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Abstract

The initial boundary value problem for the compressible Navier-Stokes
equation is considered in an infinite layer of R™. It is proved that if
n > 3, then strong solutions to the compressible Navier-Stokes equa-
tion around parallel flows exist globally in time for sufficiently small
initial perturbations, provided that the Reynolds and Mach num-
bers are sufficiently small. The proof is given by a variant of the
Matsumura-Nishida energy method based on a decomposition of so-
lutions associated with a spectral property of the linearized operator.

Mathematics Subject Classification (2000). 35Q30, T6N15.
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1. Introduction

This paper is concerned with the initial boundary value problem for the
compressible Navier-Stokes equation

(1.1) Op + div (pv) =0,

(1.2) p(Ow +v- Vo) — pAv — (u+ ' )Vdive + VP(p) = pg
in an n dimensional infinite layer 2, = R"™! x (0, ¢):
Q={r= (" 2,);2 = (21, 2, 1) ER", 0< 2, <} (n>3).

Here p = p(x,t) and v = T(v!(z,t), -+ ,v"(x,t)) denote the unknown density
and velocity at time ¢t > 0 and position x € 2, respectively ; P = P(p) is the
pressure that is assumed to be a smooth function of p satisfying

P'(ps) >0
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for a given constant p, > 0; u and p’ are the viscosity coefficients that are
assumed to be constants and satisfy p > 0, 2p+ 4/ > 0; and g = g(z,) is an
external force which has the form

g="(g"(zn),0,--,0,9"(z)),

where ¢’ (j = 1,n) are given smooth function of z,,. Here and in what follows
the superscript - stands for the transposition.
The system (1.1)—(1.2) is considered under the boundary condition

(1.3) Vgm0 =0, ¥|p,—¢=V'ey,

and the initial condition

(14) T(pav>’t:0 = T(p07UO)'
Here V! is a given constant and e, is the unit vector e; = "(1,0,---,0) € R™
Under suitable smallness conditions on ¢", problem (1.1)—(1. 3) has a sta-

tionary solution ' (p,,v,) of parallel flow with properties:

Ps = ﬁs(wn)> Vs = T(ai(xn)’ov T 70)’
Lllg™l o
ps — p*HCO[O,e] < CW;

2| g}
vl copp,g < C (M + |V1|> '

Here and in what follows || - ||ck[s5 denotes the usual C* norm of functions
on the interval [a,b]. Typical examples are the plane Couette flow:

1
pS = p*7 ,Us = _xn

when g = 0 and V! # 0; and the Poiseuille flow:

Ps = Pr, Vg = ol — In)
!

when g = g'e; with a constant g # 0 and V! = 0. If ¢" is sufficiently small,
then ' (p,,7,) can be obtained as a perturbation of the superposition of the
plane Couette flow and Poiseuille flow.

The purpose of this paper is to show the global existence of solutions to
(1.1)—(1.4) when the initial value "(pg,vo) is sufficiently close to a parallel
flow T (ps, vs).
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To state our result more precisely, we set V' = M +|V?1 > 0 and
introduce the parameters:

It ;W vV P'(p.)

e U T v T v

We note that Re = 1/v and Ma = 1/~ are the Reynolds and Mach numbers.
We will prove that if v > 1, v > 1 and ||g||gmp,q < 1 for some m € N
satisfying m > [n/2]+1, then (1.1)—(1.4) has a unique global solution " (p, v)
such that " (p—p,,v—7,) € C([0,00); H™), provided that " (po—p,, vo—7Ts) €
H™ is small enough. Here H™ denotes the L? Sobolev space on €, of order
m

In the case of the plane Couette flow, the results mentioned above was
proved in [3]. Therefore, the result of this paper is an extension of that of
[3] to the case of general parallel flows for n > 3. The main difference to [3]
arises in the following point. é non-dimensional form of the equations for
the perturbation (¢, w) = T(Z—*(p — D), v (v —T,)) is written in the form

(1.5) 016 + vs - Vo + 42div (psw) = f2,

Orw — L Aw — ZVdivw + V (%gb)

(1.6)

+ (ﬁAvs)¢+vs~Vw+w~V’us _
(]_7) w|xn:0,1 = 07
(18> T(gbu w)’t:o - T(¢07w0)'

Here 7 = v+ v/; f¥ and f denote the nonlinearities; the domain € is trans-
formed into €2;. The equation (1.6) has a lower order term (#A%) ¢ which

is absent in the case of the plane Couette flow [3]. We note that the Poincaré
inequality holds for w but not for ¢ in general. So, due to the appearance
of this term, a direct application of the Matsumura-Nishida energy method
[9] does not work even though the coefficient (ﬁAvs) is assumed to be

sufficiently small. To overcome this, we employ a decomposition of solutions
essentially introduced in the linearized analysis in [7]. We write (1.5)—(1.8)
in the form

ou+Lu=F, w|y—1=0,
(1.9)

U|t:0 = U,



where u = (¢, w); L is the linearized operator; F denotes the nonlinearity;
and ug = ' (¢o,wp). The Fourier transform of (1.9) in 2’ € R"! can be
written as

Ot + Lei = F,  ]y,—01 = 0,
(1.10)

a|t:0 - r&(]?

where ¢ = (&1,-++,&,-1) € R is the dual variable. When ¢ = 0, the op-
erator Ly (as an operator on H'(0,1) x L2(0,1)) has a one dimensional kernel
spanned by a function u(® = T(¢©(x,), w®(z,)) with fol ¢ (z,) dz, = 1.
We then define a projection P; by

Pu=%" ( fo ", dmn> uO(z,)

for u = T(¢, w). Here & ~! denotes the inverse Fourier transform and ¥, is
a cut off function: x;(§) = 1 for || < 1 and x1(§) = 0 for |{] > 1. We
decompose the solution u(t) of (1.9) into

(1.11) u = Piu+ Pou = ou® + g,
where P, = I — P, and Piu = o009 with
g1 = O'1<.T,,t> ( fO an, d.’lfn> .

We can show, by a variant of the Matsumura-Nishida energy method, that

Hrmet 1| 0swoo || 7pm dT < C|uig]|Frm

t
(112) [[ul®)|Ppe + / 100021 + 19y 6

for sufficiently small ||ug|| =, provided that v > 1,y > 1 and ||g||cm,q < 1.
An advantage of the decomposition (1.11) is that the Poincaré inequality
luoollzz < C||Ortino||z2 holds for u.-part and that differentiations of any
order in z variable are bounded operators on the subspace Range (P), i.e
108 (o) || 2 < Crllowu®]| 2 for any k = 1,2,---. Using these properties
we can establish the a priori estimate by a variant of the Matsumura-Nishida
energy method.

Once H™-energy bound (1.12) is obtained, then the following decay and
asymptotic behavior can be shown as in the case of the plane Couette flow
[3] by using the linearized analysis in [7]:

n—1

[ = O™ ),



u(t) — (eu@)(t)|| 12 = Ot~ "*T ~2L(t))

as t — oo. Here 0 = o(2/,t) is a function given by
o2, 1) = ng-fl(ef(ia0§1+l€0‘51|2+51‘5N|2)t fol 950(6’, x,) dz,,)

with some constants ag € R, kg > 0 and k1 > 0, where " = (&2, -+ ,&,-1) €
R"?; and L(t) = log(1 +t) when n = 3 and L(t) = 1 when n > 4. In this
paper we concentrate on the proof of the global existence of solutions and do
not consider the decay and asymptotic behavior of perturbations.

We remark that in contrast to the case of the plane Couette flow [3], we
here restrict ourselves to the case n > 3. The case n = 2 is different from
the case n > 3; and we will study the case n = 2 elsewhere.

This paper is organized as follows. In section 2, we rewrite problem
(1.1)~(1.4) into a non-dimensional form and show the existence of parallel
stationary solutions. In section 3, we state the main result of this paper. In
section 4, we introduce the decomposition (1.11) of the solution and examine
some properties of P;. Section 5 is devoted to deriving the a priori estimate.

2 Non-dimensionalization and parallel flows

In this section we rewrite the problem into a non-dimensional form and
show the existence of stationary parallel flows.

2.1 Notations

We first introduce some notation which will be used throughout the paper.
For a domain D and 1 < p < oo we denote by LP(D) the usual Lebesgue
space on D and its norm is denoted by || - ||L»(py. Let m be a nonnegative
integer. The symbol H™(D) denotes the m-th order L? Sobolev space on D
with norm || - || gm(p). CF*(D) stands for the set of all C"™ functions which
have compact support in D. We denote by H} (D) the completion of C3(D)
in HY(D).

We simply denote by LP(D) (resp., H™(D)) the set of all vector fields
w="(w, - ,w") on D withw? € LP(D) (resp., H™(D)), j =1,--+ ,n, and

its norm is also denoted by || - ||ze(py (resp., ||+ ||gm(p)). For u = T (¢, w) with
¢ € H*(D) and w = "(w',--- ,w") € H™(D), we define ||u||e(p)xmm(p)
by ||ullzr(pyxam(py = [|@lmx ) + Wl Em (D). When k = m, we simply write
lull iy 0y = Il e (p)-

Later we will transform the problem into a non-dimensional form; and
then Q, will be transformed into Q = Q; = R"! x (0,1).

In case D = Q) we abbreviate L?(Q2) (resp., H™(£2)) as L? (resp., H™). In
particular, the norm || - |[zr) = || - [|z» is denoted by || - [|,.
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In case D is the interval (0,1) we denote the norm of L?(0,1) by | - |,.
The norm of H™(0, 1) is denoted by | - |gm.
The inner product of L*(€2) is denoted by

(19) = [ f@g@ydo, f.g € L@).
0
We also denote the inner product of L?(0,1) by

(f.9) = / Fan)g(@a) doay  frg € I(0,1),

if no confusion occurs. We further introduce a weighted inner product ((-,-))

defined by
((u1, ug)) / ¢1¢2

for u; = "(¢;,w;) € LA(Q)" (j = 1,2); and, also, (-, -) defined by

1 p/ X 1
<U17U2> - / ¢1¢2 ip ) d +/ Wy - W2Ps dxn
0 YV Ps 0

for u; = T(¢;,w;) € L*(0,1)"*! (j = 1,2). Here ps = ps(z,) denotes the
density of the parallel flow whose existence will be proved in Proposition
2.1 below. We note that ((-,-)) and (-,-) define inner product of L?({2)"*!
and L?(0,1)"t!, respectively, since 0 < p; < p, < po and P'(ps) > 0 for
p1 < ps < pg from Proposition 2.1. Furthermore, we denote the mean value

of fe LY0,1) by (-):
/ f(z,) dx,.

For u = "(¢,w) € L'(0,1) with w =T -, w™) we define (u) by

dx—l—/wl - Waps dx
Q

We denote the k x k identity matrix by I. We also define (n+1) x (n+1)
diagonal matrices g, @), and () by

Qozdiag(LO:"' 70)7 Qn:dlag(07 aOa]-)

and

Q = diag (0,1,--- ,1).



Note that
(Qou) = (¢) for u="(¢,w).

We often write « € Q) as
T T -
Tr = (:L‘/wrn)? a = (xh"' axn—1> € R" 1-

Partial derivatives of a function u in z, 2, x,, and t are denoted by d,u, 0, u,
Oy, u and Oyu, respectively. We also write higher order partial derivatives of
uin z as Ofu = (0%u; |a| = k).

For a function f = f(2/) (' € R"™!), we denote its Fourier transform by

for Zf:
fi&) = (Zne) = [ e ar

The inverse Fourier transform is denoted by .# '

(F1)(x) = (2m) "D / F(E)e de.

Rn—1

2.2 Non-dimensional form of equations

We introduce the following dimensionless variables:

_ 0~ ~ -
x =Lz, tzvt, v=Vv, p=pp, P=pV?P

with

L9
i U T

Then the problem (1.1)—(1.4) is transformed into the following dimensionless
problem on the layer Q = Q; = R"™! x (0,1):

(2.1) 0;p + div (50) = 0,

(2.2) PO+ - VD) —vAD — (v +)Vdivo + P (p)Vp = /g,

- - Vi
(2 3) U‘jnzo = O, ’U’jn:l = 7617
(2 4) T(ﬁa@)|N:O = (p07U0>

\]



Here div, V and A are the divergence, gradient and Laplacian with respect
to Z; g(&,) = 9((Z,); and v, v/ and 7 are the non-dimensional parameters:

H = W Loy = /ﬁ’(l): \/P‘//(/O*>‘

- PV p LV

Remark. The Reynolds number Re and Mach number Ma are given by
Re = v~! and Ma = ~7!, respectively.

2.3 Existence of stationary parallel flow

One can see that if |§"|s is small enough, then a stationary solution
T(ps,vs) = T(ps(,), v} (z,)er) exists. More precisely, substituting (p,7) =
(ps(xn), vi(x,)er) into (2.1)-(2.3), we have

(2.5) —v0Z vl = psg",
(2.6) 0z, (P(ps)) = ps"

vl
(2.7) Uslznm0 =0, vl|z,21 = v

We will look for solutions of (2.5)—(2.7) with

(2.8) /0 ps(En) diip = 1.

Proposition 2.1. Assume that P'(p) > 0 for py < p < ps with some 0 <
p1 <1< pg. Let O(p) = pP(" dn for pr < p < py and let U(r) = & 1(r)
forr <r <ry. Here d~! denotes the inverse function of ® and r; = ®(p;)
(7=1,2).

If

1
\§”|00§Cmin{|r1],r2, },

4’}/2 H \IJNHCO[TLM]

then there exists a smooth stationary solution ' (ps,vs) = " (ps(x,), v1(x,)er)
of (2.5)—(2.8) satisfying

|g |oo

p1 < ps(Tn) < pa, ps — 1o <C >




108 vl < CO(14p2), k=0,1,2.
Furthermore, if ||§" || cr-110,1) <, then
|a§nps|00 < CngnHCk*l[O,l} fOT’ k= 1727 )
and o
O vyloo < ZENGllcr-2001 for k=34,
Tn [ ) }
v

Here Cy, are positive constants depending on k, 0, Y| crp, ) and po.
In particular,

1 1y,
Or, e < (1 i 7) T

- > |§n|oo
|P,(,Os) - ’72|oo S CHP”HCO[PLID]T'

Outline of proof. We proceed as in [8, Proof of Lemma 2.1]. In the proof
we omit "tilde” of Z,,. We also denote ||g||l by ||g||. We first observe that
for & and V¥ there hold

(I)(]') = 07 \II(O) — @—1(0) = ]-, < 0< 9,

¥(1) = P(1) =% V(0 = g =

1
“1”(7‘) - ?‘ <l cop iy (11 <7 < 12),

1
(W ()] < [¥llcop, ) 7+ 5 (n=rsn)

We set g(z,) = [ §"(yn) dyn. By (2.6), we have

Plo) , _ .
It then follows that p, is given by
plzn) pr
(2.9) / 75”) dn = a+ g(x,)
1

with some constant o which is determined by ¢ through (2.8). In terms of
U, (2.9) is written as

(2.10) ps(@n) = V(o + g(zy)).

9



By (2.8) and (2.10), problem (2.6)—(2.8) is reduced to
(2.11) G(a,g) =0,
where G : R x C°[ry,r5] — R defined by

Gla.g) = / (W(a + g(a)) — 1) da,.

Observe that )
0.Gla.9) = [ Wa+ glawn))d,
0

eyﬂmwhzl\ym+g@@m@@m%

1 I
Gmma,mmm:?,%mmzﬁémmmw

We can show a unique existence of a solution @ = a(g) of (2.11) for a
suitably given g, together with estimate on o« = «(g) in terms of g, which
leads to the desired estimates for p;.

Let us solve (2.11) by contraction mapping principle. We define I'(«, g)
by

[(a,g) = a = (0.G(0,0))"'G(a, 9) = a = 7*G(a, g).

Note that (2.11) is equivalent with
a=T(a,g);

and that I"(0,0) = 0.

One can show that I' : X xY — X is a uniform contraction with
X ={a € Rijla] <6} and Y = {g € C°0,1];|lg]l < 8}, where § =
min {|r1],72, 1/(47?[¥”|| o, o)) }; and hence, for each g € Y, I has a unique
fixed point @ = «a(g) € X. Furthermore, it can be seen that «(0) = 0 and

l(g)] < llgll-
The estimates for p,(x,) are obtained as follows. We see from (2.10)

ps(@n) —1=V(a+g(z,)) — ¥(0) = /0 '(0(a + g(zn))) (o + g(n)) db.
This implies

ps(e) =11 < (19" leopr(lag)] + gl +2%) (lalo)] + llgl)

ol < C L.

N
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Moreover,

o o k—1
105, ps(x0)] = 105, (¥(a + g(z0)))| < CllG" lor-1p017 (1 + 17" lor110m)"

where C' depends on [[W|| ¢k, -
Once ps(z,,) is obtained, then v!(z,) is given by

(2.13) Ve (@) = U, (@) + T p(@n),

where
1 V! 1 1 ~1
(2'14) Vs,c = me US,P(xn) = ;/ G($n7yn)p8(yn)g (yn) dyn
0
with

(1 - xn)yn (0 <Yn < xn)a
(2.15) G2, yn) = {

(1 =yn) (T, <y, <1).

Since [V!|/V < 1and |§'|s/v < 1, we see from (2.13)—(2.15) that |9 v}|s <
C(1 + pg) for £ = 0,1,2. The estimates for & > 3 can be obtained by
differentiating (2.5). This completes the proof. O

3. Main Result

In this section we rewrite the equations into the ones for the perturbation
and state the main result of this paper.

We first rewrite the system (2.1)—(2.4) into the one for the perturbation.
We set p = ps +7 2¢ and © = v, + w in (2.1)-(2.4). Then omitting ”tildes”
in t, T we arrive at the initial boundary value problem for the perturbation

u="(p,w):
(3.1) Oup + vs - Vo + +2div (psw) = f2,

Jw — p—”sAw — p%Vdivw +V (%qﬁ)

(3.2)

+ (ﬁAvs)aﬂ—vs-Vw%—w-Vvs =f,
(33) w zn=0,1 — 07
(3-4) u’t:O = Uy = T(Cbo,wo)-

11



Here 7 = v+ ¢/; and f° and f denote the nonlinearities:
fU = —div (¢W),

_ 1/d>

Vdivw

- Av5> ¢)

~ G
+-£V (P;Q(ﬁj)qﬁ) Y (P”(ps)¢2)
+P%(ps, 6, 0,9),

where
153 = va(ps) - 27%,) V(¢3P3(PS7¢)>
522V (P(p) 6 + 16" Pa(p,0) )
iV (B%20 + 5 P (p)6* + 556° Palps, 0))
with

1
Ps(ps, &) = /0 (1 —=0)2P"(0y%¢ + ps) db.

Before stating the main result we mention the compatibility condition
for ug = "(¢o,wy). We will look for a solution u = (¢, w) of (3.1)—(3.4)
in ﬁﬁ(])Cj([O,oo); H™ %) satisfying fot |0z w]|3m dT < oo for all ¢ > 0 with
m > [n/2] 4+ 1. Therefore, we need to require the compatibility condition for
the initial value ug = " (¢g, wg), which is formulated as follows.

Let u = (¢, w) be a smooth solution of (3.1)-(3.4). Then du =
(& ¢,d/w) (j > 1) is inductively determined by

&{gb = "Us- Vag_lgzﬁ — 7*div (psﬁg_lw) + ag_lfo
and
Hw = L AE?] w + = Vdivc?] "w—V ( pS)E)] 1gb>
— (#@A%) F g —v, VI w—0"w -V, + 07 f

From these relations we see that &u|,—o = (8¢, w)|i—o is inductively
given by ug = T (¢, wp) in the following way:

35“&:0 = T(agﬁb, 8,{w)|t:0 = T(ij,wj) = Uy,

12



where .
ij = Vs V¢j—1 - ’delV (Pswj—l)

+ 51 (uo, -+, uj_1, Opwo, - -+, Dpwj1),

wj = FAwjq+ p—iniij_1 -V (Pl(p3)¢j—1>

¥2ps
- <—72Vp§ AU3> ¢j71 — Us - ijq — Wj—1 - Vg

+fj—1(u07 crr Ui, 7axujfla e ,8%11}]'71)-

Here f?(ug, -+ ,u, -+ ) is a certain polynomial in ug, - -+ ,ug, -+ ;- , and
SO on.

By the boundary condition wl,,—o; = 0 in (3.3), we necessarily have
& wly,—01 = 0, and hence,

Wi|z,=0,1 = 0.

Assume that u = T (¢, w) is a solution of (3.1)—(3.4) in ﬂﬁ(}JCj([O, To); H™ %)
for some Ty > 0. Then, from the above observation, we need the regularity
uj = '(¢j,w;) € H™ % for j = 0,---,[m/2], which, indeed, follows from
the fact that ug = " (¢, wp) € H™ with m > [n/2] + 1. Furthermore, it is
necessary to require that ug = ' (dg, wy) satisfies the m-th order compatibility
condition:

2

We are ready to state our main result of this paper.

-1
ijHé for j=0,1,--- ,m= [m—]

Theorem 3.1. Assume that n > 3. Let m be an integer satisfying m >
[n/2] + 1. Then there are positive numbers vy, Yo and & such that if v > vy,
V(v + D) > A3 and ||gllempy < ©, then the following assertion holds.
There is a positive number gy such that if ug = (¢, wg) € H™ satisfies
|wol|lam < €0 and the m-th compatibility condition, then there exists a unique
global solution u(t) = T((t),w(t)) of (3.1)~(3.4) in N\2CY([0, 00); H™ )
which satisfies

t
(3.5) [lu(t)[[zm +/ 100112 + 10:Goc[37m—1 + Outwoo [ dT < ClluollFm
0

uniformly for t > 0. Here oy = o1(a/,t) = .ZF ' (x1(o(t))); x1(&) = 1 for
€] < 1 and X1(&) = 0 for |€'] > 1; ul® = uO(z,) is the function given in
Lemma 4.1 below; and tog = " (¢oo, Woo) = t — o1u(?).

13



Remark. Once (3.5) is obtained for m > [n/2] 4+ 2, then one can establish
the decay estimates

lu(t)]], = O@F=5),
lu(t) — (@u@)(t)]ls = O T 2 L(¢))

as t — oo, provided that uy = (¢, wy) € H™ N L' with [Jugl|gmar < 1.
Here 0 = o(a/,t) = F (e laokitroleaP+mle" )t 4 0) with some constants
ap € R, kg > 0 and k; > 0; and L(t) = 1 when n > 4 and L(t) = log(1 + t)
when n = 3. In fact, this can be proved in a similar manner to the case
of the plane Couette flow [3] by using (3.5) and the decay estimates for the
linearized problem given in [7]. We note that in [7] it is considered the special
case of a Poiseuille type flow, but one can easily see that the argument in
[7] is valid for general parallel flows given in Proposition 2.1 if ||g|lc1p 1) is
sufficiently small.

Theorem 3.1 is proved by showing the local existence of solutions and the
a priori estimate such as (3.5). The local existence is proved by applying the
local solvability result in [4]. The a priori estimate will be derived in section
5. To do so, in section 4, we introduce a decomposition of solutions; and
then, in section 5, we establish the necessary a priori estimate in Proposition
5.1 by a variant of the Matsumura-Nishida energy method.

4. Decomposition of solutions

We write (3.1)—(3.4) as
(4.1) Ou+Lu=F, w|y—01=0, uli==uop.
Here L is the operator of the form

L=A+ B+,

where
0 0 U0 Pdiv(ps-)
4= AL - Zvdiv | DT P'(ps) | )
0 —LAL, — ZVdiv V(wm'> 010, I,

0 0
CO - vAvl ’
‘orer (Op,v))en e,

s

and F = T(f° f) is the nonlinearity. Note that

42)  {(Au,uw) = v[[Vwll; + Zlldivel3,  ((Bui,uz)) = —({u1, Buz))

14



for w,uy,us € H* x (H* N H}).

In the analysis of this paper we will decompose the solution by a projec-
tion operator associated with the linearized operator. To do so, we consider
the Fourier transform of (3.1)-(3.4) in 2’ € R" %

(4.3) Oy + €10l d + i€ - () + 72, (psti™) = f°,

~

0uts -+ V(€ — 02, )il — i€ - + 0, i) + i€/ (24225)

(4.4) . ,
+i5der +i&vd + (0p,v,)u"ey = f
A" + v(|€']> — 32 Y™ — 0O, (i€ - W' + B, ")
(4.5) S .
+0,, (532L9) + igulam = f,
(4.6) Wz, =01 =0,
(4.7) Qli—g = Gig = ' (o, 1)

Here ¢ = Q@(é”,xn,t) and w = w({', x,,t) are the Fourier transform of ¢ =
d(x' xp,t) and w = w(2', z,,t) in 2’ € R" with ¢ € R"! being the dual
variable. We thus arrive at the following problem

(4.8) it + Leti = F,  ify—o = g

with a parameter & € R"!. Here ﬁgl is the operator on H'(0,1) x L%*(0,1)
of the form R R A R
Lé” — AE’ + Bg’ + 007

where
0 0 0
Ag = | 0 Z(EP =2 ) s + 2ETE —i5-{'On, )
0 —i 1o, =€) = 03,) — 0%,
i) 2ps '€ V20, (ps)
Bo=| €l gl 0 ’
o, (Z2) o i€v}

15



Co = Cy

with domain
D(Le) = HY(0,1) x (H?(0,1) N H(0,1)),

We will make use of a spectral property of the linearized operator Lo =
Ay + By + C, concerned with problem (4.3)-(4.7) with & = 0.

We also introduce a formal adjoint operator [:Z‘] of Lo with respect to the
inner product (-, -): ) R X A
Li=Ay— By + Cj,
with domain D(Ly) = D(Ly), where

y2vAvl T 4
D/ 1 0
ps P’ (ps)

Ci=10 0 0

0 (0,,vH)Te, 0

In ~s

Lemma 4.1. ([7]) Let " (ps,vs) be a stationary solution obtained in Propo-
sition 2.1. Then the following assertions hold.
(i) A =0 is a simple eigenvalue of Loy and ﬁ;‘j

(ii) The eigenspaces for X =0 of Lo and E;; are spanned by w9 and u(®*
respectively, where

(¢(0) (0),1 e 0)

and
wO* — T(gb(o)*, 0, 0)
with
¢O(z,) = ap L) gy = ( | s da )1
n 0B (ps(an))’ 0 0 Prps) )7
U)(O) ! = fo :Um yn (yn)(b(()) (yn) dyn’
(0)* — 2240
gb (ZL‘n) - a0¢ (l‘n)
Here

(1—z)y, (0<y, <mz)
G<xmyn) = {

To(l—yn) (Tn <yn <1).
(iii) The eigenprojection 170 ) for A\ =0 of Ly is given by

IO = (u, u@Vu® = (P)u® for u="T(p,w).

16



0) (0) (0)

(iv) Let ul® be written as u'® = uy” +uy ", where

ug” =T(6,0,0), u” =7(0,w"e},0).

Then uO* = l—Zu(()D) and

foru=T(¢,w w").
Remark 4.2. We note that if |§"| is sufficiently small, then

60 =0(1) >0, ag=0(1) > 0, W' = O(1/%%).

Since p, > 0 and P'(p,), Lemma 4.1 can be proved in the same way as
the proof of [7, Lemma 4.3].

We now introduce a projection operator P;. We define the projection P;
by

Pu=7 " 19%) = 77 (x1(Qou))u?,
ie.,

Pru =7 (k0 (0)u® for u="(¢,w),

and P, by
Po=1-P.

Here x1(¢') =1 for [¢'| < 1 and x1(£') =0 for &' > 1.

We state several properties of P, and P,, which are easily seen but useful
in the subsequent analysis. One can easily see that differentiations in = of
any order are bounded on the range of P;. As for the P,-part, one can
see that the Poincaré inequality holds. In fact, let Pou = T (oo, Woo ). Since
(3s0(€)) = 0 for €] < L, we have [ (€.-)]a < €10, bno(&', )2 for [¢] < 1.
We also have f|£,|>1 |00 (€, )3 dE" < [rns [€'P |00 (€', ) |3 dE'. Therefore, by
the Plancherel Theorem,

6ol < Clidecllz < C{10n, ocllz + 1(Deroc)ll2} < CllOatros]o

As for we,, we note that if w|,,—o1 = 0, then wye|,,—01 = 0, since w1, _o; =
0. Therefore, we have |wooll2 < ||0n, Weol|2 if w]s,—01 = 0. We write these
properties in the following lemma.

Lemma 4.3. There hold the following assertions.

17



(i) P} =P (j=1,00).
(H) Hak Plu”Q < ”P1UH2 fOT’ all k = 07 172
(iii) [|8%, Prulls < Ci||Prulls for all1=0,1,2,-
(iv) Let u = "(¢,w) and let Psu = " (¢oo, Wso). Then
H(bOOH2 < C||8:B¢00H2'
Furthermore, if w|;,—01 = 0, then
[wos|l2 < Cl|Opwos |-
Therefore, if w|,,—01 = 0, then

[Poctllz < Cl| 02 Pocu]]2-

We now decompose the solution u(t) of (3.1)—(3.4) into the P, and P,
parts. Let 7" > 0 and let u( ) = T(¢(t),w(t)) be a solution of (3.1)—(3.4), i.e

a solution of (4.1), in N _OC’J([O T); H™%) with &/w € L*(0,T; H™+1=%),
0<j5<[(m+1)/2]. We decompose u(t) as

u(t) = (o1u@) (1) + uoe(?),
where
(01u®)(t) = Pru(t), o1 =o1(2',1) = F (1 (b(1)),
Uno (1) = Pooul(t).

Note that oy is a function of z’ and ¢ and u© is a function of z,,. Furthermore,
as for us.-part, we have the Poincaré inequality ||too||2 < ||0rtiool|2 by Lemma
4.3.

We now deduce the equations for oy (t) and us(t). To do so, we introduce
some notations. We define (- ), by

We also denote

18



with
0 0 0

Y

A=A—-A =] 0 —pisA’[n,l - ;’;SV’TV’ —/%V’&En

0 _ig, TV YN
Ps In Ps
vlo,, Vp, TV 0

B =B - BO = V/ (M ) ’U;a;cl[n,1 0 )

Y2 ps
0 0 vlo,,
where V/ = " (0, -+ ,0p,_,), A =02 +--- 4+ 02 . We note the relations

PL=PM, Leu?) = M(o1u?), QuM = Q,B,
and
(4.9) ({(Buy, us)) = —({uy, Buy)).
Applying P; and P, to (4.1), we have

(4.10) 0ro1 + (QoM (1u + u))1 = (QoF )1,

(411)  Opioe + Lt + M(01u”) = (QoB(01u” + o)), u” = Fie,

(412) woo’xn:(],l = 0,

(4.13) O1li=0 = 010, Ucolt=0 = Uoo,0-

Here toe = " (Goo, Woo) = Poott, 010 = (o), and usg = Pootig. In what
follows we will denote Fop = "(f2, fo)-

We note that if u is a solution of (4.1) in ﬂBZéQ}C([O,T];Hm*Qj), then

Woo |z, =01 = 0since w®, _o; = 0; and furthermore, uy, € 02262]0([0, T); H™=%)
by Lemma 4.3.

We close this section with several lemmas, which will be used in the next
section to derive the a priori estimate.

Lemma 4.4. (i) For o =o(a'), (of), = o(f);.
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(i) (Opf)1 = 05 ()1 and [[0x(f);ll2 < [{f)1ll2-
(ili) Let 0 = o(a') with supp (6) C {|¢'| < 1}. Then

2

((QoBu)y, 0) = ——((u, Bou))).

(%]

(iv) <((f>1u(()0),uoo>) =0 for us € Range (Px).

Proof. It is easy to see (i) and (ii). Let us prove (iii). Since (u) = (u, u(®*)
and Quu(V* = ¢(0* = l—zuéo), we have, by the Plancherel theorem and (4.9),

((QoBu)y,0) = (2m)" " V{(FQoBu,5u""))
= ((QoBu, ou*))

= —((w Blou®)))

2

- —z—o<<u,é<aué“>>>>.

This proves (iii). As for (iv), since u(()o) = T(¢9,0) and X1 (¢os) = 0, we have

~

()l us)) = <2w><“>%<>zl<f>,¢oo>

This completes the proof. 0
Lemma 4.5. There hold the following assertions.
(1) 1{QuB(01u™ + uco)), 15 < C[10wall3 + [0arbos |3 +7*[[8rwoc3).
(it) Ifw?|s,—01 = 0, then (QoBus); = (QoBuse), = (V10 hoo+72div (pstoo))y
(iii) If w|zn=01 = 0, [|@llem,y £ @ and 2j +k < m, then
10207 {QoB (014 + uoo)), |13
< CLUI0LB] oI5 + 1105:0] $ool5 +~*1|div (507 weo) |15 + 7*@?(| 05 0 woc [}

for0<p,g<k+1,0<rs<k.
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Proof. A direct computation gives (i), By integration by parts, we see
(div (pswoo)); = (V' - (pswly)),. This gives (ii). By using (ii) and Lemma
4.4, one can obtain (iii) by a direct computation. This completes the proof.

OJ
5. A priori estimate

In this section we establish the a priori estimate such as (3.5). We intro-
duce the following notations:

-

2

£ O = (52010 F Ol )
192501 for 1m = 0,

(0= D7 + [0:f (B)]7-1)

DO |lm =

(S

for m > 1.

We will prove the following estimate.

Proposition 5.1. Let m be an integer satisfying m > [n/2] + 1. There are
positive numbers vy, Yo, W and €1 such that the following assertion holds.

Let u(t) be a solution of (4.1) in A"} CI([0, T]; H™ %) with [ ||| Dw.o||[2, dr <
oo. If [u(t)]m < ey fort € [0,T], then there holds the inequality

t
[u(®)] +/0 (11Da1 |71 + [1Dboc 171 + [ Dwec|l[7) dr < Cllo][7m

fort € [0,T] with C > 0 independent of T, provided that v > vy, v*/(v+v) >
v and ||gllempy < ©.

To prove Proposition 5.1, we first derive fundamental estimates in the
energy method (section 5.1); we then combine them to obtain the H™-energy
inequality (section 5.2); and we finally estimate the nonlinearities to complete
the a priori estimate given in Proposition 5.1 (section 5.3).

Throughout this section we assume that u(t) = (o1u®)(t) + us(t) is a
solution of (4.1) in HBZQZ]C([O,T];Hm’Qj) with fOT ||| Dwsol|| dT < oo for an
arbitrarily fixed T > 0.

We also assume that ||g[|cmp,1) < @ for a constant @.

5.1. Fundamental estimates

We introduce some quantities. Let £ [u] and D®[w] be defined by

V2 ps

O{O 1 p! s 2
EOu) = ?H(HH% + ?H B o[, + llv/pswooll3
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for u = o1u® + U With Us = T (doo, Weo ); and
DOw] = v||Vw|3 + 7divwlf3.

Note that
((Au,u)) = DOfw]

for u = T (¢, w) with w|,,—o1 = 0. '
In what follows we will denote the tangential derivatives 9/9% by T} ;:

T;wu = 8105 u;

and, for operators A and B, we will denote the commutator AB — BA by
[A, B].

We begin with the L? energy estimates for tangential derivatives.

Proposition 5.2. There is a constant vy > 0 such that if v > vy and & < 1,
then the following estimate holds for 0 < 25 +k < m:

35 BOTu] + DO jws]

(5.1)
< R+ O{(5 + ) |00 Tynonl3 + (& + %) [ Tuduel3),
where a
1 0
R = S (QuT3F ), Ty0) + (T3 F o, Tistoc))
and

- aa:¢oo (.] =k = O),
J},k¢w -
Tj,kqsoo (27 +k > 1)'

Proof. We consider the case j = k = 0. Recall that u(®) = uéo) + ui‘” with
u? =T (¢©,0) and u{” = T(0,w©-e;). (See Lemma 4.1.)
We take the inner product of (4.10) with oy to obtain

1d|
2dt

By integration by parts, we have
((QoB(oru),01) = ((0}02,010), + (V290,010 ), o)

= (i) + (2w 1)) (9,01, 01)
= 0.

013 + ((QuB(01u'” + use))y, 01) = ((QoF),, 01).
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We also see from Lemma 4.4 (iii) that

2

((QoBuw)y, 01) = —g—0<<um,é<alugo>>>>.

We thus obtain
2

(5.2) 0<<um,B<alué°>>>> = ((QuF),,01).

s loll3 -

We next take the inner product of (4.11) with u. to obtain
(5.3

)
LA (|| /2226 |2+ (| /Bswso 13) + (Lo, toe)) + (M (016®), sc))

~({{QuB (011 + use)),u® ) = ((Foc, toc))-
By (4.2), we see that

(Lo, too)) = DY [weo] + ({Cotios, o))
By Lemma 4.4 (iv), we have

((QoB(01u® + 1)), u®, use)) = (((QoB(o1u® + 1)) ul”, use)).
It then follows from (5.3) that

st (1 5852l + I VPwol3)
(5.4) +DU )[woo] + {{Cottoo, toe)) + {((M(01ul”), usc))

~(({QoB(01u® + use)) ut” uee)) = ((Fo, i)
We add 23 x (5.2) to (5.3). Then, since

(M(01u®),us)) = ((A(01u®@), use)) + ((Bloru”), use))

H{(B(orut”), ue)),

the term ((B(o1ul”), us)) is cancelled, and hence, we have

), u
14 EOT; u] + DO[T] o] + ((Cotios, toc))

H({A(01u®), ue)) + ((Bloyut”), us)),
~({{QoB(01u® + ue)) ut”, us))

N ¥(<Q0F>1701) + (Foo, Uso))-

(5.5)
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A direct calculation gives, if v > v, then
1
(5.6) [ ((Cotioo, tis))| < 16D( Mwso] + C 1l eoll3-

Since w(®' = O(y72), by integration by parts, we have
(5.7)
[({Al01u@), uce))| < S W V'or|l| Vsl + 7|0, 01 [[2]|div wes |2)

< DO fwa] + CLE (0o |3,
and, also,
(5.8)
N 0
[(B(orut™), us))l < SGIV'o1l2(ll6mll2 + wsoll2)
< §5DO%we] + C{ (3 + o) 0wl + 6w 3}
By Lemma 4.5, we find that
({(QuB(e1u® + uso)) 4t uce))
< SIHQoB(o1u® + us)), [l2l|wec |2
< G{110w01[3 + 110w dso 1 + YIldiv wec 2 + 72 wec 2 Hlweo 2.
So, if v > vy for some vy > 0, then

({(QoB (1 + uoo))ui”, usc))
(5.9)
< 35D O%wed] + (/1020113 + 110w 13)-
By using the Poincaré inequality ||¢oo|l2 < ||0x0coll2, We deduce from (5.5)—
(5.9) that

LEO ] + 32DOwy)]

N

(5.10)
1 v D 14
< R+ C{(& + 22) 10w0n |3+ (& + %) [10:0013} -
This proves (5.1) for j = k = 0. The case 2j + k > 1 can be proved similarly

by applying 7}, to (4.10) and (4.11) and using Lemma 4.4. This completes
the proof. O

24



We next derive the H'-parabolic estimates for w.,. We define J[u| by
Ju] = =2((01u? + s, BQuoo)) for u = oyu® + .
It is easy to see that if ¥ > 1 and & < 1, then

[Tull < C{sz(llo1llz + [[@scll2) [7?div (pswoo) [l + (52 llonllz + focll2) llwoo 2 }

< WL EO[] 4+ LDOfw,]

for some constant by > 0.
Let b; be a positive constant (to be determined later) and define £ [u]
by
EW[] = (1+ 22)EO[u) + DOfw,] + Jlu].

Note that if b, > 2by, then EM[u] is equivalent to E©[u] + D©[w.].

Proposition 5.3. There exists by > 2by such that if v > vy, ¥* > 1, 2>

v+o —

and © < 1, then the following estimate holds for 0 < 2k+j <m — 1:
2
3 BV u] + 2 DOT o] + 511y/ps0: T kwe 13
(5.11) < RO+ {2+ 20w Tinon

V2 T
+(+ 2+ 2) 1 Tindool + S0 Tide 3},

where

RY) = M((QuT;F),, Thor) + 20 (T F o, T gitios))

+C{ HITQuF I + T4 QF I3}

Proof. We consider the case j = k = 0. We take the inner product of (4.11)

with 0;Qus to obtain

(5.12) I/PsOewso 13 + ((Lttoo, 0rQuoc)) + ((M(01u®), 0 Quoc))
~(({QuB (01t + Tjpuse))y, Qo)) = ((Foc, 0 Quoc))-

Let us first consider ((Luos, 9;Quoo)) on the left of (5.12) which is written as
(5.13)

({ Lo, D1Quing)) = ({Atine, 0,Quee)) + ({Bios, DiQuing)) + ((Cotios, DsQuing)).
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The first term on the right of (5.13) is written as

(5.14) (Aun, 3,Quoc)) = ~— DO ).
As for the second term,
((Biso, %iQuoc)) = —2((too, BQuoo)) + ((Drtioe, BQucs))
= — 2 {{tloo, BQus)) + ((8:Qotioe, BQuoo))

By (4.11), we have
Ohtos = —{010s 000 +7V2div (pswas) + (V20 + 2w D)0, 01

—(QoB(o1u® + ), 60} + £

Therefore, using the Poincaré inequality, if © < 1, then we have

({0, Qotioo, BQuss))|
< Ol 0oollo + 7 10swec |2 + (|01 |2 }Idiv (psweo) |12
O QoF s [2]|div (pswso) |2
< C{ZDOwy] + L (|0 dsoll? + 1000113 + 1 QoF w13}

We also have

(0 Quoe, BQuoe))| < [|\/BsOrtwec |2l y/P50: Oy woc [
13 l1VPsOwoo 3 + 5 DO wss].

IA

We thus obtain, if v* > 1, then
<<Bu007 at@“oo»
(515) = —g((uce, BQuoo)) — 351l v/PsOrwscll3

—C{ZDOwe] + (110, dool3 + 19001113 + Qo Focll3) }-

As for the third term on the right of (5.13), we have
(5.16)

((Cottos, 0Quc)) < C{xl|boola + lwso o HIy/PsOetwoo]l>
< HlVPOwsl3 + C{ %l doollf + llwsol13}
< HlVPOwall + +C{ 5| 6uol3 + £ DO wec] }.
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It follows from (5.13)—(5.16) that if v* > 1, then
(5.17) i )
<<Luom 8tQUOO>> > %%(D(O)[wm] - 2<<u0<>> BQUOO>>) - %H\/p_satwoong

—C{ZDOwa] + % oo 3
+25(1|02, 8013 + 1001113 + Qo Focll3) }-
We next consider ((M(o1u(?),9,Quso)) in (5.12):
(M(01u),8,Quc)) = (A(01u®), 8,Quoc)) + ((B(01u?), 8, Quac)).

Each term on the right is estimated as follows. Since w(®' = O(y72), we
have

|((A(o1u®), 8,Quac))| < Cif(llaxmllﬁII8§/01||2)||\/fTs(‘3twoo||2

S 12 H\/EatwooHQ +

/‘71H2

we have i(zs)ﬂo) =y, and so 8%(157,2(—';;%(0)) = 0. This

(i),
0, which, in turn, gives By(c,u®) = 0y Bou® = 0. It follows
= (01u ) + Bo(alu(o)) B(o1u(?). Therefore, we see, by

By Lemma 4.1

gives ~Bou( ) =
that B(oul®)
(4.2),

((B(o1u),8,Quec)) = ((B(o1u), 0,Quos))
= —2L{(ou, BQus)) + ((0101u?, BQuaoo)).
As for the second term on the right, we see from (4.10)
B = —(QoB(o1u® + u)), + (QF),.
This, together with Lemma 4.5 (ii), implies
(@1, BQuo))|
< C{l0woillz + 100 dsoll2 + 7?1 div (pswoo)ll2 + [(QoF)y 2}
<{[Idiv (pswoo)[l2 + 5710z weo [l 2}

< C{ZDOwa] + 5100013 + 100 dool3 + 1(QoF)13)}-
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We thus obtain
(M(01u?), 8,Qus))

> — ({0, BQueo)) — 551l v/psOiws |3
—C{ZDOw] + L (1000113 + 1060 13 + [{QoF),113)

v+17)2
+%”ax/01||%}

(5.18)

We also have

[(((QoB(01u® + us)),u”, 0Qus))|
(5.19) < 5{l10woull2 + 1100 Psollz + P IIdiv (ps150) 12 } | y/PsOkwoo 2

< wlveiws|3 + C{; D [wee] + 5 (10001113 + 10216 (13) }
and
(5.20) [(Foc, 0Quac))| < %H\/p_s@twoo!!% + CllQF 3.
It then follows from (5.12), (5.17)-(5.20) that
3 (DOwse] + J[u]) + 5]1v/PsOrwsI3

2

(5.21) < CR{)+CTDOw,]

V10w ]I+ (22 + %) 10w doo 13}

We take b; > 0 in such a way that by > max{2by, 2C'}. Adding y x (5.1) to
(5.21), we obtain (5.11) for j = k = 0. The case 2j + k > 1 can be obtained
by replacing us with T ,us. This completes the proof. 0

+O{(Gr o+ 5

~

We next derive the dissipative estimates for x,-derivatives of ¢.

Proposition 5.4. If © < min{1, (”:f)z}, then the following estimate holds
for0<27+k+1<m—1:

51T 0 e+

ST 6

[

(5.22)
<R{),+ CZZ N Kkl

where

3 L P v+
R, = | staiv (B, 100k ) + 2
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with

7’ ps n
1 Hyall3 < CUNT0E" ] Voool3 + 1Tl SN + -5 T, 213

T

and )
f2 = —pdivw — w- V(0169) — (QoF),0";

and Ky, is estimated as

K3

< {5

By H k+lalnaxw00||% + Vip ||\/ psatj—’jkainwoong
~\ ~ -1 l
+(v 4 2)@? (3o 1Tk410%, Oawooll3 + D0 1 Tj40%. Ouwocl3)

l
15 2opo 1 Tik110%, weof3

v+U l
+H2E (=0 1 T540%, 0s oo |3 + (100 Tino [13) }-

~

Proof. The first equation of (4.11) is written as
Oroo + (Vs + W) - Voo + 72,V - Wl + 7205, (psw,)
+(01¢© + 42 pw 1), 01 — (QoB(o1u® + ux)), 6O
= fo.
Applying T} ;05! to this equation, we have
O(Tj05! boo) + (vs + w) - V(T00;" boo) + 77 ps Ty 0r! wl,
= —[Tj k0L v + w] - Voo — 205 (ps V' - Ty pwl,)

(5.23)
V052, po] Tpwss — 05 (030 + 42w )0, T oy

+H(QoB(Tyo1u® + Tj e ), 0510 + T, 0L FO..

The (n + 1) th equation of (4.11) is written as

V+yagnwoo + axn( ,Y Ps ¢m)

= {Owoe — LA — L0, V'l + 005w — L (00, w00} + L
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l

Applying Tj,0, to this equation, we have

VD I+2 ps) H—l
_?EJgamn wn + T 8 ¢OO

— (v+1)[0, ]82 Tyl — [, ZONT i

(5.24) Tn ps
{005, oo = Tyaly, (AW + 00,V - i)

Adding % x (5.24) to (5.23), we have

O(Tjp0 doo) + (vs + w) - V(Tj x5 oo ) + ps ”S T k05 o
(5.25)
ikl Kk

where
Hjpy = —[Tix05 " w] - Voo + Tir05 2 + st Tj 0, 2
Kigy = —[01 0l VTkteo — 2205, ps] V' - Tj s,
[ T3u0482, pslwit, — 9 (01 + 42w 1)y, T o
HQoB(T 01t + Tj i), 05 )

ty Ps[aglc /}]82 T oo — ’Yps[al—l-l P(ps] T oo

v+o L7 ) 'y Ps

— LT oo — LAT; 0Ll + LIV Tt

—v[0L |, L)AT; pw, — 0[0L, 210,V - T pw',

Tnd pg Tn pg
+T;£0 (v} &Clwn ) — 0oL (lﬁznw(o)’l)&clTj 501}

Multiplying (5.25) by T; k05 o and integrating over €2, we have

%%%H P(ps T; 8l+1¢ooH§ HP(ps alH%on

1/+1/

(5.26) _ —((vs—l—w) ( al+1¢00) alH(booP(pS))

YAps
P! (ps ! P'(ps
+(Hj ki E,kaﬂl%oﬁ) + (Kjna, Tj,kﬁxtlcﬁooﬁ)-
Since v, = vley, an integration by parts gives
(5.27)

~, 1
(vs - V(E,kaitlng)?j},kalzthsw%) = - (vs, 0x, (IT kal+1¢00| )

2

) — 0,
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Also, we have
(5.28)

(w - V(Ta0h! doc), Tkt e SH2L) = — ,y(dw(

bw), T4 doc”)

vips

Since P'(ps) = O(7?) and p, > p1(> 0), the last two terms on the right of
(5.26) are estimates as

|(Hj,kla ]kal+1¢oo%> + (Kj,kh al+1¢00 )’

Tn

(5.29) sﬁﬂ%ﬁnwE%AMWMMMWme>

Pl V+v
< ot 12T 0 o3+ O (| H a3 + 16,

2)-

One can see that K, has the desired estimate if ©? < min{1, (V”;f)Q }, and
hence, estimate (5.22) follows from (5.26)—(5.29). This completes the proof.
O

In order to obtain the dissipative estimates for higher order z,-derivatives
of we and the tangential derivatives of ¢, we consider the material deriva-
tive of ¢o.. We denote the material derivative of ¢ by @oo:

Q‘Soo = atgboo + (Us + w) ' VCboo
We have the following estimates.

Proposition 5.5. (i) If @* < min{l,(yi—fy} then the following estimate
holds for 0 <27+ k+1<m—1:

/ /
L4 L)/ EeT 0t |13+ 12487 0 6 13

1/+1/)
(530) +Coi4y||T',ka§g—:1¢ooH§

< R i CEE K a3,

where cy is a positive constant; and R k1 and Ky are the same as in Propo-
sitton 5.3.

(i) Let 0 < q < k+1. Then

L2 | Tiadecll3 < C{RY) + DOIT; pwe] + (v + 7)) Ty pwso 13

(5.31) )
+2 0, Ty o3 + 551100, Tigdoo 13}
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where RS = || T f% |13
Proof. By (5.25), we have
. P R
Tj 0 oo = _pVT(py) KO oo + Hjp+ K,

where ~
Hjpg = [T;x05 w] - Voo + Hjpy,
f(j,k,l - [ai«j:la Us] : VTJ,k(ﬁoo -+ Kj,k,l-
It follows that

%ﬁwewwaﬁ
(5.32) o o )
C {1 28T 0 e 3 + 2 (1l + 1Kl }

Since H;; and K, have the same estimates as those for Hj;; and Kj,
respectively, we obtain (5.30) by adding (5.22) to ¢y x (5.32) with ¢y > 0
satisfying ¢oC < 1. This proves (i).

As for (ii), we see from the first equation of (4.11) that

Tiniptoe = —ps7V* AV (Tkiptos) = V(O ps) Ty iyl
(0@ + 92w O )0, T oy pors
~(QoB(Torp1u® + Ty paptioe) ), 80 + Ty ip [
from which one can obtain (5.31). This completes the proof. O
We next derive the dissipative estimates for 0.

Proposition 5.6. There are positive constants vy and o such that if v > 1y
and v /(v+0) > ¢, then the following estimate holds for 0 < 2j+k < m—1:

%di (z/+z/ || k01||2 2(y+y ||8 k0-1||2

(5.33) < Rj,k + C{

— v+

10T kwec| 3 + DT kweo]

+(7%5 + te57) | TipOr B3}

where a; > 0 is a constant; p is any integer satisfying 0 < 25 +p+1<m
and 0 < p < k; and

RY) = 2 (QoTiaF Tjsor) — 75 (pu(—A) " (0 V' - Tinfh), Tino).
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Here (—A)™! is the inverse of —A on L*(Q) with domain D(—A) = H*(2)N
H(€).

Proof. It is convenient to consider the Fourier transform of (4.10) in z'-
variable:

OTyu0n) + {QoBe(Traoru® + Tius)) = (QuT5uF),
where |{'| <1 and
i&vl iy?p T 0
By =By — Bo= | ig'Ze) gl 0
0 0 i& v}

We write this equation as

(5.34) 0(Ty01) + 77 {psi€’ - Typwle) +(QoBe (Tjroru))
= (QoTj i F) — (i&0 T xdoo)
for '] < 1.

We further rewrite the second term v2{pi¢’ - Ym> on the left of (5.34).
We introduce (n — 1) x (n — 1) matrix operators A’, B’ and C{:

A/:(O _pls /[nfl_p%vl—rv, —,%V'azn),

B = ( 2V 00,1, 0),

Cl = ( vauiel 0 (9, 0))e, >

2 p2

Since %qﬁ(o) = o (see Lemma 4.1 (ii)), we have

(5.35) B’(Ulu(o)) = B’(Gluéo)) + B'(olugo)) =oyV'o + B’(alu(lo)).
Furthermore,
(5.36) Ao @) = A'(oul™).
Therefore, by (4.11), (5.35) and (5.36), we have
Jwl, — plsAwgo — p—f’SV’diV Woo + B'ug, + é{)uoo
—I—fl’(alugo)) +aoV'o + B’(alu§°)) — <Q0B(O'1u(0) + uoo))lw(o)’le’1
= f/
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This gives

« y S
631 ATl = =09 Tuor+ Tf+ 0TSl
where

Fro = —2{0nl, — 2V'divun + B'use + Clun

+ A (0ul") + B (01u”) = (QoB(o1u© + u o)) w0 el ).
We take the Fourier transform of (5.37) to obtain
(€ + /)Ty

=~ Tys0)ps + F(Tinfor) + EF (Tifl).

Here &/ is an operator on L?(0, 1) with domain D(Jz%) = H?*(0,1) N H}(0,1)
defined by

(5.38)

v =—0> v forve D).
It follows from (5.38) that

—_— Q e _ _ ~/
(5:39)  Twl = =€ T0)([€' + ) oo+ (€ + ) hyy

for |€'| <1, where
~/

i = F(Tafo) + =7 (T k).

Substituting (5.39) into (5.34), we obtain
(5.40)

0,(T;07)

—

Q?Q (ps([€'I” + 37)71Ps>|f/|2 501 + (QoBe (Tj o u®))

= (QTAF) — (610} T ) — 7(psi€’ - (€7 + /)y
for |¢/] < 1.

We multiply (5.40) by T k01. Here Z denotes the complex conjugate of
z. Since

(QoBuy = ig, (v} ¢ + 42 pw ) € iR,

and supp (Yﬁ) C {|¢'| < 1}, integrating the resulting equation in £ and
taking its real part, we obtain

_ an~2 — —
sl Tinoill3 + 22V ps (167 + o)~ ps) [ Tywonlf3

= Re{(QuT;1F,T;ro1) — (i&0 T} 1doo, Tjx01)

—7*(psi’ - (’f/P + %>_1h;,ka T} k‘71>}
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We here note that there is a constant ¢ > 0 such that
(1€ + ) ps) = (1€ + @) VPpf3 > ¢ for €] <1

This implies

2
Q7Y

2
— — /7 L
IV (€7 + )L p)IEP Tinonlls = — i€ Tinon 3

for some constant «; > 0. It then follows, through the Plancherel theorem,
that

2
C”J 102 T 10113

il Tro |3 +
(5-41) = {(Qo kCTl) (U;8x17},k¢0077},k01)
—Vz(ps(—A)_IV" i Likorn) }-
The second term on the right of (5.41) is estimated as
(0300, Tk oo Tikor)l = (05T kP00, O, Tik01)]
(5.42) .
< U0, Tiro |3 + S Txduel 3

As for the last term on the right of (5.41), we have

(5.43)
V(ps(=A) IV Ry, Tikor) = =7 (ps(=A) T f o, V'Tjr01)
FL (g (D) PV - Ty 1), Tino),
VN(ps(=A) Ty f oor V' T i01)]
< 9PN Ty ko |13+ Cvy? || ps(—A) Ty foo |3
(5.44) < W0, T 01|13+ CL {10, T pwoo |3 + 72| div T oo |3

1/2
H Tjaweol3 + 100 Tynweo I3 + (1 + 57 + %) 1 Tjndoo 13

+(& + )| 0w Tixon |13}

74

The desired estimate (5.33) now follows from (5.41)—(5.44) and Lemma 4.3

(iv), provided that v > 1y and % > 72 for some vy > 0 and 5 > 0. This
completes the proof. O
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We next apply estimates for the Stokes system to obtain the estimates
for higher order derivatives.

Proposition 5.7. If ©®> < 1, then there holds the following estimate for
0§2j—|—k:—|—l<m—1'

< CR| mC{(””

(5.45) +(4F ﬁ)H?},meI?{z T 100 Tiadooll3

V+V ||

k:¢ooHHz+1 + ﬁ”atjﬂj,kwooHHl

+ (m + v@0?) || T koo || 241 + DO pwo] }

where
1

_|_

6 V+V
RO = T f N s —— | Ty o 2

Proof. To prove Proposition 5.6, we employ estimates for the Stokes system.
Let T(¢, ) be the solution of the Stokes system

divg = F inQ,
—AD+Vd = G inQ,
Wlon = 0.
Then for any [ € Z, | > 0, there exists a constant C' > 0 such that
(5.46) 052015 + 105703 < CLIF e + G150 + 10-@]15}-

(See, e.g., [1], 2, Appendix].)
By (4.11), we have

div (T pwee) = Fji in Q,

_A(Tj7kwoo)—l—v<ﬁ;(wp;)7},k¢oo> — G, nQ,

Yy,kwoolaﬁ = 07
where
Fir = =Tinf% - —‘"fé:’},kwgo
’y ps { k¢00 )+7 Ps w(O) )8.%11—:’7',]60-1

—(QuB(T, k01u()+7},kuoo)>1¢(0)},
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Gix = —2Tifo+ 1V, pj] LT P

¥2ps

v : 1 vAvl
20T e — VAV T 0o + 0300, Tjpt0oo — 53 Tk
Tn“Ys

+ (0, v} T ™ €1 — —w(O)A’Tj,kal — EV(w(O)’lﬁxlTMal)

+aoVTjro1 + 02w, T roy — (QoB(T)rou® + T, Koo ) ) w @
We now apply (5.46) to obtain

P'(p,
105 T w13 + 2 105 (P42 T o) 13

< C{IF N + Gkl + 10:Tixwso 13} -

(5.47)

The desired estimate (5.45) now follows from Vi—i X (5.47) by a direct com-

putation. This completes the proof. 0
We finally estimate the time derivatives of o; and ¢..

Proposition 5.8. (i) If 0 < 2j + k < m — 1, then there holds the following
estimate:

10: 00|13
(5.48)
< C{RS) + 10w Tsk01 13 + (100 Ty koclI3 + 7410 Ty woc 13}

Here R]k = {QoT;xF), I3

(i) If0 < 25 <m—1 and ©* < 1, then there holds the following estimate:
(5.49)
Ha]+1¢oo||Hm 1-2j5

< O{R(g) + Haw &ngwHHm 125 + '74Haa:8tjw<>0‘|?{m—l—2j + ||3g;13{01||§}.
Here Rgslz == ||a]Q0FooHHm 1-25 -
Proof. We see from (4.10)
0iTi ko1 = (QoTjuF), — (QoB(Tjxo1u® + Tjjus)),,

which gives the estimate in (i).
As for (ii), we see from (4.11)

0 6 = 0% — {0100 b + 72V (pDwic)
+(030 +?pw )0, 8] o
—(QoB (D] oru® + Buse)) 6O},
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which gives the estimate in (ii). This completes the proof. O
5.2 H™-energy bound: induction argument

In this subsection we establish H™-energy bound by using Propositions
5.2-5.8.

We will show the following estimate.

Prop051t10n 5.9. There are positive constants vy, vo and w such that if
v Z W, u+ > 5 and ||g|lemoy < @, then

O+ [ Do+ 106l s + D)
8 t
< C{lulfn + Y [ RO ar},
j=0 "0

where

1
RY =3, hem RY), R® = 2 2jth<m-1 RY) (p=2,5,7), R® = 2 2phsm RS,

2j#m
R(p) — Z2j+k+l§mfl Rﬁ,l (p = 3, 6), R(S) = szgmfl Rj )

Proof. We set
EO@) = Y EOTut), EV@) = Y EY[Tu()

2j+k<m 2j+k<m-—1
2j#m
Z DY [T} kweo (t)]
2j+k<m
2j#m

and
DO = s (Vi’::y)D“)[:@,kwoo(tn T s (0)13).
By (5.1) with 25 + £ <m — 1 and V+V x (5.11), we have

(EO(t) + A=ED(t)) + 3DO(t) + DV(1)

4
dt

< C(RW + R@)
(5.50) +C’sz4¢kgm{(% V+V)||a' iko]l3 4 (,%2 %)H jkPooll3 }
+0223+k<m 1{(1/V+V) + )”8/ Jkgluz

+(3 + 3 + %) i | Tiadocl 3 + 52075 100 T3 }-
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We set

E@ (¢ ( ) Z2j+k<m 152 || \/ 8a:nTJ k¢oo ||2a

D(Q)(t) = Z2j+k§m71 (ﬁ £ T j,k(boo(t)H% + V$D|’Ek¢oo”%ﬂ> :
By (5.30) with { = 0 and (5.31) with 25 + k < m, 2j # m, we have

#EP (1) + D (t)

( 1) < C<R(3) + R(4)) + 022j+k§m—1%49HKj7k,0||%
5.5
+0223+k<m {D J, kwoo] + (V + IJ)JJQH]}&ZUOOH%

2j#m
Tyxonl3 + 22| Tl

Let by be a positive number with by < 1 to be determined later. It then
follows from (5.50) and by x (5.51) that
(5.52)

L(EO) + L ED () + b, EA(t)) + DO (t) + DW(t) + b, DA (2)
< CZ] IRJ)—FCZQJHKWL(L )

_{_if’”

102 T k0|13 + [T b0 13)
+szj+k<m_1{(m + ¢)||8I/ o3+ (54 3+ %) s 1 Dadsl

V+V ”a k¢<>®”%} + Cb222j+k§m 1V+V”Kjk0H2

74

We take by > 0 so small that 2Cby(1 + 7 1,1+1, ) < 3. Furthermore, @ is

taken so small that 2Cby(v + )0? < % Then the terms ||Tjx+10,we0 |3,

17/Ps0:Tj kw3 and || T} 10, w3 in 52 || Kk ol|3 on the right of (5.52) are
absorbed in the left. We thus arrive at
(5.53)

L(EO(t) + S ED(t) + b EA(1)) + DO (t) + 3DW (L) 4 b, DA (1)
< CZ R])+CZ2J+k<m (L )

10 Ty 01 (13 + 1T o0 13)

V2 2
+C i hemil Gomsy T 20w Ty ll3 + (5 + 55 + %) s 1 Tindoo 13
+ (e T ) 10:Trdool3}-

We set

1%
EO@) = Y mHTj,kﬁH%

2j+k<m—1
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and

aq
D(3)(t) = Z V+D ! ],ko-l”g

2j+k<m—1
Let b3 be a positive number to be determined later. We add b3 x ZQj-‘,—kgm—l (5.33)

o (5.53). It then follows
4 (EO®@) + - - L EW (1) + by ED(t) + b3 EC)(t))
+3DO(t) + 2DW(t) + by DA (t) + b3 DO (¢)

< CY7_  RY + Cbs{DW(t) + DO(t) + DP(t)}
(5.54)
+O (2 + & Ly L) DO)(1)

O 2gpiem (55 + ZE) T koo 3
+CZ2j+k§m—1 m ||Takz¢oo ||§

We take b3 > 0 so small that C'bs < }1. We then take v, 7 and ~? so large
that C (”+” + (V+”) +14 2> < %, The terms DO(t), DU(t) (j = 1,2,3)
on the right of (5.54) are absorbed in the left. We thus arrive at

(5.55)
LEO(t) + L(DO(t) + DO(t) + b, D (t) + bs DO (2))

< C¥appsn (% + 28) 1 TubolB + Oy ke ey Fiahe

Here

. . 1
ED(t) = BO®@#) + ——EW (1) + by ED(t) + b3 E®(1).

vV+v
Let b4 be a positive number to be determined later and set

PU(E) = YD)+ DO+ 5D () + by DO (1)

2
013 kem 1 (102 T k0o |5 + 75102 Ts koo |13) -

It then follows from by x {(5.45) with { = 0} and (5.55) that
(5.56) )
LEW(t) + DW(t)

< OXI_ RO(t) + Chyf{ (1 + ) DO (1) + DO (1) + DW(t) + DO (1)}
v+ &?
+CbaY o kem—1 1 (5 + 75 ) 1 Tjabooll3 + e 100 Tindeo|3 }
+O e (51 + EE) I Tabocll3 + CO1Y s ka1 1 T e 13
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We may assume ”*” < 1. We take by > 0 and @ so small that Cb,; < + and

Cbyir? . We also take v, 7 and 72 so large that Cb, ( VJ;V) + 7%) <

and C (”*” (V’;f 2y ;) < é. It then follows that the term on the right of

(5.56) except RY) are absorbed in the left. We thus arrive at

=

(5.57) %E(“)( t)+ DO (1) < O3 RO(1).

Jj=1

By (5.48) and (5.49) we see

Y ajemz (107 a1 ()15 + 11077 doo ()13

(5.58) i i
< C(RD + R®) + C{(v + 7) DD (t) + LDO(¢)}.

We add 23b5 x (5.58) to (5.57) to obtain
GEO@) +DO) + 285 o (107 o ()15 + 18] dos (1)]13)
< O3 RO(t) + Chs { “HEDW(1) + DO(1)}.
Take bs > 0 so small that Cbs ( and 1> . We then obtain
GEO@) + 5DV () + 223, o (107 o1 (D15 + 18] b (8)]13)

< CY5 RU(1).

Let bg be a positive number to be determined later. We set

(5.59)

E(4)(t):E(4)()+b§—VE 10,2 u(t)]
and
. . bgv m vbs i1 2 i+1 2
DI = DO e+ D@10} u(t)}+7 Z (107 o (O 3+1 doo (£)]3)-

Since ||0xTj001]15 < || Tjo01]|3, it follows from (5.1) with 25 = m and (5.59)
that

LED(t) + DD(t)

< OY0 RO(1) + Cle % (14 252) (102 0113 + 110, docl13)-

~
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Taking bg > 0 so small that 2Cbg < %’, we see that

(5.60) 4 gy + D0 < CY R

Let b; be a positive number to be determined later. For 1 <[ <m — 1,

we set
ZNOEDS 2H T T4 60 1)
2j+k<m—1— l
and
DIV(t) = 35 a1 (o (| 28T 05 o (1) |2 + 22| T80 o (1)13)

+%sz+k§m—1—l<ﬁ“8i+27},kwoo<t>“z ,,+,,||al+1Tjk¢00(>H%)-

We will show that there exists a number by > 0 such that the following

estimate holds for 1 <[ <m — 1:

SRED@) + 3, 27BN (1) + X, 1D (1)
(5.61)

< QHQCIZ]':lR(j) (),

where DSV (t) = D@ (¢).
By (5.30) and (5.45), we have
2B5(t) + 20" (t)
< C{RO () + RO (1)} + CoF ) (t) + Csby FA ()
S ikemo1 1 (Call T k05 docl[3 + Cibr | T3 105 5o [13),
where
FY = Y emr s 1Tk 0 wsc |3 + 5 1 V/Ps0 T 0L, weo 3
+(v + )& (1T k108 w3 + 3o | T a0 woo [3)
+ 2 (3 oI Tk b3 + 1100 T k01 [13) }
= Yojrrzm1-1t (G + ) | Tiadocllin + 5 10 Twwoo 5

+(535 + V@) I Tjwweol 3 + 52 (I Tjkn1Oooll3e + 1 Tindoo ) }

+(1+ &2+ L) D
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We take b; and v, 7 and ¥2 so that C’g”,y%’ < 2(V1+D) and Csb; < €. Tt then
follows

d
(5.62) EE}“’ (t) + 2D (t) < Oy (RY + RO) + Co Y + C3b, FP.

We here note that if v, 7, % and @ are in the range restricted above, then
there exists a constant C; > 0 such that

CoF{V(t) + Csbr FO(1) < €4y D1,

p=0
which, together with (5.62), yields
d
(5.63) EE{“’( )+ 2D (1) < ¢y Z RY ¢y Z D

Let bg be a positive number satisfying Cybg < % and by < % We now

prove (5.61) by induction on I. Consider first [ = 1. By adding (5.60) to
bs x {(5.63) with [ = 1}, we have

d ! .
a(E<4> (1) + bs By (1) + Y BEDII (1) < (1+b5)C1 > RY + bsCuDg (8).

Since Cybg < %, we have

d 1¢
dt(E(4)()+bE +§ZbgD;4 t) < (1405)Cy Y RY),
p=0 7j=1
and, since 2bg < 1, we arrive at
d 1 8 ‘
B () + 2bs Y (1)) + Y WD () < (2+1)Cy Y RY).
p=0 7j=1

This shows that (5.61) holds for I = 1.

Let 1 < 1 < m — 2 and suppose that (5.61) holds up to [. We will
prove that (5.61) holds with [ replaced by [ + 1. By adding (5.61) to b5 x
{(5.63) with [ replaced by I + 1}, we have

4 (EWD(t) + YU 2 BV (1) + U 5D (2)
< (Y20 + 05 OIS RO + b ey Y DY (1),
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Since b5 Cy < b for 0 < p <, we have
di(QzEM (t >+Zl+1 2l+1-pp, E(4 (t )) +%ZL+BU§D (t)
< (szo o’ 4 bé+1)clzj:1R(j)(t)
We thus obtain
(2l+1E ( )+Zl+1 21+2 Pb E ( )) +Z;+10b]83D ( )
< (2G5 RO(1).

This proves (5.61) with [ replaced by [ + 1. Therefore, we conclude that
(5.61) holds for all 1 <1< m — 1. We thus arrive at

LBt + 200) < CRO),

5.64
(5.64) o
where
~ m—1 1 I+1
E(t)=2""EW(t)+ > 2" PhEN(t), D(t) = 5 BDIV(t),
p=1 p=0
) 8
R(t) =) RY(1)
j=1
Integrating (5.64) in ¢, we obtain
t t
(5.65) Blt)+2 / D(r)dr < B(0) + C / R(r)dr
0 0

2

To complete the H™-energy estimate, it remains to estimate [02 weo(t)]2, -

This can be estimated by the equations
—v2 Wi, = fl = p{Ol, — LA, — ZV'divw + V' (S g,)

xnoo

+U18x1woo + V§v2 ¢ooel (aﬁb‘nvs)aﬁb‘lw el

—plw Aoy — 1V’(w 10, 01) + o V'oy + 0w 9, 04

—(QoB (alu( +uoo)>1w(0)7le’l ,

—(v + v)ain wh o= fn— ps{ﬁtwgo — LA’wc’jo — 2V’divwoo + Oy, (157/2(22)%0)

+0l0p, Wl — p%(@ w19, 01},
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which follows from (4.11). Applying 9%, T} with 2j 4+ k+1 < m — 2 to these
relations, one can show the following estimate by a direct computation:

2
v+ v

where RO)(t) = [f o ()] »-

(5.66)

[[aznww(t)]]?nfg < CEW (t) + CRY (t),

It then follows from (5.65) and (5.66) that

(5.67) E(t) + z/ot D(r)dr < E(0) + O/Olt R(7)dr,
where
BO) = B() + 02 wnOa () = R+ RO()
Clearly,
568 IDalIE s+ D6l + DI, < D).

Since EW[u] is equivalent to E©[u] 4+ D®[w] with our choice of b; in Propo-
sition 5.3, we also have

(5.69) [u®)]2 < CE®).

Therefore, by (5.67)—(5.69) we obtain the estimate in Proposition 5.9. This
completes the proof of Proposition 5.9. 0

5.3 Estimates on the nonlinearities

[t remains to estimate R(t). The points in the estimates on the nonlinear-
ities are as follows. Compared with the standard Matsumura-Nishida energy
method, we have more terms which involve 0. By Lemma 4.4 (ii), we have

(5.70) 105012 < ||o1]ls for k=1,2,---.

This, together with the Gagliardo-Nirenberg-Sobolev inequality, implies
(5.71) lo1]loe < Cllonf2-

Also, if n > 3, then we have

(5.72) loilla < Cllonlly*[|0wan ||y,
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See Lemma 5.11 below. As for us.-part, by Lemma 4.3, we have the Poincaré
inequality

(5.73) [tool2 < CllOztiso]]2-

Using these inequalities, one can control the terms involving oy, which are
classified as

in (QuF), : 0(010y,01), O(010utiss), Otscdyary),
in Fo: O(010s,01), O(0105us), Oundyay), O(c10%01),
O(¢0701), O(010;ws), O(01us0), O(07),
and terms in O(¢?), O(¢*Ve).

For example, as for the term O(¢?) in F,, which comes from the term
— o4O, (P"(ps)0?{$V}2), we see from (5.72) and (5.73)

2,74’)8 Tn

IN

(54500, (P ()3 {0 ), wap) | < Clofnc

2y

N

Cllo||2]| 0w a1 |2]| 0wl

< Clulm(l[Da|l5-1 + [ Dwsol[17,)-
As for the term O(010,,01) in (QoF’),, we have, by integration by parts,
((01835101(/5(0)@0(0)’1}1,Jl) = (010p,016OwO1 o))
= _%(0%¢(0)w(0)71, 01, 04,01),

and thus,
((018x101¢(0)w(0)’1>1, o1) = 0.

The terms involving only u., can be treated similarly to the standard
Matsumura-Nishida energy method. We also note that the Poincaré inequal-
ity (5.73) is effectively used in the estimates on the terms involving only
Uso-

We summarize inequalities to estimate the nonlinearities.

Lemma 5.10. Let 2 < p < oo and let j and k be integers satisfying

11
0<j<Fk k>j+n<———).
2 p
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Then there exists a constant C > 0 such that
102 f |l o rny < ClF Il 195 Fll T2y,
where a = £(j + % — ).

Lemma 5.10 can be proved by using Fourier transform.
Combining Lemma 5.10, the extension argument and the Poincaré in-
equality, we have the following inequalities for us.-part.

Lemma 5.11. Let p, k and j be as in Lemma 5.10 and let toe = " (Poo, Woo )
be in Range (Py,). Then

[¢collp < Cl|Oz¢oo]| -1
The same inequality also holds for wao if Woo|z,—01 = 0.

As for (5.71) and (5.72), Lemma 4.4 and Lemma 5.10 with n replaced by
n — 1 yields the following inequalities.

Lemma 5.12.

@) 1)1l < CI, o
@) 1)1l < CIC 110w () 11572

Proof. We first note that (f), is a function of 2/ € R"!. Let k be an integer
satisfying k > "T_l Then, Lemma 5.10 with n replaced by n — 1 implies

1 lloo < CUCY e

Lemma 4.4 thus gives (i).
As for (ii), let k& be an integer satisfying k > ”T’l. Then we have

(5.74) KAl < CIC 0% £ lls

Witha:’j‘t—*kl. Weseethat%§a< 1ifandonlyif”T’1<k:§ n-
"T_l > 1 for n > 3, we find an integer k > 1 for which (5.74) h
+ <a < 1. With this k, we see from (5.74) and Lemma 4.4

[ay

. Since

lds with

o ™

||<f>1”4 < CH<f>1||%faH<81;lf>1|’éa_%)+%
< CI 08 £, 113

< O NZNOw £ 2
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This completes the proof. 0
We next state estimate on composite functions.

Lemma 5.13. (i) Let m and my, (k= 1,--- ,{) be nonnegative integers and
let oy, (k=1,--- L) be multi-indices. Suppose that

m > [%]—FL 0<|ag| <mp <m-+|ag| (k=1,---,0)
and
my Aoy > (E=1m+ |ag| 4 - 4 foul,
Then there exists a constant C' > 0 such that

ot fr--- 03 folla < C T M el

1<kt

(i) Let 1 < k < m. Suppose that F(x,t,y) is a smooth function on
Q x [0,00) x I, where I is a compact interval in R. Then for |a| +2j = k
there hold

[1oza0, Fa,t, o) el
Colt, Sr()felimr + Crlts AWML+ DAL HID Sl b Lol

Co(t, fr))[falims + Ca(t, i@+ (DA HID filllon [fD s
Here
Co(t, [1(t)) = X (s.)<(ag) SUP, [(OZ0,F) (., fi(t))]
(8,)#(0,0)
and

Cr(t, 1(t) = 2 ay<(ag) sup, (07005 F) (w, 1, fi(1))].

1<p<j+|a]

The proof of Lemma 5.12 can be found in [5, 6].

Using inequalities mentioned above, one can obtain the following esti-
mates for the nonlinearities.

Before stating the estimates for the nonlinearities, we observe that since
m > [n/2] + 1 we have the Sobolev inequality

1flleo < Coll £l 12m-

Let €5 > 0 be a number such that Cyey < 122& Then whenever [u(t)],, < e,

we have )

[6(2)lle < Calu(t)] < Caza < .
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and hence,
p(z,t) = ps(an) +77%0(2,t) = p1 = 7 ?[|6(t) |0 = %(> 0).

We thus see that F'(t) is smooth, whenever [u(t)], < 2. So, we assume
that [u(t)]m < ey for t € [0,7T].

Proposition 5.14. Let j be an integer satisfying 0 < 7 < m — 1 and let
u(t) be a solution of (4.1) in ﬂ;@{f]C’j([O, T); H™ %) with fOT || Dweol||2, dT <
0o. Assume that [u(t)],, < min{l,es} fort € [0,T]. Then the following
estimates hold for t € [0,T] with C > 0 independent of T'.

10 (édiv w)|| 25 + [10F (w - V(016)) || rm-25 + 0 {QuF ), || -2
< CE()'*D(t)"?,

() 0w Vo)l s + 18] Fllin 2 < CE@Y2D()2.

Proposition 5.15. Let u(t) be a solution of (4.1) in ﬂg-”:léQ}Cj([O,T]; H™ %)
with fOT || Dwool||?, dT < 00. Assume that [u(t)],, < min{1,es} fort € [0,T].

Then there hold the following estimates fort € [0,T]| with C > 0 independent
of T.

(i) Let 0 <25+ k <m. Then
(T3 1{QoF )y, Tywon)| + [((TixF oo, Tia))| < CE(8)2D(2).
(ii) Let0 < 2j+k<m—1. Then
((ps(=2) V' Tyafo ) Tinon)] < CE()V2D(t).
(iil) Let 0<2j+k+1<m—1. Then
75005 w] - Vool < CE(t)V2D(1)'2,

(v (o), 7,085 6.2)

7¥2p

< CE(@)Y?D(t).

We are now in a position to derive the a priori estimate. We deduce from
Propositions 5.9, 5.14 and 5.15 that

[uOT + Jo UNIDo[ -y + [ Declll2my + [1DwolIf,) dr
< Ca{lluoll o + [(®)m Jy (NIDsl121-y + 1 DocllFs + [ Dwac]|[3,) 7},
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provided that [u(t)], < min{l,es}. The desired a priori estimate in Propo-
sition 5.1 now follows by taking e; = min{1, g5, C5/2}.
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