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ABSTRACT

Numerical simulation of spatio-temporal behavior in high-density helicon discharge

by

Shogo Isayama

In this thesis, we develop the self-consistent fluid model of the helicon discharge,

that includes the excitation of the helicon and the Trivelpiece-Gould (TG) waves,

mode conversion between these two waves, the wave dissipation via the collisional

processes, the electron heating (Joule heating), ionization of neutrals, particle loss

toward the wall, and the diffusion process of the background plasma. Results of our

study will be useful for a variety of applications such as the plasma processing and

the next generation spacecraft propulsion systems.

In section 1, after the review of the helicon study, we refer to the purpose of this

thesis. In section 2, we review the theoretical treatment of the dispersion relation,

the density jump observed in the experiment by Nisoa et al [1–3], and the mode

conversion from the helicon wave to the TG wave.

In section 3, we discuss the so-called bulk mode conversion process. The bulk

mode conversion is a classical type of the mode conversion that occurs near the mode

conversion surface (MCS) where the perpendicular wave number of the helicon and

the TG waves merge, that is considered to be a primary production mechanism of
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the high-density helicon plasma. Assuming a plasma with a background density

gradient, we numerically solve the linear coupling equations for the helicon wave and

the Trivelpiece-Gould (TG) wave. We estimated the efficiency of the bulk mode

conversion by calculating the energy fluxes of the helicon and the TG waves, and

have shown that the efficiency of the bulk mode conversion strongly depends on the

dissipation included in the plasma and that the bulk mode conversion is significant

when the dissipation is small. Also, by evaluating the power absorption by the helicon

and the TG waves, we investigated qualitatively the relative importance of the bulk

mode conversion for the power absorption. We show that the TG wave which is

excited by the bulk mode conversion plays crucial role on the power absorption when

the collision frequency is small, and plays minor role when the collision frequency is

large. When the collision frequency is large, the helicon wave dissipates directly and

heats the core (high density region) plasma. That argument is remarkable fact since

it has been believed that the helicon discharge is sustained mainly by the TG wave.

In section 4, motivated by experiments by Nisoa et al, a self-consistent discharge

model is developed. We employ two methods to compute the evolution of the back-

ground plasma: the ambipolar diffusion model, that assumes the charge neutrality

and the flux equality between the electrons flux and the ions flux, and the full-fluid

model, that calculates the drift-diffusion momentum equation for electrons and the

full momentum equation for ions. Using the results of the one-dimensional ambipolar

diffusion model, we discuss the time evolution of profiles of the plasma density and

the electron temperature and their peak values. We examine the temporal behavior

of the plasma density and the electron temperature using the total power balance

between the power absorption and the power loss. As a case study of this model, we

investigate the dependence of the steady-state plasma density on the RF input power.

Although we were able to determine the threshold RF input power for the density

growth, the density jumps detected in Niosafs experiment were not reproduced in our
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results. We show that the time scale of the classical ambipolar diffusion across the

magnetic field is too long to explain the density profile that is peaked at the center

as usually observed in experiments. We present some ideas to improve our model in

the last chapter. In the two-dimensional model, we found that the low-density mode

(n ∼ 1017 [1/m3]) observed in the experiment can be generated by the TG wave.

The low-density mode is considered to be generated by the antenna induction field

in Niosafs and many other authors arguments, thus that low-density mode is called

the Inductively Coupled Plasma (ICP) mode. However, at the low-density plasma

(n ∼ 1017 [1/m3]), the excited wave profiles are the superpositions of the TG wave

and the purely imaginary (non-propagating) helicon wave (not the antenna induction

field). We also show that the TG wave can play a dominant role in the power ab-

sorption at the low-density mode. Finally, we compare the results obtained by the

ambipolar diffusion model and the full fluid model. We show that the axial heat

transfer is much enhanced in the full fluid model, and this indicates the existence of a

fast heat transfer (non-ambipolar) mechanism in the axial direction. We investigate

this axial fast heat transfer mechanism in more detail by diffusion tests using the

ambipolar diffusion model, the full fluid model, and the Prticle-In-Cell Monte Carlo

Collision (PIC-MCC) model. Then we found that the thermal energetic electrons

can move freely along the magnetic field line, but the charge neutrality is conserved

by adjusting the number of charged particles between the hot plasma region and the

background cold plasma region.

In section 5, after the summarize of this thesis is given, some ideas to improve our

model and make better demonstration of the experimental results are introduced. In

the final of this chapter, the most outstanding issues to improve our model is also

introduced.
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CHAPTER I

Introduction

1.1 Review of the helicon wave studies

1.1.1 Early studies of the helicon plasma

In 1960, Aigrain called the helical wave (the counter-clockwise polarized) propa-

gating in a solid state laboratory plasma ”helicon wave” [4]. The dispersion property

of the helicon wave in solid state plasma was first investigated by Bowers, Legendy,

and Rose [5], and its property was extended to a magneto-plasma by Legendy [6,7] and

Klozenberg, McNamara, and Thonemann [8](hereafter referred to as K. M. T.). K.

M. T. theory presented the dispersion relation and the attenuation of the helicon wave

in a uniform cylindrical plasma bounded by a vacuum. The helicon wave propagation

in a partially ionized cylindrical plasma was studied by Lehane and Thonemann [9],

while Facey and Harding investigated the standing helicon waves in a cylinder of in-

dium [10]. The predictions of the K. M. T. theory were in good agreement with the

observations of the phase velocity, the attenuation, and the structure of the plasma

magnetic fields in these above two experiments [9, 10].

In 1970, Boswell made a small helicon plasma source with a new type of antenna

that is now called the Boswell antenna (Fig. 1.1) [11]. The antenna produced the

transverse radio frequency (RF) magnetic field which excites the standing helicon
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Figure 1.1: Boswell antenna, the rf current produces the transverse rf field across the
plasma [11].

wave by coupling into the radial component of the magnetic field. Since the helicon

waves have frequencies between the lower hybrid frequency, (ωceωci)
1/2, and the ion

cyclotron frequency, ωci, which are both much lower than the electron cyclotron fre-

quency, ωce, most of initial studies neglected the contribution of electron dynamics.

The dispersion relation of the bounded helicon wave, that satisfies the radial boundary

conditions (both of insulating and conducting walls), represents the linear dependence

of the plasma density on the magnetic field (the linear B−n dependence) [11,12]. Fig-

ure 1.2 is the radial density profile observed in Boswells experiment [11], that shows

the increasing of the density with the increasing of applied magnetic field. However,

Chen et al [13] found that there are threshold values of the magnetic field and the

2



Figure 1.2: Radial variation of plasma density for different values of the steady axial
B0 [11].

RF input power for the linear B − n dependence. As seen in Fig. 1.3, the linear

dependence of the plasma density on the magnetic field is not established unless the

magnetic field is above 400-500 [G] and the RF power above 400-500 [W] [13]. These

threshold values are also found in the density jumps as the magnetic field and the RF

input power are increased [14,15].
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Figure 1.3: Linear relationship between the plasma density and the magnetic field
[13].
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1.1.2 Dissipation of the helicon wave

The damping length of the helicon wave was estimated in early work [9]. In

Boswell’s experiment, however, he found the collision rate, which is determined from

the electron-neutral collision frequency, is much too low to explain the efficient ion-

ization observed. Moreover, the measured wave profiles were consistent with theory

only if the collision rate were 1000 times larger than the classical one. In 1991, Chen

suggested that Landau damping could be the cause of the efficient energy absorp-

tion [12, 16]. This mechanism was adopted by numerous authors [17, 18] and was

supported by detection of fast electrons by Ellingboe et al [19] using RF-modulated

emission of Ar+ light. However, Molvik et al [20] and Chen and Blackwell [21] showed

by experiments using gridded energy analyzers that the number of fast electrons was

insufficient to provide all the ionization in a helicon discharge. Thus, the role of the

Landau damping for efficient ionization in considered to be unimportant.

1.1.3 Effect of the electron inertia

The importance of the electron inertial term in the generalized Ohm’s law [22]

has been shown by Davis [23] to be important in low density laboratory plasmas even

if the wave frequency is much lower than the electron cyclotron frequency. Boswell

discussed the effect of electron inertia on the dispersion relation of helicon waves,

and recognized that the Trivelpiece-Gould (TG) wave, which was found theoretically

and its features are verified by Trivelpiece and Gould [24], would exist when it was

included [25]. The TG mode is an electrostatic cyclotron wave typically localized near

the plasma edge (radial boundary), propagating oppositely directed phase and group

velocities (backward waves). Since the TG wave has much shorter radial wavelength

than the helicon wave, it is strongly damped by collisions and therefore is localized

near the boundary. The RF energy is often absorbed more by the TG wave than by

the helicon wave. Its relation to the helicon mode has been treated theoretically by
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Figure 1.4: Typical radial profiles of measured |Bz| and |Jz| profiles at n ∼ 4.0× 1017

[1/m3] and B0 = 35 [G] [29].

Shamrai and Taranov [26], Boswell [27], Chen and Arnush [28], and numerous other

authors. The presence of the TG mode was first detected by Blackwell et al [29], as

shown in Fig. 1.4, where the TG mode structure can be seen in the current profile

Jz(r) more than in the magnetic field profile Bz(r). The amplitude peaks of the TG

mode can be seen in Jz(r) profile at the edge of plasma column (r ∼ ±5 [cm] in Fig.

1.4) [29] although the density is low. It is widely recognized that the TG mode plays

main contribution to collisional power absorption in the helicon plasma.
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1.1.4 Density jump observed in the experiments

Figure 1.5: The layout of helicon device and measured magnetic field strength in
Boswell’s experiment [14].

In 1984, a helicon device with 10 [cm] in diameter and 120 [cm] in length was

built by Boswell [14]. The layout of the apparatus is shown in Fig. 1.5. In this

experiment, the input power of 180 [W] was used to generate a plasma of high density

(∼ 1018 [1/m3]). Boswell detected the wave form and measured the relation between

the plasma density n and the magnetic field amplitude B0 as shown in Fig. 1.6. An

interesting point of this observation is that the plasma density remains approximately

constant (∼ 1017 [1/m3]) (the discharge color is light pink due to ArI lines in the red

part of the spectrum) until B0 is increased to 500 [G], at which point the plasma

switches suddenly into a new mode, in which the electron density is five times greater

and the color of the plasma turns to light blue due to emission of ArII lines. As B0 is

further increased the measured wavelength slowly decreases and the density increases

until at 750 [G] the density again suddenly increases by a factor of two accompanied

by further changes in the wave fields and wavelength.
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Figure 1.6: Variation of the average electron density n̄ and the magnetic field B0.
The solid line is fitted to the experimental points and the broken line is
given according to the linear dispersion relation for plane wave whistler
propagation [14].
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Figure 1.7: The Australian WOMBAT machine [15].

The WOMBAT machine [15], shown in Fig. 1.7 had a helicon source of 18 [cm]

in diameter and 50 [cm] long, injecting the plasma into a large chamber 90 [cm] in

diameter and 200 [cm] long. Chi et al [30] showed the RF discharge mode transition

from the capacitive (E mode), to the inductive (H mode), and finally to the helicon

discharge (W modes), as the RF input power is increased (Fig. 1.8). The successive

W modes as seen in Fig. 1.8 correspond to helicon wave cavity resonances of the

plasma-filled vacuum vessel. The first helicon discharge mode (W1) has an m = ±1

azimuthal mode number (the predominantly Bz radial profile of the first order Bessel

function J1 was observed) and the second (W2) and third (W3) helicon modes have an

m = 0 azimuthal symmetry (the axially peaked Bz radial profile of the zeroth order

Bessel function J0 was observed). Although they used the double saddle field (DSF)

antenna which is designed to launch the m = ±1 azimuthal mode number waves, the

antenna spectrum also contains the m = 0 component due to slight asymmetries of

the antenna and the plasma, that may be exacerbated at higher densities [30].
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Figure 1.8: Density jumps versus RF power [30].
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1.1.5 Theoretical studies of the density jump

Figure 1.9: Absorbed power and power loss as a function of the electron density [35].

Figure 1.10: Electron density at the equilibrium as a function of the coil current for
the inductive discharge with capacitive coupling. The dashed line is the
density when capacitive coupling is reduced to zero. The region in gray,
between 1A and 3A, corresponds to the CCP-ICP mode transition region
[35].

As in any Inductively-Coupled-Plasma (ICP) discharge, the RF power is trans-

ferred to the plasma via both inductive and capacitive coupling [31]. At relatively low

input power, the capacitive coupling normally dominates, and the discharge operates

in the low density regime. As the input power gradually increases, the onset of induc-
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tive coupling occurs as the jump of the discharge into the high density regime [32–34].

This mode transition from ICP to Capacitively-Coupled-Plasma (CCP) discharge is

often explained by the global model, that solves the particle balance and the power

balance in the spatial integrated form over the plasma volume. The absorbed power

Pabs integrated over the plasma volume for an inductive discharge with capacitive

coupling is plotted in Fig. 1.9 [35] for a fixed coil current I0 = 3 [A] as a function of

the electron density, where the parameters of five turn coil of radius rc = 0.08 [m],

the cylinder of inner radius 0.065 [m] and length l = 0.3 [m], the argon gas pressure

p = 1.33 [Pa], and the RF antenna frequency 13.56 [MHz] are used. The loss power

Ploss integrated over the plasma volume is plotted in Fig. 1.9 as a linear function

of the plasma density. The equilibrium state solution of the plasma density can be

found at the intersection of the two power curves where Pabs = Ploss. Using the same

procedure and the same parameters, the equilibrium density can be followed while

the coil current is scanned as shown in Fig. 1.10 [35]. One can clearly distinguish

three regions. At low coil current, the discharge is in the CCP (E) -mode, that is the

intersection between the absorbed power and the power loss curves occurs before the

minimum of the absorbed power. At high coil current, the intersection occurs after

the maximum of the absorbed power, i.e., in the inductive mode. In the region delim-

ited in gray (between 1 [A] and 3 [A]), the intersection occurs between the minimum

and the maximum of the absorbed power; this is the CCP(E) - ICP(H) transition

region. Note that in this region the increase in the electron density is much faster

than in the other two modes because the equilibrium intersection occurs in a region

where the slopes of both lines in Fig 1.9 are positive and quite similar.
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Figure 1.11: Absorbed power and loss power against plasma density at constant an-
tenna current [37].

The same discussions have been made in the helicon discharge. The resonant

cavity modes in the helicon source were first investigated by Shamrai [36], and Sham-

rai [37] and Arnush [38] described a non-monotonic variation of absorbed power as

a function of the plasma density as shown in Fig. 1.11 [37]. Shamrai discussed the

stability of the equilibrium, that the equilibrium state where the absorbed curve and

the loss line intersect can be stable when the following condition is satisfied,

∂Pabs

∂n
<
∂Ploss

∂n
. (1.1)

The stability condition 1.1 fails at a critical equilibrium point of the following saddle

type condition is satisfied,

∂2Pabs

∂n2
>
∂2Ploss

∂n2
, at

∂Pabs

∂n
=
∂Ploss

∂n
. (1.2)

At this saddle type point, the density increases when the any sign of the density
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Figure 1.12: Absorption curves at different antenna currents [37].

fluctuation is given. Figure 1.12 [37] (non-monotonicity of the power absorption

curves will be discussed in section 2.2.4) shows that inductive coupling starts provided

that the antenna current exceeds some critical value, Icr1. When this value of current

is reached, the jump from a low-density (CCP mode) to a high-density (ICP mode)

with plasma density n1 has to happen (point 1 in Fig. 1.12). Since the capacitive

coupled fields are ignored in this calculation, this jump looks in Fig. 1.12 like a

transition starting from at zero density. If the antenna current increases above Icr1,

the height (but not the shape) of the absorption curve also increases. As a result,

the equilibrium point moves to the right along the stable right slope of absorption

curve, so that the plasma density grows. As seen in Fig. 1.12, the density increases

continuously up to some value n2, which corresponds to the antenna current Icr2. The

loss line touches the absorption curve from below at this point 2, which is the point

of the type 1.2. The equilibrium at this is unstable against fluctuations increasing

the plasma density, and what has to happen is a discontinuous jump of the discharge

into the mode with higher density, that is the point 3’ which is a stable equilibrium
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point. Further increase of the antenna current above Icr2 is followed by a continuous

increase of density until the next lower touching of the loss line to the absorption curve

occurs near the next absorption minimum (n4) and the second density jump happens.

The comparison of experimental and theoretical results was made by Shinohara and

Shamrai [39], and the agreement within 50% of the threshold input power at which

the density jump occurs was obtained because of the quite simple model ignoring the

effect of the plasma non-uniformity.

Figure 1.13: Density versus PRF for three values of circuit resistance, showing the
abrupt density jump in density as applied power is increased. The dashed
curve shows density measured inside the discharge tube [41].

In the recent study, Chen showed the good agreement with experimental result

in a threshold RF power at which a sudden density jump into a high density helicon

mode by using the HELIC program [40] and including the circuit resistance in his

calculation [41] (Fig. 1.13). However, this calculation do not predict a low density

discharge at low power, but one is seen in experiment. He also pointed out that the

mode transition from the low-density mode into the intermediate-density mode is not

the transition from the ICP discharge but from the low-density helicon mode, since

the finite magnetic field precludes the ICP mode in the helicon discharge system [41].

Moreover, calculations with B = 0 for same geometry showed that ICP operation

suffers little comparison with low-field helicon mode [41]. The difference comes from

the RF absorption mechanism, which in helicon discharge is dominated by coupling
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to the radially damped TG modes, a magnetic field effect not available in ICPs. The

detail of the mode transition is therefore unclear, and it is need to investigate the

time evolution of the mode transition with the more realistic conditions such as non-

uniformities of electron temperature and plasma density for the further understanding

of mode transition.

1.1.6 Ion heating by the TG wave and parametric decay instability

The HELIX machine was built by West Virginia University research group led

by Scime [42]. Using the HELIX machine, Kline et al [42, 43] measured the electron

temperature in the downstream of the helicon source with an RF-compensated Lang-

muir probe [44] and microwave interferometry [45], and the ion temperature in the

downstream and near the antenna with the Laser induced fluorescence [46]. They

found the electron heating correlated with parametrically driven electrostatic waves

generated downstream form the antenna in the helicon plasma source. They also

found the anisotropic ion heating in the edge of downstream of the helicon source.

Figure 1.14: (a) Electron temperature, (b) Plasma density, and (c) Ion temperature
versus RF frequency and magnetic field strength at the down stream of
the helicon source. The white line indicates where the RF frequency
equals the on-axis lower hybrid frequency [42].
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Figure 1.14 shows the electron temperature, electron density, and perpendicular

ion temperature measured at the downstream of the helicon source as a function

of the RF frequency and the magnetic field strength. As seen in Fig. 1.14 (a),

there is an increase in the electron temperature as the RF frequency approaches

the lower hybrid frequency ω ∼ ωLH(0) (white line), where ωLH(0) is evaluated on

axis r = 0. However, the continued increase in electron temperature in the ω <

ωLH(0) region (the lower right corner of Fig. 1.14 (a)) results from a net drift in the

electron distribution function and not from a true increase in electron temperature

(the electron temperature is overestimated when the ratio of the drifting speed Vd

and thermal speed Vth is greater than Vd/Vth > 0.1) [47]. From Fig. 1.14 (b), one

can see that the largest plasma densities occur for ω ∼ ωLH. The dependence of the

density peak at ω ∼ ωLH(0) on the RF frequency and the magnetic field suggests that

eigenmode resonances may also play an important role in coupling the RF power to

helicon sources.

The frequency spectrum of electrostatic waves measured by a single tip of the

double probe is shown in Fig. 1.15 (a) for three RF frequencies and a magnetic

field of 1 [kG] (parameters identified by i, ii, and iii in Fig. 1.14 (b)). All three

spectra have typical features of kinetic parametric decay; distinct sidebands indicates

a low-frequency ”beat” wave such that ωlow + ωsideband = ωrf. The frequency spacing

between the sidebands and the pump wave, the amplitude of the sidebands, and the

amplitude of the broad spectral feature are greatest for the 11 [MHz] case, at which

the RF frequency is closest to the lower hybrid frequency. Figure 1.15 (b) shows

the frequency spectra as a function of radius. The amplitudes of the sidebands, the

broad band feature, and the low-frequency beat wave all increases towards the center

of discharge. The clear low-frequency beat wave appears in Fig. 1.15 (b) only on axis

r = 0 [cm].

As seen from Fig. 1.14 (c), the perpendicular ion temperature peaks for ω <
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ωLH(0). Radial profiles of the perpendicular and parallel ion temperature at ωrf = 9.0

[MHz] and B = 1200 [G] are shown in Fig. 1.16. The perpendicular ion temperature

is constant across the inner portion of the discharge and increases at the edge. They

concluded that enhanced ion heating near the plasma edge results from the ion-

Landau damping of the slow waves (TG wave) in the edge region, and damping of

the low-frequency beat waves is unlikely to be cause of the ion heating, since the

low-frequency beat waves appear only near the center of the discharge as seen in Fig.

1.15 (b). When the RF wave frequency equals the local lower hybrid frequency, the

slow wave (TG wave) becomes predominantly electrostatic and its phase velocity is

low enough that ion-Landau damping can occur. Because of the low plasma densities

near the plasma edge, the local lower hybrid frequency can drop below 8 [MHz] even

though the lower hybrid frequency on axis r = 0 is 12 [MHz].

Lorenz and Krämer also measured the electrostatic fluctuations, and identified the

fluctuations as ion sound and TG waves that originate from parametric decay of the

helicon pump wave. They found that the growth rates and thresholds inferred from

the evolution of the fluctuations in a wide range of helicon plasma parameters are in

good agreement with predictions for the parametric decay instability that takes into

account realistic damping rates for the decay waves [48, 49]. Although the detail of

parametric interaction were measured in the above experiments, its importance for

the power absorption in the helicon discharge is still under the discussion [50].
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Figure 1.15: (a) Power spectrum of electrostatic fluctuations for three different RF
frequencies. (b) Power spectrum of electrostatic fluctuations versus ra-
dius for the RF frequency of 11 [MHz] and the magnetic field of 737 [G]
[42].
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Figure 1.16: Perpendicular (open squares) and parallel (filled circles) ion temperature
versus radius for the RF frequency of 9 [MHz] and the magnetic field of
1200 [G] [42].
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1.2 Applications

1.2.1 Plasma processing

The interest in helicon sources for etching and deposition of integrated circuits

arose because of their high plasma densities and their numerous adjustable parame-

ters, such as device scale, magnetic field strength, and device shape. The standard

conventional systems of the semiconductor devices are capacitively coupled plasmas

(CCPs) and inductively coupled plasmas (ICPs). The CCP system has parallel plates

with silicon wafer mounted on the bottom one as shown in Fig. 1.17 [51]. The RF

waves applied on top of the plates generate the plasma, and a bias on the plate ac-

celerates ions onto the wafer. ICPs use antennas on a dome above the wafer chuck to

generate a plasma without a B-field as shown in Fig. 1.18 [51]. Helicon sources would

generate higher plasma density and decrease the processing time, but they have not

yet been accepted by the semiconductor industry [52].

Figure 1.17: Capacitive rf discharges in plane parallel geometry [51].

The first helicon source that can be used for industrial applications was built by

Benjamin et al [53] in 1991. The comparison of the helicon and electron cyclotron

21



Figure 1.18: Inductively coupled plasma source [51].

resonance (ECR) sources for the etching of the semiconductor was studied by Teper-

meister et al [54–56], and they found that the helicon source was not better than

the ECR source in the etching rate but gave somewhat better uniformity. In 1997, a

company called PMT manufactured the MØRI helicon source (Fig. 1.19) [57]. This

source has an m = 0 antenna comprising of two rings with opposite currents, and

two independent magnetic coils. This source has been demonstrated to give good

uniformity over the large area, high ion flux, and high selectivity and anisotropy. In

a recent study, Chen developed the prototypes of the small helicon source with small

permanent magnets (Fig. 1.20) for the future applications [52,58]. This helicon device

has seven small helicon tubes, and can produce uniform coverage of the substrate.
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Figure 1.19: A plasma source manufactured by PMT, Inc., based on the m = 0
helicon mode [57].

Figure 1.20: Photo of 5 [cm] diameter helicon source using the remote field of a per-
manent magnet [58].
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1.2.2 Spacecraft propulsion

Electric propulsion system for spacecraft has been used for leaving the Earth

orbit, attitude control, and traveling into deep space. There are mainly two types

of electric propulsion system, that has been used in practical spacecraft missions.

Ion thrusters create thrust by accelerating ions electro-statically, using acceleration

grids. Electrons are emitted from an external source to neutralize the charges of

ejected ions, keeping the spacecraft from charging up. Hall thrusters also accelerate

the ions by applying an electric field, but the electrons are held back instead by a dc

magnetic field. An external electrons source is still needed to neutralize the ion beam.

Helicon thrusters eject a neutral plasma, both ions and electrons, and no neutralizer

is necessary. Straightforward application of helicons to Hall thruster would require

helicon waves in an annular geometry. This configuration has been studied by Yano

and Walker [59].

Now there are some helicon sources in the field of next-generation electric propul-

sions with electrodeless configuration such as VASIMR (Variable Specific Impulse

Magnetoplasma Rocket) (Fig. 1.21) [60], M2P2 (MiniMagnetospheric Plasma Pror-

pulsion) [61], helicon ion thruster, and other smaller plasma sources [62]. The VASIMR

is a high power, radio frequency-driven magnetoplasma rocket, capable of propelling

a spaceship to Mars in just 39 days, that is ten times faster than today’s chemical

rockets while using one-tenth the amount of fuel. The physics and engineering of this

device have been under study since 1980. The plasma is produced in an integrated

plasma injector by a helicon discharge, and the bulk of the plasma energy is added

downstream by ion cyclotron resonance. The system features a magnetic nozzle, which

accelerates the plasma particles by converting their azimuthal energy into directed

momentum. A conceptual design for a 10 [kW] space demonstrator experiment has

been completed [60]. In the recent experiment, a new superconducting device (VX-

200) with a total power capability of 200 [kW] is coming into operation [63].
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Figure 1.21: The VSIMR concept [60].

A new concept of electrodeless discharge and electromagnetic acceleration for next

generation electric propulsion has been developed within the helicon electrodeless

advanced thruster (HEAT) project [64–77]. The electrodeless configuration is one of

promissing solutions for the problems of erosions and contaminations in conventional

electric propulsion systems [64]. Plasma acceleration by the magnetic nozzle has

been investigated theoretically by Fruchman [78] in quasi-1D model, and numerically

by Ahedo and Merino in 2D computation [79]. Takahashi et al also measured the

electromagnetic thrust produced by the magnetic nozzle, and confirmed that it can

be well explained by a simple model of the magnetic nozzle [65–67]. In addition to

the magnetic nozzle acceleration, additional plasma acceleration method has been

proposed [64]. The rotating RF electric field (REF) (Fig. 1.22) [68–71] and rotating

RF magnetic field (RMF) (Fig. 1.23) [72–75] are based on the concept that the entire

acceleration process can be conducted without contacts between electrodes and the

plasma by using RF antennas out side of the discharge chamber. In these methods,

an azimuthal electric current is induced by the additional REF or RMF, and the
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plasma is electromagnetically accelerated in the magnetic nozzle. Ponderomotive

acceleration (PA) with the ion cyclotron resonance (ICR) acceleration method (Fig.

1.24) [76] is thought to efficiently heat ions perpendicularly by the ICR, and by

applying the RF waves in such a way that the resonance point coincides with the

peak of the wave energy density, the ions can gain parallel acceleration because of the

EM ponderomotive force [77,80,81].

Figure 1.22: Concept of Lissajous (REF) acceleration type plasma thruster [68].

26



Figure 1.23: Concept of RMF acceleration type plasma thruster [74].

Figure 1.24: Concept of PA with ICR acceleration [76].
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1.3 Purpose and outline of this work

Throughout the history of the helicon study, numerous interesting physical prob-

lems have been arisen one after another, and a number of authors addressed these

problems by experiments and theories, and numerical simulations. Since the helicon

study began in 1960, many of the physics issues in helicon discharge have been cleared

over the last half century owing to these efforts. However, there still remains the prob-

lem about the unified understanding of helicon discharge. Theoretical calculations

often assume a steady state such as constant density profile, electron temperature,

and other physical parameters. That is not enough to answer the basic question:

”Why the helicon plasma is generated ?”, it is therefore necessary to investigate the

temporal behavior by computing the helicon discharge self-consistently, and bridge

the gap between theory and the experiment, in order to develop further beneficial

applications.

There are some self-consistent models for the helicon discharge. Kinder et al [82]

developed the three-dimensional model of the realistic helicon device for the material

processing. The time evolutions of the plasma density and the electron temperature

are included in this model. They focused on the investigation of the mode transition

from the inductively coupled mode (low-density mode) to the helicon discharge mode

(high-density mode). However, the density jump in increasing the rf power which is

observed in the experiment could no be seen in their result. The disagreement of their

result with the experiment may due to the vanishing of the TG waves, which play

dominant role on the power absorption into the plasma. Bose et al [83] included the

TG waves, and they showed that the edge heating due to the TG waves dominate the

power absorption under the low external magnetic fields. Cho et al [84] studied the

effect of the external magnetic field on the radial plasma density profile by the one-

dimensional simulation. Unlike above models, they assumed the quasi-neutral plasma

without solving the Poisson’s equation (thus the diffusion process was treated as the
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ambipolar diffusion), and they found the steady states of the electron temperature

and the plasma density profiles by the iterating calculations. They found the plasma

density changes from relatively flat to steep profile as the external magnetic field

increases. Chen et al [85] conducted the two-dimensional model of the Boswell’s

experiment [11]. They found that the classical heat conductivity is too small to

sustain a centrally peaked density profile under the experimental conditions, thus the

resulting density profile was the hollow density profile. Assuming the enhanced radial

heat conductivity and particle transport, they also found the steady state solutions

that are in good agreement with the density profile and the density jump observed in

the experiment.

Figure 1.25: The system flow of helicon discharge calculation

In this work, we developed the one- and two-dimensional self-consistent model

based on the experiment by Nisoa et al [1–3] (the detail about this experiment is

introduced in section 2). Figure 1.25 shows the flow chart of the helicon discharge

from the antenna current input to the output of helicon plasma production. This

system can be divided mainly four parts in time as follows: 1. electromagnetic waves
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(the helicon and the TG waves) are excited in a plasma by input antenna current,

2. Waves are dissipated mainly by collisions of electrons, 3. Electrons are heated by

Joule heating and the ionization of neutrals is facilitated, and 4. The modification

of the electron temperature and density profiles and the diffusion of the back ground

plasma, that lead to the time evolution of the dispersion relation. After enough time

is passed, the electron temperature and the plasma density relax to the steady state.

The model consists of three parts, electromagnetic wave fields solver, power bal-

ance solver, and particle balance solver. The wave fields solver solves Maxwell’s

equations and linearized electron equation of motion for given plasma parameters by

the Finite Difference Time Domain (FDTD) method (Appendix A), and the local

collisional power absorption (Joule heating) is calculated from the wave fields. The

electron temperature is updated from the energy balance equation, that calculate the

electron energy transport with the local power balance between the power absorption

and the power losses due to the inelastic collisions (ionization and excitation) and loss

energy to the wall. After the electron temperature is updated, the plasma density

is updated from the particle balance equation, that includes ionization, recombina-

tion, and particle loss to the wall. In our model, two models are used for calculating

the motion of bulk (background) plasma. The first model is the ambipolar diffusion

model, in which we assume the local charge neutrality ne ∼ ni and the local flux

equality between the electron flux and the ion flux for both of the parallel and the

perpendicular directions. The local ambipolarity (charge neutrality) is assumed for

simplicity. However, this assumption would not hold when the global ambipolarity

is conserved in the way that ions diffuse to the transverse walls while electrons are

preferentially lost to the axial walls in the bounded plasma [86]. The second model

is the full fluid model, in which the full momentum balance equation is solved for

ion but the drift-diffusion approximation (the inertial terms are ignored) is used for

the electrons momentum balance equation. The densities of the electron and ion

30



are solved separately from the independent continuity equations, and the ambipolar

electric fields are calculated from the Poisson’s equation. Therefore, there is no re-

strictions such as the charge neutrality and the flux equality in the full fluid model.

The details of these two model are described in section 5. Unlike the previous works,

in which the steady-state solutions are found by Bose et al [83], Cho et al [84], and

Chen et al [85], our results presents the first report on the time evolution of the

plasma density and the electron temperature profiles and their maximum values. In

this theses, we discuss about the following subjects,

(a) The importance of the bulk mode conversion

This is the classical type of the mode conversion that occurs near the mode conver-

sion surface (MCS) where the dispersion curves of the helicon and TG waves merge,

Re(k⊥H) = Re(k⊥TG) (k⊥ is the radial wave number, and Re stands for the real part).

Shamrai [37] argued that the density gradient is a suppressing factor in the efficiency

of the bulk mode conversion. Indeed, with flattening of the density profile the width

of the synchronism region increases, thus leading to a increasing of the efficiency of

the bulk mode conversion. However, some numerical results show that, for some rea-

son, the contribution of the bulk mode conversion to the total power absorption is

not high [38].

Aliev and Krämer [87] suggests that the densities at which the bulk mode conver-

sion occurs can be reduced considerably for m 6= 0 modes when the density gradient

is steep. Kim and Hwang [88] pointed out that collisional dissipation plays an impor-

tant role near the MCS. The detail about their argument is introduced in section 2.3.

We make a quantitative argument on the contribution of the bulk mode conversion

and the surface mode conversion on the energy deposition of the helicon wave, by

numerically solving a fluid set of Hall MHD equations including the electron mass

and the collisional effect. The calculation model and the methodology are described

in section 3.1. In this model, all the four wave modes, i.e., the helicon waves (H±)
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and the TG (TG±) waves, with two oppositely propagating directions for both, are

included. The energy fluxes associated with these waves are numerically evaluated.

We show in section 3.4 that, although the bulk mode conversion takes place any-

where as long as there exists a density gradient in background plasma parameters,

the dissipation strongly suppresses the efficiency of the bulk mode conversion due to

the separation of the dispersion branches. Our argument is quite different from that

of Kims in that the bulk mode conversion occurs even if the helicon and the TG do

not merge at the MCS. Note that there is a substantial contribution of the bulk mode

conversion for power depositions when the collision frequency is small, if the neutral

pressure is low, or a neutral depletion occurs [89]. Therefore, our results presents the

first report on the contribution fraction of the bulk mode conversion in contrast to the

surface one as a function of the collision frequency. By evaluating power depositions

of the helicon and the TG waves, we also confirm the importance of the bulk heating

near the MCS by the helicon wave as pointed out by Kim.

(b) The time evolution of the plasma density and the electron temper-

ature profiles and their maximum values.

In section 4.6, using the one-dimensional ambipolar diffusion model, we show the

time evolution of the plasma density and the electron temperature profiles, and their

maximum vales. The various physical time and space scalings relevant to the helicon

discharge are investigated in section 4.5, that well presents the rough characteristics

of helicon discharge. Figure. 1.26 shows the radial density profiles measured in the

experiment by Nisoa et al [2]. Figure 1.26 (a) shows the density profile when N = 1

(kz = 5 [1/m]) axial standing wave is excited, and Fig. 1.26 (b) shows the density

profiles when N = 3 (kz = 15 [1/m]), N = 3 (kz = 25 [1/m]) axial standing waves

and traveling helicon wave (THW) are excited. The centrally peaked density profiles

are observed for N = 3, N = 5 and THW modes, a hollow profile appears when

only N = 1 mode is excited. We show that the ambipolar diffusion model can not
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explain the centrally peaked density profile as pointed out by Chen [85], and that

the density profile becomes highly edge-localized profile (not the hollow profile as

shown in Fig. 1.26 (a)) in the ambipolar diffusion model. Some ideas to explain the

centrally peaked profile is introduced in section 5.2. The theoretical treatment [37] of

the density jumps observed in the experiments is also introduced in section 2.2. Our

result show the some threshold vale of the RF input power for the density growth.

Under this threshold value, the net total power balance (Pabs−Ploss, these values are

integrated over the plasma region) is always minus through the all time evolution,

thus the electron temperature decreases and the density can not grow. On the other

hand, above the threshold value, the density grows up to n ∼ 1020 [1/m3], which

is higher value than that observed in the laboratory experiments n ∼ 1019 [1/m3]

resulting from ignoring the effect of the neutral depletion.
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Figure 1.26: Measured plasma density profile in the experiment by Nisoa et al [2].

(c) The wave excitation in the two-dimensional cylinder

In section 4.7.1, we show the two-dimensional excited wave profiles at the three

uniform plasma density, low density 1.0×1016 [1/m3], intermediate density 5.0×1018

[1/m3], and high density 5.0 × 1019 [1/m3]. We show that the Bz profile that is

measured in the experiment by Nisoa et al [1] is not what they call the antenna

induction field but the pure imaginary (non-propagating) helicon wave. Furthermore,
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the power absorption by the TG wave can play the dominant role on the power

absorption even when the low-density mode (n < 1018 [1/m3]). Therefore, as Chen

suggested [41], the low-density mode is not the ICP mode, but the low-density helicon

mode generated by the TG wave. Actually, in the experiment by Lho et al [90], the

existence of the TG wave has been shown at the low-density plasma (n ≤ 9.0 ×

1016[1/m3]) by fitting the dispersion curve of the TG wave with the observed data.

(d) The comparison between the ambipolar diffusion model and the full

fluid model

In section 4.7.2, we show the difference between the ambipolar diffusion model and

the full fluid model. In the ambipolar diffusion model, the movement of the thermal

electrons is strongly restricted by that of the ions with assuming the charge neutrality.

Therefore, the localized power absorption near the antenna by the TG wave leads to

the localized profiles of the plasma density and the electron temperature in the very

narrow region near the antenna. On the other hand, the thermal electrons can move

freely along the magnetic field line in the full fluid model, since there is no assumption

of the charge neutrality. The heat transfer is greatly enhanced in the full fluid model,

thus the axial broad density profile is obtained in the full fluid model despite the

localized power absorption near the antenna by the TG wave. However, the centrally

peaked profile can not be seen in both models.

(e) The the fast heat transfer mechanism along the magnetic field

In section 4.7.3, by conducting the simple diffusion test of the magnetized plasma,

the difference between the ambipolar diffusion model and the full fluid model is in-

vestigated in more detail. In this diffusion test, the hot (Te = 9.0 and Ti = 0.025

[eV]) and dense (ne = ni = 6.0× 1016 [1/m3]) plasma region is located at the center

of the back ground cold (Te = 4.0 and Ti = 0.025 [eV]) plasma (ne = ni = 1.0× 1016

[1/m3]) region. Besides the comparison of these two models, this test is conducted by

the Prticle In Cell Monte Carlo Collision (PIC-MCC) model [91], which includes the
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electron-neutral elastic collision, the ion-neutral-elastic collision, and the ion-neutral

charge exchange collision. These results show the fast heat transfer mechanism that

is different from the classical ambipolar diffusion.

In the final chapter (chapter 5), the conclusions of the above subjects and some

points to be improved in the future works are presented. The most outstanding issues

are also introduced in this chapter.
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CHAPTER II

Theory of helicon wave

2.1 Dispersion relation

Since the helicon wave is basically a bounded whistler wave propagating in a dc

magnetic field, the dispersion relation of the helicon wave is derived from the standard

theory of the whistler ones in a cold plasma. It is well known that the simple theory

of helicon waves, in which the electron mass me is neglected, is valid only if the axial

electric field Ez also vanishes [16]. The exact theory with finite me and Ez predict the

existence of additional highly damped TG modes, which greatly modify the simple

theory of helicon waves [16]. In this section, the basic properties of the dispersion

relation in a uniform density and a non-uniform density plasma are discussed.

2.1.1 Dispersion relation in a uniform plasma

We consider a linear model [16] composed of the equation of motion of an electron

fluid neglecting the advection term (due to weak nonlinearity) and pressure gradi-

ent (almost cold plasma) with a back ground axial magnetic field B0ẑ . And wave

perturbed quantities vary as exp[i(mθ + krr̂ + kzẑ − ωt)] in a cylindrical geometry,

me
∂ue

∂t
= −e [E + ue ×B0]−meνue. (2.1)
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Maxwell’s equations,

−∂B
∂t

= ∇×E , (2.2)

1

c2

∂E

∂t
+ µ0J = ∇×B , (2.3)

∇ ·B = 0. (2.4)

The angular frequency ω satisfying

ωci � ωLH < ω � ωce � ωpe, (2.5)

where ωci, ωce, ωpe, and ωLH ≈ (ωceωci)
1/2 are the ion cyclotron, electron cyclotron,

electron plasma, and the lower hybrid angular frequencies, respectively. Therefore,

effects of the ion motion are not considered, and then the plasma current is given by

J = −neue, (2.6)

and substitute 2.6 to 2.1 to yield [16]

E =
1

ne
J ×B0 − η

(
1− iω

ν

)
J , (2.7)

where η = meν/ne
2 is a plasma resistivity. Using 2.3 and 2.7, neglecting the displace-

ment is neglected in 2.3 to eliminate J and E , we can write 2.2 as [16]

i
ωωpe

2

c2
B =

e

m
[∇× (∇×B ×B0)] + (ν − iω) (∇×∇×B) . (2.8)
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Using the following vector identity,

∇× (∇×B ×B0) =B0(∇× ẑ )(∇ · ẑ )− ẑ (∇ · ∇ ×B) + (ẑ · ∇)(∇×B)

− [(∇×B) · ∇]ẑ

=B0(ẑ · ∇)(∇×B)

=ikzB0(∇×B) (2.9)

we can simplify the first term of the right side in 2.8, and the vector equation for B

is written as [16]

(ω + iν)(∇×∇×B)− kzωce(∇×B) +
ωωpe

2

c2
B = 0, (2.10)

which can be factored as [16]

(k1 −∇×)(k2 −∇×)B = 0, (2.11)

where k1 and k2 are the roots of following equation,

(ω + iν)k2 − kzωcek +
ωωpe

2

c2
= 0. (2.12)

The total wave number k is (kz
2+kr

2)1/2, where kz = k cos θ is the axial wave number,

kr = k sin θ is the radial wave number, and θ is the angle of propagation relative to

B0ẑ . Substituting kz = k cos θ for 2.12, we then obtain the dispersion relation of the

helicon(whistler) wave as [92]

c2k2

ω2
=

ωpe
2

ω(ωce cos θ − ωγ)
, (2.13)
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where

γ = 1 + i
ν

ω
. (2.14)

Assuming the dissipation term is negligible (ν/ω = 0), a plot of above dispersion

relation with constant density and constant magnetic field is shown in upper side of

Fig. 2.1. On a plane where the radial wave number is zero, the dispersion branch

corresponds to the helicon wave which propagates parallel to the axial magnetic field.

Since the angular frequency of the RF input is fixed in laboratory experiments, we

consider a plane of the constant angular frequency, then the dispersion relation in a

wave number space is shown in bottom side of Fig. 2.1. Furthermore, assuming a

standing wave in axial direction, thus kz is fixed, two roots of kr are obtained. The

smaller one corresponds to the helicon wave and the larger one corresponds to the

electrostatic TG wave. The radial component of the group velocity of the TG wave

has an opposite sign to its phase velocity.

2.1.2 Dispersion relation in a non-uniform plasma

Solving 2.13 with respect to the radial wave number kr, the bi-quadratic equation

can be obtained and its roots are following form [26],

kr±
2 = kz

2 1

2γ2α2β2
(1− 2γα− 2γ2α2β2 ±

√
1− 4γα), (2.15)

where,

α =
ωpe

2

ωce2N2
, β =

ωωceN
2

ωpe2
, and N =

ckz

ω
. (2.16)

Two different roots correspond to the helicon wave (subscript +) and the TG wave

(subscript −). Figure 2.2 [37] shows the roots in a non-uniform density plasma with

omitting the dissipation term. Depending on the propagation/evanescence of the

helicon and the TG waves, the plasma can be divided into three distinct regions:

low density region (r > rlow, n < nlow), where only the TG wave can propagates,
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Figure 2.1: Dispersion relation in a uniform density plasma.

intermediate density region (rup < r < rlow, nlow < n < nup), where both the helicon

and the TG wave can propagate, and high density region (r < rup, n > nup), where

both waves are evanescent.
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Figure 2.2: Dispersion relation in a non-uniform density plasma [37].

2.1.3 Penetration depth across the magnetic field

In the following analytical treatment, we will suppose α << 1 (that is n << nup).

Then one can obtain from 2.15 the complex transverse wavenumber of the TG wave

[26],

k+ =
kz
γαβ

. (2.17)

Since the denominator of 2.17 includes a small parameter α, the TG wave turns out

to be short wavelength and strongly damped. The propagating and dissipative parts

of 2.17 are found to be independent of the plasma density as follows [26],

kTG,real =
kz
|γ|2αβ

=
kzωce
|γ|2ω

, (2.18)

kTG,imag = − ν
ω

ωce
|γ|2ω

. (2.19)
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If α << 1 (n << nup), the expression for the transverse wavenumber of helicon wave

is obtained [26],

kH,real =
kz
β

=

[
{(1− β2)2 + 4(ν/ωce)

2β−2}1/2 + (1− β2)

2

]1/2

, (2.20)

kH,imag =
kz
β

=

[
{(1− β2)2 + 4(ν/ωce)

2β−2}1/2 − (1− β2)

2

]1/2

, (2.21)

Both of these quantities depend strongly on the plasma density. If β < 1, that is

the plasma density is above the cut-off density, n > nlow, from 2.20 and 2.21 one can

obtain [26]:

kH,real = kz
1

β
(1− β2)1/2 = kz

[(
n

nlow

)2

− 1

]1/2

, (2.22)

kH,imag = kz
ν

ω

α

β
(1− β2)−1/2 = kz

ν

ωce

(
n

nlow

)3
[(

n

nlow

)2

− 1

]1/2

. (2.23)

At β ≈ 1, 2.22 and 2.23 yield

kH,real = kH,imag = kz

(
ν

ωce

)
. (2.24)

Finally, below the cut-off, i.e. β > 1, one obtains [26]

kH,real = kz
ν

ωce

(
n

nlow

)3
[

1−
(

n

nlow

)2
]−1/2

. (2.25)

kH,imag = kz

[
1−

(
n

nlow

)2
]1/2

. (2.26)

The helicon wave penetrates into a plasma across the magnetic field over a distance

δH = k−1
H,imag. This distance is defined by the wave damping in a plasma with density

above the cut-off (see 2.23 and 2.24). In the case of the density below the cut-off,

the helicon wave turns into an electromagnetic surface wave, that penetrates within
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the skin depth defined by 2.26. Figure 2.3 shows the variation of the penetration

depth of the helicon and the TG waves penetration into the plasma with density

for two different collision frequencies, using the typical experimental parameters. As

shown in Fig. 2.3 (a), the penetration depth of the helicon wave is relatively short

in the under-cut-off region (n/nlow < 1), while it increases sharply near the cut-off

density, and then decreases gradually with increasing the density. The penetration

depth of the TG wave is always less than 1 cm which is shorter than plasma radius in

typical laboratory experiments. The Fig. 2.3 (b) shows the penetration depth versus

the density normalized to the upper limit density(nup). One can see the penetration

depth of the helicon wave can be quite short (δ < 1 [cm]) near the upper limit

density (n ≈ nup) when the collision frequency is high (ν/ω = 0.5). If the density is

maximized at the center which is common in laboratory experiments, the helicon and

the TG waves are well separated far from the upper limit density, and the TG wave

dissipates rapidly near the plasma surface via the collision, while the helicon wave can

penetrate into the high density region. The helicon wave can dissipates within the

enough short scale with propagating near the upper limit density. However, the exact

amount of the damping energy of the helicon wave near the upper limit density should

be evaluated carefully because the imaginary part of the wavenumber includes both

effects of the energy damping and becoming evanescent above this density n > nup.

This argument is discussed in section 2.3.
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Figure 2.3: The skin depth of the helicon and the TG waves, as a function of normal-
ized plasma density n/nlow(a) and n/nup(b), for different values of collision
frequency ν/ω, with specific parameters: ω/2π = 14 [MHz], B0 = 0.024
[T], kz = 0.2/π [1/m], nlow ≈ 1.3 × 1018 [1/m3], and nup ≈ 1.6 × 1019

[1/m3] .
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2.2 Non-monotonicity of the power absorption curves

The bounded cavity modes of the helicon and the TG waves are calculated by

imposing the boundary conditions of the conductive or insulating walls. The proper-

ties of these cavity modes strongly depends on the geometry of the cylinder and wave

structures i.e. the dispersion relation. Since the collisional power absorption is dom-

inated mainly by the TG wave, the total absorbed power depends on the amplitude

of the cavity mode of the TG wave. When the collision is absent, there exists the

TG resonance cavity mode where the amplitude of the TG wave peaks maximum.

However, when the relatively weak collision is introduced, the resonance modes is

destroyed due to the large imaginary part of the TG wavenumber, but the trace of

these resonance modes still remains to some extent even when the collision parame-

ter is increased. These traces of the resonance modes leads to the non-monotonicity

functions of the power absorption curves. When the RF frequency and the back

ground magnetic field are fixed, the argument of the non-monotonicity function is

the plasma density, and this non-monotonicity is strongly related to the theory of the

density jump as mentioned in the introduction. In this section, we shall describe the

outline of the cavity modes [16,28,38], and show some results of the wave excitation

tests and power absorption tests by the FDTD simulation and the HELIC code [38].

2.2.1 Wave fields in a uniform-density plasma and in a vacuum

We consider the wave fields in a uniform-density plasma. From 2.11, the most

general solution B is the sum of B1 and B2, which satisfy [16]

∇×B1 = k1B1, ∇×B2 = k2B2. (2.27)
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Taking the curl of these equations and using 2.4, we obtain a vector Helmholtz equa-

tion for each:

∇2B1 + k2
1B1 = 0, ∇2B2 + k2

2B2 = 0. (2.28)

Denoting ∂/∂r by (’), the z component of 2.27 in cylindrical coordinates can be

written as follows [16]:

B′′z +
1

r
B′z +

(
T 2 − m2

r2

)
Bz = 0, (2.29)

where the transverse wavenumber T is defined as

T 2
j = k2

j − k2
z , j = 1 for the helicon and j = 2 for the TG. (2.30)

This is Bessel’s equation, and the solution which is finite at r = 0 is Jm(Tr):

Bz = CJm(Tr), (2.31)

where C is the constant coefficient. The r and θ components of 2.27 are

im

r
Bz − ikzBθ = kBr, (2.32)

ikzBr −B′z = kBθ, (2.33)

Solving for Br and Bθ in terms of Bz and B′z, and substituting for Bz from 2.31, we

obtain [16]

Br =
iC

T 2

(m
r
kJm − kzJ ′m

)
, (2.34)

Bθ =
C

T 2

(m
r
kzJm + kJ ′m

)
, (2.35)
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Use of the recursion relations

m

r
Jm =

T

2
(Jm−1 + Jm+1), J ′m =

T

2
(Jm−1 − Jm+1), (2.36)

yields

Br =
iC

2T
[(k + kz)Jm−1 + (k − kz)Jm+1] , (2.37)

Bθ = − C

2T
[(k + kz)Jm−1 − (k − kz)Jm+1] , (2.38)

Introducing the amplitude

A =
iC

2T
, (2.39)

then 2.31, 2.37, and 2.38 are written for the helicon wave (j=1), and the TG wave

(j=2) as follows [16]:

Bz = −2iAjTj [(kj + kz)Jm−1(Tjr) + (kj − kz)Jm+1(Tjr)] , (2.40)

Br = Aj [(kj + kz)Jm−1(Tjr) + (kj − kz)Jm+1(Tjr)] , (2.41)

Bθ = −iAj [(kj + kz)Jm−1(Tjr)− (kj − kz)Jm+1(Tjr)] . (2.42)

If we neglect the displacement current in 2.3, that is always almost negligible in usual

experiment, and 2.1 can be written as

E = −B0

en
(iδj + ẑ × j ), (2.43)

where δ = (ω + iν)/ωce, from 2.27 and 2.3, we see that J is parallel to B :

J = − k

µ0

B . (2.44)
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Using 2.43, 2.44 and 2.40, we find that Ez can be written as

Ez = −2
c2ωce
ω2
pe

δAjkjTjJm(Tjr). (2.45)

The other components of E can be found from 2.2:

Er =
ω

kz
Bθ −

i

kz
E ′z, (2.46)

Eθ =
m

kzr
Ez −

ω

kz
Br, (2.47)

using 2.41-2.43, and 2.35 these can be written as [16]

Er =
iAj
kz

[(
ω(kj + kz) +

c2ωce
ω2
pe

δkjT
2
j

)
Jm−1(Tjr)

]
− iAj

kz

[(
ω(kj − kz) +

c2ωce
ω2
pe

δkjT
2
j

)
Jm+1(Tjr)

]
,

(2.48)

Eθ = −2
c2ωce
ω2
pe

δAjkjTjJm(Tjr)−
ω

kz
Aj [(kj + kz)Jm−1(Tjr) + (kj − kz)Jm+1(Tjr)] ,

(2.49)

In experiment, plasma is usually confined by an insulating tube. For simplicity,

the dielectric constant of the insulator is taken to be unity (the small phase shift

introduced by a real grass or quartz tube does not change the results), thus there exists

vacuum region between the plasma and the wall. For the vacuum region (subscript

3), setting J = 0 in 2.3 changes 2.28 to

∇2B3 + k2
0B3 = 0, (2.50)
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and 2.29 to

T 2 = k2
0 − k2

z = −T 2
3 , (2.51)

where T3 is positive. The waves in the vacuum region are highly evanescent (T 2 is

negative), since kz of the helicon wave is larger than k0 = ω/c two orders of magnitude.

Therefore, the waves in the vacuum region are written by using the modified Bessel

functions as shown in Fig. 2.4.

Figure 2.4: Modified Bessel function of 1st kind (top panel) and 2nd kind (bottom
panel).
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Basically, the B fields of the vacuum region can be written by replacing the

functions Jm(Tr) in 2.40-2.42 by Im(T3r) and Km(T3r) as follows:

BR =
√

2[C1Km−1(T3r) +D1Im−1(T3r)], (2.52)

BL =
√

2[C2Km−1(T3r) +D2Im−1(T3r)]. (2.53)

The four degree of freedom (C1,2 and D1,2) corresponds to combination of four waves,

two evanescent modes represented by, Km(Tr), Im(Tr), and two propagating waves

(transverse-electric (TE) mode and transverse-magnetic (TM) mode) in the vacuum

region. The B fields can be written as

Br = C1Km−1(T3r) + C2Km+1(T3r) +D1Im−1(T3r) +D2Im+1(T3r), (2.54)

Bθ = i(C1Km−1(T3r)− C2Km+1(T3r) +D1Im−1(T3r)−D2Im+1(T3r)), (2.55)

Bz = −iT3

kz
[(C1 + C2)Km(T3r) + (D1 +D2)Im(T3r)], (2.56)

The E fields can be found from 2.3:

−iω
c2
Er =

im

r
Bz − ikzBθ, (2.57)

−iω
c2
Eθ =

ikz
B r
−B′z, (2.58)

−iω
c2
Ez =

1

r
Bθ +B′θ −

im

r
Br, (2.59)

and using 2.54-2.56 as follows:

Er = −
(
mc2

rω
− ic

2kz
ω

)
[C1Km−1(T3r) +D1Im−1(T3r)]

−
(
mc2

rω
+ i

c2kz
ω

)
[C2Km+1(T3r) +D2Im+1(T3r)],

(2.60)
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Eθ = −
(
c2kz
ω
− c2T 2

3

2kzω

)
[C1Km−1(T3r) + C2Km+1(T3r)]

−
(
c2kz
ω

+
c2T 2

3

2kzω

)
[D1Im−1(T3r) +D2Im+1(T3r)],

(2.61)

Ez =
c2

ω
[T3(C1 − C2)Km(T3r) + T3(D1 −D2)Im(T3r)]

− c2

rω
(1−m)[C1Km−1(T3r) + C2Km+1(T3r) +D1Im−1(T3r) +D2Im+1(T3r)],

(2.62)

where the following recursion relations are used,

K ′m = −T
2

(Km−1 +Km+1), I ′m =
T

2
(Im−1 + Im+1). (2.63)
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2.2.2 Resonance cavity mode

We consider a cylindrical model that consists of the plasma region (0 < r < a),

the vacuum region I(a < r < b), the current sheet (r = b), and the vacuum region

II (b < r < c), surrounded by the conducting wall (r = c) where the transverse

electric fields (Eθ and Ez) are zero as shown Fig. 2.5 [38]. The cavity modes that

Figure 2.5: The modeled configuration [38].

satisfies the boundary conditions at each boundary can be found from connecting the

wave fields in the plasma and the vacuum regions at each boundaries. There are two

vacuum regions with two basis functions (Km(T3r) and Im(T3r)) and two waves (TE

and TM mode) in each region, and inner plasma region with two waves (helicon and

TG mode). Therefore there are total ten unknown coefficients to be determined. The

boundary conditions are as follows: the tangential electric fields are continuous at

the two boundaries (r = a and r = b) and the tangential fields are vanished at the

conducting wall (r = c), the tangential magnetic fields are continuous at the plasma

surface (r = a) but undergoes a jump across the current sheet (r = b). There are

therefore ten boundary conditions to determine the ten unknown constants. Chen
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and Arnush found the results in conveniently expressed form as follows [38]:

Vi =
H2v1,i(r)−H1v2,i(r)

D(a, c, kz)
Kφ, (2.64)

where

D(a, c, kz) = F1G2 − F2F1, (2.65)

Fn = −ibn,r(a) +
kz
T3

pm(a)bn,z(a)− i m
aT 2

3

µ0[ωε0en,z(a)], (2.66)

Gn = jn,r(a) + i
m

a

k2
0

T 2
3

1

µ0

bn,z(a) +
kz
T3

qm[ωε0en,z(a)], (2.67)

Hn =
kzb

T3a
pm(b)µ0Gn − i

m

a

k2
0

T 2
3

ρmFn, (2.68)

and

ρm(r) =
K ′m(T3r)I

′
m(T3c)−K ′m(T3c)I

′
m(T3r)

Km(T3a)I ′m(T3c)−K ′m(T3c)Im(T3a)
, (2.69)

qm =
K ′m(T3a)Im(T3c)−Km(T3c)I

′
m(T3a)

Km(T3a)Im(T3c)−Km(T3c)Im(T3a)
, (2.70)

ρm =
Km(T3b)Im(T3c)−Km(T3c)Im(T3b)

Km(T3a)Im(T3c)−Km(T3c)Im(T3a)
, (2.71)

Here the subscript n is 1 for the helicon wave and 2 for the TG wave, Vi is any wave

component E , B , and J , vn,i(r) is the basis function of each wave component written

by using Bessel function, m is the azimuthal mode number, bn,i, en,i, jn,i are the basis

functions for the magnetic and electric fields and the current, Kφ is the Fourier

transformed form of the antenna current, and the prime (’) stands for differentiation

with respect to the argument of the Bessel function. For m = 0 azimuthal mode,

2.66-2.71 are simplified as follows [38]:

Fn = −ibn,r(a) +
kz
T3

p0(a)bn,z(a), (2.72)

54



Gn = jn,r(a) +
kz
T3

q0[ωε0en,z(a)], (2.73)

Hn =
kzb

T3a
p0(b)µ0Gn, (2.74)

and

ρ0(r) =
K ′0(T3r)I

′
0(T3c)−K ′0(T3c)I

′
0(T3r)

K0(T3a)I ′0(T3c)−K ′0(T3c)I0(T3a)
, (2.75)

q0 =
K ′0(T3a)I0(T3c)−K0(T3c)I

′
0(T3a)

K0(T3a)I0(T3c)−K0(T3c)I0(T3a)
, (2.76)

ρ0 =
K0(T3b)I0(T3c)−K0(T3c)I0(T3b)

K0(T3a)I0(T3c)−K0(T3c)I0(T3a)
, (2.77)

and in a uniform-density plasma, the basis functions bn,z, bn,r, en,z, jn,r can be found

from 2.40, 2.41, 2.44, and 2.45 as follows:

bn,z(r) = −2iTnJ0(Tnr), (2.78)

bn,r(r) = −2kzJ1(Tnr), (2.79)

en,z(r) = −2
c2ωce
ω2
pe

δknTnJ0(Tnr). (2.80)

jn,r(r) = −2
knkz
µ0

J1(Tnr). (2.81)

We see from 2.64 that the solution is composed of three parts. First, the fields are

proportional to the amplitude of the antenna current (Kφ = I0 [A] for the m = 0

antenna). Second, they are inversely proportional to the dispersion function. When

the collision is absent, the equation D = 0 gives the resonance cavity mode of the

helicon or the TG mode. Third, numerator of 2.64 gives the radial variation of the

fields and consists of the basis functions multiplied by the amplitudes Hi, which

depend only on the plasma surface and on the geometric functions p, q, and ρ. In

most cases in experiment, the displacement current in square brackets in 2.73 can be

neglected, therefore we get the more simplified form of 2.64 and 2.65 as [38]
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Vi(r) =
j2,r(a)v1,i(r)− j1,r(a)v2,i(r)

D

bkz
a|kz|p0(b)µ0Kφ

, (2.82)

D = −i[b1,r(a)j2,r(a)− b2,r(a)j1,r(a)] +
kz
T3

p0(a)[b1,z(a)j2,r(a)− b2,z(a)j1,r(a)]. (2.83)

From 2.82 and 2.83, one can see the resonance cavity mode is possible when

j2,r(a)/D is maximum for the helicon wave, and when j1,r(a)/D is maximum for the

TG wave. Furthermore, the antiresonance (i.e., the production of a pure helicon

or pure TG waves) would appear when j2,r(a) = 0 for the helicon wave, and when

j2,r(a) = 0 for the TG wave. This antiresonance condition is same with the result

of Shamrai et al [36, 92]. They found antiresonance condition as bn,r = 0, that

corresponds to jn,r = 0, since 2.44 is satisfied. Figure 2.6 shows (a) imag(D) and (b)

j1,r(a)/D as the function of the plasma density, these are evaluated by using following

parameters: ν/ω = 0, B0 = 0.024 [T], ωrf/2π = 14 [MHz], kz = 5 [1/m], a = 0.0225

[m], b = 0.027 [m], c = 0.0315 [m], these are correspond to the experiment of Nisoa et

al [1], and the antenna current Kφ = I0 is fixed as 1 [A]. When collision is absent, one

can see from Fig. 2.6 that the amplitude of the TG wave j1,r(a)/D peaks sharply at

the point where the denominator imag(D) crosses imag(D) = 0, that is the resonance

cavity mode of the TG wave.

56



Figure 2.6: The evaluated values of (a) imag(D) and (b) |j1,r/D|.
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We also conducted the test simulation of the TG resonant excitation by the FDTD

simulation in one-dimension with fixed kz. The same physical parameters with above

ones are used except the antenna current, J = 1.6 [A/m2] is used, the plasma density

is varied as 1.0 × 1018 ∼ 1.0 × 1019 [1/m3] by 0.25 × 1018 [1/m3] steps, and the

computational parameters are as follows, Grid size: ∆r = 3.6× 10−5 [m], Time step

size: ∆t = 9.5× 10−6ωRF , and Total time: 171×ωRF . The red line in Fig. 2.7 shows

the evaluated poynting flux of the TG wave (when t = 171× ωRF ), which is defined

by Γr,TG = Re[ETG × BTG], where the ETG and BTG are the electric field and the

(complex conjugate) magnetic field of the TG wave. The black line in Fig. 2.7 shows

the analytical solution obtained from j1,r(a)/D. Since the antenna current is fixed

as I0 = 1 [A] in the analytical solution, that is compared to the simulation result by

fitting the first peak amplitude to the simulation. One can see from Fig. 2.7, good

agreement of the simulation result with the analytical one. The slight disagreement

in the peak amplitudes, the width of the peaks, and the location of the peaks may

due to the numerical discretization in the FDTD simulation.
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Figure 2.7: The results of the resonant TG wave excitation by FDTD (red line) and
analytical solution (black line).
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2.2.3 Power absorption curves with a finite collision

When a relatively small collision is introduced, the resonance condition that

imag(D) crosses zero collapses due to the large imaginary part of the TG wave

(imag(T2)). Figure 2.8 shows the imag(D) (black line) and real(D) (red line) with

ν/ω = 0 (top panel) and ν/ω = 0.005 (bottom panel). When the collision is ab-

sent, real(D) is basically zero except under the cut-off density (n = nlow) where the

imaginary part of the helicon wave (imag(T1)) appears. When a finite collision is

introduced (ν/ω = 0.005), the comparable order of real(D) appears, and |j1,r/D| no

longer represents the sharp peak as shown in Fig. 2.9. One can see from Fig. 2.9, the

sharpness of the resonance become blunt as increasing the collision frequency. When

the collision frequency further increases at ν/ω = 0.05, there exists only three peaks

within the range of n = 1.0×1018 ∼ 1.5×1019 [1/m3] as shown in Fig. 2.10, and when

ν/ω = 0.1, the third resonance disappears and there exists only two peaks within the

same range as shown in Fig. 2.11.
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Figure 2.8: The imaginary (red line) and real (black line) parts of D at ν/ω = 0 (top
panel) and ν/ω = 0.005 (bottom panel).
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Figure 2.9: The resonant amplitude of the TG wave |j1,r/D| at ν/ω = 0 (black line),
ν/ω = 0.005 (black line) and ν/ω = 0.01 (black line).
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Figure 2.10: The resonant amplitude of the TG wave |j1,r/D| at ν/ω = 0.05.
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Figure 2.11: The resonant amplitude of the TG wave |j1,r/D| at ν/ω = 0.1.

Since the collisional power absorption is dominated by the TG wave, the TG

resonance curve directly affect the amount of the power absorption. We conducted

the power absorption test in a uniform-density plasma by using the HELIC code,

which is written by Arnush et al [38] and is widely used for the power absorption

analysis, and these results are compared with our FDTD results. Figures 2.12 and

2.13 shows the power absorption results of the HELIC code (black line) and the

FDTD simulation (red line) at ν/ω = 0.05 and ν/ω = 0.1, using the same parameters

with ones used in Fig. 2.7. The plasma density is varied as 1.0 × 1018 ∼ 1.0 × 1019

[1/m3] by 0.5 × 1018 [1/m3] steps and 1.0 × 1019 ∼ 1.5 × 1019 [1/m3] by 1.0 × 1018

[1/m3] steps. From Figs. 2.12 and 2.13, the three (when ν/ω = 0.05) and the two

(when ν/ω = 0.1) power absorption peaks can be shown that corresponds to the

resonant TG wave excitation in Figs. 2.10 and 2.11, and shows the good agreement
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between the HELIC code and the FDTD simulation results. The power absorption is

calculated as the plasma resistance R [Ω] with the fixed antenna current I0 = 1 [A]

in the HELIC code, while the total absorbed power Pabs [W/m3] (integrated over the

spatial grids) is calculated in the FDTD simulation with the current density J = 106

[A/m2], therefore these results are compared by multiplying the plasma resistance by

a factor of ∼ 109 and fitting the first peak amplitude of the HELIC code with the

FDTD’s one.

Figure 2.12: The power absorption curves calculated by the HELIC code (black line)
and the FDTD simulation (red line) at ν/ω = 0.05.
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Figure 2.13: The power absorption curves calculated by the HELIC code (black line)
and the FDTD simulation (red line) at ν/ω = 0.1.
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2.2.4 Non-monotonicity of the power absorption curves and the density

jump

Figure 2.14: Schematic diagram of experimental set up [2].

In this section, we introduce the experiment of Nisoa, Sakawa, and Shoji [1–3].

They investigated the characterization of the excitation of m = 0 standing wave

(SHWs) and production of high density plasmas of the order of np ≈ 1019 [1/m3]

in a short cylindrical plasma column of 10 [cm] length. Figure 2.14 shows their

experimental apparatus. The Pyrex vacuum chamber is 72 [cm] in length and 4.5

[cm] in inner diameter. Two grounded copper end plates (4 [cm] in diameter) limit

the length of the plasma column L (L = 10 − 65 [cm]). Ar gas is used typically at

the pressure 8 [mTorr] and a flow rate of 10 [cc/min] with the base pressure of PAr ≈

10−5 [Torr]. B0 up to 1 [kG] is generated by eight solenoid coils with a uniformity

variation of less than 2% over the plasma length. A single-loop antenna made of a

copper strip of 3 [cm] width is wound out side the Pyrex tube at z = 0 to excite the

m = 0 helicon mode. An RF current of f = 14 [MHz] and PRF < 3.5 [kW] is applied
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to the antenna through a matching network.

Figure 2.15: Plasma density np vs RF input power PRF measured at B0 = 237 [G]
[1].

The measured dependence of the plasma density np and the RF input power is

shown in Fig. 2.15 [1]. One can see that np increases stepwise with PRF . They defined

the discharge region of PRF < 0.2 kW, PRF = 0.2− 0.8 [kW], PRF = 1.4− 1.7 [kW],

and PRF > 1.8 [kW] as regions A, B, C and D, respectively. From Fig. 2.15, the

density jump by nearly two orders off magnitude from region A to C. np in region B is

unstable and fluctuates between the density level of regions A and C within the pulse

width of 0.4 [ms]. When PRF is increased to 1.4 [kW], stable plasmas are created in

region C. np jumps from region C to D as PRF reaches about 1.8 [kW] and slightly

increases with PRF up to the maximum power of 3.5 [kW].
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Figure 2.16: Schematic diagram of the experiment and the N = 1 and N = 3 SHWs
modes.

The RF antenna is located at the plasma center z = 0 [cm], and confined by

the conducting walls (the grounded copper end plates) z = 5 [cm] and z = −5 [cm]

where the tangential field of the electric field vanishes. Therefore the standing waves

that have the half wavelength N = 1 (λz = 0.2 [m], kz = 5 [1/m]) or the one-half

wavelength N = 3 (λz = 0.2/3 [m], kz = 15 [1/m]) are basically excited as shown

in Fig. 2.16. When the magnetic field is fixed, which is dominantly excited depends

on the plasma density, and the geometries such as the location of the antenna and

boundaries (r = a, b and c), as discussed in previous section.

Figure 2.17 shows the power absorption curves of the N = 1 mode and the N = 3

mode, calculated by FDTD (red line) and HELIC (black line) in one-dimension with
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Figure 2.17: The power absorption curves of the N = 1 and the N = 3 modes,
calculated by the HELIC code (black line) and the FDTD simulation
(red line) at ν/ω = 0.1.

the fixed axial modes (N = 1 and N = 3), using the same parameters with previous

ones. As shown Fig. 2.17, in the low density region np < 1.0×1019 [1/m3], the power

absorption by the N = 1 mode is dominant i.e. the N = 1 mode is excited dominantly,

and at the high density region np > 1.0 × 1019 [1/m3], the power absorption by the

N = 3 mode is dominant i.e. the N = 3 mode is excited dominantly. Actually, in

their experiment, the N = 1 mode and the N = 3 mode are observed in the low

density region B and C and in the high density region A respectively (N = 1 and

N = 3 in Fig. 2.15 mean the observed mode at each density region).

The power balance equation for the whole plasma is expressed as

d

dt
np(We +Wi)V = Pnet − Ploss = ηPRF − Ploss, (2.84)

where We and Wi are the averaged electron and ion energies, respectively, V is the

plasma volume, Pnet is the net rf power absorbed by the plasma, η = R/(R + Rc) is
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the coupling coefficient of the antenna where R is the plasma resistance, Rc is the

equivalent antenna resistance, and Ploss is the power absorbed by the plasma. The

absorbed power is used to ionize the background gas by inelastic collisions and is

carried away by direct particle loss from the plasma to the axial walls [51]. Ploss is

given by

Ploss = 2πa2ETCsnp, (2.85)

where Cs is the ion sound speed and ET is the total energy loss for a single electron-

ion pair lost at the wall. For Ar plasma of Te = 4 [eV], ET = 69 [eV] is obtained [51].

At the steady state, d/dt = 0 and 2.84 yields

η(np) =
Ploss(np)

PRF
= 0.28× np[10191/m3]

PRF [kW]
. (2.86)

Figure 2.18: Three radial np profiles, uniform (solid line), hollow (dashed line) and
parabolic (dotted line) profiles, used in 2D wave code calculation [2].

Nisoa et al calculated the power absorption curves by using a 2D wave code

(TASK/WF) [93]. They used the observed np profiles as shown in Fig. 2.18, parabolic

and hollow np profiles are used in the calculations for B0 = 237 and 637 [G], respec-

tively. Figure 2.19 shows the power absorption curves in terms of the plasma re-
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Figure 2.19: The plasma resistance R vs np for B0 = 237 [G] (solid line) and B0 = 633
[G] (dashed line) [2].

sistance R obtained from the wave calculations for B0 = 237 and 637 [G]. Since this

power absorption curve is plotted by using the total plasma resistance (power absorp-

tion), the first and second peaks for B0 = 237 [G] in Fig. 2.19 corresponds to the first

peak of the N = 1 mode and the first peak of the N = 3 mode in Fig. 2.17 respec-

tively (almost the same parameters with in Fig. 2.17 are used except for the collision

parameter and the plasma density profile). The steady state of the power balance

2.86 is solved graphically by plotting η(np) for Rc = 0.25 [Ω] and Ploss(np)/PRF versus

np as shown in Fig. 2.20. In Fig. 2.20, Ploss(np)/PRF for PRF = 0.4, 1.4, 1.8, and 3.0

[kW] are also shown. The solutions of 2.86 are the plasma density (np) at which the

curves of η and Ploss/PRF intersect. However, these solutions consist of both stable

and unstable solutions.

Shamrai [37] suggested the stable conditions of the steady state solutions of dis-

charge equilibrium. He investigated the stability at some equilibrium density np = neq
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Figure 2.20: The coupling coefficient η (thick line) for B0 = 237 [G] and Ploss/PRF
(thin lines) for PRF = 0.4, 1.4, 1.8, and 3 [kW] vs np [2].

by expanding RHS of 2.84 in a small vicinity of the equilibrium point as follows

d

dt
(np − neq) = α

[
∂Pnet

∂n
− ∂Ploss

∂n

]
np=neq

(np − neq)

+
α

2

[
∂2Pnet

∂n2
− ∂2Ploss

∂n2

]
np=neq

(np − neq)2,

(2.87)

where α = 1/(We +Wi)V . One can see that the equilibrium is stable provided that

∂Pnet

∂np
<
∂Ploss

∂np
, at np = neq. (2.88)

If this inequality holds, any fluctuational deviation of the discharge from the equilib-

rium (either increasing or decreasing the density) is followed by a return to neq with

the exponential rate. Indeed, the first term in the RHS of 2.87 is dominating at small

deviations, and thus ∂(np − neq)/∂t ∝ −(np − neq). Stability condition 2.88 fails at

a critical equilibrium point of a saddle type with equal rates of variation with the

density of absorption and losses

∂Pnet

∂np
=
∂Ploss

∂np
, at np = neq. (2.89)
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Near such a point the stability is determined by the second term in the RHS of 2.87

which is proportional to the squared density variation. Its capacity to restore the

equilibrium depends not only on the sign of the difference of the second derivatives

in 2.87, but on the sign of the density variation, too. If the difference is positive,

∂2Pnet

∂n2
p

− ∂2Ploss

∂n2
p

> 0, (2.90)

the density increases after a fluctuation of any sign is given. Indeed, ∂(np−neq)/∂t ∝

(np−neq)2, so that the fluctuational decrease of the density will be followed by a return

to the equilibrium, and vice versa, so the increase of the density progresses. The

inverse is true if the difference of the second derivative is negative at the equilibrium

point

∂2Pnet

∂n2
p

− ∂2Ploss

∂n2
p

< 0. (2.91)

In this case, the restoration of equilibrium occurs at a fluctuational increase of density

whereas it does not at a decrease. Note that ∂2Ploss/∂n
2 is actually close to zero be-

cause losses normally linearly depend on density. In Fig. 2.20, the stability condition

2.88 and the saddle type condition 2.90 can be discussed by following equations:

∂η

∂np
− ∂(Ploss/PRF )

∂np
< 0, at np = neq, (2.92)

and

∂2η

∂n2
p

>
∂2(Ploss/PRF )

∂n2
p

, at

[
∂η

∂np
=
∂(Ploss/PRF )

∂np

]
np=neq

. (2.93)

Therefore, the solution U is unstable, while S is stable in Fig. 2.20.

The calculated stable np versus PRF for B0 is plotted in Fig. 2.21. The stable

solutions of np exist for PRF = 1.2 − 1.6 [kW]. The higher np values that appear

between the lines of N = 1 and N = 3 modes are caused by the small peak in η

(peaks at np ≈ 1.2×1019 [1/m3]), which corresponds to the second peak of the N = 1
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Figure 2.21: Measured np at B0 = 237 [G] and the calculated stable np vs PRF . Lines
represent np at the peaks in η for N = 1 and N = 3 modes shown in
Fig. 2.20 [2].

in Fig. 2.17. These np values are not observed in the experiment. They mentioned

that when there are two stable solutions, np can not exceed that of the lower stable

solution. Therefore for PRF = 1.4 [kW] in Fig. 2.20, the lower stable np(S1) is attained

instead of the higher stable np(S
∗). However, the detail reason is not mentioned in

their argument. If there exists the saddle type point where 2.93 is satisfied, the

density would jumps from S1 to S3, but there seems to be no such a point at below

PRF < 1.8 [kW]. Therefore, although they concluded that the calculation predicted

the density jump from the intermediate density region B, C to the high density region

D in Fig. 2.15 , the reason why the stable solutions of np at PRF = 1.2 − 1.6 [kW]

are not observed in experiment is not certain. Furthermore, they did not explain the

density jump from the low density region A to the intermediate density region B and

C in Fig. 2.15. Although they mentioned that the density jump from the low density

region (np ≈ 1017 [1/m3]) to the intermediate density region (np ≈ 1019 [1/m3])

may be explained by the mode transition form the ICP mode to the helicon mode,

there still remains the question in this argument. As Chen [41] pointed out, the finite
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magnetic field precludes the ICP mode in the helicon discharge system. In conclusion,

their calculation well predicts the equilibrium discharge state at the density region

B, C and D in Fig. 2.15 qualitatively, but there still remain the problems about the

discharge equilibrium state between the intermediate density region (B and C) and

the high density region (D) (this may due to the parameters used in the calculation,

since the small peaks at np ≈ 1.2× 1019 [1/m3] are very sensitive to the variations of

parameter such as the collision frequency), and the density jump from the low density

mode (A) to the intermediate mode (B and C).
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2.3 Bulk mode conversion

Figure 2.22: Perpendicular wave numbers without collision: (a) real perpendicular
wave number, (b) imaginary perpendicular wave number [88].

Figure 2.23: Perpendicular wave numbers with collision at 2 [mTorr]: (a) real perpen-
dicular wave number, (b) imaginary perpendicular wave number [88].

The bulk mode conversion is the classical type of the mode conversion that occurs

near the mode conversion surface (MCS). Based on a fluid model, Kim [88] pointed out

that in the bulk mode conversion, collisional dissipation plays an important role near

the MCS. Figures 2.22 and 2.23 show the dispersion branches of the Fast wave (FW)

and the Slow wave (SW) without collisional dissipation and with finite collisional

dissipation, respectively. The fast wave and the slow wave correspond to the helicon

wave and the TG wave respectively. When the collision is absent, dispersion curves
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of the helicon and the TG merge at the MCS. Finite dissipation makes the dispersion

curves split and the MCS moves slightly toward a higher density region as seen in

Fig. 2.23. Kim argued that the helicon wave is dissipated strongly before it can reach

the MCS, making the mode conversion at the MCS practically absent. Kim further

argued that the collisional damping rate of the helicon wave near the MCS is large

enough to explain the central core heating (i.e., density profile peaked at the center),

a typical property of the helicon plasma in laboratories. Kim estimated the damping

length of the helicon wave near the MCS using k⊥imag. However, this is misleading

since the imaginary part of k⊥ arises both due to the damping and the evanescence.

2.4 Surface mode conversion

The surface mode conversion is a universal excitation mechanism of the TG wave,

which occurs in the region of the plasma column with density n0 < nup [37]. The TG

component is well electrostatic in this region. To excite it efficiently, there should be

a mechanism producing a space charge. Indeed, the rate of work, which the electron

current related to the helicon wave, j (H), does to excite the TG wave, takes the

form [37]

Pconv =

∫
E (T) · j (H)dV ≈

∫
φ(T)∇ · j (H)dV

= iω

∫
φ(T)ρ(H)dV,

(2.94)

where E (T) ≈ −∇φ(T) is the electrostatic component of the TG wave, and we inte-

grated by parts and used the following continuity equation

ρ(H) = −(i/ω)∇ · j H = i(e/ω)
[
n0∇ · v (H) + v (H) · ∇n0

]
. (2.95)
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Since the velocity of the electron fluid in helicon fields, v (H), obeys the relation ∇ ·

v (H) ≈ 0 [94], one obtains ∇ · j H ≈ −vH · ∇n0. Then 2.94 yields [37]

Pconv − e
∫
φTvH∇n0dV. (2.96)

As seen, the surface mode conversion arises due to a redundant polarization induced

by helicon fields in the non-uniform plasma.

An essential contribution in integral 2.96 is due to a steep density gradient nat-

urally arising at the boundary of the plasma column with the chamber wall. If nb

is the boundary value of the plasma density, the gradient at the boundary reads

∇n0 = −ernbδ(r0 − r), with δ being the Dirac delta-function, and er the radial unit

vector. The gain of integral 2.96 due to this source of polarization is [37]

Psurf. conv ≈ πr0LecnbB
−1
0

∣∣∣φ(T)E
(H)
θ

∣∣∣
r=r0

. (2.97)

One can see from 2.97 that the surface mode conversion occurs at an insulating wall

only, because φT = 0 on a conducting wall.
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CHAPTER III

Spatial behavior in non-uniform plasma

3.1 Spatial behavior (mode conversion) in a non-uniform he-

licon plasma

Figure 3.1: Computational models used in FDTD simulation. The helicon wave prop-
agating toward the plasma is directly excited in model 1, and the RF wave
is excited by the given current in model 2.

Two models are considered as shown in Fig. 3.1. In the model 1, only the he-

licon wave that propagates toward the plasma is directly excited so that any other

wave components are excluded, and we focus the bulk mode conversion process. The
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model 2 is used for investigating the power absorption profiles of all wave fields (in-

cluding the surface mode conversion process), and the relative importance of the

bulk mode conversion process for the total power absorption is discussed. We con-

sider the electron fluid equation of motion 2.1 and Maxwell’s equations 2.2-2.4 with

∇ = (∂/∂x, iky, 0), J = −en0(x)ue + J ext, and the external RF current density

J ext = I0ẑ exp(−iωt)δ(x − xa). All other notations are standard. Cartesian coor-

dinates are used instead of cylindrical coordinates, assuming that essential physics

involved remains the same (the values of energy flux and power deposition are slightly

centrally high in cylindrical coordinates compared to Cartesian coordinates in our cal-

culation). The main axis is the x-axis (corresponding to the radial direction in the

cylindrical helicon device), along which the zero-th order density is varied. Since there

are no background variations in the y direction (corresponding to the axial direction

in the cylindrical helicon device), all the variables are already Fourier transformed in

this direction. Furthermore, the absence of nonlinear terms that may cause wave-wave

interactions allows us to treat the initial ky (the y component of the wave number)

as a constant. Thus, we choose the axial mode ly = kyL/π = 10 excited in typical

experiment (the axial length of the plasma column L = 1.6 [m] is assumed).

In both models, the region 0 < x < x0 is filled with a plasma having the back-

ground density

n(x) = nmax − (nmax − nmin)(x/x0)2. (3.1)

Figure 3.2 shows dispersion relations of the H- (red lines) and TG+ waves (blue

lines) in this region, where the minus sign represents the sign of the wave phase

velocity (note that the perpendicular component of the TG wave group velocity has

an opposite sign to that of the phase velocity). Dispersion curves with ν/ω = 0 (solid

lines), 0.01 (dashed), and 0.08 (dotted) are superposed. Figure 3.2 (a) shows the real

wave number. When the collision is absent, dispersion curves of H- and TG+ merge

at x = xup, corresponding to the MCS where the discriminant in 2.15 is zero, and
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Figure 3.2: Dispersion relation of the H- wave (red) and the TG+ wave (blue), with
ν/ω = 0 (solid), 0.01 (dashed), and 0.08 (dotted).

the H- mode converts to the TG+ as the reflected wave. When a finite collision is

added, the dispersion curves are separated because the discriminant in 2.15 includes

the imaginary part and cannot be zero (the same discussion holds for the case with

including the effect of strong density gradient [87] in 2.15). The separation is increased

as ν/ω is increased, reducing efficiency of the mode conversion between the H- and

TG+ waves. Figure 3.2 (b) shows the normalized imaginary wave number, k⊥imagx0,

showing the reciprocal of damping scale normalized to the size of the plasma column.

When ν/ω 6= 0, k⊥imagx0 � 1 in the low density region. As the H- wave propagates

toward the center where the density is increased, k⊥imagx0 becomes larger, and the

wave penetrates into the evanescent region (x > xup).

The adjacent region x0 < x < xa is either a plasma with a constant density

(model 1) or vacuum (model 2). At x = xa, either the helicon wave (model 1) or

the external RF current (model 2) is given, with the angular frequency ω satisfying
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2.5. The region x > xa is the wave absorber. Reflected waves are fully damped in

this region as shown in Fig. 3.1. The model 1 is employed in order to study the

bulk mode conversion process. In this model, the plasma is uniform (n = nmin) and

non-dissipative (ν/ω = 0) in the region x0 < x < xa, and only the helicon wave

propagating toward the plasma (H-) is directly excited at x = xa. In the model 2, the

RF wave excited by the given current at x = xa propagates through a vacuum area

and reaches the plasma. In both models, the background magnetic field B0 is along

the longitudinal (y) axis.

Numerical calculations are conducted using the following typical experimental

parameters: x0 = 7.5 [cm], xa = 8.5 [cm], ω/2π = 7.0 [MHz], B0 = 0.01 [T], electron

temperature Te = 3.0 [eV], Ar neutral pressure PAr = 0.75 ∼ 10 [mTorr], nmax(0) =

4.6 × 1018 [1/m3], nmin(x0) = 4.6 × 1017 [1/m3], and I0 = 1.0 × 106 [A/m2]. Under

these parameters the MCS is located near the plasma center, and this is convenient for

investigating the bulk conversion process. We note that details of the used parameters

such as those specifying the boundary or the absorbing regions do not significantly

alter the main conclusion of the present study.

We assume that the electron-neutral collision is dominant, and this allows us

to replace the collision frequency in 2.1 by the electron-neutral collision frequency,

ν = νen, which is given approximately by [95]

νen[sec−1] ≈ 1.3× 106 PAr[mTorr] Te[eV], (3.2)

and thus the electron-neutral collision frequency is within the range ν/ω ≈ 0.067 ∼

0.89.
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3.2 Parameters used in the FDTD simulation

In the FDTD simulation (Appendix A), numerical iterations are conducted using

the following parameters: step size in space dx = 6.0× 10−5 [m] (≈ 0.02× λTG: the

wave length of the TG wave at n = 1018 [1/m3]), step size in time dt = 0.9dx/c [s]

(which satisfies the Courant-Friedrichs-Lewy condition ), number of grid in plasma

region(0 < x < x0): 1250, number of grid in vacuum region(x0 < x < xa): 166,

number of grid in absorbing region(xa < x): 500, and typical execution time step:

3.0× 107 (≈ 38× 2π/ω). Here, the following boundary conditions are automatically

satisfied at x = x0: the tangential components of all fields and the normal component

of B field are continuous.

3.3 Analytic solution

After a transient time period, the magnetic field perturbations satisfy a set of

equations derived by Fourier transforming 2.1-2.3 in t,

B
′

x = −ikyBy, (3.3)

B
′′

y = −iky
(
n

′

n
Bx −B

′

x

)
+
ω2
pe

c2γ
By +

n
′

n
B

′

y −
ωceky
ωγ

(
n

′

n
Bz −B

′

z

)
, (3.4)

B
′′

z = i
ωce
ωγ

k2
yBx −

ωce
ωγ

kyB
′

y +

(
ω2
pe

c2γ
+ k2

y

)
Bz +

n
′

n
B

′

z, (3.5)

where γ = 1+ i(ν/ω) and ′ denotes d/dx. The boundary value problem at the plasma

region (0 < x < x0) defined by 3.3-3.5 is solved using the fourth-order Runge Kutta

method. The values at the boundaries are given at the plasma center (x = 0) as

84



follows,

(
Bx By Bz B

′
y B

′
z

)
x=0

=

(
Bx,H− By,H− Bz,H− B

′
y,H− B

′
z,H−

)
x=0

,

(3.6)

where the subscript H- denotes the H- mode. The relative values of each component

are determined by the dispersion relation with the density at the plasma center n(0).

Variables at the plasma edge (x = x0) are to be determined after integration of

3.3-3.5.

3.4 Mode decomposition

Since the boundary value problem above and also the FDTD simulation system are

both linear, waves included in these systems can be decomposed into the combination

of the four modes (H+, TG+, H-, TG-), i.e., the helicon (H) and the TG waves

propagating both in the positive (+) and the negative (-) directions with respect to

the x-axis. The decomposition can be carried out by solving the dispersion relation

at each location assuming validity of the WKB approximation. The zeroth-order

condition to apply the WKB method is given by the factor [88],

fWKB =

∣∣∣∣ 1

k2
x

dkx
dx

∣∣∣∣ . (3.7)

Figure 3.3 shows fWKB for the helicon and the TG waves for ν/ω = (a) 0.003, (b)

0.005, (c) 0.01, and (d) 0.05. We see that fWKB < 1 for the entire space for the TG

wave, and near the center of the plasma including the MCS for the helicon wave. We

should also note that fWKB is not much less than unity near the MCS, and it exceeds

unity for the helicon wave for x > 0.04 [m]. Therefore, the WKB decomposition is

approximately valid (but not exact) near the center of the plasma including the MCS,

since the gradient scale of the background is less than the helicon wavelength near the
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plasma edge. Here we wish to stress that our solutions of the boundary value problem

and the FDTD simulations are correct, within the accuracy of numerical errors and

using discrete grids with a finite width.

Figure 3.3: fWKB profiles of the helicon (red) and the TG (blue) waves for ν/ω =(a)
0.003, (b) 0.005, (c) 0.01, and (d) 0.05.

3.5 Wave energy flux profiles

Now we discuss the bulk mode conversion by using model 1. Figure 3.4 shows a

typical result of numerical time integration of 2.1-2.3 by solid lines. Initially, there is

no perturbation field in the system, and the H- wave is introduced at x = xa = 8.5

[cm]. Plotted in (a) and (c) are the real part of wave magnetic field, Re[By], of H-

(red lines) and TG+ (blue lines) waves at t = 3.4 × 2π/ωRF , with ν/ω = 0 in (a)

and ν/ω = 0.02 in (c). Numerical solutions of 3.3-3.5 are also shown as dotted lines.

In model 1, almost no H+ and TG- waves are excited because only the H- wave is

excited in this model. Sharp peaks of the magnetic perturbations around x = xup in
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Figure 3.4: Wave fields: Re[By] (top), and x components of energy flux: Γx (bottom)
at t = 38 × 2π/ω, with the H- wave (red line) and the TG+ wave (blue
line), FDTD simulation (solid line) and numerical analytical solutions
(dotted line) of 3.3-3.5.

(a) are due to the degeneracy of H- and TG+ waves: the perturbation field cannot be

decomposed into the four wave modes when the waves are degenerated. The total field

perturbation has no singular behavior. Figures 3.4 (b) and (d) show the computed

x-component of the energy flux in the boundary value problem (Eqs. 3.3-3.5) and

the FDTD simulation, Γx,H- = Re[EH- ×B∗
H-]x/µ0, for the H- (Γx,H- < 0) waves, and

Γx,TG+ = Re[ETG+ × B∗
TG+]x/µ0, for the TG+ (Γx,TG+ > 0) waves (The Poynting

flux also involves such terms as Re[EH-×B∗
TG+]x/µ0, but due to the difference in the

wavenumbers for different wave modes, the direction of the cross product oscillates in

space and they do not contribute much in conveying the energy flux over the entire

plasma region). When ν/ω = 0, waves become evanescent at x = xup, and total Γx

vanishes because the energy flux carried into the plasma are all reflected. In particular,

we see in (b) that the energy flux conveyed by H- is all converted to that of TG+. The

electromagnetic field perturbations penetrates into the evanescent region (x > xup),

but there is no energy flux associated with the perturbations. When ν/ω = 0.2,

the balance of energy flux does not hold due to the wave dissipation, and the total
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Γx does not vanish. The wave amplitude of TG+ in this case is considerably smaller

than the collision-less case. The decrease of the transformed energy by the bulk mode

conversion is due to the separation of the helicon and the TG wave branches in the

dispersion relation. The energy flux of helicon wave flows into bulk area (x > xup) and

the helicon wave directly decays near the MCS (x ≈ xup) because k⊥imagx0 becomes

larger (Fig. 3.2). However, the bulk mode conversion is still visible in this case

ν/ω = 0.02.
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3.6 Bulk mode conversion efficiency

Figure 3.5: The energy flux profiles of the helicon (red) and the TG waves (blue). Λ
is evaluated at the point where the TG energy flux is maximum.

The efficiency of TG wave excited by the bulk mode conversion strongly depends

on the dissipation as stated above. Here, we evaluate the efficiency as a function of the

dissipation parameter. We define the mode conversion efficiency as Λ = Γx,TG+/Γx,H-.

Figure 3.5 compares the energy flux carried by the H- and TG+ waves for ν/ω = 0.01.

The MCS is located near x = 0.02. Due to the uncertainty of the location of the mode

conversion, it is difficult to evaluate Λ exactly. Here, we identify the point where the

TG energy flux is maximum, and compute Λ at this point. Table 3.1 and Figure 3.6

show the dependence of Λ on ν/ω. Γx,H-, Γx,TG+ and Λ are evaluated by both FDTD

simulation and numerical solutions of 3.3-3.5 as shown in Table 3.1 (numerical results

of Γx,H- and Γx,TG+ are not listed).

As ν/ω is increased, Γx,H- and Λ decrease monotonically. The decrease in Γx,H-

is due to the collisional dissipation of the helicon wave. In particular, Λ is almost

100% when ν/ω = 0, Λ remains above 50% when ν/ω < 0.01, and Λ < 10% when

ν/ω > 0.04, corresponding to usual laboratory experiments (assuming no neutral

depletion). The bulk mode conversion is important only when the dissipation is

small.
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Table 3.1: The evaluated energy fluxes of the helicon and the TG waves, and the
computed mode conversion efficiency
ν/ω Γx,H- [W/m2] Γx,TG+ [W/m2] Λ [%]

Simulation Simulation Simulation Analysis

0 -29.81 29.12 98 100
0.003 -29.17 29.73 95 81
0.005 -27.79 23.71 85 71
0.008 -26.51 16.67 63 60
0.01 -25.55 13.34 52 52
0.02 -21.24 4.82 23 28
0.03 -18.20 1.98 11 16
0.04 -16.12 0.90 6 9
0.05 -14.71 0.45 3 6
0.06 -13.80 0.24 2 4

Figure 3.6: The dependence of computed mode conversion efficiency (from the H-
wave to the TG+ wave) Λ in the FDTD simulation, on the normalized
collision frequency, ν/ω.
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3.7 Power deposition

Figure 3.7: Power deposition profiles of the four modes (H+, TG+, H-, TG-) for
ν/ω =(a)0.003, (b)0.02, (c)0.07 and (d)0.8.

By using the model 2, we discuss the power deposition (local joule heating) profiles

of the four modes, in order to investigate the relative importance of the heating by

each mode wave. The power absorption Pabs is calculated as

Pabs(x) = Re[E · J ]

=
ωε0

2
Im
{
S
(
|Ex|2 + |Ez|2

)
+ P |Ey|2

}
,

(3.8)

where S and P are the notations used in Stix [96]. Figure 3.7 compares Pabs of

the four wave modes for various values of ν/ω. When (a) ν/ω = 0.003, the power

deposition profiles exhibit sharp peaks near the MCS, indicating an abrupt change

of the damping scale length near the MCS (see Fig. 3.2 (b)). The power deposition

of the TG+ wave excited by the bulk mode conversion is comparable to that of the

TG- wave excited by the surface mode conversion. The power absorption by the H+

wave is very small. This is due to the reverse bulk mode conversion, i.e., the energy
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transfer occurs from TG- to H+. When (b) ν/ω = 0.02, the power deposition by the

bulk mode conversion decreases, but still is comparable to that of the surface mode

conversion, and the power deposition of the H- wave becomes dominant. The H- wave

mainly heats the bulk region while the TG+ and TG- waves heat the plasma over

an extended region. Under typical experimental conditions ((c) ν/ω = 0.07 and (d)

0.8), the bulk mode conversion cannot be seen and the H- wave is directly damped

over the extended region. The power deposition is comparable to that of the TG+

wave. Our results here are quite different from conventional analysis of the collisional

power absorption where the analysis was made only at locations far from the MCS.

The power deposition of the TG+ wave becomes more dominant and localized at the

edge (x ≈ x0) as ν/ω is increased. Actually, the energy of the TG- wave, excited

by the surface mode conversion, depends on the edge density (increases as the edge

density increases, and vise versa). Therefore, the relative importance of the heating

by each wave also depends on the edge density.
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3.8 Conclusion

We clarified the contribution of the bulk mode conversion and the helicon wave for

the power deposition under typical experimental conditions: the efficiency of the bulk

mode conversion strongly depends on the collision frequency. We also investigated

the power deposition profiles due to the four modes (H+, TG+, H-, TG-) varying

the collision frequency. In conclusion, the structure of the power deposition can be

roughly classified into the following cases:

Case 1: Small collision frequency (ν/ω < 0.01): Highly efficient bulk mode conversion

occurs. The TG waves are excited by the bulk mode conversion and the surface mode

conversion plays crucial roles in the plasma heating. Power deposition is maximized

near the MCS for all the wave modes.

Case 2: Moderate collision frequency (0.01 < ν/ω < 0.06): The bulk mode conversion

is not as evident as in case 1, but is still important for the power deposition as the

surface mode conversion. The central heating by the helicon wave is most dominant.

Case 3: Large collision frequency (0.06 < ν/ω): This is the case for typical laboratory

experiments. The bulk mode conversion is not dominant. The input helicon wave

energy directly dissipates and heats the plasma. The power deposition of the TG

wave excited by the surface mode conversion becomes more dominant at the plasma

edge as the collision frequency increases.

The bulk mode conversion and the bulk helicon heating are important only when

the collision frequency is small (case 1 and 2). However, when the plasma density

is high, significant plasma heating may trigger development of a neutral depletion

in an actual helicon discharge, and the bulk mode conversion and the bulk helicon

heating may become important. Therefore, further arguments of the helicon power

deposition should include a non-uniform distribution of the collision frequency due to

the neutral depletion and the plasma heating.
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CHAPTER IV

Temporal behavior of helicon discharge

In this chapter, we describe the self-consistent discharge model of helicon plasma

to simulate the first step of time evolution of the plasma density, electron temperature,

and their profiles. The simulation model is based on the experiment of Nisoa et al.

as shown in Figs. 2.14 and 2.16. The model consists of three parts, a electromagnetic

wave fields solver, a power balance solver, and a particle balance solver. The wave

fields solver solves Maxwell’s equations and linearized electron equation of motion for

given plasma parameters by FDTD simulation (Appendix A), and the local collisional

power absorption (Joule heating) is calculated from the wave fields. The electron

temperature is updated from the energy balance equation, that calculate the electron

energy transport with the local power balance between the power absorption and

the power losses due to the inelastic collisions (ionization and excitation) and loss

energy to the wall. After the electron temperature is updated, the plasma density is

updated from the particle balance equation, that includes ionization, recombination,

and particle loss to the wall.

4.1 Governing equations

The behavior of the plasma particles in the helicon discharge is complicated in

that the charged particles are both affected by external electric field and magnetic
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fields and contribute to them. Furthermore, the inter-particle collisions (between the

electrons, the ions, and the neutrals) occur in space and time scales that are usually

much shorter than those of the applied fields or the fields due to the average motion of

the particles. To make progress with such a complicated system, various simplifying

approximations are needed [51]. The inter-particle collisions are considered to be

independently of the larger scale fields to determine an equilibrium distribution of

the charged particle velocities. The velocity distribution is averaged over velocities to

obtain the macroscopic motion [51]. The macroscopic motion takes place in external

applied fields and in the macroscopic fields generated by the average particle motion.

Actually these self-consistent fields are non-linear, but we linearize the motion of

charged particle in calculating the wave fields (FDTD calculation). The collisions

such as the ionization, recombination, and elastic scattering, are treated as an average

friction force between different particles species and energy exchanges among species.

In this chapter, we consider the basic equations [97] that govern the plasma medium,

concentrating attention on the macroscopic system.

The continuity, momentum, and energy conservation equation for a fluid plasma

are obtained from the Boltzmann equation

∂f

∂t
+ v · ∇f +

F

m
· ∇vf =

δcf

δt
, (4.1)

where f is the distribution function in a phase space and time (r , v , t) (r is the

position coordinates, and v is the velocity coordinates), F is the force which can be

written by the Lorentz force F = q[E+v×B ], and δcf/δt is a collision operator. Here

we shall show the derivation of moment equations of the Boltzmann equation [97]
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4.1.1 Zeroth moment

The zeroth moment of the Boltzmann equation 4.1 is obtained by multiplying

v0 = 1 and integrate over all of velocity space, V, which gives [97]

∫
V

∂fs
∂t

d3v +

∫
V

v · ∇fsd3v +
1

ms

∫
V

F · ∇vfsd
3v =

∫
V

δcfs
δt

d3v, (4.2)

where s is the particle species. The first integral on the left of this equation can be

written ∫
V

∂fs
∂t

d3v =
∂
∫
∂t V

fsd
3v =

∂ns
∂t

, (4.3)

where ns is the average number density. Similarly, the second integral on the left can

be written ∫
V

v · ∇fsd3v = ∇ ·
∫
V

vfsd
3v = ∇ · (nsU s), (4.4)

where U s is the average velocity. Noting that ∇v · (v ×B)fs = (v ×B) · ∇bivfs, the

third integral on the left can be rewritten

∫
V

F · ∇vfsd
3v =

∫
V

∇v · (Ffs)d3v =

∫
V

(Ffs)dsv = 0, (4.5)

where Gauss’ theorem is used to convert the volume integral to a surface integral at

infinity. The surface integral is assumed to vanish if f(v) decays sufficiently rapidly

at infinite velocity. The integral on the right side of 4.2 involving the collision term

is zero, ∫
V

δcfs
δt

d3v =
δcns
δt

= 0, (4.6)

since collisions do not change the density. Combining 4.3-4.6 and adding the particle

generation term Pgeneration (due to the ionization) and the particle loss term Ploss (due

to the recombination and the wall loss) on the right side, the zeroth moment of the
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Boltzmann equation 4.2 yields [97]

∂ns
∂t

+∇ · (nsU s) = Pgeneration − Ploss. (4.7)

This equation is simply the continuity equation for the sth species.

4.1.2 First moment

The first moment is obtained by multiplying the Boltzmann equation 4.1 by v

and integrating over all of velocity space. It is more convenient to multiply by the

momentum msv , which gives [97]

ms

∫
V

v
∂fs
∂t

d3v +ms

∫
V

v(v · ∇fs)d3v +

∫
V

v(F · ∇vfs)d
3v = ms

∫
V

v
δcfs
δt

d3v. (4.8)

The first integral on the left of the above equation can be written

ms

∫
V

v
∂fs
∂t

d3v =
∂

∂t

ms

∫
V

v
∂fs
∂t

d3v

 =
∂(

∂t
msnsU s). (4.9)

The second integral can be written

ms

∫
V

v(v · ∇fs)d3v = ∇ ·

ms

∫
V

vvfsd
3v

 . (4.10)

It is convenient to rewrite the vv tensor by making use of the following identity,

vv = (v −U s)(v −U s) + U sv + vU s −U sU s. (4.11)
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The integral in 4.10 then simplifies to

ms

∫
V

vvfsd
3v

 = ms

∫
V

(v −U s)(v −U s)fsd
3v +msnsU sU s. (4.12)

The first term on the right in the above equation is just the pressure tensor, defined

by

P s =

∫
V

ms(v −U s)(v −U s)fsd
3v. (4.13)

Equation 4.10 then can be rewritten

ms

∫
V

v(v · ∇fs)d3v = ∇ ·P s +∇ · (msnsU sU s). (4.14)

The third integral on the left of 4.8 is of the form

∫
V

v(F · ∇vfs)d
3v =

∫
V

(vxx̂ + vyŷ + vzẑ )

[
∂

∂vx
(Fxfs) +

∂

∂vz
(Fzfs) +

∂

∂vz
(Fzfs)

]
d3v,

(4.15)

where the below fact for the Lorentz force is used,

F · ∇vfs = ∇v · (Ffs). (4.16)

Of the nine integrals that must be computed, six are of the type

∫
V

vy
∂

∂vz
(Fzfs)d

3v =

∞∫
−∞

∞∫
−∞

dvxdvydvz

∞∫
−∞

∂

∂vz
(Fzfs)dvz, (4.17)

which can be integrated directly to give

∞∫
−∞

∂

∂vz
(Fzfs)dvz = [Fzfs]

∞
−∞. (4.18)
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If we assume that fs goes to zero sufficiently rapidly at infinite velocity, these integrals

are all zero. The remaining three integrals are of the type

∞∫
−∞

∞∫
−∞

dvxdvy

∞∫
−∞

dvzvz
∂

∂vz
(Fzfs), (4.19)

which, after integrating by parts once, gives

∞∫
−∞

dvzvz
∂

∂vz
(Fzfs) = [vzFzfs]

∞
−∞ −

∞∫
−∞

Fzfsdvz. (4.20)

If we again assume that fs goes to zero sufficiently rapidly at infinite velocity, the

first term on the right is zero. Combining all of these integrals, 4.15 can be written

∫
V

v(F · ∇vfs)d
3v = −

∫
V

Ffsd
3v. (4.21)

After substituting the Lorentz force for F and integrating, the above equation yields

the simple result

∫
V

v(F · ∇vfs)d
3v = −esns(E + U s ×B). (4.22)

Finally, the first moment of the collision term on the right of 4.8 can be written

ms

∫
V

v
δcfs
δt

d3v =
δcps
δt

, (4.23)

where δcps/δt is the average rate of change of the momentum per unit volume due to

collisions. Using 4.9, 4.14, 4.22, and 4.23, 4.8 becomes

∂

∂t
(msnsU s) +∇ · (msnsU sU s) = nses(E + U s ×B)−∇ ·P s +

δcps
δt

. (4.24)
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The two terms on the left of this equation can be written in a more useful form by

expanding the time derivative and using the identity ∇·(AB) = (∇·A)B+(A·∇)B ,

which gives

∂

∂t
(msnsU s) +∇ · (msnsU sU s) = msns

∂U s

∂t
+msU s

[
∂ns
∂t

+∇ · (nsU s)

]
+msns(U s · ∇)U s.

(4.25)

From the continuity equation 4.7, the term in the brackets on the right side of the

above equation is seen to be zero. The first moment of the Boltzmann equation then

becomes [97]

msns

[
∂U s

∂t
+ (U s · ∇)U s

]
= nses(E + U s ×B)−∇ ·P s +

δcps
δt

. (4.26)

Using the ideal gas law, the pressure term in above equation can be written as

P s = Ps = nskBTs, (4.27)

where kB is the Boltzmann constant. In the Lorentz gas model it is assumed that the

plasma particles are scattered by fixed immobile scattering centers. If, in addition, we

assume that the scattering is isotropic, the average momentum change per collision

is simply −msv , since the averaged momentum after a collision is zero [97] when the

Maxwellian distribution function is assumed. The average drag force per unit volume

for a particle is then given by

δcps
δt

= −νsmsnsU s. (4.28)

Using 4.27 and 4.28, 4.26 can be written as [97]

msns

[
∂U s

∂t
+ (U s · ∇)U s

]
= nses(E + U s ×B)−∇Ps − νsmsnsU s. (4.29)
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4.1.3 Second moment

The second moment is obtained by multiplying the Boltzmann equation by the

tensor vv and integrating over all of velocity space. This procedure leads to a symmet-

ric matrix with nine elements only six of which are independent, since the off-diagonal

elements of a symmetric matrix are equal to each other. Here we will restrict our dis-

cussion to the trace of this matrix, which is obtained by multiplying the Boltzmann

equation by the kinetic energy (1/2)msv
2 and integrating over the velocity space,

which gives [97]

ms

2

∫
V

v2∂fs
∂t

d3v +
ms

2

∫
V

v2(v · ∇fs)d3v +
1

2

∫
V

v2(F · ∇vfs)d
3v =

ms

2

∫
V

v2 δcfs
δt

d3v.

(4.30)

The first integral on the left of the above equation can be written

ms

2

∫
V

v2∂fs
∂t

d3v =
∂

∂t

∫
V

1

2
msv

2fsd
3v

 =
∂Ws

∂t
, (4.31)

where Ws is the kinetic energy density. We assume the Maxwell distribution function

fs = Aexp

[
− msv

2

2kBTs

]
, (4.32)

where A is defined as

A = ns

(
ms

2πkBTs

)3/2

, (4.33)

By replacing v with the combination v = v r + u , where v r is the random ther-

mal velocity and U is the drift velocity, the total kinetic energy density Ws can be

calculated as

Ws =
ms

2

∫
V

|v r + U |2 δcfs
δt

d3vr. (4.34)
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The integration in above equation can be calculated as

Ws =
1

2
nsmsU

2 +
3

2
nskBTs, (4.35)

where we use Gaussian integrals

∞∫
−∞

e−ax
2

dx =

√
π

a
,

∞∫
−∞

xe−ax
2

dx = 0, and

∞∫
−∞

x2e−ax
2

dx =

√
π

4a3
. (4.36)

The second integral in 4.30 can be written

ms

2

∫
V

v2(v · ∇fs)d3v = ∇ ·

∫
V

1

2
msvv

2fsd
3v

 = ∇ ·Qs, (4.37)

where

Qs =

∫
V

1

2
msvv

2fsd
3v (4.38)

is the kinetic energy flux, which can be rewritten by using v r and U as follows

Qs =

∫
V

1

2
ms(v + U )|v r + U |2fsd3vr. (4.39)

The integration of this equation can be calculated by using 4.37 as

Qs =

(
1

2
nsmsU

2 +
5

2
nskBTs

)
U + q , (4.40)

where q is the heat flux density defined as

q =
ms

2

∞∫
∞

v2
rv rd

3vr. (4.41)
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This flux is carried by particles of a given species and represents the transport en-

ergy associated with the random thermal motion. The third integral in 4.30 can be

simplified by integrating by parts which, after discarding the contribution at infinite

velocity, gives

1

2

∫
V

v2(F · ∇vfs)d
3v = −1

2

∫
V

fs(F · ∇vv
2)d3v. (4.42)

Introducing the Lorentz force and noting that ∇vv
2 = 2v , and that v · (v ×B) = 0,

the integral on the right side of the above equation can be written

1

2

∫
V

v2(F · ∇vfs)d
3v = −esE ·

∫
V

vfs = −E · (nsesU s) = −E · J s, (4.43)

where J s is the current contributed by the species s. Using 4.31, 4.35, 4.37, 4.40, and

4.43, the second moment of the Boltzmann equation becomes

∂

∂t

(
3

2
nskBTs +

1

2
nsmsU

2
s

)
+∇ ·

[(
1

2
nsmsU

2
s +

5

2
nskBTs

)
U s + q

]
−E · J s =

ms

2

∫
V

v2 δcfs
δt

d3v.
(4.44)

It is convenient to eliminate the kinetic energy from above equation by means of the

continuity 4.7 and the equation of motion 4.29, finally we obtain an equation for the

transport of internal energy, or the heat balance equation [97]:

∂

∂t

(
3

2
Ps

)
+∇ · 3

2
(PsU s) + Ps∇ ·U s +∇ · q =

ms

2

∫
V

v2 δcfs
δt

d3v. (4.45)

Here 3
2
Ps = 3

2
nskBTs is the thermal energy density, 3

2
PsU s is the macroscopic thermal

energy flux, representing the flow of the thermal energy density at the fluid velocity

U s, Ps∇ ·U s gives the heating or cooling of the fluid due to the compression or ex-

pansion of its volume, and collisional term includes all collisional process that change

the thermal energy density. These include ionization, excitation, elastic scattering,
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and frictional (ohmic) heating. The equation is usually closed by letting q = −κ∇T ,

where κ is the thermal conductivity.

4.2 Modeling particle and energy balances

The excited wave fields are dissipated by the collisions of electrons, and the power

absorption by the helicon wave and the TG wave (mainly by the TG wave) are

calculated from these wave fields profiles as the local ohmic heating as shown in the

previous chapter (Fig. 3.7). This calculated power absorption is substituted in the

energy balance equation 4.45, which also includes the power loss due to the elastic

and inelastic (ionization and excitation) collisions, and particle loss toward the wall.

Since the energy exchange between electrons and ions are small because of the small

mass ratio, and electron-electron collisions are enough frequent that its distribution

function relaxes to local Maxwellian in high-density helicon plasma, it is reasonable

to describe the energy balance of helicon discharge by the energy equation of electrons

with a single electron temperature if the external field effect is small. In the energy

balance equation, the local electron temperature is calculated in each time.

The motions of the background charged particles are solved by the momentum

equation 4.26 separately from those of the wave fields (the coherent motions of charged

particles with applied external electromagnetic fields). In our calculation, two types

of model are used for this calculation. As the first approach, we assume that the

charge neutrality is always conserved and the electron and ion fluxes are equal at

any plasma region. This assumption can be made in the highly collisional regime, in

which we neglect the acceleration (the first term on the left) and inertial force (the

second term on the left) on the momentum equation 4.26 both of electron and ion

(this assumption is called the drift-diffusion approximation). In this regime, electrons

motion, which is much faster than that of ions due to the small mass, is restricted

by an electric field that spring up to maintain the local flux balances. Therefore, we
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can treat the motion of the charged particle as an ambipolar diffusion by combining

the momentum equation and the continuity equation in this regime [51]. Since the

background magnetic field is applied along the axial direction in the helicon discharge

system, the charge particles are highly magnetized, and thus charged particles can not

diffuse easily across the magnetic field (in the radial direction). As a second approach,

we evaluate the validity of above assumptions (drift-diffusion approximation), and

consider the more realistic model. Actually, in the helicon discharge system and

in many situations of another discharge system, we can not ignore the acceleration

and inertial terms with respect to the ions momentum equation, but we can ignore

the electrons ones. Therefore, we solve the drift-diffusion approximated momentum

equation for electron and full momentum equation for ion. The continuity equations

for electron and ion are solved and the densities of the ion and electron are updated

separately.

4.2.1 Ambipolar diffusion model

The ambipolar diffusion model discussed in this section uses the simplifying as-

sumption that the local charge neutrality holds anywhere in the plasma region, thus

we can describe the bulk plasma motion by using the simple diffusion equation with

the sheath boundary conditions. In more realistic model, the sheath formation should

be included self-consistently. Especially in the bounded magnetized plasma, the wall

losses of the electrons and ions should be treated separately with no local ambipo-

larity assumptions, since the ions diffuse to the transverse walls (due to their large

Larmor radii) while electrons are preferentially lost to the axial walls (due to their

large thermal speed) [86]. The motions of charged particles are described by using

the momentum equation 4.26 as follows,

msns

[
∂us

∂t
+ (us · ∇)us

]
= nses (E + us ×B0)−∇p−msnsνsus, (4.46)
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where s = e and i for electrons and ions, respectively, νs is the momentum transfer

collision frequency of sth species, the second term of the right hand side is originated

from the divergence of the pressure tensor, that is used by an isotropic version when

collisions maintain an isotropic velocity distribution. In a following highly collisional

regime,

∂

∂t
<< νj, and ∇uj << νj, (4.47)

are assumed to be satisfied. In this regime, the momentum equation can be written

as the drift-diffusion, and then the acceleration (the first term) and the inertial force

(the second term) terms on the left in 4.46 are neglected, and 4.46 is written for ion

and electron as

nie (E + u i ×B0)−∇p−miniνiu i = 0, for ion (4.48)

and

−nee (E + ue ×B0)−∇p−meneνeue = 0, for electron (4.49)

respectively, where B0 is the back ground magnetic field applied along the axial

direction, and the zeroth-order terms of electromagnetic fields and fluid velocity are

assumed to be dominant, thus the higher order terms are ignored. Using 4.27, and

solving 4.48 and 4.49 with respect to u⊥ (the index ⊥ means the perpendicular

direction with respect to the back ground magnetic field), we obtain

u i,⊥ = µi,⊥E −Di,⊥
∇ni
ni

+
u i,E + u i,D

1 + (νi/ωci)2
, for ion (4.50)

and

ue,⊥ = −µe,⊥E −De,⊥
∇ne
ne

+
ue,E + ue,D

1 + (νe/ωce)2
, for electron (4.51)
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where the perpendicular mobility µs,⊥ and the perpendicular diffusion coefficient Ds,⊥

are defied as,

µs,⊥ =
µs

1 + (ωcs/νs)2
, Ds,⊥ =

Ds

1 + (ωcs/νs)2
, (4.52)

µ =
|es|
ms

νs, and D = kBTs/msνs. (4.53)

Here u j,E, and u j,D are the E ×B drift and the diamagnetic drift velocities that are

perpendicular to the field and the gradients:

u j,E =
E ×B

B2
0

, u j,D = − kTj

qB0
2

∇nj ×B0

nj
. (4.54)

As shown in 4.51, the E ×B drift and the diamagnetic drift are slowed by collisions.

In some plasma discharges, these drift terms can be important because they can lead

to instabilities with a resulting anomalous transport and they can also lead to large

current flows. In our model, for simplicity, we omit the nonlinear E × B drift term

and the diamagnetic drift term from 4.54. However, since there is a possibility that

these drift terms would improve the perpendicular diffusion so as to transport the

density more rapidly than the usual diffusion [98], and the centrally peaked density

profile could be explained, our model should be improved to include these drift terms

in a future work. Using the assumption of the charge neutrality (ne = ni = n) and the

flux equality (Γe,⊥ = Γi,⊥) among electrons (Γe,⊥ = neue,⊥) and ions (Γi,⊥ = niu i,⊥),

we obtain

µi,⊥nE −Di,⊥∇n = µe,⊥nE −De,⊥∇n, (4.55)

and this equation can be solved for E in terms of ∇n, we obtain the cross-field

ambipolar electric field E a,⊥ as

E a,⊥ =
Di,⊥ −De,⊥

µi,⊥ − µe,⊥
∇n
n
. (4.56)
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Substituting this equation into following the common flux equation,

µs,⊥nE a,⊥ −Ds,⊥∇n, for electron and ion (4.57)

we obtain

Γ⊥ = −µi,⊥De,⊥ + µe,⊥Di,⊥

µi,⊥ + µe,⊥
∇n. (4.58)

The coefficient of the cross-field ambipolar diffusion is introduced as

Da,⊥ =
µi,⊥De,⊥ + µe,⊥Di,⊥

µi,⊥ + µe,⊥
. (4.59)

where we assume that plasma can be lost only across the magnetic field. However the

assumption that the diffusion takes place only across the magnetic field is generally

not satisfied. Even for a finite length system in which l (along B0) >> d (across

B0), the more rapid diffusion along B0 is usually important. When we consider the

two-dimensional model on (x−z) plane, the following equations should be combined,

∂n

∂t
= De

∂2n

∂z2
+ µe

∂

∂z
(nEz) +D⊥e

∂2

∂x2
+ µ⊥e

∂

∂x
(nEx), (4.60)

and

∂n

∂t
= Di

∂2n

∂z2
− µi

∂

∂z
(nEz) +D⊥i

∂2

∂x2
− µ⊥i

∂

∂x
(nEx), (4.61)

these equation are obtained from the continuity equation for electrons and ions. Exact

two-dimensional solutions to these two coupled nonlinear diffusion equations have not

been obtained. If we consider the limiting case Exd < Ti and Te, where Ex is the

electrostatic field generated in the bulk plasma region (except the sheath region), we

can drop the perpendicular mobility terms in 4.60 and 4.61 [51]. Multiplying 4.60 by
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µi and 4.61 by µe and adding the two equations, we obtain

∂n

∂t
=
µiDe + µeDi

µi + µe

∂2n

∂z2
+
µiD⊥e + µeD⊥i

µi + µe

∂2n

∂x2
. (4.62)

Thus, the ambipolar coefficients are

D‖a =
µiDe + µeDi

µi + µe
, (4.63)

parallel to the field, and

D⊥a =
µiD⊥e + µeD⊥i

µi + µe
, (4.64)

perpendicular field. Using these coefficients, finally we obtain the particle balance

equation as follows

∂n

∂t
= D‖a∇2

‖n+D⊥a∇2
⊥n+G− L. (4.65)

In the right side of above equation, G and L represent the volume source and sink

respectively, that are given by ionization rate (αiz) and recombination rate (αrec) as

follows,

G = αizngn, and L = αrecngn. (4.66)

where ng is the back ground neutral density. Since the particle loss due to the recom-

bination is usually much smaller than that due to the particle loss to the wall, the

following loss term at the boundary affects on the above particle balance equation

dominantly,

L |r=a= Lr,wall, at r = a (:Insulating wall) (4.67)

and

L |z=±Lz
2

= Lz,wall, at z = ±Lz
2

(:Conducting wall) (4.68)

where Lr,wall and Lz,wall are given by the average particle flux toward the sheath

boundary as shown in the next section.
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4.2.2 Full fluid model

The validity of the drift-diffusion approximation is reconsidered in this section.

Crude estimations of the ion inertial term to the drift and diffusion terms are

miniu i · ∇u i

eniE
∼ miu

2
B

eVs
∼ O(0.1), (4.69)

miniu i · ∇u i

Ti∇ni
∼ miu

2
B

Ti
>> 1, (4.70)

where Vs is the pre-sheath voltage drop and uB = (kBTe/mi)
1/2 is the Bohm velocity

(ions are accelerated up to this velocity in the pre-sheath region). For example, a

rough estimation for Te = 3.0 [eV] and Ti = 0.026 [eV] Ar discharge gives uB ∼

1.5 × 103 [m/s], eVs = 14 [eV] which results in miu
2
B/(eVs) ∼ 0.2 ∼ O(0.1) and

miu
2
B/Ti ∼ 38 >> 1. These results show that the ion inertial term can be comparable

to the drift term and is larger than diffusion term. Similarly, rough estimations for

electrons are

meneue · ∇ue

eneE
∼ meu

2
B

eVs
<< 1, (4.71)

meneue · ∇ue

Te∇ne
∼ meu

2
B

Te
<< 1. (4.72)

We can easily check that the inertial term in the electron momentum equation

can always be neglected in the usual discharge conditions, for example, using the

same parameters with the discussion for ions, meu
2
B/(eVs) ∼ 2.9 × 10−6 << 1 and

miu
2
B/Ti ∼ 1.4× 10−5 << 1. Therefore, we can apply the drift-diffusion approxima-

tion for electrons momentum equation, while the full momentum equation is solved

for ions as follows

mini

[
∂u i

∂t
+ (u i · ∇)u i

]
= e (E + u i ×B0)−∇p−miniνiu i, for ion (4.73)
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and

neue = Γe = −nee
me

E − e

me

Γ⊥,e ×B0 −∇(
nekBTe
me

). for electron (4.74)

4.2.3 Energy balance equation

From 4.45 the energy balance equation for electron is written as follows

∂

∂t

(
3

2
pe

)
+∇ · qe = −Γe ·E −

3me

mi

νennekB(Te − Tn) + Pabs − Ploss, (4.75)

where Pabs is the power absorption, calculated by the Ohmic heating of wave fields:

Pabs = Re[E · J ]

=
ωε0

2
Im
{
S
(
|δEr|2 + |δEθ|2

)
+ P |δEz|2

}
,

(4.76)

where δ represents the perturbation of electromagnetic wave fields. The first term of

4.75 is the Joule heating due to the ambipolar electric field, and the second term is

the energy loss due to the elastic collision between electron and neutral (νen is the

elastic collision frequency and Tn is the temperature of neutral particles). Ploss is

the power loss mainly by inelastic collisions between electrons and neutrals, which is

given by

Ploss = ngne (αizεiz + αexεex) , (4.77)

where εiz and εex are the corresponding energy losses per one electron-ion pair is

created and excitation of one neutral occurs respectively. For Ar, these values are

εiz = 15.76 [eV] and εex = 12.14 [eV]. One can notice that the second and third terms

in 4.45 are included in q as

q e =
5

2
ΓekBTe − κ∇Te, (4.78)
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where the thermal conductivity κ is given by

κ‖ =
5

2
nekBDe =

5

2

pe
meνe

, for parallel direction (4.79)

and

κ⊥ =
κ‖

1 + (ωce/νe)2
, for perpendicular direction (4.80)

in the full fluid model, and

κa,‖ =
5

2
nekBDa,‖, for parallel direction (4.81)

and

κa,⊥ =
κa,‖

1 + (ωce/νe)2
, for perpendicular direction (4.82)

in the ambipolar diffusion model. Since ωce/νe >> 1 for a typical helicon discharge,

the thermal energy flux also can not be transported in the perpendicular direction

i.e. κ‖ >> κ⊥. The electron fluid velocity is typically much smaller than the electron

thermal velocity vth,e, thus the first term on the right side of 4.78 can be negligible

compared to the second term. This first term is included in the full fluid model, while

not included in the ambipolar diffusion model.

4.2.4 Spatial discretization of full fluid model

The development of numerical methods to simulate processing plasmas has been

ongoing for over three decades. Prior to 1990, simulations were typically one dimen-

sional [99,100], either with a fluid model or a particle model of the plasma since then,

two-dimensional and three-dimensional simulations with detailed chemistry have been

developed [101]. Nitschke and Graves developed a one-dimensional fluid model for a

helium discharge growth [102]. They compared results from particle and fluid simu-

lations for the same mode based on helium. They found that the two methods agree
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well for pressures greater than or equal to 100 [mTorr]. The discrete equations are

derived using the finite volume method, and the up-winding method is commonly

used for spatial discretization of the electron flux [103]. These equations are written

by using the grid number j for the r direction and k for the z direction, and spatial

grid size ∆r and ∆z, as follows:

Ion continuity

dni(j,k)

dt
=− 1

∆r

[(
ni(j,k) + ni(j+1,k)

2

)
uir(j+1/2,k) −

(
ni(j−1,k) + ni(j,k)

2

)
uir(j−1/2,k)

]
− 1

2r

[(
ni(j,k) + ni(j+1,k)

2

)
uir(j+1/2,k) +

(
ni(j−1,k) + ni(j,k)

2

)
uir(j−1/2,k)

]
− 1

∆z

[(
ni(j,k) + ni(j,k+1)

2

)
uiz(j,k+1/2) −

(
ni(j,k−1) + ni(j,k)

2

)
uiz(j,k−1/2)

]
+ αizngne − αrecngne.

(4.83)

Ion momentum

duir(j+1/2,k+1/2)

dt
=−

uir(j+1/2,k+1/2)

2∆r

(
uir(j+3/2,k+1/2) − uir(j−1/2,k+1/2)

)
−
uiz(j+1/2,k+1/2)

2∆z

(
uir(j+1/2,k+3/2) − uir(j+1/2,k−1/2)

)
+
u2
iθ(j+1/2,k+1/2)

r

+
e

mi

Er(j+1/2,k+1/2) + ωciu
2
iθ(j+1/2,k+1/2) − νiuir(j+1/2,k+1/2),

(4.84)

duiθ(j+1/2,k+1/2)

dt
=−

uir(j+1/2,k+1/2)

2∆r

(
uiθ(j+3/2,k+1/2) − uiθ(j−1/2,k+1/2)

)
−
uiz(j+1/2,k+1/2)

2∆z

(
uiθ(j+1/2,k+3/2) − uiθ(j+1/2,k−1/2)

)
+
uiθ(j+1/2,k+1/2)uir(j+1/2,k+1/2)

r

− ωciuir(j+1/2,k+1/2) − νiuiθ(j+1/2,k+1/2),

(4.85)
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and

duiz(j+1/2,k+1/2)

dt
=−

uir(j+1/2,k+1/2)

2∆r

(
uiz(j+3/2,k+1/2) − uiz(j−1/2,k+1/2)

)
−
uiz(j+1/2,k+1/2)

2∆z

(
uiz(j+1/2,k+3/2) − uiz(j+1/2,k−1/2)

)
+

e

mi

Ez(j+1/2,k+1/2) − νiuiz(j+1/2,k+1/2).

(4.86)

Electron continuity

dne(j,k)

dt
=− 1

∆r

(
Γr(j+1/2,k+1/2) − Γr(j−1/2,k+1/2)

)
− 1

2r

(
Γr(j+1/2,k+1/2) + Γr(j−1/2,k+1/2)

)
− 1

∆z

(
Γz(j+1/2,k+1/2) − Γz(j+1/2,k−1/2)

)
+ αizngne − αrecngne.

(4.87)

Electron energy

3

2

d(neTe)(j,k)

dt
=− 1

∆r

(
qer(j+1/2,k+1/2) − qer(j−1/2,k+1/2)

)
− 1

2r

(
qer(j+1/2,k+1/2) + qer(j−1/2,k+1/2)

)
− 1

∆z

(
qez(j+1/2,k+1/2) − qez(j+1/2,k−1/2)

)
− e

2

(
Γer(j−1/2,k+1/2)Er(j−1/2,k+1/2) + Γer(j+1/2,k+1/2)Er(j+1/2,k+1/2)

)
− e

2

(
Γez(j+1/2,k−1/2)Ez(j+1/2,k−1/2) + Γez(j+1/2,k+1/2)Ez(j+1/2,k+1/2)

)
− 3me

mi

ne(j,k)νenkB
(
Te(i,j) − Tn

)
+ Pabs(j,k) − Ploss(j,k).

(4.88)

The electron fluxes are discretized by using up-winding scheme as follows when
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Er < 0,

Γer(j+1/2,k+1/2) = − 1

meνe[1 + (ωce/νe)2]

[
ne(j,k)eEr(j+1/2,k+1/2) +

kB
∆r

(
neTe(j+1,k) − neTe(j,k)

)]
,

(4.89)

when Er > 0,

Γer(j+1/2,k+1/2) = − 1

meνe[1 + (ωce/νe)2]

[
ne(j+1,k)eEr(j+1/2,k+1/2) +

kB
∆r

(
neTe(j+1,k) − neTe(j,k)

)]
,

(4.90)

when Ez < 0,

Γez(j+1/2,k+1/2) = − 1

meνe[1 + (ωce/νe)2]

[
ne(j,k)eEz(j+1/2,k+1/2) +

kB
∆z

(
neTe(j,k+1) − neTe(j,k)

)]
,

(4.91)

and when Ez > 0,

Γez(j+1/2,k+1/2) = − 1

meνe[1 + (ωce/νe)2]

[
ne(j,k+1)eEz(j+1/2,k+1/2) +

kB
∆z

(
neTe(j,k+1) − neTe(j,k)

)]
.

(4.92)

The heat fluxes are given as follows

qer(j+1/2,k+1/2) =
5

2
Γer(j+1/2,k+1/2)

(
Te(j,k) + Te(j+1,k)

2

)
− 5k2

B

2meνe

(
neTe(j,k) + neTe(j+1,k)

2

)(
neTe(j+1,k) − neTe(j,k)

∆r

)
,

(4.93)

and

qez(j+1/2,k+1/2) =
5

2
Γez(j+1/2,k+1/2)

(
Te(j,k) + Te(j,k+1)

2

)
− 5k2

B

2meνe

(
neTe(j,k) + neTe(j,k+1)

2

)(
neTe(j,k+1) − neTe(j,k)

∆z

)
.

(4.94)
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Poisson equation

The Poisson equation is discretized by using the central difference calculus as

follows

Φ(j−1,k) − 2Φ(j,k) + Φ(j+1,k)

∆r2
+

Φ(j+1,k) − Φ(j−1,k)

r2∆r
Φ(j,k−1) − 2Φ(j,k) + Φ(j,k+1)

∆z2
= −

ρ(j,k)

ε0
,

(4.95)

this equation is calculated by using the SOR (Successive Over-Relaxation)

method, and the ambipolar electric fields are obtained as

Er(j+1/2,k+1/2) = −
Φ(j+1,k) − Φ(j,k)

∆r
, Ez(j+1/2,k+1/2) = −

Φ(j,k+1) − Φ(j,k)

2∆z
. (4.96)

The strong coupling which exists between the calculation of the potential and the

electron density in the fluid simulation can lead to numerical instabilities when 4.87,

4.89-4.92, and 4.95 are solved independently (i.e., explicitly) using a numerical time

step greater then relaxation time τd [102]:

τd =
νe
ω2
pe

. (4.97)

Since this time step limitation is much smaller than other general Courant conditions

(∆r/v), above equations should be solved implicitly in time by using some implicit

methods such as Euler method, the second-order Runge-Kutta method [104], or other

methods. However, since we have not yet introduced such a implicit method in our

simulation model, we proceeded the time integration of above equations by taking

the tiny time step which satisfies 4.97 to avoid numerical instabilities.
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4.3 Boundary condition

Figure 4.1: Behavior of the electrostatic potential and electron and ion densities in
the sheath, presheath (or transition) and bulk plasma regions of a plasma
in contact with a grounded wall [105].

When a grounded object V = 0 [V] is inserted in an electro-positive plasma,

consisting of equal numbers of positive ions and electrons, the electrons that are

far more mobile than ions are lost faster than ions toward the wall. The plasma will

therefore charge positively with respect to a grounded wall. The non-neutral potential

region between the plasma and the wall is called a sheath. In a weakly ionized plasma,

the energy to sustain the plasma is dominantly heating of the electrons by the RF

source, while the ions are at rest near equilibrium with back ground gas. The electron

temperature is then typically of few volts, while ions are cold. In this situation we
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may think of mono-energetic ions being accelerated through the sheath potential,

while the electron density decreases according to the Boltzmann factor. The electron

density would then decay on the order of a Debye length λDe, to shield the electrons

from the wall. In a steady state, the loss rate of the electrons and ions must be

equal so that the plasma can be quasi-neutral. Therefore, a plasma in contact with

a grounded wall will charge up positively, and be quasi-neutral throughout most of

the plasma, but have a positively charged plasma sheath region near the wall. Figure

4.1 shows the conceptual geometry of a one-dimensional sheath [105]. The potential

drop Φ∞ (= Vs) between the bulk plasma and the grounded wall in Fig. 4.1 can be

obtained from the flux balance condition between the electrons and ions. The flux of

ions to the wall is given by

Γi = niuB (4.98)

where uB is well known as the Bohm velocity, that is the minimum velocity, satisfying

the Bohm criterion:

ui ≥ uB. (4.99)

The Bohm sheath criterion implies that ions must enter the sheath region sufficiently

rapidly to compensate for the electron charge leakage through the sheath to the wall.

Therefore, to give the ions the directed velocity uB, there must be a finite electric

field in the plasma over some region, typically much wider than the sheath, called

the presheath. At the sheath-presheath interface there is a transition from subsonic

(ui < uB) to supersonic (ui > uB) ion flow, where the condition of charge neutrality

must break down. The electrons flux, which flows toward the wall is given by

Γe =
1

4
neūeexp

(
−Φ∞
Te

)
, (4.100)

where ūe = (8kBTe/πme)
1/2 is a averaged velocity over the Maxwellian. The rough

estimation of the potential drop Φ∞ is obtained by equating 4.99 and 4.100 with
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common density (ni = ne = n∞) at the presheath edge as follows

(
kBTe
mi

)1/2

=
1

4
ūeexp

(
−Φ∞
Te

)
. (4.101)

From above equation, Φ∞ is obtained as

Φ∞ = −Teln
(

mi

2πme

)1/2

, (4.102)

or Φ∞ = 4.7 Te for Argon. In this estimation, we assume that there are no signifi-

cant voltages applied across the sheath, then for an insulating wall. At an undriven

conducting wall, the fluxes need not balance, although the integrated fluxes (particle

currents) must be balance. However, if the fluxes are not too dissimilar, then 4.102

remains a good estimate due to the logarithmic dependence of Φ∞ on the ratio of

fluxes [51]. Although lots additional physics such as the effect of magnetization and

collision needs to be included to precisely determine the potential drop between the

plasma and the wall, these effects may not change the entire features of the helicon

discharge dramatically, thus Φ∞ = Vs = 4.7 Te is used as the boundary condition at

the wall (either at the conducting and the insulating boundaries) in the ambipolar dif-

fusion model. The averaged electron energy flux, that is lost to the wall is calculated

as

We,wall = 2kBTeΓe, (4.103)

where Γe is given by 4.100. In the full fluid model, the wall potential is calculated

self-consistently by solving the Poisson equation, and thus the boundary conditions

used in this model are determined as

Γer =
1

4
neūeexp

(
Φr=a − Φr=a−dr

Te

)
, at r = a (4.104)
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Γez = ±1

4
neūeexp

(
Φz=±Lz

2
− Φz=±Lz

2
∓dz

Te

)
, at z = ±Lz

2
(4.105)

for the electrons continuity equation,

qer = 2Γer|r=akBTe, atr = a (4.106)

qez = ±2Γez|z=±Lz
2
kBTe, at z = ±Lz

2
(4.107)

for the electrons energy balance equation, and

Φr=a,z=±Lz
2

= 0, (4.108)

for the Poisson equation.

4.4 Collisions in plasma

4.4.1 Collisions between electrons, ions and neutrals

The electron-neutral cross sections used in our model are shown in Fig. 4.2 [106].

In our model, the rate constants α [m3/s] are obtained by averaging the above cross

sections over the distribution function. The rate constants for elastic collision, exci-

tation, and ionization averaged over an isotropic Maxwellian are shown in Fig. 4.3.

In Fig. 4.3, we use the numerically fitting curves as a function of the electron tem-

perature [51] as follows

αel = 2.336× 10−14T 1.609
e exp[0.0618(lnTe)

2 − 0.1171(lnTe)
3], (4.109)

αex = 2.48× 10−14T 0.33
e exp

(
−12.78

Te

)
, (4.110)
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and

αiz = 2.34× 10−14T 0.59
e exp

(
−17.44

Te

)
. (4.111)

The recombination rate constants are given by theoretical model [107]. Assuming

the heating of ions is trivial in the helicon discharge, the ion temperature is fixed

as Ti = 0.026 [eV] in our model, and the rate constants for charge exchange (αcx)

and the elastic scattering (αel) are calculated by averaging the cross section data

obtained from Fig. 4.4 [108] over an isotropic Maxwellian. Since the ion temperature

is smaller than the typical experimental conditions (Ti > 0.1 [eV], ions are heated

by some mechanisms as introduced in 1.1.6 [42]), the more realistic value of the ion

temperature should be set in the future model. The collision frequencies per one

particle for each collision are obtained by multiplying the target density i.e. the

neutral density ng.

Figure 4.2: Ionization, excitation and elastic scattering cross sections for electrons in
argon gas [106].
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Figure 4.3: Electron collision rate constants for ionization (αiz), excitation (αex), elas-
tic (αel), and recombination (αrec) versus Te in argon gas [51].

Figure 4.4: Charge exchange, and elastic scattering cross sections for ions in argon
gas [108].
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4.4.2 Coulomb collisions

The Maxwellian distribution collision frequencies for the coulomb collisions of

charged particles are obtained by theoretical formula [105,109] as follows,

νe−i =

√
2

3
√
π
n

(
e2

4πε0

)2
4π

me
1/2Te

3/2
lnΛe, (4.112)

νe−e =
1√
2
νe−i, (4.113)

νi−e =
me

mi

νe−i, (4.114)

νi−i =

√
2

3
√
π
n

(
q2

4πε0

)2
4π√

2mi
1/2Ti

3/2
lnΛi, (4.115)

where lnΛe and lnΛi are the Coulomb Logarithm defined as

Λs =
λDs
bmin

, (4.116)

where λDs is the Debye length for sth species, and bmin is the minimum impact

parameter.

4.5 Time and space scalings and the features of helicon dis-

charge

Since there are various physical time and space scalings relevant to the helicon

discharge, it is necessary to estimate these scales, in order to capture a characteristic

of the helicon discharge. A crude estimation of physical time scalings are shown in

Fig. 4.5 and space scalings are shown in Fig. 4.6. These estimations were made by

using the specific parameters in the experiment of Nisoa et al.

Figure 4.5 shows evaluated time scales by using typical plasma parameters. Since

the RF drive frequency ωRF satisfies ωci � ωLH < ω � ωce � ωpe, the effect of ions

motions on the wave fields can be ignored. The transit time scales of the helicon and
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Figure 4.5: Time scales of the physics of a helicon discharge

the TG waves in a plasma (plasma radius a = 0.0225 [m]) are evaluated by using

their phase velocities vφ as

τwave transit = a/vφ,TG,Helicon. (4.117)

The transit time scale of the helicon wave is much faster than that of the TG wave,

since the perpendicular wave number of the helicon and the TG wave is well separated

(the wavenumber of the TG wave is much larger than that of the helicon wave). The

diffusion time scales of particle and heat flux are evaluated as

τparticle diffusion,⊥ =
a2

Da,⊥
, (4.118)
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Figure 4.6: Length scales normalized by the plasma radius, where the same parame-
ters are used with in Fig. 4.5.

τparticle diffusion,‖ =
L2
z

Da,‖
, (4.119)

τheat transfer,⊥ =
3na2

2κa,⊥
=

3

5

a2

Da,⊥
, (4.120)

τheat transfer,‖ =
3nL2

z

2κa,‖
=

3

5

L2
z

Da,‖
. (4.121)

Since the diffusion coefficient is basically proportional to v2
th,e/νe, above diffusion time

scales are proportional to the collision frequency νe, square of the plasma size a2 and

L2
z, and square inverse of the thermal velocity 1/v2

th,e. Since the electron diffusion is

strongly restricted by the assumptions of the ambipolar diffusion (the charge neutral-

ity and the flux equality), the diffusion time scales are dominated by the ions diffusion,

and thus it takes much long time (over [ms]) for the above diffusions. As shown in Fig.

4.6, since the charged particle is strongly magnetized (ions Larmor radius: ρi/a ∼ 0.2,

and electrons Larmor radius: ρe/a ∼ 0.01), the perpendicular diffusion time scales

are longer than that of the parallel diffusion. The time scales of the loss to the wall

are evaluated by using the electron mean velocity ūe = (8kBTe/πme)
1/2. The space

scalings of the wavelength λ and the penetration depth δ in Fig. 4.6 are evaluated

from the perpendicular wavenumbers of the helicon and the TG waves. As shown in

Fig. 4.6, the penetration depth of the TG wave is much shorter than the plasma size,
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while the helicon one is much larger than the plasma size.

Summarizing the above scalings, the general description of the helicon discharge

can be captured as follows: Once the RF current is applied from the antenna, the

helicon and the TG waves are excited and they travel in the plasma within t ∼ 0.1

[µs], however the TG wave strongly decay at the plasma edge r ∼ a, while the helicon

wave penetrates into the center of the plasma r = 0. As a result, the electrons

around the plasma edge are heated by the TG wave, and ionization of neutrals are

accelerated, and the plasma density grows within several µs or tens of µs (since the

electron temperature would increase several eV due to the Joule heating, and thus

the ionization time scale is evaluated within the range of 3 < Te < 5 [eV]) near the

plasma edge. The plasma density and the electron temperature are determined by the

balance of the gain (ionization and power absorption) and the loss (due to the inelastic

collisions and the wall loss). Since the diffusion time scales are much longer than these

physical time scales, the plasma density and the electron temperature can not diffuse

within the growth time scale, thus the density and the electron temperature growths

are localized near the plasma edge as shown in Fig. 4.7. Finally, in a steady state,

these growths will be balanced with the losses of the energy flux and particles toward

the wall.

Figure 4.7: The expected profiles of the power absorption, the plasma density, and
the electron temperature. The edge-localized power absorption profile
by the TG wave would lead to the edge-localized profiles of the electron
temperature and the plasma density.
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4.6 One-dimensional cylindrical ambipolar diffusion model

Figure 4.8: The one-dimensional cylindrical helicon discharge model. The plasma
density is updated by the ambipolar diffusion equation

In this section, we show the results by using the one-dimensional cylindrical helicon

discharge model as shown in Fig. 4.8. In this model, electromagnetic wave fields are

solved by using the FDTD method with the fixed axial wave number kz = 5 [1/m]

(axial uniformity of all parameters are assumed), where we assume that N = 1 the

axial standing wave is excited in the short cylindrical plasma column with Lz = 0.1

[m] length as shown in Fig. 2.16. The model includes the plasma region (0 < r < a)

and the vacuum region (a < r < b and b < r < c).

In this simulation, numerical iterations are conducted using the following param-

eters: step size in space dr = 1.5 × 10−4 [m] (≈ 0.03 × λTG: the wave length of the

TG wave at n = 1018 [1/m3]), step size in time dt = 0.9dx/c [s], number of grid in

plasma region(0 < r < r0): 150, and number of grid in vacuum region(a < r < b and

b < r < c): 30.

The m = 0 antenna current Jθ = 2.8 ∼ 3.0 × 106 [A/m2] (that corresponds to
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the roughly estimated antenna power of PRF ∼ 0.4 [kW] when the Pabs is integrated

over the plasma volume (plasma radius a = 0.0225 [m] and length Lz = 0.1 [m])

with the uniform plasma density n = 5.0 × 1018 [1/m3]) is applied at r = b. The

azimuthal spatial variation of all parameters are also not included. The conducting

boundary is introduced at r = c where the tangential electric wave fields (δEθ and

δEz) are vanished. The initial conditions at t = 0 [s] are set to be uniform over

the plasma region as follows: electron temperature Te = 3.0 [eV], plasma density

n = 1016 [1/m3], Ar neutral pressure PAr = 8 [mTorr] ∼ nN = 2.6× 1020 [1/m3], and

ion and neutral temperatures are fixed as the room temperature Te = 0.026 [eV]. The

electron temperature is time integrated by using the energy balance equation 4.75,

and the plasma density is time integrated by using the ambipolar diffusion equation

4.65. In this model, the mode transition of the axial standing wave from the N = 1

(kz = 5 [1/m]) mode to the N = 3 (kz = 15 [1/m]) mode in not included. That mode

transition will be discussed by using the two-dimensional cylindrical model in the

next section. The another effects such as the ion heating and the neutral dynamics

are not included, and thus these effects should be included in the future model. In

this section, we focus the basic understanding of the helicon discharge.
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4.6.1 The time evolution of the plasma density and the electron temper-

ature profiles

(a) Plasma density (b) Electron temperature

(c) Power absorption (d) Radial wave number normalized by the
plasma radius

Figure 4.9: (a) Plasma density profile, (b) electron temperature profile, (c) power ab-
sorption profiles by H+, H-, TG+, TG- waves, and total power absorption
profile, and (d) radial wave numbers (real part) of each wave normalized
by the plasma radius at t = 60 [µs] with Jext = 3.0× 106 [A/m2].

Figure 4.9 shows the spatial profiles of (a) plasma density, (b) electron temper-

ature, (c) power absorption by H+, H-, TG+, TG-, where the minus and plus sign

represent the sign of the wave phase velocity (note that the perpendicular component

of the TG wave group velocity has an opposite sign to that of the phase velocity),

and total power absorption (black line), and (d) radial wave numbers of each wave at

t = 60 [µs], when the azimuthal current Jext = 3.0× 106 [A/m2] is applied. From Fig.
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4.9, one can see the edge-localized electron temperature (the maximum temperature

is Te ∼ 5.0 [eV]) resulting from the power absorption by TG- wave, that leads to the

edge-localized density growth (the maximum density is n ∼ 4.0× 1017 [1/m3]). Since

the power absorption by the TG- wave is localized at the plasma edge due to its small

penetration depth, the electron temperature and the plasma density profiles are also

localized around the plasma edge. The centrally peaked profile or the hollow profile

observed in the experiment (Fig. 1.27) can not be seen in this result because of the

long time delay of the ambipolar diffusion (∼[ms]). From Fig. 4.9 (d), one can see

the real part of the helicon wave number is zero, and thus the helicon wave number is

pure imaginary at the under-cut-off density region n < nlow, where the cut-off density

is nlow ∼ 1.3× 1018 [1/m3] in this case.

130



(a) Plasma density (b) Electron temperature

(c) Power absorption (d) Radial wave number normalized by the
plasma radius

Figure 4.10: (a) Plasma density profile, (b) electron temperature profile, (c) power
absorption profiles by H+, H-, TG+, TG- waves, and total power ab-
sorption profile, and (d) radial wave numbers (real part) of each wave
normalized by the plasma radius at t = 73 [µs] with Jext = 3.0 × 106

[A/m2].

Figure 4.10 shows the same profiles with Fig. 4.9 at t = 72 [µs]. As shown

in Fig. 4.10, the maximum plasma density reaches at n ∼ 1019 [1/m3] and the

maximum electron temperature decreases to Te ∼ 4.0 [eV] due to the energy loss by

the ionization. In Fig. 4.10 (c), it is interesting to notice that the power absorption

by H- wave become dominant near the plasma edge, that is due to the nearly merging

of the helicon and the TG branches as shown in Fig. 4.10 (d).
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(a) Plasma density (b) Electron temperature

(c) Power absorption (d) Radial wave number normalized by the
plasma radius

Figure 4.11: (a) Plasma density profile, (b) electron temperature profile, (c) power
absorption profiles by H+, H-, TG+, TG- waves, and total power ab-
sorption profile, and (d) radial wave numbers (real part) of each wave
normalized by the plasma radius at t = 200 [µs] with Jext = 3.0 × 106

[A/m2]

After enough time is passed, the helicon discharge reaches almost steady state

at t = 200 [µs] as shown in Fig. 4.11. The maximum density relaxes at n ∼ 1020

[1/m3], and the maximum electron temperature relaxes at Te ∼ 3.0 [eV]. At above

the upper limit density nup, where nup ∼ 1.6 × 1019 [1/m3] in this case, the helicon

and the TG branches completely merging as shown in Fig. 4.11 (d), and both waves

become evanescent in this region. Therefore, we can not decompose the wave fields

into the helicon and the TG waves precisely, that leads to the difference between the

total power absorption profile and the summation of four power absorption profiles
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in the density region n > 1.6 × 1019 [1/m3] as shown in Fig. 4.11 (c). Although the

both waves become evanescent in the density region n > 1.6× 1019 [1/m3], Fig. 4.11

(c) shows the considerable amount of power absorption in this region. The power

absorption in this region is due to the penetration of the surface waves that are

excited at the plasma edge, where the plasma density is much smaller than the upper

limit density nedge ∼ 1.8 × 1018 [1/m3] << nup. Even at the nearly steady state,

the centrally peaked profile can not be seen, since the time scale of the ambipolar

diffusion of t > 1 [ms] is much longer than t = 200 [µs].

4.6.2 The time evolution of the maximum plasma density and the elec-

tron temperature

Figure 4.12: The time evolution of the maximum plasma density (black line) and the
maximum electron temperature (red line) with Jext = 3.0× 106 [A/m2].

Figure 4.12 shows the time evolution of the maximum density and the maximum

electron temperature at the applied rf current Jext = 3.0× 106 [A/m2]. When the rf
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current is applied, the electron temperature increases immediately within t < 1 [µs]

and the plasma density. The density and the electron temperature increases gradually

until t ∼ 60 [µs], and abrupt density growth can bee seen from n ∼ 2.0× 1016 [1/m3]

at the time 60 < t < 80 [µs], while the electron temperature abruptly decreases at

that time.

Figure 4.13: The time evolution of the total amount of the power absorption (black
line) and power loss (red line) with Jext = 3.0× 106 [A/m2].
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Figure 4.14: The time evolution of the power balance Pabs−Ploss (black line) and the
internal energy 3/2nkBTe (red line) with Jext = 3.0× 106 [A/m2].

Figure 4.13 shows the time evolution of the total power absorption which is inte-

grated over the plasma volume, and the total power loss due to the inelastic collisions

and the wall loss, that are integrated over the plasma volume. As shown in Figs.

4.12 and 4.13, when the density reaches some critical value (n ∼ 2.0 × 1016 [1/m3]),

the total power absorption and the total power loss also increase abruptly from that

density point. This abrupt increasing of the power absorption may be associated

with the resonant excitation of the TG wave as was discussed in chapter 2, but the

detailed analysis of the TG wave excitation with such a edge localized density profile

as shown in Figs. 6.9-6.11 should be made for the further discussion. The abrupt

increasing of the density also result in the abrupt increasing of the total power loss,

since the increasing of the density directly reflected in the power loss. Figure 4.14

shows the time evolution of the power balance (Pabs − Ploss) and the internal energy

(3/2nkBTe). As seen from Figs. 4.12 and 4.14, the net power gain increases with
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increasing the density, that leads to the increasing of the internal energy. When the

density increases abruptly, since the absorbed power is distributed to the newly gen-

erated electrons, the electron temperature decreases despite the increasing of the net

power gain. As seen from Fig. 4.12, after the abrupt increasing of the plasma density

and decreasing of the electron temperature t > 80 [µs], the plasma density relaxes

to n ∼ 1020 [1/m3] and the electron temperature relaxes to Te ∼ 3.0 [eV]. From Fig.

4.14, one can see that the power balance approaches zero in that time, that leads to

the relaxation of the internal energy, and that result in the density and the electron

temperature. At the nearly steady state, although the electron temperature 3 [eV]

is a reasonable value observed in the experiment (the electron temperature is not

measured in this experiment but several eV of the electron temperature is measured

in the another experiments [14,110]), the plasma density above the 3.0× 1019 [1/m3]

is not observed in the experiment. Since that density limit in the experiment may

due to the neutral depletion, the neutral dynamics should be included in a more real-

istic discharge model. Furthermore, fixing of the parallel wave number as the N = 1

(kz = 5 [1/m]) mode in this one-dimensional model is not valid above the upper limit

density nup ∼ 1.6 × 1019 [1/m3], since the mode transition from the N = 1 (kz = 5

[1/m]) mode to the N = 3 (kz = 15 [1/m]) mode would occurs in the actual situation.

This mode transition of the axial standing wave will be discussed in the next section

(the wave excitation test).
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4.6.3 The time evolution of the maximum plasma density at various input

power

Figure 4.15 shows the time evolution of the maximum plasma density at Jext =

3.0, 2.88, 2.86, 2.84× 106 [A/m2] up to ∼ t = 400 [µs], which is the measurement time

in the experiment [2]. From Fig. 4.15, when Jext ≥ 2.88× 106 [A/m2], the maximum

density reaches n ∼ 1020 [1/m3] at t = 400 [µs], but when Jext ≤ 2.86 × 106 [A/m2],

the maximum density reduces through all the time. Therefore, there is some threshold

value between Jext = 2.88 × 106 and 2.86 × 106 [A/m2] for the density growth. In

both cases of Jext = 3.0× 106 and 2.88× 106 [A/m2], the maximum density abruptly

increases from the critical value n ∼ 2.0× 1016 [1/m3].

Figure 4.15: The time evolution (∼ t = 400 [µs]) of the maximum plasma density at
Jext = 3.0, 2.88, 2.86, and 2.84× 106 [A/m2].

Figure 4.16 shows the time evolution of the maximum electron temperature at each

current density, and Figs. 4.17 and 4.18 show the total net power gain (Pabs − Ploss)

at Jext = 3.0, 2.88× 106 [A/m2] and Jext = 2.86, 2.84× 106 [A/m2] respectively. From
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Fig. 4.16, one can see that the maximum electron temperature also decreases under

the threshold value of the current density, that is due to the net minus power gain

as seen from Fig. 4.18. Tease results indicate that the density can not grow when

the power balance (Pabs − Ploss) on the initial stage of the discharge is negative, and

once the density reaches the critical value (n ∼ 2.0× 1016 [1/m3]), the density grows

immediately within a few tens of µs. Therefore, the separation of the steady state

density results in the power balance not in the steady state but on the initial stage

(before the density growth) of the discharge. That argument is different from the

usual one, that the density jump is discussed from the power balance on the steady

state as mentioned in chapter 2. However, the low density and the intermediate

density mode (n < 1019 [1/m3]) observed in the experiment can not be seen in our

results.

Figure 4.16: The time evolution (∼ t = 400 [µs]) of the maximum electron tempera-
ture at Jext = 3.0, 2.88, 2.86, and 2.84× 106 [A/m2].

The threshold value of the current density and the critical value of the plasma
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Figure 4.17: The time evolution (∼ t = 400 [µs]) of the integrated net power gain
(Pabs−Ploss) over the plasma region at Jext = 3.0, and 2.88×106 [A/m2].

density for the density growth depends on the initial plasma density as shown in Fig.

4.19 (the initial density is n = 1.0 × 1015 [1/m3]). As seen from Fig. 4.19, when

the current density is above Jext ≥ 3.8 [A/m2], the plasma density grows but there is

long time delay in the density growth at Jext = 3.8 × 106 [A/m2], while the density

decreases from t ∼ 200 [µs] at Jext = 3.0 × 106 [A/m2]. Once the plasma density

reaches n ∼ 7.0 × 1015 [1/m3], the density grows immediately. Since the axial loss

of the particles is not included in this one-dimensional model, the further discussions

about the steady state and the density jump should be made in the two-dimensional

model.

139



Figure 4.18: The time evolution (∼ t = 400 [µs]) of the integrated net power gain
(Pabs−Ploss) over the plasma region at Jext = 2.86, and 2.84×106 [A/m2].

Figure 4.19: The time evolution (∼ t = 400 [µs]) of the maximum plasma density at
Jext = 4.0, and 3.8×106 [A/m2], with the initial plasma density n = 1015

[1/m3].
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4.7 Two-dimensional cylindarical model

Figure 4.20: The two-dimensional cylindrical helicon discharge model.

In this section, we show the results of the two-dimensional cylindrical model as

shown in Fig. 4.20. In this model, the conducting boundaries are introduced at r = c

and z = 0, Lz, where the tangential electric wave fields δEθ, δEz are vanished at

r = c and δEr, δEθ are vanished at z = 0, Lz. The azimuthal current Jθ = 2 × 107

[A/m2] which has a finite width (Lant,z = 0.03 [m] and Lant,r = 0.15 [mm], thus the

antenna current can be calculated as I0 = JθLant,rLant,z ∼ 90 [A]) is applied at r = b

and z = Lz/2. The antenna current density Jθ = 2× 107 [A/m2] corresponds to the

roughly estimated antenna power of 11.0 [kW] when the Pabs is integrated over the

plasma volume (plasma radius a = 0.0225 [m] and length Lz = 0.1 [m]) with the

uniform plasma density n = 5.0 × 1018 [1/m3] . The antenna power of 11.0 [kW] is

several times larger than that applied in the Nisoa’s experiment (0.1 ∼ 3.5 [kW]).

This large antenna current is applied in order to accelerate the time evolution of the

discharge and decrease the computational load, where the time step is severely limited
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by 4.97 (∆t ∼ 1.0 × 10−15 [s]), Actually, more realistic value of the antenna current

should be used in the future model by using the implicit method to calculate the

time integration of the balk motion of the plasma. Therefore, we focus on the basic

characteristics of the time evolution of the helicon discharge, and make comparison

between the ambipolar diffusion model and the full fluid model. The axial wavelength

of the excited standing wave is determined from the above geometries (locations of

the boundary and the antenna), and thus the mode numbers of half wave length

N = 1 (kz = 5 [1/m]) or N = 3 (kz = 15 [1/m]) are excited in the axial direction. All

another initial conditions and experimental parameters are same with ones used in

Fig. 4.8. In the first subsection, we show the results of the simple wave excitation test

by fixing the uniform plasma density at n = 1016, 5 × 1018 and 5 × 1019 [1/m3] with

a finite collision frequency (νe/ω = 0.1), in order to investigate the basic structures

of the excited waves. In the next subsection, we show the results including the time

evolution of the helicon discharge, and compare the results of the ambipolar diffusion

model and the full fluid model.
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4.7.1 The wave excitation test

© Low density

Figure 4.21: Dispersion relation of the helicon (red line) and the TG (blue line) waves
at n = 1016 [1/m3], where the perpendicular wave number is normalized
by the plasma radius a, and the axial wave number is normalized by the
twice plasma length 2Lz, the black line represent the N = 1 (kz = 5
[1/m]) mode of the axial standing wave. The solid lines and dotted lines
represent the real part and the imaginary part of the perpendicular wave
number respectively.

Figure 4.21 shows the dispersion relation 2.15 of the helicon wave (red line) and

the TG wave (blue line) at n = 1016 [1/m3] in the wave number space, where the

perpendicular wave number is normalized by the plasma radius a, and the axial wave

number is normalized by the twice plasma length 2Lz. The solid lines and dotted

lines represent the real part and the imaginary part of the perpendicular wave number

respectively. Figures 4.22-4.25 show the Er, Eθ, Ez, and Bz spatial profiles of the

excited wave respectively, where the boundary of the vacuum region and the plasma
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region is at r/δr = 64. When the plasma density is low n = 1016 [1/m3], which is

much smaller than the cut-off density nlow ∼ 1.3 × 1018 [1/m3] for the N = 1 mode,

the helicon wave can not propagate, and as shown in Fig. 4.21, the perpendicular

wave number of the helicon wave is almost pure imaginary (the small finite real part

of the helicon wave number is due to the finite collision frequency ν/ω = 0.1). In Figs

4.23 and 4.25, the skin depth of this pure imaginary helicon wave can be calculated

as δH/δr = 1/kh,imagδr ∼ 90, where δr is the spatial grid size.

The ratio of the wave components for each wave can be calculated from the dis-

persion relation, and their amplitudes can be obtained by fixing the value of one com-

ponent. The amplitudes of the wave components for the helicon wave are Er ∼ 56

[V/m], Eθ ∼ 4200 [V/m], Ez ∼ 88 [V/m], and Bz ∼ 0.0015 [T], where Bz is fixed.

The amplitudes of the wave components for the TG wave are Er ∼ 80000 [V/m],

Eθ ∼ 0.4 [V/m], Ez ∼ 2097 [V/m], and Bz ∼ 5.0× 10−6 [T], where Er is fixed. From

the amplitudes of these wave components and Fig. 4.21, we can identify whose (the

helicon wave or the TG wave) structure can be seen dominantly in each component

profile. From Figs. 4.22 and 4.24, one can see that the N = 1 mode of the TG wave

which has kra/2π ∼ 4 perpendicular wave number is excited in the plasma region.

From Figs. 4.23 and 4.25, one can see that the N = 1 mode of the pure imaginary

helicon wave which penetrates within the δH/δr ∼ 90 skin depth is excited in the

plasma region. This non-propagating helicon wave is essentially different from the

antenna induction field (when B0 = 0), since its skin depth slightly increases as the

density increases (δH = 0.03125, 0.03127, and 0.0313 [m] at n = 1.0× 1015, 5.0× 1016,

and 1.0×1017 [1/m3], respectively), while that of the antenna induction field decreases

(δ0 = 0.031, 0.019, and 0.014 [m] at n = 1.0× 1015, 5.0× 1016, and 1.0× 1017 [1/m3],

respectively), where the skin depth of the antenna induction field is calculated from

2.1-2.3 without the background magnetic field (B0 = 0). Using 2.1-2.3, the vector

equation for E is written as
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From 4.122, the dispersion relation for Eθ component is obtained as follows,
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pe
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. (4.123)

In general experimental condition, k2
z is much larger than the right of 4.123, hence

the kr becomes pure imaginary and the skin depth of the antenna induction field is

obtained as

δ0 = 1/kr,imag, where kr,imag =

√
1

c2

(
ω2 −

ωω2
pe

ω + iν

)
− k2

z . (4.124)
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Figure 4.22: The wave profile of the Er component at n = 1016 [1/m3].
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Figure 4.23: The wave profile of the Eθ component at n = 1016 [1/m3], where δH =
1/kH,imag represents the skin depth of the helicon wave.

Figure 4.24: The wave profile of the Ez component at n = 1016 [1/m3].
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Figure 4.25: The wave profile of the Bz component at n = 1016 [1/m3], where δH

represents the skin depth of the helicon wave.
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© Intermediate density

Figure 4.26: Dispersion relation of the helicon (red line) and the TG (blue line) waves
at n = 5×1018 [1/m3], where the perpendicular wave number is normal-
ized by the plasma radius a, and the axial wave number is normalized by
the twice plasma length 2Lz, the black line represent the N = 1 (kz = 5
[1/m]) mode of the axial standing wave. The solid lines and dotted lines
represent the real part and the imaginary part of the perpendicular wave
number respectively.

Figures 4.26-4.30 represent the same plots with previous ones when n = 5× 1018

[1/m3]. When the plasma density increases up to the intermediate density n = 5×1018

[1/m3], since that density is above the cut-off density nlow ∼ 1.3× 1018 [1/m3] for the

N = 1 mode, the helicon wave gets to be able to propagate, but its wave length is

smaller than the plasma radius as shown in Fig. 4.26. The wave number of the TG

wave becomes a little larger kra/2π ∼ 5 than previous one.

The amplitudes of the wave components for the helicon wave are Er ∼ 13308

[V/m], Eθ ∼ 4200 [V/m], Ez ∼ 270 [V/m], and Bz ∼ 0.004 [T], where Eθ is fixed.
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The amplitudes of the wave components for the TG wave are Er ∼ 80000 [V/m],

Eθ ∼ 156 [V/m], Ez ∼ 1687 [V/m], and Bz ∼ 0.002 [T], where Er is fixed. From

Figs. 4.27 and 4.29, one can see the wave structure of the N = 1 mode of the TG

wave which has the perpendicular wave number kra/2π ∼ 5. Form Figs. 4.28 and

4.30, one can see the wave structure of the N = 1 mode of the helicon wave which

has the perpendicular wave number kra/2π ∼ 0.6. Since the Bz component of the

TG is comparable order to that of the helicon wave, one can see the superposition

structure of the helicon and the TG waves from Fig. 4.27.

Figure 4.27: The wave profile of the Er component at n = 5× 1018 [1/m3].
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Figure 4.28: The wave profile of the Eθ component at n = 5× 1018 [1/m3].

Figure 4.29: The wave profile of the Ez component at n = 5× 1018 [1/m3].
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Figure 4.30: The wave profile of the Bz component at n = 5× 1018 [1/m3].
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© High density

Figure 4.31: Dispersion relation of the helicon (red line) and the TG (blue line) waves
at n = 5×1019 [1/m3], where the perpendicular wave number is normal-
ized by the plasma radius a, and the axial wave number is normalized
by the twice plasma length 2Lz, the gray and black line represent the
N = 1 (kz = 5 [1/m]) and N = 3 (kz = 15 [1/m]) modes of the axial
standing wave respectively. The solid lines and dotted lines represent
the real part and the imaginary part of the perpendicular wave number
respectively.

Figures 4.31-4.35 also represent the same plots with previous ones when n =

5 × 1019 [1/m3]. When the plasma density increases up to the high density, that is

above the upper limit density nup ∼ 1.6 × 1019 [1/m3] for the N = 1 mode, as seen

form Fig. 4.31, N = 1 mode of both waves can no longer propagate and become

evanescent, and then the mode transition form the N = 1 mode to the N = 3 mode

occurs.

The amplitudes of the wave components for the helicon wave are Er ∼ 7065
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[V/m], Eθ ∼ 1400 [V/m], Ez ∼ 144 [V/m], and Bz ∼ 0.006 [T], where Eθ is fixed.

The amplitudes of the wave components for the TG wave are Er ∼ 20000 [V/m],

Eθ ∼ 44 [V/m], Ez ∼ 421 [V/m], and Bz ∼ 0.002 [T], where Er is fixed. Since the

wave components of the helicon and the TG wave are all comparable order except

for the Eθ component, the superposition of the N = 3 mode of the helicon and the

TG waves, which has the perpendicular wave number kra/2π ∼ 2 and kra/2π ∼ 14

respectively, can be seen from Figs. 4.32, 4.34, and 4.35.

Figure 4.32: The wave profile of the Er component at n = 5× 1019 [1/m3].
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Figure 4.33: The wave profile of the Eθ component at n = 5× 1019 [1/m3].

Figure 4.34: The wave profile of the Ez component at n = 5× 1019 [1/m3].
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Figure 4.35: The wave profile of the Bz component at n = 5× 1019 [1/m3].

In the frequency range of ωci << ω << ωce, the power absorption 4.76 can be

approximated as [2]

Pabs =
νε0

2

{
A
(
|δEr|2 + |δEθ|2

)
+B|δEz|2

}
, (4.125)

where the ratio of the notations A = ω2
pe/ω

2
ce and B = ω2

pe/(ω
2 + ν2) is typically

A << B, when ω << ωce is satisfied. From the above relation and Figs. 4.22-4.24,

one notice that the TG wave is excited dominantly, even when the density is low

(under the cut-off density), and the its wave components Er and Ez can play the

dominant role for the power absorption. That is a remarkable fact, since the Nisoa et

al [2] and many other authors have been believed that the low-density mode in the

helicon discharge is generated by the antenna induction field. The structure of Bz

profile is not the antenna induction field, but the pure imaginary (non-propagating)

helicon wave, these fields are very similar as shown in Figs 4.25 and 4.36. As Chen

pointed out [41], when the finite magnetic field is applied, there can no longer exists

the antenna induction field, then the density jump from the low-density mode to the
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intermediate density mode is not the mode transition from the ICP mode, but the

low-density helicon mode which is generated by the TG wave. One can confirm this

fact if we could observe the wave profiles of Er or Ez components of the TG wave in

the experiment.

Figure 4.36: Antenna induction field B0 = 0, where δskin/δr ∼ 70 represents the skin
depth of the induction field.

4.7.2 Two-dimensional self-consistent discharge simulation

In this subsection, we show the results of the self-consistent simulation, and com-

pare the results of the ambipolar diffusion model and the full fluid model. In both

models, the time scale of the density growth is faster (several [µs]) than that of the

experiment (several tens of [µs]), since the antenna current is larger than that applied

in the experiment as mentioned above. When the discharge simulation starts from

n = 1016 [1/m3], the pure imaginary helicon wave and the TG wave are excited, and

the power absorption by the TG wave contributes to the electron heating and density

growth, and thus the density profile becomes edge localized profile due to the long

time scale of the perpendicular diffusion (which is due to the highly magnetization
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of the charged particles) as seen in the one-dimensional results. Therefore, there still

remain the question about the particle and the heat flux diffusions in the perpendicu-

lar direction. However, we found the clear difference between the ambipolar diffusion

model and the full fluid model with respect to the axial heat transfer.

In the ambipolar diffusion model, the axial diffusion of the electron heat flux is

strongly restricted by that of the massive ions due to the assumption of the charge

neutrality ne = ni and the flux equality Γe = neue = Γi = niui, and thus its time scale

is much longer than that of the ionization, that leads to the axial localized density

profile near the antenna. In the full fluid model, since there is no restrictions due

to the above assumptions, the thermal electron can move freely along the magnetic

field, that leads to considerable improvement of the axial heat transfer. We will

discuss the detail of above difference in the next section. In order to make the

further investigation about the axial diffusion mechanism, we conducted the simple

diffusion test by the ambipolar diffusion model, the full fluid model, and the PIC-

MCC model [91].
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© Results of the ambipolar diffusion model

Figures 4.37-4.39 show the spatial profiles of the plasma density, the electron

temperature, and the power absorption at t ∼ 0.27 [µs] respectively. From above

figures, one can see that the localized power absorption by the TG wave near the

antenna result in the localized electron temperature and the density profiles. That

localized density and the electron temperature profiles are resulting from the long time

delay of the particle and heat flux diffusions, that time scales are strongly restricted

by the assumptions of the ambipolar diffusion approximation. In this simulation,

since the amount of the applied RF current density is about ten times larger than

that applied in the experiment as mentioned above, the electron temperature reaches

to the value over Te = 30 [eV] near the antenna as seen from Fig. 4.38, which is much

higher than that observed in the experiment (usually just over ten or several eV).

Since such a localized density and the electron temperature in the narrow antenna

region have not been observed in the experiment, these results are clearly incorrect,

and thus the assumption of the ambipolar diffusion approximation is not valid as

discussed above.
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Figure 4.37: The density profile in the plasma region at t ∼ 0.27 [µs] with applied
current density Jθ = 3.0× 107 [A/m2].

Figure 4.38: The electron temperature profile in the plasma region at t ∼ 0.27 [µs]
with applied current density Jθ = 3.0× 107 [A/m2].
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Figure 4.39: The power absorption profile in the plasma region at t ∼ 0.27 [µs] with
applied current density Jθ = 3.0× 107 [A/m2].
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© Results of the full fluid model

Figures 4.40-4.43 show the spatial profiles of the plasma density, the electron tem-

perature, the power absorption, and the wave field of the Er component respectively

t ∼ 0.24 [µs] with applied current density Jθ = 3.0×107 [A/m2]. As one can see from

Figs. 4.40-4.42 and Figs. 4.44-4.46, axial profile of the electron temperature (the

value over 50 [eV] is much higher than that observed in the experiment, and thus the

time scale of the density growth within 1 [µs] is also faster than that within several

tens of µs in the experiment) is almost uniform, and that leads to the axially broad

density profile despite the localized power absorption profile near the antenna. The

axial heat flux diffusion is greatly enhanced in the full fluid model. Since there is no

restriction of the flux equality between the electrons and ions in the full fluid model,

energetic electrons can move freely at its thermal speed, and that leads to much faster

heat flux diffusion than that in the ambipolar diffusion. The difference of the axial

heat transfer between the two models will be discussed in the next subsection.

Figure 4.40: The density profile in the plasma region at t ∼ 0.24 [µs] with applied
current density Jθ = 3.0× 107 [A/m2].
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Figure 4.41: The electron temperature profile in the plasma region at t ∼ 0.24 [µs]
with applied current density Jθ = 3.0× 107 [A/m2].

Figure 4.42: The power absorption profile in the plasma region at t ∼ 0.24 [µs] with
applied current density Jθ = 3.0× 107 [A/m2].
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Figure 4.43: The wave field Er profile in the plasma region at t ∼ 0.24 [µs] with
applied current density Jθ = 3.0× 107 [A/m2].
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Figures 4.44-4.47 show the same results with Figs. 4.40-4.43 but at t ∼ 0.45 [µs]

instead of t ∼ 0.24 [µs]. At that time (t ∼ 0.45 [µs]), the N = 1 mode TG wave

is excited in the plasma region as shown in Fig. 4.43. At t ∼ 0.45 [µs], the plasma

density increases up to n ∼ 7.0 × 1019 [1/m3], and the electron temperature relaxes

to the value just over a dozen. Since the N = 1 mode become evanescent in the high

density (above the upper limit density nup ∼ 1.6 × 1019 [1/m3]) region, one can see

the N = 3 mode is excited in the high density region near the antenna as shown in

Fig. 4.47. Since t ∼ 0.45 [µs] is not enough time to discuss the steady state and the

input power is about ten times higher than that in the experiment, the discussions

about the steady state and the density jump should be made by the future improved

model using the implicit method for time integration.

Figure 4.44: The density profile in the plasma region at t ∼ 0.45 [µs] with applied
current density Jθ = 3.0× 107 [A/m2].
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Figure 4.45: The electron temperature profile in the plasma region at t ∼ 0.45 [µs]
with applied current density Jθ = 3.0× 107 [A/m2].

Figure 4.46: The power absorption profile in the plasma region at t ∼ 0.45 [µs] with
applied current density Jθ = 3.0× 107 [A/m2].
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Figure 4.47: The wave field Er profile in the plasma region at t ∼ 0.45 [µs] with
applied current density Jθ = 3.0× 107 [A/m2].
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4.7.3 The diffusion test

Figure 4.48: The model used in the diffusion test. There consist of the region 1.
The cold electron region, where Te = 4.0 [eV], Ti = 0.026 [eV], and
ne = ni = 1016 [1/m3], and the region 2. The hot-dense region, where
Te = 10.0 [eV], Ti = 0.026 [eV], and ne = ni = 6.0× 1016 [1/m3].

The model used for the diffusion test is shown in Fig. 4.48 that consists of the cold

electron region (region 1), where Te = 4.0 [eV], Ti = 0.026 [eV], and ne = ni = 1016

[1/m3], and the hot-dense region (region 2), where Te = 10.0 [eV], Ti = 0.026 [eV], and

ne = ni = 6.0×1016 [1/m3]. In this section, we show the results of the diffusion test, in

order to investigate the axial heat transfer mechanism and clear the difference between

the ambipolar diffusion and the full fluid model by comparing their results. Besides

these two models, we conducted this diffusion test by the PIC-MCC model [91].
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© Comparison between the ambipolar diffusion model and the full fluid

model

Figures 4.49 and 4.50 show the results of the plasma density profile ne = ni and

the electron temperature profile in the ambipolar diffusion model respectively, and

Figs. 4.51 and 4.52 show the same results in the full fluid diffusion model. These

results are obtained at t ∼ 0.033 [µs] which is much faster than the ionization time

scale t ∼ 0.1 [µs] in the both models. One can see the clear difference in the electron

temperature profile between the result of the ambipolar diffusion model and the full

fluid model as shown in Figs. 4.50 and 4.52. Since the axial heat flux diffusion is

much faster than that in the ambipolar diffusion model, the electron temperature

profile is relatively uniform over the axial direction in the full fluid model, while that

is still localized in the hot-dense region in the ambipolar diffusion model. In both

models, the perpendicular diffusion of the heat flux can not be seen due to the strong

magnetization of the charge particles, and there still remains the dense region of the

plasma density.

Figure 4.49: The plasma density ne = ni profile in the ambipolar diffusion model at
t ∼ 0.033 [µs].
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Figure 4.50: The electron temperature Te profile in the ambipolar diffusion model at
t ∼ 0.033 [µs].

Figure 4.51: The plasma density ne ∼ ni profile in the full fluid model at t ∼ 0.033
[µs].
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Figure 4.52: The electron temperature Te profile in the full fluid model at t ∼ 0.033
[µs].
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The difference between these two models is associated with the term of heat flux

in the energy balance equation 4.45. Here, we rewrite the electron heat flux in each

model: For the ambipolar diffusion model,

q e = −κ⊥∇⊥Te − κ‖∇‖Te [J/m2s], (4.126)

where the thermal conductivity κ is given by

κa,‖ =
5

2
nekBDa,‖, for parallel direction (4.127)

and

κa,⊥ =
κa,‖

1 + (ωce/νe)2
. for perpendicular direction (4.128)

The flow of the thermal energy density at the fluid velocity ue is neglected in the

ambipolar diffusion model, and thus the heat flux consists of only the energy transport

associated with the random thermal motion. However, since the electrons can not

diffuse independently due to the ambipolar electric field that attracts electrons to ions

to keep the charge neutrality, the heat conductivity is given by using the ambipolar

diffusion coefficient. The denomination on the right in 4.128 represents the effect

of the magnetization, which is usually much larger than unity since the electron

cyclotron frequency is much larger than the electron collision frequency ωce >> νe.

For the full fluid model,

q e =
5

2
ΓekBTe − κ⊥∇⊥Te − κ‖∇‖Te [J/m2s], (4.129)

where the thermal conductivity κ is given by

κ‖ =
5

2
nekBDe =

5

2

pe
meνe

, for parallel direction (4.130)
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and

κ⊥ =
κ‖

1 + (ωce/νe)2
. for perpendicular direction (4.131)

In the full fluid model, the heat flux consists of the energy transport associated with

the drift motion (the first term on the right in 4.129, and the random thermal motion

(the second term on the right in 4.129. Since there is no restrictions of the flux equality

between the electrons and ions, the heat conductivity is given by the electron diffusion

coefficient.

Figure 4.53 shows the heat flux 4.126 profile evaluated in the ambipolar diffusion

model at t ∼ 0.0033 [µs], and Figs. 4.54 and 4.55 show the profiles of the heat flux

associated with the drift motion (the first term on the right in 4.129 and the random

thermal motion (the second term on the right in 4.129 respectively. As seen form

above figures, it is clear that the energy transport by the electron random thermal

motion in the full fluid model (the heat flux over the axial direction is due to the

gradient of the electron temperature) is much larger than that in the ambipolar

diffusion model and that by the drift motion in the full fluid model. Therefore, the

random thermal motion of the electrons plays important role on the axial energy

transport, and that leads to the axial uniform electron temperature profile and the

axial broaden plasma density profile in the helicon discharge despite the localized

power absorption profile near the antenna. However, there still remain the questions

about why the plasma density does not change in the dense region as shown in Fig.

4.51 and how the charge neutrality is conserved when the thermal electrons diffuse

freely in the axial direction. Actually, the answers to these questions are associated

with the particle transport mechanism from the background plasma (cold region) to

the hot-dense region. This particle transport mechanism can be understood clearly

by the results of the PIC-MCC model.
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Figure 4.53: The profile of the axial heat flux 4.126 [J/m2s] in the ambipolar diffusion
model at t ∼ 0.0033 [µs].

Figure 4.54: The profile of the axial heat flux [J/m2s] associated with the drift motion
(the first term on the right in 4.129 in the full fluid model at t ∼ 0.0033
[µs].
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Figure 4.55: The profile of the axial heat flux [J/m2s] associated with the random
thermal motion (the second term on the right in 4.129) in the full fluid
model at t ∼ 0.0033 [µs].
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© The results of the PIC-MCC model

In the PIC-MCC simulation, the following parameters are used, the density of

the super particle: nsuper = 1.0 × 1014 [1/m3], the number of super particle per cell:

npcel = 100 in the background (region 1) and npcel = 600 in the dense region (region

2), the velocities of the electrons and ions are given by the Maxwellian at Te = 4.0,

Ti = 0.026 [eV] in the cold region (region 1) and at Te = 9.0, Ti = 0.026 [eV] in the hot

region (region 2), the grid size: ∆x = 0.19× λe(the Debye length at Te = 4.0 [eV] ),

and ∆x = 0.39×λe, the time step size: ∆t = 1.3×10−12 [s], the number of the spatial

grid: nng,x = nng,z = 50, and the number of time step: nt = 24000. The collisions of

the electron-neutral (only the elastic collision, excitation and ionization are omitted)

and ion-neutral (the elastic collision and the charge exchange) are included with the

Ar neutral pressure PAr = 8 [mTorr] in the PIC-MCC model.

Figures 4.56 and 4.57 show the electron temperature profile and the density pro-

file, and Figs 4.58 and 4.59 show the profiles of the cold electron density and the

hot electron density respectively, Fig. 4.60 shows the electric field Ex profile, which

is generated by the potential difference between the hot-dense region and the back-

ground cold region, and Figs 4.61 and 4.62 show the spatial distributions of ions and

electrons respectively, where the particles in the hot-dense region and in the back-

ground cold region are plotted separately. From Figs 4.56 and 4.57, one can see that

the electron temperature diffuses in the axial direction, while the electron density in

the hot region remains constant.
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Figure 4.56: The electron temperature Te profile at t ∼ 0.032 [µs].

Figure 4.57: The plasma density ne ≈ ni profile at t ∼ 0.032 [µs].
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Figure 4.58: The cold electron density profile at t ∼ 0.032 [µs].

Figure 4.59: The hot electron density profile at t ∼ 0.032 [µs].
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Figure 4.60: The electric field Ex profile at t ∼ 0.032 [µs], which is generated by the
potential difference between the hot-dense region and the background
cold region.

Figure 4.61: The spatial distributions of the ions in the hot-dense region (blue) and
in the background cold region (red) at t ∼ 0.032 [µs].
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Figure 4.62: The spatial distributions of the electrons in the hot-dense region (blue)
and in the background cold region (red) at t ∼ 0.032 [µs].

From Figs. 4.57-4.62, one can understand the above result by the following par-

ticle transport mechanism: 1. The hot energetic electrons diffuse freely in the axial

direction, 2. The absence of the electrons creates the net positive charge in the

hot-dense region, 3. The potential difference between the hot-dense region and the

background cold region generates the static electric field, and 4. The generated elec-

tric field collects the cold electrons from the background into the hot-dense region in

order to keep the charge neutrality. When comparing the electron temperature profile

in the PIC-MCC model (Fig. 4.56) with that in the full fluid model (Fig. 4.52), there

remains a trace of the hot region in the PIC-MCC model, while the electron temper-

ature is almost uniform in the full fluid model, that is due to the Maxwellian velocity

distribution of electrons used in the PIC-MCC model (some particles which have low

energy are confined by the potential wall). The above fast energy transport mecha-

nism is clearly not the classical ambipolar diffusion that restricts the axial diffusion

of electrons, and this energy transport can always occurs if there are density gradi-
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ent and some energetic thermal electrons. It is obvious that this energy transport

strongly depends on the energy in the hot-dense region and the potential deference

between the hot-dense region and the background cold region.

Figure 4.63: The hot electron density profile without the background cold electrons
at t ∼ 0.032 [µs].

Figure 4.64: The spatial distributions of the hot electrons without the background
cold electrons at t ∼ 0.032 [µs].
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Figure 4.65: The electric field Ex profile at t ∼ 0.032 [µs], which is generated by
the potential difference between the hot-dense region and the vacuum
region.

Figures 4.63-4.65 show the profiles of the hot electron density, the spatial distri-

butions of the hot electrons, and the electric field, without background cold electrons

(the vacuum region) at t ∼ 0.032 [µs]. Comparing these figures with the previous

ones, one can see that if there is no background cold electrons, the strong electric

field is generated between the hot plasma region and the vacuum region when some

energetic thermal electrons leave the plasma region, and that confine the electrons

in the plasma region, thus the electrons can not diffuse freely in the axial direction.

That is the classical ambipolar diffusion. Therefore, the background particles play

the important role on the fast energy transport with keeping the charge neutrality in

the hot-dense region.
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4.8 Conclusion

We investigated the time evolution of the helicon discharge by the ambipolar

diffusion model and the full fluid model. In the one-dimensional ambipolar diffusion

model, we got the following characteristics of the helicon discharge.

© The edge-localized power absorption by the TG wave leads to the

edge localized profiles of the plasma density and the electron temperature

This edge-localizations of the profiles of the plasma density and the electron tem-

perature are due to the long time delay of the perpendicular ambipolar diffusion.

The ambipoalr diffusion time scale of t > 1 [ms] is much longer than that of the den-

sity growth time scale of several tens of [µs] and the relaxation time scale of several

hundreds of [µs].

©When the plasma density reaches the upper limit density nup ∼ 1.6×

1016 [1/m3] for the N = 1 (kz = 5 [1/m]) mode, there is no discrepancy

between the contributions of the helicon wave and the TG wave on the

total power absorption.

That is resulting from the merging of the branches of the helicon and the TG

waves at above the upper limit density nup ∼ 1.6× 1016 [1/m3] for the N = 1 (kz = 5

[1/m]) mode. However, since the one-dimensional model with the fixed axial mode

does not includes the mode transition of the axial standing wave from the N = 1

(kz = 5 [1/m]) mode to the N = 3 (kz = 15 [1/m]) mode, which is observed at above

the upper limit density nup ∼ 1.6 × 1016 [1/m3] for the N = 1 (kz = 5 [1/m]) mode

in the experiment, the detail investigation should be made with the two-dimensional

model.

© The plasma density abruptly grows and the electron temperature

abruptly decreases from some critical value of the plasma density

The net power gain (the positive value of total power balance Pabs − Ploss) also

abruptly increases from that critical density point, that leads to the increasing of the
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internal energy, but the electron temperature decreases due to the abrupt density

growth form that density point. That may related to the resonant excitation of the

TG wave as discussed in chapter 2, but the detail analysis with the edge localized

density and the electron temperature profiles is need.

© The plasma density can not grow when the total power balance

(Pabs − Ploss) is negative at the initial stage of the discharge

In increasing the RF input power, there is some threshold value of the RF input

power for the density growth, that leads to the discrepancy of the steady state density

between the below and the above of this threshold power. This threshold value of

the RF input power depends on the initial condition of the plasma density. When

the initial density is n = 1016 [1/m3], the threshold value of the RF input power

exists between Jext = 2.88 and Jext = 2.86 [A/m2], and when the initial density is

n = 1015 [1/m3], the threshold value of the RF input power exists between Jext = 3.8

and Jext = 3.0 [A/m2]. However, since the axial energy loss is not included in this

one-dimensional model, the total power balance should be discussed with the two-

dimensional model.

Although the above results can explain the centrally peaked density profile and

the density jumps observed in the experiment, the basic characteristics of the helicon

discharge, and some problems that should be improved for the future self-consistent

discharge model, are cleared. First, as Chen et al [85] pointed out, the centrally

peaked density profile can not be explained by the classical ambipolar diffusion, thus

some idea is need to explain the centrally peaked density profile. Second, the one-

dimensional model cannot explain the density jumps, so the total power balance

should be discussed in the two-dimensional model, that includes the axial energy loss

toward the wall.

In the two-dimensional model, the RF input power is not realistic, so the time

scale of the density growth is much faster (t < 1 [µs]) than that of several tens of
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[µs] in the experiment. We did that in order to reduce the computational loading in

calculating the time integration of the electron continuity, the electron momentum,

the electron energy balance, and the Poisson’s equation, explicitly. When calculating

these equations explicitly, the time step is strongly limited by 4.97, so some implicit

method to calculate time integration of these equations should be applied in order

to discuss the steady state of the helicon discharge in the future works. However, we

got the following conclusions by the two-dimensional wave excitation tests with three

uniform plasma density (n = 1016, 5× 1018 and 5× 1019 [1/m3]) with a finite collision

frequency (νe/ω = 0.1), the two-dimensional model self-consistent with taking the

tiny time step which satisfies 2.97, and the two-dimensional diffusion tests:

© The power absorption by the TG wave can play dominant role on the

total power absorption even at the low-density mode (under the cut-off

density nlow ∼ 1.3× 1018 [1/m3] for the N = 1 mode)

By investigating the excited wave profiles at the low plasma density n = 1016

[1/m3], we found that the Er and Ez components of the TG wave are dominant for

the power absorption, and the Eθ component of the non-propagating helicon wave

is miner for the power absorption. That is remarkable result, since the low-density

mode can be generated by the TG wave, so the low-density mode is not the ICP

mode but the low-density helicon mode. That argument is consistent with Chen’s

one [41]. However, the density jump from the low-density mode n ∼ 1017 [1/m3]

to the intermediate density n ∼ 7.0 × 1018 [1/m3] mode observed in the experiment

should be explained by the self-consistent model.

© The axial heat flux transfer is much faster than the classical ambipo-

lar diffusion. and that leads to the axial broad plasma density profile.

The antenna-localized electron temperature and the plasma density profiles are

obtained in the ambipolar diffusion model, while the axial broad ones are obtained in

the full fluid model. That is resulting from the fast heat transfer in the full fluid model.
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This fast heat transfer mechanism is investigated by the diffusion test. The mechanism

is as follows; 1. The hot energetic electrons diffuse freely in the axial direction, 2.

The absence of the electrons creates the net positive charge in the hot-dense region,

3. The potential difference between the hot-dense region and the background cold

region generates the static electric field, and 4. The generated electric field collects

the cold electrons from the background into the hot-dense region in order to keep

the charge neutrality. In this mechanism, unlike the classical ambipolar diffusion,

the charge neutrality is conserved over the entire regions of the hot plasma and the

background cold plasma by adjusting the number of particles each other, and that

enables hot thermal electrons move freely in the axial direction.
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CHAPTER V

Conclusion, future works and most outstanding

issues

5.1 Conclusion and future works

In this thesis, we obtained the results of the each subjects, that are introduced in

the introduction.

(a) The importance of the bulk mode conversion

Our results showed the relative importance of the bulk mode conversion in the

power absorption. The efficiency of the bulk mode conversion strongly depends on

the collision frequency. i) When the collision frequency is sufficiently small (case

1: ν/ω < 0.01), highly efficient bulk mode conversion occurs. The contribution

of the bulk mode conversion on the power absorption is comparable to that of the

surface mode conversion. ii) When the collision frequency has moderate value (case

2: 0.01 < ν/ω < 0.06), the bulk mode conversion is not as evident as case 1, but still

important for the power absorption, while the central heating by the helicon wave is

most dominant. iii) When the collision frequency is large (case 3: 0.06 < ν/ω), that is

the case for typical laboratory experiments, the bulk mode conversion is not dominant,

the input helicon energy directly dissipates and the power absorption by the surface

mode conversion becomes more dominant at the plasma edge as the collision frequency
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increases. Since the cases (cases 1 and 2) when the bulk mode conversion becomes

important can occur when the collision frequency between the electrons and neutrals

becomes small due to the effect of the neutral depletion, we have to investigate the

above conclusion in the self-consistent discharge model, that includes the effect of the

neutral dynamics.

(b) The time evolution of the plasma density and the electron temper-

ature profiles and their maximum values.

Our results presents the first report on the time evolution of the plasma density

and the electron temperature profiles and their maximum values. The edge-localized

power absorption by the TG wave leads to the edge localized profiles of the plasma

density and the electron temperature due to the long time delay of the classical

ambipolar diffusion. From the crude estimation, one can see in the helicon discharge,

that the electron temperature increases and the density grows within several tens of

[µs], and relaxes to the steady state within several hundreds of [µs]. On the other

hand, the time scale of the ambipolar diffusion is t > 1 [ms], that is much longer than

the relaxation time scale.

The time evolution of the maximum plasma density and the electron temperature

shows that the plasma density abruptly grows and the electron temperature abruptly

decreases within several tens of [µs] from some critical value of the plasma density.

The net power gain (the positive value of total power balance Pabs−Ploss) also abruptly

increases from that critical density point, that leads to the increasing of the internal

energy, but the electron temperature decreases due to the abrupt density growth

form that density point. The time sale and the tendency of the time evolution of the

plasma density and the electron temperature are consistent with the experiment by

Shinohara as shown in Fig. 5.1 [110]. However, since the experimental conditions are

different from the our model, the more detail investigation is required to compare our

results with the laboratory experiments.
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Figure 5.1: Time evolution of the electron density and the electron temperature, mea-
sured in the experiment by Shinohara et al [110].

In our results, although we found threshold values of the RF input power for

the density growth, the density jumps can not be seen. That is due to the ignoring

the axial energy loss and the mode transition of the axial standing wave in our 1

dimensional model. Furthermore, although the observed maximum density is n ∼

1.5 × 1019 [1/m3] (Fig. 2.15) in the experiment by Nisoa et al [2], the maximum

density reaches up to n > 1020 [1/m3] in our model. That is due to the ignoring of

the effects of neutral depletion, that is considered to limit the plasma density in the

helicon discharge.

We have to introduce some efficient perpendicular diffusion effect and neutral

dynamics in our model, in order to demonstrate the centrally peaked density profile

and the density jump.

(c) The wave excitation in the two-dimensional cylinder

We found that, in the low-density mode (under the cut-off density nlow ∼ 1.3×1018

[1/m3] for the N = 1 mode), the Er and Ez components of the TG wave are dominant
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for the power absorption, and the Eθ component of the non-propagating helicon wave

is miner for the power absorption. That is remarkable result, since the low-density

mode can be generated by the TG wave as observed in the Lho’s experiment [90], so

the low-density mode is not the ICP mode but the low-density helicon mode. That

argument is consistent with Chen’s one [41].

It is necessary to demonstrate the steady-state of the low density mode, and the

density jump from the low-density mode n ∼ 1017 [1/m3] to the intermediate density

n ∼ 7.0× 1018 [1/m3] mode.

(d) The comparison between the ambipolar diffusion model and the full

fluid model

The antenna-localized electron temperature and the plasma density profiles are

obtained in the ambipolar diffusion model, while the axial broad ones are obtained

in the full fluid model. That is resulting from the fast heat transfer in the full fluid

model. Since the RF input power is not realistic (about ten times larger than that of

the experiment) in our model, so the time scale of the density growth is much faster

(t < 1 [µs]) than that of several tens of µs in the experiment.

The more realistic parameters should be used by introducing the implicit method

for calculating the time integration of governing equations of background electrons.

(e) The the fast heat transfer mechanism along the magnetic field

This fast heat transfer mechanism is investigated by the diffusion test. The mech-

anism is as follows; 1. The hot energetic electrons diffuse freely in the axial direction,

2. The absence of the electrons creates the net positive charge in the hot-dense region,

3. The potential difference between the hot-dense region and the back ground cold

region generates the static electric field, and 4. The generated electric field collects

the cold electrons from the back ground into the hot-dense region in order to keep

the charge neutrality. In this mechanism, unlike the classical ambipolar diffusion, the

charge neutrality is conserved over the entire regions of the hot plasma and the back
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ground cold plasma by adjusting the number of particles each other, and that enables

hot thermal electrons move freely in the axial direction.

It is necessary to develop the PIC-MCC discharge model, in order to include

the wave-particle interaction (the ion heating by the TG wave) and the wave-wave

(parametric decay instability) interaction.

5.2 Most outstanding issues

©Why the density profile relaxes to the central high profile ?

Figure 5.2: Radial profile of density, electron temperature, and the RF Bz field in
ICP discharge [111].

In helicon discharge, most of the RF power is absorbed by excitation of the TG

mode in a thin layer of the edge boundary. Nevertheless, plasma density peaked on

axis is usually observed, and never shows the hollow profile. This central density

problem is also arisen in ICP discharge when the RF sikin depth is much smaller
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than the device scale as shown in Fig. 5.2 [111]. The RF field decays inward with

the expected e folding distance, and electron temperature peaks in the skin layer,

as expected. However, the density has a minimum in the skin layer and peaks near

the center. This problem has been known for many years since it was reported by

Demirkhanov et al [111], Kofoid and Dawson [112], and later by Joye and Schneider

[113]. Weibel [114] and Sayasov [115] proposed theoretically that electron thermal

motions could transport RF energy past the skin layer. Godyak et al [116] have

discovered the nonlinear effects in ICPs. When the electron mean free path is about

the size of the discharge, the current induced by the field at one point can be transfered

by thermal electron motion to another point and produce there an additional field

interfering with local field. The field and current become independent to some extent,

that is called the anomalous skin effect [111,114,117]. The RF current transferred by

thermal electron motion can be opposite in phase to the local electric field resulting

in a local negative energy transfer from RF field to electrons. In an ICP reactor, the

relation between the current density and the electric field with the assumption of the

cold-electron plasma approximation can be obtained as

J e = σE , (5.1)

σ(r) =
e2ne(r)

me [νm(r) + iω]
. (5.2)

where, J e, σ, e, me, ne, and νm, respectively, designate the electron current density,

conductivity, electron charge, electron mass, electron density, and electron momen-

tum transfer collision frequency. One typically ignores ion current due to the low

ion mobility. The use of the cold-electron approximation has several implications.

First, the only mechanism available for conversion of wave energy to random elec-

tron thermal energy is electron collisions with background heavy particles. Second,

5.2 implies that current at a particular location in the plasma depends only on the
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local electromagnetic fields and plasma parameters. If the electron mean free path is

sufficiently long that the electron crosses into a region having a different electric field

or plasma density, that is, thermal effects are important, and 5.2 is no longer valid.

Figure 5.3 shows the axial distributions and phase distributions of the azimuthal

RF electric field and current density in Godyak experiment [118] (Fig. 5.5). The

slower spatial decay of the current density distribution than that of the electric field

demonstrates the effect of the RF current diffusion due to thermal electron motion.

The phase distribution profiles are also different for the electric field and current

density and suggest the different mechanisms of propagation of electric field and

current. In the normal skin effect with the cold-electron approximation, the field

and the current phase distributions are similar and just shifted by ∆φ = arctan(ω/ν)

which is always less than 90◦. However, as one can see in the bottom panel of Fig. 5.3,

the phase difference in the measured phase distributions at some distance from the

glass window exceeds 90◦, indicating the presence of negative power absorption. The

distributions of the RF power absorption along its propagation in the axial direction

calculated as P = EJcos∆φ are shown in Fig. 5.4 for different drive frequencies with

a fixed discharge power of 100 W. As expected, the RF power is mainly absorbed in

the skin layer near the window and decays faster for higher frequency. Deeper into the

plasma the power absorption changes sign and becomes negative. Godyak compared

these experimental results with theoretical calculations and got good agreement [118].
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Figure 5.3: Axial distribution of the mea-
sured RF electric field and cur-
rent [118]. Figure 5.4: Experimental power absorp-

tion profile [118].

Figure 5.5: Experimental ICP discharge chamber [118].
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A spatially non-uniform electric field by itself might lead to electron heating,

even in the absence of collision, if the electrons have thermal velocities sufficient to

sample the field inhomogeneity. This phenomenon has been well-known in plasma

physics since Landau demonstrated the collisionless damping of an electrostatic wave

in a warm plasma [119, 120]. The spatial distribution of conductivity caused by

the anomalous skin effect also leads to collisionless power dissipation in the skin

layer. This collisionless power absorption in ICPs has been widely accepted [121–

127], and experimental evidence was reported by Godyak [128]. Furthermore, the

ponderomotive force was found to generate 2ω oscillations [129,130] at twice the RF

frequency, as well as a nonlinear dc force [131–133]. Chen showed the non-linear

effect on the particle trajectory during the several RF cycles, and he found that the

non-linear force allows electrons to travel to the deep interior of plasma [98].

In recent study, Chen suggested the mechanism that the sheath adjustments at

the end plates allow electrons to effectively move across the magnetic field [134], that

has been known as the ”Short-circuit effect” in a finite cylinder [135]. Lafleur et

al [86] showed the existence of the non-ambipolar diffusion across the magnetic field

by a two-dimensional PIC-MCC simulation. Two models are used in their simulation

as shown in Fig. 5.6. With a Cartesian geometry (system length of Lx = 10 [cm]

and Ly = 5 [cm]), a uniform magnetic field (B0 = 0 and B0 = 5 [mTesla]) is applied

in the x-direction (the axial direction), they studied the periodic boundary discharge

(configuration 1 in Fig. 5.6) and the axial bounded (conductor wall) discharge (config-

uration 2 in Fig. 5.6) (the y-direction is bounded in both configurations), by applying

the uniform oscillating Ez field.
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Figure 5.6: Schematic of the PIC model indicating the two simulation configurations
used. The applied magnetic field is spatially uniform, and the heating
field Ez, varies with time in the z-direction [86].

Figure 5.7 shows the time-averaged particle fluxes of the ions (the dashed lines)

and the electrons the solid lines) along the transverse and axial walls for the periodic

and bounded 0 [mTesla] and 5 [mTesla] test cases. For both unbounded cases, the

time-averaged electron and ion current densities are spatially uniform, and approx-

imately equal. This demonstrates the classical ambipolar diffusion. For the case of

bounded discharge with 5 [mTesla], one can see that the ion flux to the transverse

wall is significantly higher than the electron flux, while on the axial walls, the elec-

tron flux is larger than the ion flux. The sum of electron and the ion fluxes over all

walls is however equal (the global charge neutrality is thus conserved). This presents

clear evidence of the non-ambipolar diffusion; ion diffusion to the transverse walls is

non-ambipolar, while the electrons are preferentially lost to the axial walls, verifying
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the hypotheses of Simon [135].

Figure 5.7: Time-averaged particle fluxes along transverse and axial walls for the
periodic and bounded 0 [mTesla] and 5 [mTesla] test cases. The dashed
line show the ion flux, while the solid line show the electron flux [86].
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The above results demonstrate the importance of axial boundaries in magnetized

discharges and show that in general, the diffusion needs not be ambipolar; short-

circuit currents can play a significant role and change the overall transport behavior.

Therefore, this enhanced transverse diffusion mechanism is the most influential theory

to explain the center peaked density profile in the helicon discharge.

©What determines the density limit?

Figure 5.8: Axial profile of the density.The ends of the antenna are indicated by the
vertical bars [136].

The suitability of helicon discharges for producing high density plasmas for various

applications gas been known. It is difficult, however, to create plasmas with density

over 1020 [1/m3]. In 1998, Miljak and Chen [136] investigated the density limit by

exciting m = 1 waves with two helical antennas. By applying 2 [kW] of RF power

to two helicon antennas, a plasma of 8 × 1019 [1/m3] density was generated (Fig.

5.8) in 63 [mTorr] of argon with 1.2 [kG] magnetic field. Attempts to increase the

density by increasing the pressure failed because of the depletion of neutral gas.

The effect of the neutral depletion has been known and studied by Fruchman and

Raimbault et al [137–139] theoretically, and it has been shown both theoretically and

experimentally that neutral depletion in low temperature RF plasmas can lead to an

increase in plasma transport, resulting in a decreasing plasma density with increasing

input power. This result can be understood as follows [89] : as the input power is
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increased, ionization increases plasma density at the expense of neutral density. But

as the neutral density decreases, the neutral drag on ions also decreases, and ions are

able to escape the plasma volume more quickly.

Figure 5.9: The neutral density in a 4.5 [kW] plasma measured in the source. The
RF power is turned on at t = 0. The solution to the coupled differential
equations described in the text is overlaid in red [89].

Figure 5.10: The neutral density measured in the expansion chamber as a function
of time.The red diamonds are the data taken from r = 0 [cm] (the core)
and the black triangles from r = 6.7 [cm] (the edge). The blue curve is
the result of fitting the data to a simple exponential [89].

Magee et al [89] measured the density of the neutral gas at and downstream from

the rf antenna. The results showed the much faster depletion (within 15 [µs]) near the

antenna (Fig. 5.9), and much slower depletion (requiring 14 [ms]) at the downstream

(Fig. 5.10) than the expected amount calculated from the ionization rate with electron

temperature measured at the downstream. They mentioned the fast depletion near

the antenna is due to the ionization by a small population of very energetic electrons,
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or that the upstream and downstream electron energy distributions are different and

kept from achieving thermal equilibrium. They also concluded the slow depletion at

the downstream is due not to the ionization but to the neutral expulsion. The detailed

physics of the neutral depletion which limits the density in the helicon discharge has

not been cleared, it is therefore need to investigate the neutral dynamics in the self-

consistent model.
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APPENDIX A

Finite Difference Time Domain (FDTD) method

In the FDTD calculation, Maxwell’s equations are discretized using central-difference

approximations to space and time partial derivatives. The resulting finite-difference

equations are solved in a leap frog manner: the electric field vector components in a

volume of space are solved at a given instant in time; then the magnetic field vector

components in the same spatial volume are solved at the next instant in time; and the

process is repeated over and over again until the desired transient or steady-state elec-

tromagnetic field behavior is fully evolved. In one-dimensional Cartesian coordinate

with fixed ky, discretized equations are given as follows: for magnetic fields,

Bx
i+1/2
j+1/2 = Bx

i−1/2
j+1/2 − dtiky

(
Ez

i
j+1 + Ez

i
j

)
/2, (A.1)

By
i+1/2
j+1/2 = By

i−1/2
j+1/2 + dt

(
Ez

i
j+1 − Ezij

)
/dx, (A.2)

Bz
i+1/2
j+1/2 = Bz

i−1/2
j+1/2 − dt

(
Ey

i
j+1 − Ey

i
j

)
/dx+ dtiky

(
Ex

i
j+1 + Ex

i
j

)
/2, (A.3)

and for electric fields,

Ex
i+1
j = Ex

i
j + c2dtiky

(
Bz

i+1/2
j+1/2 +Bz

i+1/2
j−1/2

)
/2− c2µ0Jx

i+1/2
j , (A.4)

202



Ey
i+1
j = Ey

i
j − c

2dt
(
Bz

i+1/2
j+1/2 −Bz

i+1/2
j−1/2

)
/dx− c2µ0Jy

i+1/2
j , (A.5)

Ez
i+1
j = Ez

i
j+c

2dt
(
By

i+1/2
j+1/2 −By

i+1/2
j−1/2

)
/dx−c2dtiky

(
Bx

i+1/2
j+1/2 +Bx

i+1/2
j−1/2

)
/2−c2µ0Jz

i+1/2
j .

(A.6)

where superscript i and subscript j represent the temporal and the spatial grid num-

bers respectively and normal script i is the complex umber.

In one-dimensional cylindrical coordinate with fixed kz, discretized equations are

given as follows: for magnetic fields,

Br
i+1/2
j+1/2 = Br

i−1/2
j+1/2 + dtikz

(
Eθ

i
j+1 + Eθ

i
j

)
/2, (A.7)

Bθ
i+1/2
j+1/2 = Bθ

i−1/2
j+1/2 − dtikz

(
Er

i
j+1 + Er

i
j

)
/2 + dt

(
Ez

i
j+1 − Ezij

)
/dr, (A.8)

Bz
i+1/2
j+1/2 = Bz

i−1/2
j+1/2 − dt

(
Eθ

i
j+1 − Eθij

)
/dr − dt

(
Eθ

i
j+1 + Eθ

i
j

)
/2r, (A.9)

and for electric fields,

Er
i+1
j = Er

i
j − c2dtikz

(
Bθ

i+1/2
j+1/2 +Bθ

i+1/2
j−1/2

)
/2− c2µ0Jr

i+1/2
j , (A.10)

Eθ
i+1
j = Eθ

i
j−c2dt

(
Bz

i+1/2
j+1/2 −Bz

i+1/2
j−1/2

)
/dr+c2dtikz

(
Br

i+1/2
j+1/2 +Br

i+1/2
j−1/2

)
/2+c2µ0Jθ

i+1/2
j ,

(A.11)

Ez
i+1
j = Ez

i
j+c

2dt
(
Bθ

i+1/2
j+1/2 −Bθ

i+1/2
j−1/2

)
/dr+c2dt

(
Bθ

i+1/2
j+1/2 +Bθ

i+1/2
j−1/2

)
/2r−c2µ0Jz

i+1/2
j .

(A.12)

In two-dimensional cylindrical coordinate, discretized equations are given by re-

placing ikz to the central-difference in z direction in A.7-A.12.
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