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Abstract. The mimimal entropy martingale measure for the stochastic process defined as the ex-
ponential of an additive process with the structure of semimartingale will be investigated. Special
attention will be paid to the case when the underlying additive process has fixed times of discon-
tinuity. The investigation of this paper will establish a unified way that is applicable both to the
case of Lévy processes and that of the sums of independent random variables.
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1. INTRODUCTION

Let (X; = (X},..., X"))eor, T > 0, be an Ré-valued
additive process with the structure of semimartingale, in
other words, a d-dimensional semimartingale with indepen-
dent increments. According to [7], we will also call such a
stochastic process as (X;) a d-dimensional PII-semimartin-
gale. We always suppose that X, = 0.

Let (St = (S, ..., 5¢))tef0,1] be a stochastic process de-
fined as the exponential of (X;):

T=SleNt i=1,...,d
where we suppose that each S} is a positive constant. We
call such a stochastic process as (S;) a d-dimensional ex-
ponential additive process based on the additive process
(X¢) or, for simplicity, an exponential PII-semimartingale
(based on (X3)).

The purpose of this paper is to propose a condition under
which the mimimal entropy martingale measure (MEMM)
for (S;) exists and to represent the MEMM explicitly by
the characteristics of (X;). In a series of previous papers,
we have discussed this problem in the case when

1. (Xy) is a Lévy process in [5] and [2];

2. (Xy) is a stochastically continuous PII-semimartin-
gale in [3],

respectively. In this paper, we are interested in the case
when (X;) is a PII-semimartingale that is not necessarily
stochastically continuous, in other words, that may have
fixed times of discontinuity. Hence, we can say that the
aim of this paper is to give a final answer to the prob-
lem described above in the framework of exponential PII-
semimartingales.

In Section 2, we will review several properties of PII-
semimartingales. In particular, Theorem 1 plays funda-
mental role in showing Corollary 1 that ensures the exis-
tence of exponential moments of integrals of deterministic
processes based on (X;) and that gives the representation
of them by the characteristics of (X3).

In Section 3, we will precisely state our main result of
this paper, Theorem 2, where the existence and the rep-
resentation of the MEMM for (S;) will be shown under a
mild condition (C). Owing to removing the restriction of
stochastic continuity of the underlying PII-semimartingale
(Xt), we can also treat the case when it is defined by a
sum of independent random variables in a unified frame-
work. See Corollary 2.

In Section 4, we will give a proof of Theorem 2. It follows
on the stream proposed in the proof of Theorem 3.1 in [5].
However, we will see that suitable modification of discus-
sions and deeper consideration will be needed to overcome
the difficulties arising from the existence of fixed times of
discontinuity.

2. ADDITIVE PROCESSES AND EXPONENTIAL
ADDITIVE PROCESSES

ADDITIVE PROCESS WITH THE STRUCTURE OF SEMI-
MARTINGALES

Let (2, F,P) be a probability space equipped with a fil-
tration (F;) that satisfies the usual conditions. See [7]
I.1.2 (p.2) for the definition of the usual conditions. Let
(Xe = (X}, ... X)) teor), T > 0, be an Ré-valued addi-
tive process with the structure of semimartingale defined
on the probability space (Q, F, P) with (F;). To be precise,
(X;) is an Re-valued adapted cadlag process with Xy = 0
that has the following properties:
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1. (X}) is a process with independent increments: for
all s < t, the increment X; — X, is independent of
Fs;

2. (X;) is a semimartingale with respect to the filtra-
tion (]:t)

According to [7], we will also call such a stochastic process
as (X;) a d-dimensional PII-semimartingale.

We would like to emphasize that throughout this paper
we do not necessarily assume that (X;) is stochastically
continuous. Note that, in our scheme, the stochastic conti-
nuity is equivalent to the property of having no fixed time
of discontinuity and also to the quasi-left continuity. See
[6] Corollary 11.28 (p.308) and [7] Theorem 11.4.18 (p.107).

Let (Ct, n(dtdz), B:) be the characteristics of (X;) asso-
ciated with the truncation function h(x) := xI{j4 <13 (7) on
R

In other words, let the canonical representation of (X;)
(associated with h) be given as follows ([7] Theorem I1.2.34

(p.84)):
xoxiene [ [

“Jou L

where Rg := R%\{0}. Here,

(1) N (dudz)

N(dudz),

e (X7) is a continuous (local) martingale with X§ =0
and Cf = (X", X7) fori,j=1,...,d.

e N(dudz) denotes the counting measure of the jumps
of (Xt)i

N((0,t],A) :==t{u € (0,t]; AX, =X, — X,_ € A}
for A € B(R%), where X,,_ := lim,, X, and B(R%)

is the Borel o-field on Rg.

We denote by N(dudz) := N(dudz) — n(dudz) the
compensated measure of N(dudz), where n(dudx) is
the compensator of N(dudz). Also, we set h(z) :=
x — h(x).

e Each component (B}) (i = 1,...,d) is a cadlag func-
tion with finite variation on [0,7]. ([7] Definition
I1.2.6 (p.76))

As fundamental properties of characteristics, the folllow-
ing facts are known:

o (C¢,n(dtdr), B;) are deterministic, since (X;) has in-

dependent increments. ([7] Theorem I1.4.15 (p.106))

o Jooa Jrg(lzl* A
min{e, B} for a,ﬂ € R, and n({u},R%) < 1.
11.2.13 (p.77))

)n(dudx) < oo, where a A § =

([7]

o ABy = [ou h(z)n({u}, do). (7] TL2.14 (p.77))
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Also, note that the law of (X;) is characterized by the
Lévy-Khinchin formula ([7] Theorem 11.4.15 (p.106)):

EP[e\/jlg'(Xt_Xs)]
= exp| - %g (Cy— CE+V=TE- (Bi— B,)
+/ e 1—V-1&-h(2))
(0,t] JRG

% H {efﬁeABu
u€(s,t]

Vg _

X Iye(u) n(dudm)}

x [1+ /R (V7167 —1)n({u}, dx)] },

where a-b denotes the inner product of a,b € R?; J denotes
the set of all fixed times of discontinuity of (X%), that is,
J = {t>0; n({t},Rd) > 0}.

1-DIMENSIONAL PII-SEMIMARTINGALE
EXPONENTIAL MOMENT

AND THE

Let (Y})te[o 71, T'> 0, be a 1-dimensional PII-semimartin-
gale and (CY, Y(dtdy) BY') the characteristics of (Y;) as-
sociated with the truncation function h1(y) := ylfy<13(¥)
on R.

In [4], we have shown the following result with an explicit
proof. See Theorem 1 therein.

Theorem 1.  Suppose that

(2) / / eV nY (dudy) < oo
(0,17 J{y>1}
Then, (e¥ -k (l)f)te(oﬂ s a uniformly integrable martin-

gale with mean 1, where (KY (1);) is the modified Laplace
cumulant of (V) at 1:

(3) KY(1)

1

i /ot /RU (e = 1= hi(y)) n¥ (dudy)

+ % {log (14 [ @ =1 ({u).dy)

u€(0,t]
—/ (e¥ — 1)ny({u}7dy)}.
Ro
In particular,

(4) o

Ele¥] = e
INTEGRAL BASED ON THE d-DIMENSIONAL PII-SEMI-

MARTINGALE (X}):

Let (0, = (0%,...,0%)) be an R%valued Borel measurable
function. Note that it is deterministic. We say that (6,) is
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integrable with respect to (X;) if the following conditions
(i)~(iii) are satisfied:

(i) / 0, dC\,0,
Cky

d
- Z/ 0 dC76] < oo,
(0,7]

i,7=1

(ii) Z/ 0| d(Var(B")), < oo, where Var(A); de-
0T

notes the total variation of the function (4,) on the
interval [0, ],

(iif) / 10, - h(z)[2 n(dudz) < oo
(0,T] /R§

We denote by L(X) the set of all integrable functions with
respect to (X;). Note that an arbitrary bounded measur-
able function belongs to L(X).

Let (6,) € L(X). Then, we can define an integral
(f(O,t] 0. - dX,) of (6,) based on (X;) by

(5) 0, -dX, = 0 -dX: + 0, -dB,
(0,¢] (0,4]
/ / 0. - h(x duda:)
0,t] JRY
+/ / 0. - h(x) N (dudz).
(0,¢] JRY

The following result is shown as Proposition 1 in [4]:

Let (0,) € L(X). Then (Y; := f(o 1
dX,) is a 1-dimensional PII-semimartingale; the chamc-
teristics (CY,nY, BY) (associated with hy onR)) are given
by

Proposition 1.

cy = / 0,dC.,0,;
(0,t]
nY((O,t],A):/ / L4(0y - 2) n(dudz), A € B(Ro):
0,t] JRo

BY = 0, - dB,

+ /(O,t] /Rg (h1 (0 - ) — 0y - h(z)) n(dudz)

EXPONENTIAL MOMENT OF (f(o y Ou - dX,):

The following result is shown as Corollary 1 in [4]:
Let (0,) € L(X) and suppose that

(6) / / o’
0,1) J {0, -z>1}

Then, (ef<°vtl eu'dX“fKX(e)t)te(oyT] 1s a uniformly integrable
martingale with mean 1, where (K*X(0);) is the modified

Corollary 1.

n(dudz) < oo
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Laplace cumulant of (X;) at
(7)
1
KX(0), = 7/ 0, dC., 0, +/ 0, - dB,
2 Jiot (0,1]

—|—/ / {ea
(0] JRY

+ 3 {1og (1+/Rd (P — 1) n({u},dx))

u€(0,t]
— / (eeu‘x —
Rd

0

(eu):
*—1—6, - h(z)} n(dudz)

1) n({u}, dx)}.

In particular,

8) ElelondXe] = oK @)

Remark 1. If (6,) is bounded, the condition (6) can be
replaced by the one

/O T) A|L|>1}

Remark 2. The sum of the first three terms in the right
hand side of (7) is called the Laplace cumulant of (X;) at

(6.,) and denoted by KX (6),:

(9)

n(dudzx) <

0, dCy 0, +
(0,¢] (0,¢]

+ /(O,t] /Rg {ee *—1—0, h(z)}n(dudz).

The modified Laplace cumulant and the Laplace cumulant
are related to each other through the following relation:

0y - dB,

KX Or — g(KX(0)),.

See [8] and [7] for fundamental properties of the (modi-
fied) Laplace cumulant in the framework of the theory of
semimartingales.

EXPONENTIAL ADDITIVE PROCESS

Let S; = (S},...,5%) be an Révauled stochastic process
defined by
(10) Sii=SieXt, i=1,....d,

where we will asuume that all of S{ are positive constants.

We call (S;) the exponential additive process based on the

additive process (X;). For simplicity, we will also call it

the exponential PII-semimartingale (based on (X3)).
Then, it follows from It6’s formula that

Si :Sg+/ St _dX?,
(0,¢]
where

(11) X} :=X!+ X”

Z {eAX —1

u€(0,t]

- AX}
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Combining this definition with (1), we see that the canon-

ical representation of (X;) (associated with h) is given as
follows:

Proposition 2.

(12)
N 1_
R = x¢+{Bi+5C.

+/Ot] /Rd{h(E(x)—

I)—h(z)} n(dud:}:)}

/ / I) N(dudz)
(0,t] JRY

/ / h(E(z) N(dudz),

(0,¢] JRY
where we set E(x) := (eml,...,emd) for x = (2%,...,2%),
I:=(1,...,1) € R? and
——

d

(13) T, = Ci.

It is also immediate from Proposition 2 that the following
proposition holds:
Proposition 3.  The characteristics (6, n, E) of ()A(t)
(associated with h) are given by

(14) e
(15)  7( /Ot /R Ic(E(z) — I) n(dudz),
(16) B, = B, + %@

i /(O,t} /]Rg {h(E(x) = I) = h(z)} n(dudz).

3. THE MINIMAL ENTROPY MARTINGALE
MEASURES FOR EXPONENTIAL ADDITIVE
PROCESSES

We will use the same notation as in Section 2. In particular,
recall that (X¢)ep,r) is a d-dimensional PII-semimartin-
gale, defined on a filtered probability space (2, F, (F;), P)
satisfying the wusual conditions, with characteristics
(Cy,n(dtdx), By) (associated with the truncation function
h(z)). Moreover, (S;) denotes the exponential PII-semi-
martingale defined by (10).

In this section, we will precisely state our main result
(Theorem 2 below). To this end, we prepare some notion.

MINIMAL ENTROPY MARTINGALE MEASURE

For a probability measure (Q on the measurable space
(©,G), where G is a sub-o-field of F, the relative entropy
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of @ on G with respect to P is defined as follows:

E€ [log(% ‘g)} , if @ is absolutely con-

Hg(Q|P) := tinuous with respect
@) toPon g
400, otherwise,

where ¢ IF ’ g 18 the Radon-Nikodym derivative of @) with

respect to P on G.

Next, we denote by ALMM(P) the set of all absolutely
continuous probability measures on (€2, Fr) with respect to
P such that (S;) is an (F;)-local martingale under Q). An
element of ALMM(P) is called an absolutely continuous
local martingale measure for (S;).

For a class D of probability measures on (Q,Fr), we
call an equivalent martingale measure the (equivalent)
minimal entropy martingale measure (MEMM) for
(S¢) in D if it minimizes the values of the function: @ €

MAIN RESULT

We are now in a position to state our main result. Our
main objective is to show the existence and the represen-
tation of the MEMM for (S;) in ALMM(P). To establish
this, we propose the following condition (C) for (S;), which
is described by the characteristics (Cy, n(dtdz), By) of the
underlying PII-semimartingale (X3).

Condition (C):
There exists an R%-valued bounded Borel measurable func-
tion (62), u € [0, T, that satisfies the following (i) and (ii):

(i) for eachi=1,...,d,

/ / 2t o (Bla)=1) n(dudz) < oo
(0,77 {|:L’\>1}

(ii) for all ¢ € [0,T],

(18) B¢+ Ct+/ ac, o

(0,4]
/0 Jt] /Rd
~ h(z )}L,c( ) n(duda) = 0

(19) /R (B() ~ 1)’ FDD ({1}, da) = 0

9i~(E(:v)*1)

Here, (Byf) denotes the continuous part of the func-
tion with finite variation (By):
Bf := Bt — 3 e, ABu.

Theorem 2. Suppose that the condition (C) holds. Then
we have the following (I)~ (III).

(1) ~ 2
(eXp [/(O,t] fu - dXe - KX(G*)J )te[owTJ
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is_a true maringale under the probability P, where
(X¢) is the stochastic process of (11) and (KX(6*);)
is the modified Laplace cumulant of (X;) at 6* :

(20)
KX(67),

:1/ 0% dC, 0%+ 1/ 9;.d€u+/ 0% - dB,
2 Jo, (0,1]

/ ]/ efur(E(@)=1) _ 1—0; - h(z)} n(dudz)
0,t] JRY
£ Y {0 1+/ e F@=D — 1} n({u},do))

u€(0,t]

(o9 (B@)=D) _
R

In particular,

(21)

Therefore, a probability measure P* on Frp is consis-
tently determined by

EF [ef(oet] GZ'dX“] = KO,

dP* S0y 05-dX
(22) -
dP F; EP [ef(o,t] OZ'qu]
(II) Under the probability measure P* of (22), the stocha-

stic process (Xi) of (2.1) is an additive process; the
characteristics (Cf,n*(dtdx), Bf) (associated with
the truncation function h(x):= xlfz<1y(z)) are

given by
eft (B(z)—T)
(24) n*(dtdx) = n(dtdx);

1+ AKX(9%),
(25) B =B+ / dC,0;
(0,t]

ok

where (IN(X (0%);) is the Laplace cumulant of (X;) at
0*:

0:(E(z)—1)

1 n AKX(H Y 1) n(dudz),

:1/ 07 dC,, 0% + / 0 .dBu+1/ 0: - dC,
(0,1] 2 J(0,4
/Ot/]Rd

(27) Af@?(e*)t —

[l (B~

—1—0; - h(z)} n(dudz)

{eez'(E(m)_I) — 1} n({t}, dx).

R§

Furthermore, P* 1s an equivalent martingale measure

for (St) of (10).

l}n({u},dx)}.
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(III) The probability measure P* of (22) attains the mini-
mal entropy in the class ALMM(P):
(28)
min
QEALMM(P)

Hy, (QIP) = Hypy (P*|P) = —K ¥ (6")r.

DISCRETE CASE

Let {£1,&,...} be a sequence of R-valued random vari-
ables defined on a probability space (2, F, P) with a filtra-
tion (Gy) of sub-o-fields of F; suppose that & is adapted to
Gy, for each k € N and that, for all j < k, & is independent

of Qj.
Let
[t
(29) Xi=> &,
k=1

where [t] denotes the greatest integer that does not exceed
the real number ¢. Then (X3) of (29) can be regarded as
a PIl-semimartingale with respect to the filtration (F; :=
Grn)-

The canonical representation of (X;) associated with h
is given as follows:

X, = B + / h(z) N (dudz)
(0,t] JRE

/ (x
(0,t] JRE

where B, = Y11, E[h(&)]; N((0,1],4) := #{k € NN
(0,t]; & € A} for A € B(RY); the compensator of N (dudx)
is given by n({k}, A) = P[&, € A

Note that J = N and that Ije(u)n(dudz) = 0.

In the setting above, the condition (C') is reduced to the
following one:

N(dudx),

Condition (C)g:

There exisits an R-valued function (6}), k = 1,...,[T],
that satisfies the following: for each & = 1,...,[T] and
i=1,....,d,

(i)

i

/ e e (B@)=D) (k) dx)
{lz|>1}

= B¢tk P (BE)=D: 16,1 > 1] < o0;

[ = DO (k3. o

0

— E[(ef’i — 1) PR (BE)=D] = 0,

Then it is easy to obtain the following result from The-
orem 2.
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Corollary 2.  Suppose that the condition (C)g holds. at (6}):
Then the probability measure P* defined by

KX(6%),
dP* SR, 05 (B(&)-1) 1 . A ox .
P 1, = T ey 0T 2 0t]9 1O <0t]9 e
o iz Ble? 260 =0]
/ [ A 1= 65 b)) Alduda)
is the mimimal entropy martingale measure for (0] /R
() )
(S; := Spe2=r=1*) in the class ALMM(P); T Z log 1+/ {e — 1V A({ul, dx))
u€(0,t]
min H P)=Hg,.(P*|P
QEALIMM(P) fT(Q' ) ]:T( | ) / {ee“zfl} {U} dI}
[t]
= — Zlog( 9k (BE(&k)— )})
' Furthermore, it is easy to see from Proposition 3 that (20)
holds.

PRroor or (II
4. PROOF OF THEOREM 2 (I1)

We will first show that (26) and (27) hold.
In this section, we will give a proof of Theorem 2. Roughly By the definition of the Laplace cumulant,
speaking, it follows on the stream proposed in the proof

of Theorem 3.1 in [5]; however, we need to consider more KX 0%); = 1 0 dCA'u 0 + 0 .dgu

finely to overcome the difficulties arising from the existence 2 Jio,y (0,t]

of fixed times of discontinuity. n / / T 1 g h(x)) (dudz).
0,t] JRE

Hence, as in the proof of (20), it follows from Proposition
3 that (26) holds.

Moreover, since (C¢) is  continuous  and
We will apply Corollary 1 to the stochastic integral Ap, — fRd n({t}, dz), we see that

(f(o 9 0 - d)?u) Recall that, as we have shown in Propo-
sition 3, the characteristics (a,ﬁ, E) of ()A(t) (associated Af()?(e*)t
with h) are given by (14), (15) and (16).

Proor or (1)

* 0 (E(x)— *
Then, it follows from the condition (C)-(i) that =0; - AB + /Rd {e” E@O=D 167 h(a )} n({t}, dz)
0
= 07 -(E(z)-1) _ 1 £ da).
/ / Ai(dudz) Ry te p({t). de)
0,T] {I1\>1}
_ / / i (E@=D) (dudz) Next, .W.e will show the following proposition:
0.1) J{|E(z)-1]>1} Proposition 4.  Let (D}) be the density process of P*
‘ . . dP* .
< / / o0 (E(2)—I) n(dudz) against P, that is, D} = aP s = = eM: , where we set
0,7] J{|z|>1/a}
(30) M= 65-dX, — KX(0%),.
(0,2]
because {|E(z) — I| > 1} C {|z| > 1/a} for some a > 0. Then
Therefore, we see from Corollary 1 and Remark 1 that ’ )
(31) D; =M = g(M™),,
0 4%, KX (0%),
(ef(o’t] w0 Jte(o.1] where
(32)
is a uniformly integrable martingale with mean 1 and hence . elu(BE@)=1) _ 1 _
M = / ~dX: + / / N(dudm).
(0,t] (0,4] JRd 1+AKX (0%),

E[ef(owt] ez'd)?“] = er(a*)" .. . .-
’ Before giving a proof of this proposition, we note the
following result, which ensures that the second term in the

where (K X (%)) is the modified Laplace cumulant of (X;) right hand side of (32) makes sense as a martingale.
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Lemma 1. Let
Vi =1+ AKX (6%),.

Then (1/Vi)ie(o,1 is uniformly bounded.

Proof. For each n € N, let

inf{u € (0,T];u > up, Vo <1/2}
if {ue (0,T];u> uy, V, <1/2} #0;
T if {ue (0,T)u>un, Ve <1/2) = 0.

Un41 =

We will show that there exists ng € N such that u,, =T.

To see this, suppose that for all n € N, u,, < T. Then,
Vi, < 1/2, and hence 1 + AI?X(O*)W < 1/2. Therefore,
for all n, =1 < AKX(6*),, < —1+1/2 = ~1/2, which
implies that |AI~()?(9*)%| > 1/2. Hence we have

> AKX (0

u€(0,T]

|>Z|AKX

However, this result contradicts to the fact that (KX (6%);)
is a function with finite variation on [0,7]. Hence the hy-
pothesis that u,, < T for all n € N is rejected. Thus,
it holds that there exists ng € N such that u,, = T.
This means that the number of times ¢ € (0, 7] such that
Vi < 1/2 s finite. Also, since V; > 0 for each ¢, we see that
SUPye(0,7)(1/ V) < o0. O

Proof of Proposition 4. By Proposition 2 and the repre-
sentation (20), we see that

(33)

M} = / o
(0.1]

= 0 - dX¢ + / 0% - (E(z) — I) N(dudz)
(0,¢] (0,t] JRE

—1/ 0r dC, 0,
(0,¢]

/ / (B -1) _
(0,t] JRE

-6 (E(x) — I)} n(dudz)
3 {log (1+AKX(67).) — AKX (67).},

u€(0,t]

- dX, — KX (07),

where we have used (27) to represent the last term in the
right hand side. Also, note that

(34) AM: = 0% - (BE(AX,) —I) —log (1+ AKX (6%),,).

121

Hence, it follows from It6’s formula ([7](p.57)) that

(35)
evt*—lz/ eM;*HZ-de
(0,1]
o
0,t] JRE
—f/ M -0 dC, 6,
(0,]

/ / M O (E@D)
0,t] JRY

—0; - (E(z) — I)} n(dudz)

I) N(dudz)

— 3 M- {log (1 + AKX (67).) — AKX (67).}
u€(0,t]

41 / Mi-6r dc, 0r
2 Jo.

+ > M {AN — 1 - AM;}
u€(0,t]

= / Mgy - dXC

/ / Mo g - (B(x) — I) N(dudz)
0,t] JRE

I (B@)-T) _ 4

— 05 - (E(z) — I)} n(dudz)
1

/0 t] /Rd
1+ AKX(0%),

/ Mu,
0,t] JRY
16 (Bx) — I)}N(dudx)

+ 30 M- ARY(67),

u€(0,t]

:{/ Miogy . dxe
AT w(E@)=I) _ 1\ ~
/ / e )N(dudm)}
(0,t] Jr¢ 1—|—AKX(9*)

/ / el (B0 1)
0,t] JR

B(x)-1) o

o
(%) n(dudz)
_/(o,t] /RgeM (1+Al}g(e*)u)N(dudx)

+ 3 M ARK(67)..
u€e(0,t]

Note that
(36) AI?X(G*)U =0 forueJ.

Therefore, we see that the sum of the last three terms in
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the right hand side is equal to

(37
/ / e 57 92~(E(ac)—1)_1)
(0,¢] JRY
AKX (607,
(m)uu) n(dudz)

_/ em( AKX (67),
(0,4 Jre 1+ AKX(6%),
+ 3 eMi-ART(67),

)I ()N (dudz)

u€(0,t]
. / o ::7 9;»<E<z>—1>_1)
u€(0,t]
AKX (6%,
X (%) n({u}, dz)
1+ AKX (%),
- 0 AKX(0%),
B Z eu- (1 Af((f( 2* )
u€(0,t] + ( )“
+ 3 M- ARK(67),
w€(0,t]
- AKX (6%), 2
3 et (- (2RO ),
we(od] 1+ AKX (6%),
AKX (07), ~2
RS aRN S
14+ AKX (6%),
=0.

Combining (35) and (37), we obtain
eM?‘—1+/ M=% - dX¢
0.4
E(x)-1) _ 1

/Ot /R 1+AKX(9*)

Therefore, if we take M, of (32), we have

M =1 +/ eM:*dM;,
(0,¢]

that is to say, we obtain (31). Thus, we have completed
the proof of Proposition 4. O

) N(dudz).

Proposition 5. Under the probability P*, the canoni-
cal representation of (X;) (associated with h) is given as

follows:
(38) X=X+ B} + / / z) N*(dudz)
0,t] JRE
+ / / h(z) N (dudz),
(0.t] JRY
where
(39) X = X7 — dc,0;,
(0.
(40) N*(dudz) := N(dudz) — n*(dudz),
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and (Bf) is the deterministic process defined by (25).

Proof. Recall that, under P, (X7) is a continuous (local)
martingale with (X7, Xc7j>t = C}’. Hence, it follows from
the representation (31) of the density process (Dj) that

1
—d (X, D7),
(0,t] Du—

- [ = <Xc, D;_0; - dXZ>
(0.4 Die (0. .

= / dC,0x.
(0,1

Therefore, by Theorem 49 in [1], we see that (X;) of (39)
is a continuous (local) martingale under P*. It is also clear
that (X*oi, X*e7) = Y.

Next, we will show that the compensator N*(dudz) of
N (dudz) under P* is equal to n*(dudzx) of (24).

Let A be any set in B(RY\{0}) satisfying n*((0, 7], A) <
oo and set A. := AN{e < |z| < (1/¢)} for an arbitrary

€ (0,1). Also, let

Nt._/ [, 1@
(0,¢] JRY

Then, it follows from the representation (31) of the density
process (Dj) that

N (dudz).

05 -(B(x)-1) _ 1

(N, D*),
:/ / Ia (x) x Dx_S
(0,t] JRE

————— n(dudz)
14+ AKX(6%),
Z / Is_(z)n({u},dx)
u€(0,t]
0;-(B(x)-1) _ 1
X / Dlh—e — n({u},dx),
Rd 14+ AKX (6%),
and hence
1
N’ D* u
0,9 Di- < )
w(B@)-I) _q
/ / n(dudz)
0,] JRY 1+AKX(9*)
AKX (6%,
oy / R Ca
1+ AKX(6%),

u€(0,t]

Here again, we have used the relation (27) to get the last

term. Therefore, we see that
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1
N, — —d(N,D"),
(0.4 Dai-

= {v(©.1,4)

oo J
o S

+Z/IA

u€(0,t]

(B -1)

T AKX(G*)
CARR (0.

T AKX (6%),

n({u}, dz) x

(dudm)}

n(dudx)

AKX (67),
1+ AKX (0%),

Since the sum of the last two terms in the right hand side
is equal to 0, we obtain

1
Ne— [ ——d(N DY),
' 0,9 Di-
(z)—1I)

w(E
a /Ot]/w e 1+AKX(9*)
=N A= [ [ I
(0,¢] JRY

On the other hand, it follows from Theorem 49 in [1] that
(N — f(o o —d (N D)) is a local martingale under P*.
Therefore we see that
(N((0, 8], A) = [ig ) Jrg La. ()
gale under P for any ¢ € (0,1). Letting ¢ | 0, we can
conclude that (N((0,t], A) — f(O,t] ng I4(z)n*(dudz)) is a
local martingale under P* (see p.82 in [3] for a precise ar-
gument), which implies that the compensator N* (dudz) of
N(dudz) under P* is equal to n*(dudz) of (24). By the
discussion above, the compensated measure N* (dudzx) of
N (dudz) under P* is given by (40).
Hence, the canonical representation of (X;) (associated
with h) under P* is given as follows:

]Rd
/Ot/Rd

=X+ {Bt +/ dc,o;
(0,t]
v (BE(x)=1I)

/0 0 /R 1+AKX(9*) 1) n(dud;r)}

+/ h(x) N*(dudm)—i—/ h(zx)
(0,¢] JRE (0,¢] JRE

Therefore, the third component (B;) of the characteristics
of (X;) under P* is given by (25).
Thus, we have completed the proof of Proposition 5. [J

n(dudz)

n*(dudzx).

n*(dudz)) is a local martin-

N (dudz)

N (dudx)

N(dudx).

By Proposition 5, it is clear that the characteristics
(CF,n*(dtdz), Bf) (associated with h) of (X;) under P*
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are given by (23), (24) and (25). Also, since they are de-
terministic and (B;) is a process with finite variation on
[0,T7], (X;) is a PII-semimartingale under P*.

In the remainder of this part (Proof of (II)), we will show
that P* is an equivalent martingale measure for (S;) of
(10).

For each i(=1,...,d), let o8 = 0,...,0,1,0,...
R?), where 1 is on the i-th component, and

,0)(e
Y(Z f(o t] 9( o, {dXy— (K~ )X(e( ))t

Note that we have regarded (X;) as a semimartingale with
respect to P* and have denoted by ((K*)X(6);) the modi-
fied Laplace cumulant of (X;) at (6,,). Hence,

(41)

(KX (0W),
_1 / 0% dC 0 + 0% . dB
2 Jo.4 (0,4]
+ {eefj)'x 1-69 . h z) } n*(dudz)
(0.t] JRG
+ Z {log (1 + / (69;")~x - 1) n*({u}, dx))
u€(0,t] R§

1) n* ({u}, dw)}.

- / CR—
7]

By Lemma 1 and the condition (C)-(i), we can check

that
/0 T) A|m|>1}

Therefore, it follows from Corollary 1 that (Yt(i))te(o,T] is
a uniformly integrable martingale under P*.
Next, we will show that

(42) (KX (0"), =0

Since the characteristics (C},n*(dtdx), Bf) (associated

n*(dudz) <

with h) of (X;) under P* are given by (23), (24) and (25),
it follows from (41) that
(43)
(K *)X(W))
— B+ c+ / dc, 07)'
(] i)
0, (E(z)—1) )
/ / - % —h (x)} n(dudz)
(0,] JRE 1+AKX(9*)U

+ Z {1og (1 + /]Rd (ewi -1) n*({u},dm))

u€(0,t]
- /Rg (e“ﬁ -1) n*({u},dw)}

Here, note that it follows from (19) that
@y [ (B@-1)
R§

O (B@)—1)

Tt ARR (g, " dn) =0,
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which implies that the last term in the right hand side of
(43) is equal to 0.

Furthermore, we can see that the condition (C)-(ii) im-
plies that the sum of the first four terms in the right hand
side of (43) is also equal to 0 as follows:

Lemma 2. The condition (C)-(ii) implies that

1—
(45) Bi+ -C:+ / ac, 0:
2 0t
01-(E(2)-1)
(0,8] JRE 1+ AKX(6%),

- h(a:)} n(dudz) =

Proof. By the fact that AB, f]Rd n({u},dr) and
(44), we have
On(E@)-I)
ABu+/ {(E(:r)ff e
R 14+ AKX (6%),
- h(x)} n({u}, dz) = 0.
Hence, we obtain
(46)
e (BE(@)—1I)
> AB,+ / / E (z) =) —————
ue(0,t] (0.] JRY 1+AKX(9*)
- h(x)}lj(u) n(dudx) =

On the other hand, due to the property (36), we see from
(18) that

ac, o,
(0.1

1—
(47) Bi+ 50+
0 (B(@)=T)
1+ AKX (9%),

* /(O,t] /Rg { b
- h(w)}IJc (u) n(dudz) =0

Thus, combining (46) and (47), we see that (45) holds.
O

Thus, we have shown that (42) holds and hence we see

that (eXZ)te(QT] is a true martingale under P*, in other
words, P* is an equivalent martingale measure for (S;).

Proor oF (III)

Let @ be an arbitrary absolutely continuous martingale
measure for (S;) satisfying Hz,. (Q|P) < oo. Then, ()?g =

i dSZ) is a local martingale with respect to Q). See
(0,4

Theorem IT1.29 in [9] (p.128). Hence, ([, 0y - d X,) is a

local martingale with respect to Q. See T heorem IV.29 in
[9] (p.171). Therefore, there exists an increasing sequence
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{Tn}n of stopping times such that 7,, / 0o as n — oo and
that (f(o tAT] 0F - dX,) is a martingale with respect to Q

for each n € N. In particular, f(o Thr) 0 -d)A(u is integrable

with respect to Q;

)= / 0% - dXy — KX(0%) 1.
Frarn (0,TATy]

Note that K~ (6*)1rar, is uniformly bounded with respect

dP*
dP

log (

to n and w, since (KX (0*);) is actually a function with

*

finite variation on [0,7]. Hence, log ( P |- ) is inte-
T NATp

grable with respect to ). Therefore, we see from Lemma
2.1 in [5] that

]H[]:T(Q|P) > H]:T/\Tn (Q|P>

*

P
> B%[log ( dP

J'—T/\Tn)]

= B9 / 0 - dX,] — EQ[KX(0%)7nr,]
(0,TATy]

= 0— EQKX(0")rnr, ]

On the other hand, since 7,, / 0o as n — oo, it follows
from the bounded convergence theorem that

lim EQ[KX(0")ppr ] = EQ[KX (0%)7] = KX

n— oo

(077
Thus, we have shown that
Hyp (QIP) > =K~ (6")r.
Next, we will show that
X0")r.

To this end, we note the following fact:

Hr, (P|P) = -

Proposition 6.

(48) X = X4 /Ot [ (B@) = 1) ¥ (dudz).

Proof. As we have shown in the step (2) that , under P*,
(X¢) is a Pll-semimartingale with characteristics
(Cf,n*(dtdz), Bf), we see from Proposition 2 that the cor-
responding canonical representation is given by

g *,C * 1~
Xe =Xy’ +{Bt +§Ot

+/0t] /Rd{h(E(m)—I)—

— I) N*(dudz)

+ /( ” /]R —1

z)}n* (dud:r)}

N(dudzx).



Tsukasa Fujiwara

Hence, we have
- X7+ {B;

+
/ / — h(z)} n*(dudz)
/ / (dudm)}
oL

Note that the sum of the second term through the fifth
term in the right hand side is equal to

I) N*(dudz).

B + Ct+/

(0,4

E() I — h(z)} n*(dudz)

dCuG;j
(0.1

efu (E(x)=1I)
+/ / {(E(a:) —I)N—)2
(0,1] JRE 1+ AKX (6%),

where we have used Lemma 2 to get the last equality.
Thus, we have obtained (48). O

ZBt—Fiét—F

- h(x)} n(dudz)

By Proposition 6, we see that

EP*[/ 07 . dX,| =
(07T]

and hence

B (P1P) = B[ 05 dR - KX (0)

(0.7]
= —KX(0")r.

Thus, we have the conclusion of the step (3): for any
absolutely continuous martingale measure @ for (S;) satis-
fylng H]:T (Q|P) < 00,

Hr, (QIP) > —K*(0")r = Hr, (P*|P).
We have at last completed our proof of Theorem 2.

ACKNOWLEDGMENTS

The author would like to thank the anonymous referee for
giving several comments and many corrections on this pa-
per.

The contents of this paper are based on the author’s pre-
sentation at the workshop: “Mathematical finance and the
related fields” held on January 21 and 22, 2010 at Nagoya
University. The author would like to express his gratitude
to the organizer Professor Koichiro Takaoka for giving him
a chance of presentation.

125

REFERENCES

[1] Dellacherie, C., Meyer, P. A.: Probabilities and Po-
tential B — Theory of Martingales, North-Holland,
(1982).

[2] Fujiwara, T.: From the minimal entropy martingale
measures to the optimal strategies for the exponen-
tial utility maximization: the case of geometric Lévy
processes, Asia-Pacific Financial Markets 11 (2006),
367-391.

[3] Fujiwara, T.: The minimal entropy martingale mea-
sures for exponential additive processes, Asia-Pacific
Financial Markets 16 (2009), 65-95.

[4] Fujiwara, T.: On the exponential moments of additive
processes with the structure of semimartingales, Jour-
nal of Math-for-Industry 2(2010A-2) (2010), 13-20.

[5] Fujiwara, T., Miyahara,Y.: The minimal entropy mar-

tingale measures for geometric Lévy processes, Fi-
nance and Stochastics 7 (2003), 509-531.
[6] He, S.W., Wang, J.G., Yan, J.A.: Semimartingale

Theory and Stochastic Calculus, Science Press/CRC
Press, (1992).

[7] Jacod, J., Shiryaev, A. N.. Limit Theorems for
Stochastic Processes, Second edition, Springer, (2003).

[8] Kallsen, J., Shiryaev, A. N.: The cumulant pro-
cess and Esscher’s change of measure, Finance and
Stochastics 6 (2002), 397-428.

[9] Protter, P.: Stochastic Integration and Differential
Equations — A New Approach, Appl. Math. 21 Sec-
ond edition, Springer, (2004).

Tsukasa Fujiwara

Department of Mathematics, Hyogo University of Teacher
Education, Kato, Hyogo 673-1494, Japan

E-mail: tsukasa(at)hyogo-u.ac.jp



