) = L) Hence it suffices to show that

Nors
(344) —Pl,l(t, Z;m — 1) = Pm(t, Z)

N
3

From the definition (3.41), using the identity By, (t + 2) = >/ (1) Bi(2)t™! and changing the
order of the summations, we have

—1)m L 41
% < I >dl(m)Bm+ll(Z)tl
=0

L (CD)™H(m)
m+1

_Pl,l(taz;m - 1) =

Bins1(2) + (—1)™ log Ty (2),
where dj(m) = Eﬁc:o (]i) (—=1)¥H(m — k). Therefore, to obtain the equation (3.44), it is enough to
show that

H(m) (I =0),

dy(m) = (—1)“% (1<1<m),

(=1)™ L H (m) (l=m+1).
Actually, the case [ = 0 is clear. Let 1 </ < m + 1 and Fl( ) 1= > oo di(m)s™ a generating
function of dj(m). Then, from the identity > oo, H(m)s™ = —(1 — s) 'log (1 — s), we have

[ 00
A = X (1) 9 X Hmsm = (1= 9" Hog (1 - ).

k=0 m=1

Hence, by the Leibniz rule, we have

(345)  difm) = Fi(s)

1
5=0 m!

k=max{m+1-—1,1}
When 1 <[ < m, this is equal to

l

3 1 m — —
Z i —D* ( 1) :/0 2™ N1 — 2 ) e = Fl)l_lw.

k=0

On the other hand, when [ = m + 1, using the formula ¢)(m) = —y+ H(m — 1) for m € N and the
equation (see, e.g., [SC, p.15 (13)])

1 _ z—1 _
/ 28 Zli— o —u) @Re(2)>0)
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where v = 0.57721 ... is the Euler constant, we see that the rightmost-hand side of (3.45) equals

mo 1\k m 1 — )™
I ) R L e e (!

k=1

This completes the proof. ]
Now we give the proof of Proposition 3.4.

Proof of Proposition 3.4. Notice that, since m is odd, Bm+1_l(%) = 0 if / is odd. Hence one obtains
the formula (3.15) from (3.38) together with the formulas (3.42) and (3.43) with z = 1. O

4 Milnor-Selberg zeta functions

In this section, we study the Milnor-Selberg zeta function Zr ,(s) defined by (2.10).

4.1 Analytic properties of Zr,(s)

Theorem 4.1. The function Zr ,(s) can be continued analytically to the whole plane C when r =1
and C\ (—o0, 1] otherwise. Moreover, it satisfies the functional equation

(4.1) Zra(1—s) = (HS (s z>)gflzp,r(s)

foralls € Cifr =1 and s € C\ R otherwise.

Proof. From (2.8), we have

(4-2) ZF,?"( ) ¢7"( ) (9-1) DFr( )

This gives an analytic continuation from Theorem 2.3 and Theorem 3.9. The functional equation
(4.1) immediately follows from Theorem 2.3 and (3.33). O

To study a “complete Milnor-Selberg zeta function”, we need the following lemma.

Lemma 4.2. For 0 <[ <2r—1, let

2r—1 2% _ j
Gy (1) = lz< )am(t)
Then, for 1 < m < 2r, we have
2r—1 I
43) > (5L, ) = a0,
[=2r—m

Proof. Using the equation Z;’:a(—l)l (i) ((l’) = g p(—1)* where 6, is the Kronecker delta, we have

2721 <2ri ) i<l 2; ) <2r— ><2rl_ j>>a’"’j(t):(_l)ma’"’m(t)'

[=2r—-m j=1 —-m



24 Nobushige KUROKAWA, Masato WAKAYAMA and Yoshinori YAMASAKI

The following gives a generalization of the functional equation (1.3).

Corollary 4.3. Define the complete Milnor-Selberg zeta function by

2r—1

g—1
(4.4) =1 (s) : (H Dy (s + 1)3rt(s= >) Ty (s).
Then, we have
(2r)!! _ _1y2r
(4‘5) EF,T(S) :er2(2r,1)”(9 1)(s—3) ‘DI‘,r(S)-

In particular, Zr,(s) is an entire function when r = 1 and is holomorphic function in C\ [0,1]
otherwise. Moreover, it satisfies the functional equation

Zr.(1 - s) = Epa(s).

Proof. We prove the equation (4.5). To do that, from (2.8) with (3.27), it is sufficient to show that
175 Do (s +1)%1®) = T2 Tp(s)®m(®). Actually, from the ladder relation (3.35), one can show

m=1

that T =T ()Y () This vi
at Top(s +1) = [Tj= T2r—;(s) i/, This yields

2r—1 K 2r—1 1 o
[T ors 4 )% = T T] Do) Q80
1=0 1=0 j=0

= H Fm ler%“l m (zrlm)arl(t)

H Fm arm

In the last equality, we have used the equation (4.3). This completes the proof. O

Example 4.4. Let t = s — % Then, we have

Zra(s) = (P2(9)"als + 1)) Zra(s) = Zr(s),
Era(s) = (Tals) 2 SHD (6 4 1) 3 2Ty (s 4+ 2) 73 2Ty (s _’_3)7%+2t2)g—1ZF’2(8)’
Zra(s) = (s 3)§* 2 +2tp (34_1)*7211527615 F6(8+2)%+22t2+4t4

x (s + 3)841+22t2+4t To(s + 4)°% 237 21t276t4r6(s n 5)é7t2+2t4)g_1Zp,3(s).

Remark 4.5. Using the ladder relations (3.35) and (3.36), one can prove that

2r — Gy j

[T 8,500 = 0" Tarl1 = .00
J - 2r 1 G, i (1)
Fgr(8+l) i

This reads the definition (4.4) of the complete Milnor-Selberg zeta function.

Remark 4.6. From the expression (4.5), we see that the Milnor-Selberg zeta function Zr ,(s) has
no “non-trivial zeros” because Dr ,(s) does have no zeros.
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Remark 4.7. Let f(s) be a function on C and m(s) a polynomial. Suppose that it can be written
as f(s) = (s — a)™®g(s) around s = a where g(s) is a holomorphic function at s = a with
g(a) # 0. In this case, let us say that f(s) has a “multiplicity polynomial m(s) at s = a” and write
m(s) = m(s; f,a). Tt is clear that this is a generalization of the multiplicity (or order) of zeros or
poles of meromorphic functions (they are the case m(s) € Z). For example, if f(s) has a zero (resp.
a pole) of order n at s = a, then the multiplicity polynomial of f(s)?®) for a polynomial ¢(s) at

s = a is given by m(s; f9,a) = nq(s) (resp. —nq(s)).
From the expression (4.2), for £ € N, one can see that

(4.6) m(s; Zrp,—k) =2(g — )2k + 1)(s = k) (s —k—1)"""

In particular, when r = 1, this coincides with the multiplicity 2(¢g — 1)(2k 4 1) of the trivial zero
s = —k of the Selberg zeta function Zr(s). The equation (4.6) is obtained as follows; from the
equation (4.2) and the expression (3.27) together with the fact that I';(s)~' has a zero at s = —k
of order (k‘;le), it can be written as

2r
Zrs(s) = (H(sm(g R 1)“”“)) o1 (9),

j=1
where 2z ,(s) is some holomorphic function at s = —k with zr ,(—k) # 0. This shows that

2r .
mis: Zog—k) = (g - 13 (’“ ti- 1)ar,j(t)

PN A

A

ll]l

~2t- ek -0y (1) (e )
)

_9 l
=0
1 r—1

= 2(g — 1)(2k — 1)(t2 — (k 5)2) .

Note that, in the third equality, we have employed the formula (3.26).
In the next subsection, to establish an Euler product expression of Zr,(s), we introduce a

poly-Selberg zeta function.
4.2 Poly-Selberg zeta functions
For m € N, define the function Zlgm)(s) by the following Euler product.

(4.7) 2y = ] HH —a=n)(log N(P)™™*

PcPrim (T)

where H,,(2) := exp(—Lin,(2)) with Liy,(z) =3 ;2 kz—fl being the polylogarithm of degree m. This
infinite product converges absolutely for Re (s) > 1. We call ZIQm)(s) a poly-Selberg zeta function of
degree m. Notice that this gives a generalization of the Selberg zeta function Zr(s). In fact, since
Lii(2) = —log (1 — z) and hence Hy(z) = 1 — z, we have ZIEI)(S) = Zp(s).

To give an analytic continuation of Zlgm)(s), we first show the following
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Lemma 4.8. It holds that
log N(3;)  N(y)~*F>

(m) oy —
(4.8) —log Z " (s) = N(’Y)% — N(y )—% (log N (7)™

(Re(s) > 1).

vEHyp ()
Proof. Notice that N(P*¥) = N(P)* and hence log N(P*) = klog N(P) for P € Prim(T) and
k € N. Hence, from the definition, we have

s+n)k

. oo 00 N(P)-(
ez = 3 LY km(ligiv(m)m—l

PePrim (T') n=0 k=1

D
- 17— &
Pebrim (T) E™( log N ym=11— N(P)
_ ¥ i logN (P) N(PF)=st3
- _1 k :
PePrim (T) k N (Pk) ? (IOgN(P ))m
Writing P¥ = v, one obtains the desired expression. O

The poly-Selberg zeta function satisfies a differential ladder relation. As a consequence, one
can obtain an iterated integral representation of ZIQm)(s) which gives an analytic continuation. To
see this, define the following region (see Figure 5);

1 1
O i=C\ (|J (—o0+inj, 5 +in] U (=00, 1] U | (=00 — iy, 5 —iny)).
r;>0 r;>0

Notice that the points s = % +ir; with r; > 0 are non-trivial zeros of the Selberg zeta function
ZF(S).

Im
Re
1 o T 1
Figure 5: Qr.
Proposition 4.9. (i) It holds that
m—1 (m) |
(4.9) T log Z;.7(s) = (=1)"""" log Zr(s).

(ii) Fiz a € C with Re (a) > 1. Then, for m > 2, we have

Em—1 (-nm
(410) 20 =@l p( / / - / log Zp (€1)d¢, - dsm) ,
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ok '
where Q%m)(s, a) := H;n:_(f Zlgm_k)(a)( (=" 4nd the path for each integral lies in Qr. This gives

an analytic continuation of ZIQm)(s) to the region Qr.

Proof. We first show the equation (4.9). The case m = 1 is clear because Zlgl)(s) = Zp(s). Let
m > 2. From (4.8) (or the differential equation d%Lim(z) = %Lim_l(z)), we have

d -1
(4.11) T log Zlgm)(s) = —log Zlgm )(3).
Using this equation repeatedly, one obtains the equation (4.9). We next show (ii) by induction on
m. Let m = 2. Then, integrating the equation (4.9) with m = 2, we have

S
(4.12) log Zl(?)(s) = log Zl(?)(a) — / log Zp (&)d¢.
a
Here, we take the path in Re(s) > 1. This immediately shows the equation (4.10) with m = 2
for Re(s) > 1. Here, in the righthand-side of (4.12), one can move s freely in the region in where
log Zr(s) is holomorphic, that is, Qp. Hence the equation (4.10) gives an analytic continuation of
Zl(?)(s) to Qp. Now, assume that the claim (ii) holds for m — 1. Then, we have

3

—_
—
|
—
~—
o

(€ —a)*log "M (a)

+ (=1)m2 N lOgZF(fl)dfl"'dfmﬂ-
/ /

Taking the integral of the equation (4.13) together with the formula (4.11), we have

(4.13) log 2™V (€) =

=
I
=)

(m) (m m— 1)k+1
log Zp" (s) = log Z1" —l—Z Gt 1!

m?///g’“ / log Zr (1)d€1 -+ - dép_odE.

Therefore, by the same discussion as above, one shows the claim (ii) for all m. O

(S _ a)k+1 log Z( —(k+1)) (a)

Remark 4.10. Since Zp(s) has zeros at s = 1,0,—k for k¥ € N and 1 & ir; for j € N, the

poly-Selberg zeta function Zlg )(s) with m > 2 is in general a multl—valued function in C.

Remark 4.11. The discussion above can be also applied to the case of the Hecke L-functions;
in [WY], we show that “higher depth regularized products” of the non-trivial zeros of the Hecke
L-function can be evaluated as a product of the Milnor gamma functions and “poly-Hecke L-
functions”, which are similarly defined by an Euler product like the poly-Selberg zeta function.

4.3 Euler product expressions of Zr,(s)

Via the poly-Selberg zeta functions, one obtains the following Euler product expression of Zr ,(s)
(remark that the poly-Selberg zeta function is defined by the Euler product (4.7)).
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Theorem 4.12. It holds that
(r—D!(-1)r~!
(r+m) (o) =iz (2=1)7 1
(4.14) Zp (s H A ) mllr=1=m)! (Re (s) > 1).

Proof. We start from the definition (2.10). Let s € W N U. Then, using the formula

/Oo gwe*“&%)% - 2(2)%1@(2@%(5) (Re (a) > 0, Re (b) > 0),
0

where K, (z) is the modified Bessel function of the second kind, we have

1
Val(w+1—r)

log N (0 log N wtg—r
X Z 1 ( 7) 7l< th(7)> ’ Kw-l—%—r(tl()gN(’Y))'
y€Hyp (T) N()z =N

GF r(w 3)

Here, employing the asymptotic formulas

1 .
Torioy ~ V- D+ 0w,
log N(y)\w+a=r _ (log N(y)ya~r
) =) o

and
K1, (tlog N(7)) = Ki_,(tlog N(7)) + O(w)

as w — 0 together with the identity (see, e.g., [EMOT])
r—1

K40 = By = (5) e 0™ i
m=0

one can see that

0
(4.15) log Zr ,(s) = —%Gp,r(w,s) Y
—1
(T 1+ m 1— (r+m)
_ )! 2t)" = """ log Z,
(1= 3 Aty o )

m=0

and hence obtain the expression (4.14). Notice that we have used the equation (4.8). O

Example 4.13. Let t = s — % Then, for Re (s) > 1, we have

Remark 4.14. We remark that, when r» > 2, from Theorem 4.1, we have already known that
Zp (s) can be continued analytically to the region C\ (—oo, 1]. From Proposition 4.9, though the
equation (4.14) also gives an analytic continuation of Zr ,(s) to Qr, it is not clarified that it further
gives an analytic continuation (beyond Qr) to C\ (—o0, 1].
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Finally, as is the case of Zlgm)(s), we show that the Milnor-Selberg zeta function also satisfies a

differential ladder relation and has an iterated integral representation.

Corollary 4.15. (i) It holds that

(4.16) (231— 1 %)ril log Zr »(s) = (r — 1)!log Zp(s).

(ii) Fiz a € C with Re (a) > 1. Then, for r > 2, we have

s péroi & 1 (r=1)!
(117 zp,r(s)zQp,r(s,a)exp</ [ (H(zfj—1))logzp(§1)d§1---dfr1> ,
a a - a ]:1
r—1

where Qr (s, a) == [Th—g ZF,r—k(a)(Tzl)(sfa)k(s“*l)k and the path for each integral lies in Qp.

Proof. To prove the equation (4.16), it is sufficient to show that

(4.18) (231_ ldils) log Zr,(s) = (r — 1)log Zry1(s)  (r > 2).

In fact, from the expression (4.15) together with (4.11), one sees that

2
disl()g Zrp(s) = (=1)"(r —1)! Z M@S _ 1)7"—m—1 log Zlgm+r_1)(s)

= (2s = 1)(r —1)log Zr ,—1(s).

This shows the equation (4.18). The iterated integral representation (4.17) can be easily derived
by the similar discussion performed in Proposition 4.9. U

Acknowledgement. The authors would like to thank Hirotaka Akatsuka for his careful reading of

the manuscript and helpful advice, in particular, in Section 2.

References

[A] V.S. Adamchik.: The multiple gamma function and its application to computation of
series, The Ramanujan J., 9 (2005), 271-288.

[B1] E.W. Barnes.: The theory of the G-function, Quart. J. Math., 31 (1899), 264-314.

[B2] E.W. Barnes.: On the theory of the multiple gamma functions, Trans. Cambridge Philos.
Soc., 19 (1904), 374-425.

D] C. Deninger.: Local L-factors of motives and regularized determinants, Invent. Math.,
107 (1992), 135-150.

[DHP]  E. D’Hoker and D.H. Phong.: On determinants of Laplacians on Riemann surfaces,
Commun. Math. Phys., 104 (1986), 537-545.

[EMOT] A. Erdélyi, W. Magnus, F. Oberthettinger and F.G. Tricomi.: Higher Transcendental
Functions, McGraw-Hill, New York, 1953.



30 Nobushige KUROKAWA, Masato WAKAYAMA and Yoshinori YAMASAKI

[KK] N. Kurokawa and S. Koyama.: Multiple sine functions, Forum Math., 15 (2003), 839-876.

[KOW1] N. Kurokawa, H. Ochiai and M. Wakayama.: Multiple trigonometry and zeta functions,
J. Ramanugjan Math. Soc., 17 (2002), 101-113.

[KOW2] N. Kurokawa, H. Ochiai and M. Wakayama.: Milnor’s multiple gamma functions, .J.
Ramanujan Math. Soc., 21 (2006), 153-167.

[KS] J.P. Keating and N.C. Snaith.: Random matrix theory and (3 + it), Commun. Math.
Phys., 214 (2000), 57-89.

[M] J. Milnor.: On polylogarithms, Hurwitz zeta functions, and the Kubert identities, En-
seignement Mathématique, 29 (1983), 281-322.

R] S. Rosenberg.: The Laplacian on a Riemannian manifold. An introduction to analysis
on manifolds. London Mathematical Society Student Texts, 31. Cambridge University
Press, Cambridge, 1997.

[S] P. Sarnak.: Determinants of Laplacians, Commun. Math. Phys., 110 (1987), 113-120.

[SC] H.M. Srivastava and J. Choi.: Series associated with the zeta and related functions,
Kluwer Academic Publishers, Dordrecht, 2001.

[Vo] A. Voros.: Spectral functions, special functions and the Selberg zeta functions, Commun.
Math. Phys., 110 (1987), 439-465.

[Vi] M.F. Vignéras.: L’équation fonctionalie de la fonction zeta de Selberg de groupe modu-
laire PSL(2,7), Astérisque, 61 (1979), 235-249.

[WY] M. Wakayama and Y. Yamasaki.: Hecke’s zeros and higher depth determinants, preprint,
2009, arXiv:0909.4925.

[Y] Y. Yamasaki.: Factorization formulas for higher depth determinants of the Laplacian on
the n-sphere, preprint, 2010.

NoBusHiIGE KUROKAWA

Department of Mathematics, Tokyo Institute of Technology,
Oh-okayama Meguro, Tokyo, 152-0033 JAPAN.
kurokawa@math.titech.ac.jp

Masato WAKAYAMA
Faculty of Mathematics, Kyushu University,
Motooka, Nishiku, Fukuoka, 819-0395, JAPAN.

wakayama@math.kyushu-u.ac. jp

YOSHINORT YAMASAKI
Graduate School of Science and Engineering, Ehime University,
Bunkyo-cho, Matsuyama, 790-8577 JAPAN.

yamasaki@math.sci.ehime-u.ac.jp



List of MI Preprint Series, Kyushu University

MI

MI2008-1

MI2008-2

MI2008-3

MI2008-4

MI2008-5

MI2008-6

MI2008-7

MI2008-8

MI2008-9

The Global COE Program
Math-for-Industry Education & Research Hub

Takahiro ITO, Shuichi INOKUCHI & Yoshihiro MIZOGUCHI
Abstract collision systems simulated by cellular automata

Eiji ONODERA
The intial value problem for a third-order dispersive flow into compact almost
Hermitian manifolds

Hiroaki KIDO
On isosceles sets in the 4-dimensional Euclidean space

Hirofumi NOTSU
Numerical computations of cavity flow problems by a pressure stabilized characteristic-
curve finite element scheme

Yoshiyasu OZEKI
Torsion points of abelian varieties with values in nfinite extensions over a p-

adic field

Yoshiyuki TOMIYAMA
Lifting Galois representations over arbitrary number fields

Takehiro HIROTSU & Setsuo TANIGUCHI
The random walk model revisited

Silvia GANDY, Masaaki KANNO, Hirokazu ANAI & Kazuhiro YOKOYAMA
Optimizing a particular real root of a polynomial by a special cylindrical al-
gebraic decomposition

Kazufumi KIMOTO, Sho MATSUMOTO & Masato WAKAYAMA
Alpha-determinant cyclic modules and Jacobi polynomials



MI2008-10

MI2008-11

MI2008-12

MI2008-13

MI2008-14

MI2008-15

MI2009-1

MI2009-2

MI2009-3

MI2009-4

MI2009-5

Sangyeol LEE & Hiroki MASUDA
Jarque-Bera Normality Test for the Driving Lévy Process of a Discretely Ob-
served Univariate SDE

Hiroyuki CHIHARA & Eiji ONODERA
A third order dispersive flow for closed curves into almost Hermitian manifolds

Takehiko KINOSHITA, Kouji HASHIMOTO and Mitsuhiro T. NAKAO
On the L? a priori error estimates to the finite element solution of elliptic
problems with singular adjoint operator

Jacques FARAUT and Masato WAKAYAMA
Hermitian symmetric spaces of tube type and multivariate Meixner-Pollaczek
polynomials

Takashi NAKAMURA
Riemann zeta-values, Euler polynomials and the best constant of Sobolev in-
equality

Takashi NAKAMURA
Some topics related to Hurwitz-Lerch zeta functions

Yasuhide FUKUMOTO

Global time evolution of viscous vortex rings

Hidetoshi MATSUI & Sadanori KONISHI
Regularized functional regression modeling for functional response and predic-
tors

Hidetoshi MATSUI & Sadanori KONISHI

Variable selection for functional regression model via the L, regularization

Shuichi KAWANO & Sadanori KONISHI

Nonlinear logistic discrimination via regularized Gaussian basis expansions

Toshiro HIRANOUCHTI & Yuichiro TAGUCHII
Flat modules and Groebner bases over truncated discrete valuation rings



MI2009-6

MI2009-7

MI2009-8

MI2009-9

MI2009-10

MI2009-11

MI2009-12

MI2009-13

MI2009-14

MI2009-15

Kenji KAJIWARA & Yasuhiro OHTA
Bilinearization and Casorati determinant solutions to non-autonomous 141
dimensional discrete soliton equations

Yoshiyuki KAGEI
Asymptotic behavior of solutions of the compressible Navier-Stokes equation
around the plane Couette flow

Shohei TATEISHI, Hidetoshi MATSUI & Sadanori KONISHI
Nonlinear regression modeling via the lasso-type regularization

Takeshi TAKAISHI & Masato KIMURA
Phase field model for mode III crack growth in two dimensional elasticity

Shingo SAITO
Generalisation of Mack’s formula for claims reserving with arbitrary exponents
for the variance assumption

Kenji KAJIWARA, Masanobu KANEKO, Atsushi NOBE & Teruhisa TSUDA
Ultradiscretization of a solvable two-dimensional chaotic map associated with
the Hesse cubic curve

Tetsu MASUDA
Hypergeometric T -functions of the g-Painlevé system of type Eél)

Hidenao IWANE, Hitoshi YANAMI, Hirokazu ANAI & Kazuhiro YOKOYAMA
A Practical Implementation of a Symbolic-Numeric Cylindrical Algebraic De-
composition for Quantifier Elimination

Yasunori MAEKAWA
On Gaussian decay estimates of solutions to some linear elliptic equations and
its applications

Yuya ISHIHARA & Yoshiyuki KAGEI
Large time behavior of the semigroup on L? spaces associated with the lin-
earized compressible Navier-Stokes equation in a cylindrical domain



MI2009-16

MI2009-17

MI2009-18

MI2009-19

MI2009-20

MI2009-21

MI2009-22

MI2009-23

MI2009-24

MI2009-25

Chikashi ARITA, Atsuo KUNIBA, Kazumitsu SAKAI & Tsuyoshi SAWABE

Spectrum in multi-species asymmetric simple exclusion process on a ring

Masato WAKAYAMA & Keitaro YAMAMOTO
Non-linear algebraic differential equations satisfied by certain family of elliptic
functions

Me Me NAING & Yasuhide FUKUMOTO
Local Instability of an Elliptical Flow Subjected to a Coriolis Force

Mitsunori KAYANO & Sadanori KONISHI
Sparse functional principal component analysis via regularized basis expan-
sions and its application

Shuichi KAWANO & Sadanori KONISHI
Semi-supervised logistic discrimination via regularized Gaussian basis expan-
sions

Hiroshi YOSHIDA, Yoshihiro MIWA & Masanobu KANEKO
Elliptic curves and Fibonacci numbers arising from Lindenmayer system with
symbolic computations

Eiji ONODERA
A remark on the global existence of a third order dispersive flow into locally
Hermitian symmetric spaces

Stjepan LUGOMER & Yasuhide FUKUMOTO
Generation of ribbons, helicoids and complex scherk surface in laser-matter
Interactions

Yu KAWAKAMI

Recent progress in value distribution of the hyperbolic Gauss map

Takehiko KINOSHITA & Mitsuhiro T. NAKAO
On very accurate enclosure of the optimal constant in the a priori error esti-
mates for H32-projection



MI2009-26

MI2009-27

MI2009-28

MI2009-29

MI2009-30

MI2009-31

MI2009-32

MI2009-33

MI2009-34

MI2009-35

Manabu YOSHIDA
Ramification of local fields and Fontaine’s property (Pm)

Yu KAWAKAMI
Value distribution of the hyperbolic Gauss maps for flat fronts in hyperbolic
three-space

Masahisa TABATA
Numerical simulation of fluid movement in an hourglass by an energy-stable
finite element scheme

Yoshiyuki KAGEI & Yasunori MAEKAWA
Asymptotic behaviors of solutions to evolution equations in the presence of
translation and scaling invariance

Yoshiyuki KAGEI & Yasunori MAEKAWA
On asymptotic behaviors of solutions to parabolic systems modelling chemo-
taxis

Masato WAKAYAMA & Yoshinori YAMASAKI
Hecke’s zeros and higher depth determinants

Olivier PIRONNEAU & Masahisa TABATA
Stability and convergence of a Galerkin-characteristics finite element scheme
of lumped mass type

Chikashi ARITA
Queueing process with excluded-volume effect

Kenji KAJIWARA, Nobutaka NAKAZONO & Teruhisa TSUDA
Projective reduction of the discrete Painlevé system of type(Ay + A1)

Yosuke MIZUYAMA, Takamasa SHINDE, Masahisa TABATA & Daisuke TAGAMI

Finite element computation for scattering problems of micro-hologram using
DtN map



MI2009-36

MI2009-37

MI2010-1

MI2010-2

MI2010-3

MI2010-4

MI2010-5

MI2010-6

MI2010-7

MI2010-8

MI2010-9

Reiichiro KAWAI & Hiroki MASUDA
Exact simulation of finite variation tempered stable Ornstein-Uhlenbeck pro-
cesses

Hiroki MASUDA
On statistical aspects in calibrating a geometric skewed stable asset price
model

Hiroki MASUDA
Approximate self-weighted LAD estimation of discretely observed ergodic Ornstein-
Uhlenbeck processes

Reiichiro KAWAI & Hiroki MASUDA
Infinite variation tempered stable Ornstein-Uhlenbeck processes with discrete
observations

Kei HIROSE, Shuichi KAWANO, Daisuke MITKE & Sadanori KONISHI
Hyper-parameter selection in Bayesian structural equation models

Nobuyuki IKEDA & Setsuo TANIGUCHI
The Ito-Nisio theorem, quadratic Wiener functionals, and 1-solitons

Shohei TATEISHI & Sadanori KONISHI
Nonlinear regression modeling and detecting change point via the relevance
vector machine

Shuichi KAWANO, Toshihiro MISUMI & Sadanori KONISHI

Semi-supervised logistic discrimination via graph-based regularization

Teruhisa TSUDA

UC hierarchy and monodromy preserving deformation

Takahiro ITO
Abstract collision systems on groups

Hiroshi YOSHIDA, Kinji KIMURA, Naoki YOSHIDA, Junko TANAKA &
Yoshihiro MTWA
An algebraic approach to underdetermined experiments



MI2010-10

MI2010-11

MI2010-12

MI2010-13

MI2010-14

MI2010-15

MI2010-16

MI2010-17

MI2010-18

MI2010-19

Kei HIROSE & Sadanori KONISHI
Variable selection via the grouped weighted lasso for factor analysis models

Katsusuke NABESHIMA & Hiroshi YOSHIDA
Derivation of specific conditions with Comprehensive Groebner Systems

Yoshiyuki KAGEI, Yu NAGAFUCHI & Takeshi SUDOU
Decay estimates on solutions of the linearized compressible Navier-Stokes equa-
tion around a Poiseuille type flow

Reiichiro KAWAI & Hiroki MASUDA
On simulation of tempered stable random variates

Yoshiyasu OZEKI
Non-existence of certain Galois representations with a uniform tame inertia
weight

Me Me NAING & Yasuhide FUKUMOTO
Local Instability of a Rotating Flow Driven by Precession of Arbitrary Fre-
quency

Yu KAWAKAMI & Daisuke NAKAJO
The value distribution of the Gauss map of improper affine spheres

Kazunori YASUTAKE
On the classification of rank 2 almost Fano bundles on projective space

Toshimitsu TAKAESU
Scaling limits for the system of semi-relativistic particles coupled to a scalar
bose field

Reiichiro KAWAI & Hiroki MASUDA
Local asymptotic normality for normal inverse Gaussian Lévy processes with
high-frequency sampling

MI2010-20 Yasuhide FUKUMOTO, Makoto HIROTA & Youichi MIE

Lagrangian approach to weakly nonlinear stability of an elliptical flow



MI2010-21

MI2010-22

MI2010-23

MI2010-24

MI2010-25

MI2010-26

MI2010-27

MI2010-28

MI2010-29

MI2010-30

MI2010-31

Hiroki MASUDA
Approximate quadratic estimating function for discretely observed Lévy driven
SDEs with application to a noise normality test

Toshimitsu TAKAESU
A Generalized Scaling Limit and its Application to the Semi-Relativistic Par-
ticles System Coupled to a Bose Field with Removing Ultraviolet Cutoffs

Takahiro I'TO, Mitsuhiko FUJIO, Shuichi INOKUCHI & Yoshihiro MIZOGUCHI
Composition, union and division of cellular automata on groups

Toshimitsu TAKAESU
A Hardy’s Uncertainty Principle Lemma in Weak Commutation Relations of
Heisenberg-Lie Algebra

Toshimitsu TAKAESU
On the Essential Self-Adjointness of Anti-Commutative Operators

Reiichiro KAWATI & Hiroki MASUDA
On the local asymptotic behavior of the likelihood function for Meixner Lévy
processes under high-frequency sampling

Chikashi ARITA & Daichi YANAGISAWA

Exclusive Queueing Process with Discrete Time

Jun-ichi INOGUCHI, Kenji KAJIWARA, Nozomu MATSUURA & Yasuhiro
OHTA
Motion and Backlund transformations of discrete plane curves

Takanori YASUDA, Masaya YASUDA, Takeshi SHIMOYAMA & Jun KOGURE
On the Number of the Pairing-friendly Curves

Chikashi ARITA & Kohei MOTEGI
Spin-spin correlation functions of the ¢-VBS state of an integer spin model

Shohei TATEISHI & Sadanori KONISHI
Nonlinear regression modeling and spike detection via Gaussian basis expan-
sions



MI2010-32 Nobutaka NAKAZONO
Hypergeometric 7 functions of the g-Painlevé systems of type (Ay + A;)®)

MI2010-33 Yoshiyuki KAGEIL
Global existence of solutions to the compressible Navier-Stokes equation around
parallel flows

MI2010-34 Nobushige KUROKAWA, Masato WAKAYAMA & Yoshinori YAMASAKI
Milnor-Selberg zeta functions and zeta regularizations



