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Abstract. We consider a g-Painlevé 111 equation and a ¢-Painlevé II equation arising from
a birational representation of the affine Weyl group of type (A 4+ A1), We study their
hypergeometric solutions on the level of 7 functions.
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1 Introduction

We consider a g-analog of the Painlevé 1T equation (¢-Pryr) [8, 12, 13, 32]

q2N+162 14+ annfn f q2N+162 14+ a2a0qnfmgn+1 (1 1)
g 1 = Y 1 = 9 .
. fngn aoq™ + fn m fngn—H a200q" "™ + gn+1
and that of the Painlevé II equation (¢-Prr) [12, 30, 20]
2N+1 .2 k/2
q ¢t 1+ apq”* Xy,
X1 = (1.2)

X Xko1 apqh? + Xy,

for the unknown functions f,, = f,(m, N), g, = gn(m, N), and X} = X;(N) and the indepen-

dent variables n,k € Z. Here m, N € Z and ag, asz,c,q € C* are parameters. These equations

arise from a birational representation of the (extended) affine Weyl group of type (As + A;)M.
Note that substituting

m = 07 a2 = q1/27
and putting
Jr(0,N) = Xop(N), gr(0, N) = Xop_1(N),

in (1.1) yield (1.2). This procedure is called a symmetrization of (1.1), which comes from the
terminology used for Quispel-Roberts—Thompson (QRT) mappings [28, 29].

It is well known that the 7 functions play a crucial role in the theory of integrable systems [19],
and it is also possible to introduce them in the theory of Painlevé systems [5, 6, 7, 13, 21, 22,
24, 25, 26, 27]. A representation of the affine Weyl groups can be lifted on the level of the
7 functions [10, 11, 33], which gives rise to various bilinear equations of Hirota type satisfied
the 7 functions.

The hypergeometric solutions of various Painlevé and discrete Painlevé systems are expressib-
le in the form of ratio of determinants whose entries are given by hypergeometric type functions.
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Usually, they are derived by reducing the bilinear equations to the Pliicker relations by using the
contiguity relations satisfied by the entries of determinants [2, 3, 4, 8, 9, 13, 14, 15, 16, 20, 23, 31].
This method is elementary, but it encounters technical difficulties for Painlevé systems with large
symmetries. In order to overcome this difficulty, Masuda has proposed a method of constructing
hypergeometric solutions under a certain boundary condition on the lattice where the 7 functions
live (hypergeometric T functions), so that they are consistent with the action of the affine Weyl
groups. Although this requires somewhat complex calculations, the merit is that it is systematic
and that it can be applied to the systems with large symmetries. Masuda has carried out the
calculations for the ¢-Painlevé systems with Egl) and Eél) symmetries [17, 18] and presented
explicit determinant formulae for their hypergeometric solutions.

The purpose of this paper is to apply the above method to the ¢g-Painlevé systems with the
affine Weyl group symmetry of type (A4s —I—Al)(l) and present the explicit formulae of the hyper-
geometric 7 functions. The hypergeometric 7 functions provide not only determinant formulae
but also important information originating from the geometry of lattice of the 7 functions. The
result has been already announced in [12] and played an essential role in clarifying the mechanism
of reduction from hypergeometric solutions of (1.1) to those of (1.2).

This paper is organized as follows: in Section 2, we first review hypergeometric solutions of
¢-P11 and then those of ¢-Pr1. We next introduce a representation of the affine Weyl group of
type (Az+ A1), In Section 3, we construct the hypergeometric 7 functions of ¢-Pyy; and those
of ¢-P11. We find that the symmetry of the hypergeometric 7 functions of ¢-Pyy1 are connected
with Heine’s transform of the basic hypergeometric series 2.

We use the following conventions of g-analysis throughout this paper [1].
g-Shifted factorials:

k
(@i =[] (1 —ag'™).
i=1
Basic hypergeometric series:

at,...,q > (al, vy Qg Q)n _ 14+r—s
s¥r ’ ’ S; 2] = 1" n(n—1)/2 Zna
oo (o rpsee) 2 G baelg g,

where
(ala sy Qs; Q)n = H(ala Q)n

Jacobi theta function:

O(a;q) = (a;q)(qa ) .

Elliptic gamma function:

(pga™p, )0
Haip,q) = (a;p, @)oo
where
k—1
(@p, e =[] (1-p'da).
i,7=0

It holds that

O(qa;q) = —a'O(a;q),  T(qa;q,q) = O(a;q)T'(a; ¢, q).
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2 g-Pur and ¢-Pp

2.1 Hypergeometric solutions of ¢-Py;; and g-Pyy

First, we review the hypergeometric solutions of ¢-Py1 and ¢-Py;. The hypergeometric solutions
of ¢g-P1ir have been constructed as follows:

Proposition 2.1 ([8]). The hypergeometric solutions of q-Pr, (1.1), with ¢ =1 are given by

1 , 1 1

n N UN R
Jn=—a0q" —————, gn = Qo ~a29 Y S e pae—
nm ;nm—1 n—1lm—1 nm

wN—&-le wN-H wN

where " (N € Zxg) is an N x N determinant defined by

Fn,m Fn+1,m to Fn—l—N—l,m
n,m Fn—l,m Fn,m te Fn+N72,m n,m
N = . . . ) 0 = 17
Fn—N+1,m Fn—N+2,m T Fn,m
and F, m, is an arbitrary solution of the systems
Fn—i—l,m - Fn,m = _a02q2nFn7m—1a
Fn,m-l—l - Fn,m = _a272q2m+2Fn—1,m- (22>
The general solution of (2.1) and (2.2) is given by
Anm 0 2 2 9n-2
Fom = (ag=2¢2m+2; ¢2) 1¥1 (a22q—2m,q az“agq”" m)
@(ao a22q2n 2m—2. q ) 0 5 o
) -+2
B a2 2, ) 6 (P ) ! <a ’2q2m+4’q oo > (23)

where A,, ., and B, ,, are periodic functions of period one with respect to n and m, i.e.,
Anm = Any1im = Anma1s Bnm = Buyim = Bamy1.
The explicit form of the hypergeometric solutions of ¢-Pyr are given as follows:
Proposition 2.2 ([20]). The hypergeometric solutions of q-Pr1, (1.2), with ¢ = 1 are given by
Xy = —apgh/?+N INHLON ¢N+1¢ (2.4)
¢N+1¢N

where o8, (N € Z>¢) is an N x N determinant defined by

Gk Gr-1 o Gr-N11
Gri2 Gr+1 - Gr_n43
Gr4an—2 Grian—3 -+ Gryen—1

and Gy, is an arbitrary solution of the system

Gr+1 — G + a072q*ka_1 =0. (2.6)
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The general solution of (2.6) is given by
Gi = AxO(iang® V% ¢'%) 1) <_qol/2; q'”, —moq(?’“k)/‘*)

. 0 .
+ B0 (—iaog TV /%) 1) <_q1/z;q1/2,Zaoq(3+2k)/4> : (2.7)

where Ay, and By, are periodic functions of period one, i.e.,

Ap = Ay, By, = Bi1.

2.2 Projective reduction from g-Pi; and g-Pyp

We formulate the family of Béacklund transformations of ¢-Pip and ¢-Pry as a birational rep-
resentation of the affine Weyl group of type (As + A1), Here, ¢-Pry is a g-analog of the
Painlevé IV equation discussed in [13]. We refer to [21] for basic ideas of this formulation.

We define the transformations s; (i = 0,1,2) and 7 on the variables f; (j = 0,1,2) and
parameters a; (k= 0,1,2) by

si(aj) = aja; ", si(f5) = f; ( a; + fi) |

1+a;f;
m(a;) = ait1, m(fi) = fit1,
for i,j € Z/37Z. Here the symmetric 3 x 3 matrix
2 -1 -1
A=(aij)ij—0o=1| -1 2 -1 |,
-1 -1 2

is the Cartan matrix of type Aél), and the skew-symmetric one

o 1 -1
U= (Uz‘j)?,jzo =1 -1 0 1 5
1 -1 0
represents an orientation of the corresponding Dynkin diagram. We also define the transforma-
tions w; (j = 0,1) and r by

a;ai+1(ai—1a; + ai—1fi + fi—1fi)

w i) = ) wo\a;) = a4,
o(f2) fi—1(aiaizr + aifiv1 + fifiv1) o(a:)
wi(f;) = 1+ a;ifi + ajai1 fifiva w(a) = a
Y aiai fimi(L+ aim1 fic1 +aimraifior fi) ’ v
1
r(fi) = A r(a;) = a;,
for i € Z/3Z.

Proposition 2.3 ([13]). The group of birational transformations (sg, $1, S2, T, wo, wi,7) forms
the affine Weyl group of type (As + A1), denoted by W ((As + A1)MV). Namely, the transfor-
mations satisfy the fundamental relations

2 3 3 :
$i% = (8i8i41)° =7 =1, TS = Si41T (1 € Z/37Z),
wol=w?=1r*= 1, rwy = Wi,

and the action of WN/(A;D) = (s, $1, $2, ™) and that of W(Agl)) = (wp, w1, r) commute with each
other.
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In general, for a function F' = F(a;, fj), we let an element w € W((Az + A)D) act as
w.F(ai, fj) = F(a;.w, fj.w), that is, w acts on the arguments from the right. Note that apaiaz =

q and fof1f2 = qc? are invariant under the action of W((Ag +A1)M) and W(Agl)), respectively.
We define the translations 7T; (i = 1,2,3,4) by

T1 = TS281, T2 = 81789, T3 = Sg981T, T4 = rwo, (2.8)
whose action on parameters a; (i = 0,1,2) and ¢ is given by

—1
(q(l(), q "ai, a2, C)
ap,qai,q 1@2, ))

(
(q aop, ai,qaz, c )7
(

a07a17a27q6)

(a07 ap, az,C )

. (ap,a1,az,c) —

: (ao,a1,az,c) —

72:! (a0, ar,az,c) —

Note that T; (i = 1,2,3,4) commute with each other and 717575 = 1. The action of T} on the
f-variables can be expressed as

qc® 1+ apfo Ty(fo) = qc® 1+ agapTi(fr)

fifoao+ fo O foTi(fr) azao + Ti(fi)

Or, applying T1"T5™T4N (n,m,N € Z) on (2.9) and putting

(2.9)

Ti(f1) =

on]\T[n = TlnTZmT4N(fi) (Z = O’ 17 2)7

we obtain
n,m n+1,m
nt+lm _ q2N+1 2 1+ aﬂqnf() N nt+lm qQN“ 2 1+ asanq"” mf
1,N n,m 0,N n,m pn+1l,m n+1m’
FiNTon aod™ + fon %Nf a2aoq™ "™ + f1 n

which is equivalent to ¢-Prip. Then T and T; (i = 2,4) are regarded as the time evolution and
Backlund transformations of ¢-Pryr, respectively. We here note that we also obtain ¢-Pry by
identifying T4 as a time evolution [13].

In order to formulate the symmetrization to ¢-Pyg, it is crucial to introduce the transforma-
tion R; defined by

Ry = 7m2sy, (2.10)
which satisfies

R*=T
Considering the projection of the action of Ry on the line ay = ¢'/2, we have

Rl : (QO) ai, C) — (q1/2a07 q—1/2a1’ C)v

ch 1+ agfo
(h)fﬁlw+ﬁ

Applying R{*T;" on (2.11) and putting

fi]?N = leT4N(fl) (Z =0,1, 2)7

Ri(fr) = fo. (2.11)

we have
2N 1 Jraoqk/Qf(liN
f(,iNf(]i]_\fl aoqk/Q +f(IiN’

fk‘—f—l
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which is equivalent to ¢-Pr;. Then Ry and T} are regarded as the time evolution and a Béacklund
transformation of ¢-Pr1, respectively.

In general, we can derive various discrete Painlevé systems from elements of infinite order
of affine Weyl groups that are not necessarily translations by taking a projection on a certain
subspace of the parameter space. We call such a procedure a projective reduction [12]. The
symmetrization is a kind of the projective reduction.

2.3 Birational representation of W ((A; + A;)®) on the 7 function
We introduce the new variables 7; and 7; (i € Z/3Z) by letting
fo = gl/3e2/3 Tzt
Ti+1Ti—1
and lift a representation to the affine Weyl group on their level:

Proposition 2.4 ([33]). We define the action of s; (i =0,1,2), 7, w; (j =0,1), and r on 7}
and Ty, (k =0,1,2) by the following formulae:

Ui Tit1Ti—1 + Tit1Ti-1

Si(Ti) - ’U,Z'l/2?i ) Si(Tj) = Tj (Z 7é ])7
_ ViTi41Ti—1 + Tit1Ti—1 _ .
s5i(Ti) = 0127, ) si(Tj) =7; (i #J),
(i) = Tit1, 7(Ti) = Tit1,
_ ai+11/3(ﬂﬂ+17’i+2+ Ui A TiTit1Tir2+ Uil TiTis1Tiv2)
wo(Ti) = T , wo(mi) =T,
Qi427/ " Ti4+1Ti42
az’+11/3(7ﬁi+1ﬁ+2+ Vi—1T;Tit1Ti+2+ Uz‘+1_1?ﬁi+m+2) _ _
wi (1) = 73 s wi(T) =T,
Qi+27/ OTi41Ti42
r(1i) = T4, r(7i) = 7,
with
w = q—1/3c—2/3aij v = q1/302/3ai,

where i,j € Z/37Z. Then, (so, s1, S2, T, wo, w1,7) forms the affine Weyl group W((AQ + Al)(l)).
We define the 7 function 7™ (n,m, N € Z) by
T;\L,v’m = TlnTQmT4N(T1).

We note that

_-10 00 01 — 10 — 00 = — 01 (919
=Ty , TI="Ty, T =T, To=1 , TI=1T) , To=1", (2.12)
and
nm _nm+1 n,m+17_nfl,m
Frm  GN1)/32/3 TN+1TN frim _ g(2N+1)/3,2/3 "N+1 N
oN — 4 nm_n,m+1’ LN — q n,m+1_n—1m’
™N TN+1 N TN+1

n—1lm _nm

nm _ (2N+1)/3,.2/3 TN+1 TN
2N — q ¢ n—1,m_nm "’
N  TN+1
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Let us consider the 7 functions for ¢-P;. We set

7']]37 = leT4N<T1).

Note that
-2 0 -1 - -2 - 0 - -1
TO="T, ", T =Ty, =T, , To=T; TL =Ty, To =T, (2.13)
and
k k—1
fh = g@NTD/32/3 TNV
oN =4 ¢ k k-1
TNTN+1
In general, it follows that

n0 _ _2n n,l _ _2n—1
™ =TN W =Tn .

For convenience, we introduce «;, v, and @ by

6 6 6
;- = ag, 7 =6 Q:q

3 Hypergeometric T functions of the g-Painlevé systems
of type (A; + A;)W

In this section, we construct the hypergeometric 7 functions of ¢-Piy and ¢-P;. We define the
hypergeometric 7 functions of ¢-Prip by 7" consistent with the action of (11,75, T5,Ty). We
also define the hypergeometric 7 functions of ¢-Pi; by TJI{, consistent with the action of (Ry,T}).
Here, we mean 7(«) consistent with a action of transformation r as

r.7(a) = 7(a.r).
We then regard 7" as function in ag and a, i.e.,

" =Ty (Q g, Q"ag).

We also regard T]’f, as function in «y, i.e.,
k _ .0 (~k/2
™ =7n(@ / ap).

3.1 Hypergeometric 7 functions of g-Pyy

We construct the hypergeometric 7 functions of ¢-Pry;. By the action of the affine Weyl group,
n,m . . . . . n,m n,m — .
Ty is determined as a rational function in 75" and 7" (or 7; and 7;). Thus, our purpose is
determining 7" and ;"™ consistent with the action of (T1,T%,T5,Ts) and constructing 75"

under the condition

v=1, (3.1)
and the boundary condition

=0 (N<O0). (3.2)

First we consider the condition for 77" which follows from the boundary condition (3.2).

We use the bilinear equations obtained in [12]:
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Proposition 3.1. The following bilinear equations hold:

n,m _n,m An—8m—+4 —4 4 n,m n— 2m+1 n,m+1_nm—1

TN#1TN-1 T @ a1 fas® (T ) -Q Tagry™ Ty =0, (3.3
n,m _n,m An+dm 4 —4 (_n,m n-+m —1 n+1 m+1 n—1,m—1

TN TN-1 T @ aptas ™" (T ) — Q"M Ty N =0, (34
n,m _n,m —8n+dm—4  —4 4 (_nm\2 —2n4+m—1_ -1 n+lm_n—1m __

NN T @ aptart (™) - @Q o Ty Ty T =0. (3.5)

By putting N =0 in (3.3)—(3.5), we get

QIn—8m g, Tyt (Tg’m)2 — QI gL — ) 3.6
Q" Himantas ™4 (Tg’m)2 — Q"+ma0a2_1Tn+1’m+1761_1’m_1 =0, 3.7
QBmHim =y oyt (7)) — QM oy Ly it T = 0, (38)
We set
= T(Q™ ™ ag’az; Q, Q)T(Q™" " ar’an; Q, Q)T(Q™" ax’ar; Q, Q) Ay™. (3.9)
From ( 6)—(3.8), the following equations hold:
(Ag™)? = Ap™mrtapmt, (3.10)
(Ag™)? = AgthmHt gy =tmet, (3.11)
(Ap™)? = AgFhm AT (3.12)

We next determine 7" and Tln ™. From (2.8) and Proposition 2.4, we see that the action
of Ty, T, and T3 are given by

Ti(1i-1) = 7, (3.13)
T;(Ti-1) = T4, (3.14)
6.~ 2
Qi1 TiTit1 + Q7 TiTiy1
Ti(Tit1) = - 3.15
:(7i41) Qai—1°Ti—1 ’ (3.15)
Q*ti 10T 1Ty + Tig1Ts
Ti(Tiv1) = (3.16)
o Qoi—13Ti—1 ’
1 ' ot T ein® TimTi TiTit1
Ti(7i) = ——5—% — —+ — +ai® ——— (3.17)
Q4170 —1" Ti—1 Qi Ti—1 Qi+1  Ti+1Ti—1 Ti+1Ti—1
1 12 TiTs
— 2 5 8 11
T;(7i) = 36 + i oG-
Qit1°Qi—1° Tio1 Ti—1
1 TiTiTit1 Ti*Tis1
+ st ——— (3.18)

—_ )
ai2ai+15ai71 Ti+1Ti—1 Ti+1Ti—1

where i = 1,2, 3.

Lemma 3.1. If 7; and 7; are consistent with (3.13)—(3.16), then they are also consistent
with (3.17) and (3.18).

Proof. Applying T;_; on (3.16) and using (3.13) and (3.14), we have

T(r) = — g = Ti(ien) + .

1P ai1® Tig o Tifl

By using (3.15) and (3.16) for (3.19), we get (3.17). Similarly, applying 7;_; on (3.15) and
using (3.13) and (3.14), we have

2 2 =
Q1" OG—1 Ti

Ti(7i41)- (3.19)

1 T -
hilm 1 i T (Fis). 3.20
Qvir 130513 Tit i(Tig1) + Qoyi—1° g — i(Tiv1) ( )

By using (3.15) and (3.16) for (3.20), we get (3.18). [

T;(7:) =
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From (2.12), we rewrite (3.15) and (3.16) as follows:

7_071,0 {)1 Q a 37_011 00+Q o 67_(())1 171,0:07 ( )
(())0;1,_62 a37_01 101+Q s 7_01000_0’ ( )
01 00 Q O{3 11110+Q2 680{)1_0’ ( )
7_81 —1 QOé3 0,0 1—1 +Q2a 7_010 01_0’ (324)
7_0—10 0,0 QO&QS 0,1 1—17 +Q2Oé 67_80110_0’ ( )
7_(()) 07_{) 1 an 75 -1 0 1 1 + Qza 67_(()) 17_{)0 0. ( )

We set
nm __niamg 2, -2 Q@ a0 5 Q7)0(-QMar Q)

Tl ag o

T 1. 3.27
O(Q—6(n—m)ay=6a,—6: Q) To m—1 (3.27)

Here, F), ,, is equivalent to (2.3) because we obtain (2.1) and (2.2) from (3.24)—(3.26) and
(3.21)—(3.23), respectively. If we assume A{"" is an arbitrary constant, it does not contradict
(3.10)—(3.18). Therefore, we may set Aj"™" = 1.

Finally we construct 7"

Theorem 3.1. Under the assumption (3.1) and (3.2), the hypergeometric T functions of q-Pr
are given as the follows:

m _ (_1)N(N+1)/2Q—2(2n—m)N2+6nNaO—4N2+6Na2—2N2

Y
N
" O(—Q a5 Q%)O(—-Qay % Q%)
O(Q-8(=mag~bay~6; QF)
x D(Q* ™ Mag’ag Q,Q)N(Q " a’an; Q, Q)
X I‘(Q—n—ma22a1; Qa Q)w]'ri[’m_17 (328>
where
Fn,m Fn+1,m e Fn—i—N—l,m
F_17 F7 e F+N727
=" T T =1, gt =0 (N> 0),
Fn—N+1,m Fn—N+2,m Fn,m
and
An,m 0
Fnm = (a272¢>+2; ) o 1¥1 < 2q—2m7q sag’ap’q*"” 2m>
O(ao®az?¢* "% ¢?) 0 9 9n42
+Bn,m (a22q 2m— 2,q2)006(a0 q 7q2) 1(101 <a2—2q2m+47q a’O q " ) (329)

Here, Ay, and By, ., are periodic functions of period one with respect to n and m.
Proof. We set

nm _ (_1)1\/(N+1)/2Q—2(2n—m)N2+6nNa0—4N2+6Na2—2N2

™
O(~Qap =% Q%) (~Q"ay % Q%)
X @(Q_G(”_m)ao_6a2_6; Q6)
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x Q™ ap®az; Q, QT(Q " ar?ap; Q. QT(Q ™ Mar’an; Q. QU™
From (3.2), (3.9), and (3.27), we find
Yy =0 (N <0), Y™ =1, "= Fym.

Furthermore, it is easily verified that ¢y;" satisfy

¢N+1¢ (¢K/’m) + w"“ " L 0, (3.30)

from (3.5). In general, (3.30) admits a solution expressed in terms of the Toeplitz type deter-
minant

w}zf,m = det (C”*i+j:m)i,j:1,...,N (N > 0),

under the boundary conditions

1/}]7:],7% =0 (N < 0)7 ng,m =1, T/J?’m = Cn,m;

where ¢, ,, is an arbitrary function. Therefore we have completed the proof. |

3.2 Hypergeometric T functions of g-Py;

In this section, we construct the hypergeometric 7 functions of ¢-Pi; by two methods.

3.2.1 Hypergeometric T functions of g-Py1 (I)

We construct the hypergeometric 7 functions of ¢-Pr; by using those of ¢-Pyi;. We here note
that T]T\L,’m consistent with the action of (s, T7,Ts,T3,Ty) is also consistent with the action of Ry
because

R, = 32T271

Therefore, we construct 7" consistent with the action of (sa, T, Ts, T3, T4). The action of so
n,m .
on Ty is

so(ry™) =15 T (3.31)

n,m n,m

We consider only 7,”" and o because Ty is determined as a rational function in 7‘0
and 7,""". It easily Verlfied that 7,"™", (3.28) (or (3.9)), is consistent with the action of so. When
N =1, we rewrite (3.31) as

O(ag~12Q12m—12n, 12)
O(ap 2ay—12Q-12n; Q12) Fn—m,—m-1,

SQ(me—l) = a2712Q712m (332)

from (3.28). Moreover, by using (3.29), (3.32) can be rewritten as

s2(Anm) = Bum 0 L1212 412n—12m+12
(p12Q12m; Q12) 1¢1 g~ 12Q12m 12 Q% a07Q
) oo

(An,m - SQ(Bnym))@(OZOlZQlQnilQm; Q12) 0 12 12 12 412n+12
) 1¥1 a212Q12m+12; Q y o Qg Q )

- (a2712Q712m; QlQ)oo@(a012a212Q12n; Q12

which implies that 7" is also consistent with the action of s when

)
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Lemma 3.2. Under the assumption (3.33), the hypergeometric T functions (3.28) are consistent
with the action of (s, T1,Ta, T3, Ty).

Therefore we easily obtain the following theorem:
Theorem 3.2. Setting
R1(Anm) = Bnm, (3.34)
ay = Q'?,
and putting

2n n,0 2n—1 n,l
™ =TN TN =TN

we obtain the hypergeometric T functions of ¢-Pri. Here Ty is given by (3.28).

In general, the entries of determinants of the hypergeometric 7 functions of Painlevé systems
are expressed by two-parameter family of the functions satisfying the contiguity relations. How-
ever the hypergeometric 7 functions of ¢-Pyr in Theorem 3.2 have only one parameter because of
the condition (3.34). In the next section, we construct the hypergeometric 7 functions of ¢-Pry
which admits two parameters.

3.2.2 Hypergeometric 7 functions of ¢-Pyr (II)

We construct the hypergeometric 7 functions of ¢-Py; whose ratios correspond to the hyper-
geometric solutions of ¢-Pyr in Proposition 2.2. By the action of the affine Weyl group, 7']]@ is
determined as a rational function of T(’f and 7§ (or 7; and 7;). Thus, our purpose is determining 7'(’)C
and 7F consistent with the action of (Ry,T)) and constructing 7% under the conditions

a=QY,  y=1 (3.35)
and the boundary condition
=0 (N<O0). (3.36)

First we consider the condition for 7§ which follows from the boundary condition (3.36). We
use the bilinear equation obtained in [12]:

Proposition 3.2. The following bilinear equation holds:

T]’€T+1T]k\[+11 _Q(k*4N+1)/ ,Y O[ Tk+2 k 1 Q*k+4N71,y4 Qo -2 k:+17_N _0 (337)

By putting N = 0 in (3.37), we get
Q3+ /23 o ) (3.38)
We set
L(Q#*20¢%: Q,Q)T(Q* a0 Q. Q)T (QU 920071 Q, Q) AT (3.39)
From (3.38), A¥ satisfies

ARFZ AR — ARl AR (3.40)
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We next determlne 78 and 7. From (2.10) and Proposition 2.4, we see that the action of R;

on 7§ and 7f is given by

Ri(m0) = 2,

Ri(ry) = Q_QOéoGTﬁzj- T1T2
Qa7

Ri(72) = 71,

R1(To) = T2,

Ri(7) = Q?T172 + 1T
Qa1

Ry (T2) =T1.

From (2.13), we rewrite (3.42) and (3.45) as

Qoo 31218 Q2a0 7'1701—7871_120
-1_ _0_—1
Q 'ao 1y Pl — Qa0 P =i =0,
respectively. Setting

k
70

@(Q3k+1a06; Q3)

ko

Gk7

(3.41)

(3.42)

(3.43)
(3.44)

(3.45)

(3.46)

(3.49)

then the systems (3.47) and (3.48) reduce to (2.6). Therefore Gy, is equivalent to (2.7). If we
assume A} is an arbitrary constant, it does not contradict (3.40)(3.46). Therefore, we may put

AF =1.
Finally we present an explicit formula for TJ’@.

Theorem 3.3. Under the assumption (3.35) and (3.36), the hypergeometric T functions of g-Pry

are given as the follows:

Tﬁ/‘ _ (_1) /2QN (k-‘rN) ap 2N(N-1)
F(Q(2k+3)/2040 ;Q, QT (Q 72007 Q, QT QU 20071,Q,Q)
. O(Q%+0g0; Q%)N v
where
Gk Gr-1 o Gr-Ny1
G G oo Gy
o= " P TR gk gy =0 (N>0),
Giton—2 Grion—3 -+ Grin-—1

and

. 0 .
Gy, = AxO (iagg®* /% ¢"2) 141 (_q1/2;q1/27 —Zaoq(3+2k)/4>
+Bk@(_ia0q(2k+1)/4;ql/2) 11 <_qol/2; 1/2 woq(3+2k)/4>

Here, A, and By, are periodic functions of period one.
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Proof. We set
Tzkv — (_1)N(N—1)/2QN(N—1)(k+N)a02N(N—1)

D(QEH)20¢% Q. QL(Q ey Q. QL(Q %00 11Q.Q) ,
: Qo Q)Y o

From (3.36), (3.39), and (3.49), we find that
dh=0 (N<0), ¢f=1 ¢ =G
From (3.37), ¢%; satisfies

OO — RN + o ek =0, (3.50)
which is a variant of the discrete Toda equation. Under the conditions

Ph=0 (N<0), ¢=1 ¢f=a,
where ¢ is an arbitrary function. Equation (3.50) admits a solution expressed by

(b’]cv = det (ck+2i*j*1>i,j:1 N (N > 0)

-----

This complete the proof. |

3.3 Relation between the hypergeometric 7 functions
of g-P111 and Heine’s transform

Masuda showed that the consistency of a certain reflection transformation to the hypergeometric
7 functions of type Eél) correspond to Bailey’s four term transformation formula [18]. It is
also shown that the consistency of a certain reflection transformation to the hypergeometric
7 functions of type Eél) correspond to limiting case of Bailey’s 19pg transformation formula [17].
We here show that the consistency of sg to the hypergeometric 7 functions of ¢-Pyyy give rise to
a transformation of 1¢; which is obtained by Heine’s transform for 9¢;.

The action of sy on T]T\Lf’m is
so(Ty™) = """ (3.51)

We consider only 77"™ and 71" because 7" is determined as a rational function in 75"
and 71", It easily verified that 7", (3.28) (or (3.9)), is consistent with the action of s9. When
N =1, (3.51) implies

@( —12Q 12n+12m’Q12)

SO(Fn,m—l) = @( o 12&2_12Q12m Q12) Fonm—n-1, (352)
from (3.28). Moreover, by using (3.29), (3.52) can be rewritten as
0 _
so(Anm)11 <a012a212Q12m+125Q12,06212Q12n 12m+12>
12y12n—12m+12. ()12
_A (a2 QP Q) oo o1 0 L Q12 0120120 12m 12
T (o2 l2Q12m 12, 912) apl2Q12n—12m+12:%

,12062,12Q12m, a2712Q712n+12m+12; Q12)oo
@(a012Q712n; Q12)

_19n (@0
— Bpmog'2Q™ 120
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0 12 12-12n
) —12n412
X 1¢1 <a2—12Q—12n+12m+12’ Qa0 7@

(00_12a2_12Q12m; QlQ)OO@(a212Q12n—12m; Q12)
(a012a212Q712m; QlQ)OO@(aOleQlQn; Q12)

0 - n
X 1$1 <a0—12a2—12Q12m+12;Q127a0 12Q12 +12> = 0. (3.53)

+ SO(Bn,m)

In particular, setting
SO(An,m) = An,ma Bum =0,

in (3.53), we obtain

0 12 12 h12n—12m+12
) ; (22 o (;2 .54
1¥1 (a012a212Q 12m—+12» 5 2 (3 5 )

12912n—12m+12. 12
_ (2@ "M% Q1) o L0 0 012, 0y 200 12Q 1212
(0 2ap2Q—12m+12; Q12) (12120 —12m 4123 5

Equation (3.54) corresponds to a specialization of Heine’s transform. Actually, by putting
a=>b"le, d=0b""1z,

in Heine’s transform [34]

a,b q) — (a, bd; q)oo a~te,d
21 ¢ 34, - 2¥1 bd 4,0 ),

(c,d; @)oo
we obtain
b~le,b (b~te, 2 q)oo bb~1z
g bz = — 22 ’ cq,b71le) . .
21 < ¢ 4, Z> (C, bilz; q)oo 21 < p y 4, C> (3 55)

Taking the limit b — oo in (3.55) leads to

0\ _ (59 0
1¥1 c:Qa - (C, q)oo 1¥1 Z:Qa ’

which is equivalent to (3.54).
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