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Abstract

In recent years, computer technologies has been developed rapidly. In particular, devel-
opment of storage devices enables us to store large-scale data, and it has become popular
to discover new knowledge by processing text data, which is called text data mining.
However, mining from large-scale text data with realistic running time and working space
requires to perform basic string processing operations (e.g., reporting all occurrences of
a given pattern in a text) in efficient running time and working space. For this purpose,
studies of string processing algorithms has been developed in recent years. In this thesis,
we focus on data structures for string processing in compressed space for the following
basic string processing operations.

(1) A signature encoding [Mehlhorn et al., Algorithmica 17(2):183-198, 1997] of a
string T" is an extended context free grammar representing the single 7', which is deter-
mined by locally consistent parsing [Mehlhorn et al., Algorithmica 17(2):183-198, 1997].
Since it has many applications, it is important to update and construct efficiently signa-
ture encodings. We show that signature encodings can be updated in compressed space,
and also, let T' be a dynamic string of current length N and maximal length N,,.. (i.e,
N < Nyge always holds), LZ77,,(T) be the Lempel-Ziv77 (LZ77) factorization with-
out self reference of size z = |LZ77,,(T)| representing T, and S be an SLP of size n
generating T'. Then, we show that the signature encoding G of size w for T' can be con-
structed (i) in O(N f4) time and O(w) working space from 7', (ii) in O(N) time and
working space from T, (iii) in O(zf4log N log™ Ny,e,) time and O(w) working space from
LZ77,,(T), (iv) in O(nfalog Nlog" Np,,) time and O(w) working space from S, and (v)
in O(nloglog(nlog” Npaz)log Nlog™ Npez) time and O(nlog™ Ny, + w) working space
from S, where f4 = O(min{ 108 Nmas loglogw logw 1,

logloglog Npmaax ’ log log w
(2) A Longest Common Extension (LCE) query on a text 7" of length N asks for the

length of the longest common prefix of suffixes starting at given two positions. We show
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that the signature encoding G of a dynamic string 7' has a capability to support LCE
queries in O(log N + log £1log" N,,q.) time, where ¢ is the answer to the query, Ny, is
the maximal length of T'. Since signature encodings can support update T and the size
w = O(min(zlog N log" Nyaz, V) holds, This data structure is the first fully dynamic
LCE data structure working in compressed space, where z = |LZ77,,,(T)|. On top of the
above contributions, we show several applications of our data structures which improve
previous best known results on grammar-compressed string processing.

(3) A find query on a text T" asks for all occurrences positions of a given pattern P in
T. A data structure supporting find queries for T is called index for T'. In this thesis, we
propose a new dynamic compressed index of O(w) space for a dynamic text T of current
length N and maximal length N,,,,, where w = O(min(zlog N log™ Nz, INV)) is the size
of the signature encoding of 7" and z = |LZ77,,,(T")|. Our index supports find queries in T’
in O(|P|f4+logwlog |P|log" Npas(log N +log |P|log™ Npaz) + occlog N) time and inser-
tion/deletion of a substring of length y in O((y 4 log N log" Nyaz) log wlog N log™ Nyax)
time, where occ is the number of occurrences of P in T. We also propose a new space-
efficient LZ77 factorization algorithm for a given text of length N, which runs in O(N f4+
zlogwlog® N(log* N)?) time with O(w) working space.

(4) A dictionary matching query on a set of patterns (dictionary) IT asks for all oc-
currences positions of patterns in Il in a text T given in a streaming fashion. We address
a variant of the dictionary matching problem where the dictionary is represented by an
SLP. For a given SLP-compressed dictionary II of size n and height h representing m
patterns of total length N, we present an O(n?log N)-size representation of Aho-Corasick
automaton which recognizes all occurrences of the patterns in I in amortized O(h + m)
running time per character, where m = |II| and h is the height of the derivation tree
of the SLP representing II. We also propose an algorithm to construct this compressed
Aho-Corasick automaton in O(n®lognlog N) time and O(n?log N) space. In a spacial
case where II represents only a single pattern, we present an O(nlog N)-size represen-
tation of the Morris-Pratt automaton which permits us to find all occurrences of the
pattern in amortized O(h) running time per character, and we show how to construct this

representation in O(n®lognlog N) time with O(n?log N) working space.
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Chapter 1

Introduction

In recent years, computer technologies has been developed rapidly. In particular, devel-
opment of storage devices enables us to store large-scale data, and it has become popular
to discover new knowledge by processing text data, which is called text data mining.
However, mining from large-scale text data with realistic running time and working space
requires to perform basic string processing operations (e.g., reporting all occurrences of
a given pattern in a text) in efficient running time and working space. For this purpose,
studies of string processing algorithms has been developed in recent years.

In this thesis, we focus on data structures for string processing in compressed space.
The ‘compressed space’ means that the size of data structure for a text 7" can be small
if we can represent T in small space. For example, Bille et al. proposed a data structure
of O(n) space for a straight line program (SLP in short) of size n which supports random
access queries [12], where an SLP is a context-free grammar in the Chomsky normal form
which generates a single string. This means that the size of the data structure is small
when the grammar size n is small compared to the original text length N It is well known
that outputs of various grammar-based compression algorithms (e.g., [49, 38]), as well as
those of dictionary-based compression algorithms (e.g., [66, 64, 65, 59]), can be regarded
as, or be quickly transformed to, SLPs [54]. This means that if we can efficiently compress
T by such grammar-based compression algorithms, we can construct the data structure
for T in small space. Hence this data structure is in compressed space.

A data structure for a text supporting pattern search queries, is called the text index.
For another example, Gagie et al. [23] proposed an index of O(zloglog V) space for T" of
length N which supports the searching for a given pattern in 7', where z is the number

of factors in the LZ77 factorization [65] of T' (we formally define LZ77 factorization later
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in Definition 1). This means that the size of the index is small when z is small. Note
that the LZ77 factorization can represent 7" in O(z) space and z is very small when 7' is
a highly repetitive text. Hence this text index is in compressed space. In addition, there
exist many studies of compressed data structures for a text (e.g. [9, 32] for recent work).

Also, we consider dynamic data structures for string processing. The ‘dynamic data
structure’ means the data structure for a data supporting the update of the data. For
example, a dynamic index for a text 1" supports pattern search queries for T and up-
dating T'. Note that such text(string), which allows to be updated, is called a dynamic
text(string).

In this thesis, a dynamic string T" allows the following two update operations.

o INSERT(Y,i) : update T' <— T'[1..i—1)YT[i..|T|] for a given string ¥ and an integer

1.
e DELETE(j,y) : update T < T[1..j — 1|T[j +y..|T|] for two given integers j and y.

A static data structure for T' can be the dynamic data structure by reconstructing
the data structure every time 7' is updated. However, the update of such data structure
is clearly inefficient when T is a large-scale text. Hence, it is important to develop an
efficient update algorithm for the data structure. There exist some studies on dynamic
data structures for dynamic text (or dynamic set of strings) (e.g. [4, 19, 48, 47| for recent
work).

In this thesis, we address some basic string processing problems and present a static

or dynamic data structures for these problems.

1.1 Signature Encoding

A signature encoding of a string T is an extended context free grammar generating T,
which is determined by locally consistent parsing [44]. We formally define the signature
encoding later in Chapter 2.

The signature encoding is first proposed by Mehlhorn et al. [44] for equality testing
on a dynamic set of strings [44]. They also showed that signature encodings for strings
can be updated under concatenate/split update operations.

Signature encodings have many applications. Alstrup et al. used signature encodings

to present a pattern matching algorithm on a dynamic set of strings [4, 3]. In their papers,
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they also showed that signature encodings can support the longest common prefix (LCP)
and the longest common suffix (LCS) queries on a dynamic set of strings. We describe
the detail later in Chapter 5.

Sahinalp and Vishkin showed that the upper bound of the size of signature encodings
of a text T of length N is O(zlog N log™ N) space, where z is the number of factors in the
LZ77 factorization of T" [55]. This means that signature encodings can be used as data
compression.

Cormode and Muthukrishnan proposed a new data structure called the edit sensitive
parsing(ESP), which is an another version of signature encodings, and they showed it can
efficiently solve a special edit distance problem [16], and also, there exists a compressed
index called ESP-Index which uses ESP [60, 61]. We describe the detail of ESP-Index in
Chapter 5.

To use these applications of signature encodings efficiently, it is important to con-
sider efficient algorithms of construction of signature encodings. Hence we consider the

following construction problem for various inputs representing a text.

Problem 1 Construct the signature encoding of an input string T of length N represented

by a plain text T', an SLP S of size n, or the LZ77 factorization of size z.

Next, if we can update the signature encoding of a dynamic text efficiently, then we can
use these applications for dynamic texts. Hence it is also important to consider dynamic

data structures maintaining a signature encoding. We consider the following problem.

Problem 2 Construct a data structure supporting Expr(e) queries for a dynamic string
T of current length N and mazimal length Npaz(i-e, N < Ny always holds), where
Ezpr(e) returns expr for a given variable e in the signature encoding G of T such that

e — expr is in G.

Related work

We describe related work about the update problem of signature encodings. Mehlhorn
et al. [44] proposed the first data structure maintaining signature encodings on dynamic

strings. A dynamic strings II C ¥* allows the following update operations.

e CONCAT(s1,82) : update II «— ITU {sys9} for two given strings sy, so € 11
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e SPLIT(s,i) : update IT <~ ITU {s[1..i — 1], s[i..|s||} for a given string s € II and a

given integer 1.
e CHAR(c) : update Il < ITU {c} for a given character ¢ € ¥.

Let N}i,. be the maximal length of sum of string length in II, i.e. > _|s| < Nn

max max

always holds. Alstrup et al. improved the data structure and update algorithms of
Mehlhorn et al. [4, 3]. Their data structure supports CONCAT and SPLIT operations
in O(p(w, NIX )log N'log* NI ) time, where N’ is the maximal length in input strings
and created strings, w is the size of the signature encoding, and pu(a,b) is the time for
membership queries on a set of a integers from an b-element universe. Note that they did
not consider an update operation which removes a string from II. Hence the size of their
data structure depends on the number of update operations.

Next we describe related work about the construction problem of signature encodings.
As already mentioned, Mehlhorn et al. proposed concatenation and split algorithms. We
can construct signature encodings by these algorithms. In addition to this, there exists a
few work of construction algorithms of ESP.

Cormode and Muthukrishnan proposed a construction algorihtm which outputs an
ESP of a single text T" of length N for T"in O(N log™ N) running time and O(N) space [16].
Goto et al. proposed a construction algorithm which outputs an ESP of T' for a run-length
encoding text R representing 7" in O(N log™ N) running time [26]. They also proposed a
construction algorithm which outputs an ESP of T" for an SLP of size n representing 7" in

O(nlog® N + m) running time, where m is the size of the output ESP.

1.2 Dynamic Longest Common Extension Problem

A Longest Common Extension (LCE) query on a text T' of length N asks to compute
the length of the longest common prefix of suffixes starting at given two positions. This
fundamental query appears at the heart of many string processing problems (see text
book [28] for example), and hence, efficient data structures to answer LCE queries gain a
great attention.

We consider a Dynamic LCE problem in the following description.

Problem 3 (Dynamic LCE) For a dynamic string T of current length N and maximal

length Nyaz, construct a data structure which supports LCE queries on T'.
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The above problem is called Static LCE problem if the data structure does not support
update operations of 7.

We describe research history of the static LCE problem. A classic solution is to use a
data structure for lowest common ancestor queries [8] on the suffix tree of T. Although
this achieves constant query time, the ©(|T'|) space needed for the data structure is too
large to apply it to large scale data. Hence, recent work focuses on reducing space usage
at the expense of query time. For example, time-space trade-offs of LCE data structure
have been extensively studied [11, 62]. In [21], LCE data structures on edit sensitive
parsing, a variant of signature encoding, was used for sparse suffix sorting, but again,
they did not focus on working in compressed space.

Another direction to reduce space is to utilize a compressed structure of 7', which
is advantageous when 7' is highly compressible. There are several LCE data structures
working on grammar-compressed string 71" represented by an SLP of size n. The best
known deterministic LCE data structure is due to I et al. [32], which supports LCE queries
in O(hlog N) time, and occupies O(n?) space, where h is the height of the derivation tree
of a given SLP. Their data structure can be built in O(hn?) time directly from the SLP.

Bille et al. [10] showed a Monte Carlo randomized data structure which supports
LCE queries in O(log N log ¢) time, where ¢ is the output of the LCE query. Their data
structure requires only O(n) space, but requires O(N) time to construct. Very recently,
Bille et al. [9] showed a faster Monte Carlo randomized data structure of O(n) space which
supports LCE queries in O(log N + log® £) time. The preprocessing time of this new data
structure is not given in [9]. Note that, given the LZ77-compression of size z of T', we can
convert it into an SLP of size n = O(zlog &) [54] and then apply the above results.

Very recently, a more faster LCE data structure is proposed by I [31]. His data
structure uses O(zlog(N/z)) space and supports LCE queries in O(log V) deterministic
time, where z is the number of factors in LZ77 factorization of T. Note that z < n holds
for an SLP of size n representing 7" [54].

Next, we describe research history of the dynamic LCE problem. To our knowl-
edge, data structures based on signature encodings (see Section 1.1) for a dynamic set
of strings proposed by Alstrup et al. is the first data structures which can answer effi-
ciently LCE queries on dynamic strings [4, 3]. Note that their data structures do not
support LCE queries directly, however, they support LCP queries and concatenate/split

update operations for dynamic strings. This means that they can answer LCE queries on
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a string T' € II for dynamic strings Il using constant LCP queries and split operations
in O(u(w, NI )log Nlog* NI ) deterministic time, where N = |T|, w is the size of the
signature encodings.

Very recently, Gawrychowski et al. improved the results by pursuing advantages of ran-
domized approach other than the hash table [25]. It should be noted that the algorithms
in [4, 3, 25] can support LCE queries in O(log N) time by combining split operations and
LCP queries although it also is not explicitly mentioned, where N is the length of the
handled dynamic string. However, [4, 3] and [25] do not focus on the fact that signature
encodings can work in compressed space, and also, their data structures do not consider

an update operation which removes a string from the dynamic strings. These mean that

the size of their data structures depends on the number of update operations.

1.3 Dynamic Index Problem
The dynamic text indexing problem is defined formally in the following description.

Problem 4 (Dynamic Text Indexing Problem) For a dynamic string T of current
length N and mazimal length Nyq., construct an index which supports FIND(P) queries,

where FIND(P) returns all occurrences of a given pattern P in T.

The above problem is called the static text index problem if the index is not required to
support update operations of T.

We describe the research history of the text indexing problem. The static text index
problem is a classical problem in computer science and there exists some indexes in linear
space, i.e., suffix array [40], suffix tree [43], etc. However, these many classical indexes
are not compressed.

As the size of data is growing rapidly in the last decade, many recent studies have
focused on indexes working in compressed text space (see e.g. [22, 23, 15, 14]). However
they are static, i.e., they have to be reconstructed from scratch when the text is modified,
which makes difficult to apply them to a dynamic text.

The dynamic text index problem is also a classical problem. In 1994, the first dy-
namic index was proposed by Gu et al. [27]. Afterwards, many dynamic indexes was
proposed (see e.g. [56, 4, 19, 25] for recent work). Note that these dynamic indexes are

not compressed.
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There also exists a compressed version of dynamic text index as the static text index.
In 2004, Hon et al. [30] proposed the first dynamic compressed index of O( %(N Hy+ N))
bits of space which supports FIND(P) in O(|P|log® N(log® N + log|%|) 4 occlog'™ N)
time and INSERT(Y,i) and DELETE(j,y) in O((y + v'N)log?™ N) amortized time,
where 0 < € < 1 and Hy < log|X| denotes the zeroth order empirical entropy of the text
of length N [30]. Salson et al. [58] also proposed a dynamic compressed index, called
the dynamic FM-Index. Although their approach works well in practice, updates require
O(N log N) time in the worst case. To our knowledge, these are the only existing dynamic
compressed indexes to date.

In relation to the dynamic index problem, there exists the library management problem
of maintaining a text collection (a set of text strings) allowing for insertion/deletion of
texts (see [47] for recent work). While in the dynamic index problem a single text is edited
by insertion/deletion of substrings, in the library management problem a text can be
inserted to or deleted from the collection. Hence, algorithms for the library management

problem cannot be directly applied to the dynamic index problem.

1.4 LZ77 Factorization Problem

A string sequence fi, ..., fr is called a factorization of a string s if f;--- fr = s holds.
The LZ77 factorization without self-reference LZ77,,,(T) [65] of T is formally defined as

follows.

Definition 1 For a string s, let LZ77,,(s) denote the factorization fi, ..., f, of s such
that for 1 < i < z, if s[|f1--- fi1| + 1] is a character not occurring fo--- fi_1 then
fi = sllfi-- fiz1| + 1], otherwise f; is the longest prefiz of f;--- f. such that f; is a
substring of f1--- fi_1, where fo = €.

Since each f; can be represented by an integer pair (z;, | f;|), we can represent a string T’
in 2z log |T| bits of space by the LZ77 factorization, where x; is an occurrence position of
fiin f1--- f;_1. Hence the LZ77 factorization is used as data compression.

Although the primary use of the LZ77 factorization is data compression, it has been
shown that it is a powerful tool for many string processing problems [24, 23]. Hence the
importance of algorithms to compute the LZ77 factorization is growing. Particularly, in

order to apply algorithms to large scale data, reducing the working space is an important
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matter.

In this thesis, we focus on the LZ77 factorization algorithms working in compressed
space. Goto et al. [26] showed how, given the grammar-like representation for string
T generated by the LCA algorithm [57], to compute the LZ77 factorization of T in
O(zlog? mlog® N + mlogmlog® N) time and O(mlog®m) space, where m is the size
of the given representation. Sakamoto et al. [57] claimed that m = O(zlog N log" N),
however, it seems that in this bound they do not consider the production rules to rep-
resent maximal runs of non-terminals in the derivation tree. The bound we were able
to obtain with the best of our knowledge and understanding is m = O(zlog® N log* N),
and hence our algorithm seems to use less space than the algorithm of Goto et al. [26].
Recently, Fischer et al. [20] showed a Monte-Carlo randomized algorithms to compute an
approximation of the LZ77 factorization with at most 2z factors in O(N log N) time, and
another approximation with at most (i + €)z factors in O(N log? N ) time for any constant
e > 0, using O(z) space each.

Another line of research is the LZ77 factorization working in compressed space in
terms of Burrows-Wheeler transform (BWT) based methods. Policriti and Prezza re-
cently proposed algorithms running in NHy + o(N log |X|) + O(|X|log N) bits of space
and O(N log N) time [52], or O(Rlog N) bits of space and O(N log R) time [53], where
R is the number of runs in the BWT of the reversed string of T'.

1.5 Grammar Compressed Dictionary Matching Prob-

lem

A dictionary matching query on a set of patterns Il (called the dictionary) asks for all
occurrences positions of patterns in Il within a text T given in a streaming fashion. A
dictionary pattern matching problem is, for a given dictionary II, to construct a data
structure which answer dictionary matching queries for II. This is a classical pattern
matching problem and we can efficiently answer these queries by constructing an Aho-
Corasick (AC) automaton [2] for II.

In this thesis, we introduce a new, yet another variant of the problem, where the
dictionary is given in compressed form. In particular, we are interested in a setting where
a dictionary is given in compressed form in advance, and the text is given in a streaming

fashion. A typical application would be an SDI (Selective Dissemination of Information)



CHAPTER 1. INTRODUCTION 9

X7
/ \
X6 X5
X4 X5 X3 X4
PN T~ 7/ N\ PN
X1 X3 X3 X4 X1 Xo X1 X3
V2N / N\ N N
XX XXX /Xi . (. ¢!
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Figure 1.1: Let SLP § = (£,V,D,S5), where D = {X; — a, Xo — b, X3 —
X1X27 X4 — X1X3, X5 — X3X4, XG — X4X5, X7 — X6X5},
V={Xy,..., X7}, ¥ ={a,b} and S = X;. Then S represents the

string aababaababaab and Figure 1.1 is the derivation tree of S.

service.

As already mentioned, SLP can be used as a compressed representation of a text. In
this thesis, we consider representing a dictionary by an SLP. Specifically, we use an SLP
to represent a dictionary consisting of m patterns, by designating m variables in the SLP
as the start symbols.

More formally, we extend SLPs so as to represent dictionaries as follows:

Definition 2 A dictionary SLP (DSLP) is an ordered pair (S, m) of an SLP of size n and
a positive integer m € [1..n]. The last m variables X, _mi1,..., X, of S are designated

as the start variables.

Let IIs ) denote the dictionary consisting of the strings derived from the start variables.
We note that DSLP (S, 1) is equivalent to SLP S§. We are now ready to give a formal

definition of our problem.

Problem 5 (Grammar Compressed Dictionary Matching Problem) For a given

DSLP (S, m), construct a data structure supporting dictionary matching queries for ILis ).

See also Figure 1.1 and Example 1.

Example 1 Consider DSLP (S,3) with S that is shown in Figure 1.1, i.e., Ilis3 =
{val(Xs), val(Xe), val(X7)} = {abaab, aababaab, aababaababaab}, where val(X) repre-
sents the derived string by X. Given text “I' = abaababaab”, the dictionary matching
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query for ;s 3 answers (1, Xs), (3, Xe) and (6, X5).

Related Work

As already mentioned, we can efficiently solve the dictionary matching problem by con-
structing an Aho-Corasick (AC) automaton for II. A succinct representation of AC au-
tomaton has been proposed [7], which requires k(log o + 3.443 + 0(1)) + m(3 log(N/m) +
O(1)) bits of space, where k is the number of states in the AC automaton, o is the al-
phabet size, and N is the total length of patterns in II Using this succinct AC automaton
one can conduct dictionary matching for a given text ¢ in O(|t| 4+ occ) time, where occ is
the output size. Recently an LZ78 based compressed string dictionary was considered [5],
which stores a set of strings and identifies each string with unique identifier in a com-
pressed space. Using the data structure one can retrieve the string of a given ID and
reversely lookup the ID of a given string.

To the best of our knowledge, there do not exist studies which directly solves the
grammar compressed dictionary matching problem. Note that we can solve this problem
by decompressing S and constructing AC automaton for Il(s ,,y, however, the total length
N can be as large as ©(2"). This means that a naive method which decompresses S takes

exponential time and space in the worst case.

1.6 Owur Contributions

Our contributions are as follows.

Signature Encoding

Our main contribution is the following theorems.

Theorem 1 For Problem 2, there ezists a data structure of O(w) space which supports
Ezxpr(e) queries in O(1) time, INSERT(Y,i) and DELETE(j,y) operations in O(fa(y +
log N'log"™ Nypaz)) time, and INSERT'(j,y,1) in O(falog N log™ Nyaz) time, where f(a,b)
denotes the time for predecessor/successor queries on a set of a integers from an b-element
universe, fa = f(w,4Nyaz), and INSERT'(j,y, 1) updates T < T|[..i—1]T[j..j+y—1]Ti..]

for given integers v,7 and y.
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If we use the best known deterministic and dynamic predecessor/successor data structure

log log blogloga log a )

of linear space, then f(a,b) = O(min{ oaloglzt \/ ogioga

Mehlhorn et al. [44] and Alstrup et al. [4, 3] showed signature encodings can be updated
under concatenate/split operations. However, they did not explicitly show that the update
algorithm maintains O(w) space because they did not focus on the working space. Our

update algorithm of Theorem 1 clearly runs in O(w) space. Hence this result is significant.

Theorem 2 For Problem 1, we can construct the signature encoding G of size w for T
(1a) in O(N f4) time and O(w) working space from T,

(1b) in O(N) time and working space from T,

(2) in O(2falog Nlog" Nyas) time and O(w) working space from LZ77,,,(T),

(3a) in O(nfalog Nlog® Npaz) time and O(w) working space from S, and

(3b) in O(nloglog(nlog™ Nyuz)log N1og™ Nyae) time and O(nlog™ Nye + w) working

space from S.

Note that N,,,, = N holds if we handle T of G as a static text. This is the first construction
algorithms from LZ77 factorization and SLPs, however, proofs of the results (2) and (3a)
are straightforward from the previous work [4, 3]. (la) and (1b) are also trivial results
but to our knowledge, nobody explicitly showed these. (3b) is clearly a new result and
this is more efficient than (3a) when n = O(zlog N). Hence this result is also significant.

Furthermore, we give a new application of signature encodings. See Section 3.3. These

results were published in [51]

Dynamic LCE Problem

Our main contribution is the following theorem.

Theorem 3 (LCE queries) Let G denote the signature encoding for a dynamic string
T of current length N and maximal length Ny,a.. Then G supports LCE queries on T in
O(log N + log ¢1og™ Nyaz) time, where £ is the answer to the query.

Theorem 2 shows that the signature encoding G can be updated efficiently, and also that
the size of G of T is O(zlog N log" Nya.) space [55] where z = |LZ77,,(T)|. Hence a
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signature encoding of T works in compressed space as a dynamic LCE data structures for
T.

The remarks on our contributions are listed in the following:

e We present the first fully dynamic LCE data structure working in compressed space.
The size of our data structure does not depend on the number of update operations.

This is different from dynamic LCE data structures proposed by [4, 3] and [25].

e This is the first compressed LCE data structure which can be constructed efficiently
by a given SLP. This result is important for applications in compressed string pro-
cessing, where the task is to process a given compressed representation of string(s)
without explicit decompression. In particular, we use the result (3b) of Theorem 2
to show several applications which improve previous best known results. See Sec-
tion 3.3. Note that the static LCE data structure proposed by I can be constructed
faster than our data structure by a given SLP and his data structure is more space

efficient. Hence his result can improve all theorems in Section 3.3.

These results were originally published in [51]

Dynamic Index Problem

We propose a new dynamic index in compressed space, as follows:

Theorem 4 For Problem /, there exists a dynamic index of size w = O(min(zlog N

log™ Nynaxs N)) supports INSERT (Y, i) and DELETE(j,y) in amortized O((|Y| + log N
log™ Nynaz) log wlog N1og™ Nyae) time, INSERT'(j,y, i) in amortized O(log w(log N log*
Ninaz)?) time, and FIND(P) in O(|P| fa+log wlog | P| log® Nynaz(log N+log | P|1log* Nyaz)+
occlog N) time, where z = |LZ77,,,(T)| and occ = |FIND(P)].

Since z > log N, log w = max{log z,log(log” Np.z)}. Hence, our index is able to find
pattern occurrences faster than the index of Hon et al. [30], and also, our index allows

faster substring insertion/deletion on the text.

LZ77 Factorization Problem

We present a new LZ77 factorization algorithm working in compressed space for a given

signature encoding.
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Theorem 5 Given a signature encoding G of a string T', we can compute LZ77,,,(T) in
O(zlogwlog® N(log* N)?) time and O(w) working space where z = |LZ77,,,(T)|, N = |T|,

and w is the size of G.

Theorem 2 shows that the signature encoding G can be constructed efficiently from various
types of inputs, in particular, in O(N f4) time and O(w) working space from uncompressed
string 7. Therefore we can compute LZ77 factorization of a given T of length N in
O(N f4 + zlogwlog® N(log* N)?) time and O(w) working space.

These results were originally published in [50].

Grammar Compressed Dictionary Matching Problem

Our main contribution is the following theorem.

Theorem 6 Given any DSLP (S, m) of size n that represents dictionary Ilis ., of to-
tal length N, it is possible to build, in O(nlognlog N) time and O(n*log N) space,
an O(n?log N)-size compressed automaton that recognizes all occurrences of patterns in
s my within an arbitrary string with O(h + m) amortized running time per character,

where h is the height of the derivation tree of S.

Note that our proposed data structure emulate AC automata in compressed space. To
the best of our knowledge, our data structure is the first which uses grammar-based string
compression to reduce space requirement of AC automata.

We also present a more space-efficient solution to the case of a single pattern, namely,

a compressed representation of Morris-Pratt (MP) automaton [46] as follows.

Theorem 7 For an SLP S of size n representing string T of length N, it is possible
to build, in O(n®log N logn) time and O(n?log N) space, an O(nlog N)-size compressed
MP automaton that recognizes all occurrences of T within an arbitrary string with O(h)

amortized running time per character, where h is the height of the derivation tree of S.

Theorem 7 is the first grammar-compressed MP-automaton. Note that since MP automa-
ton is identical to an uncompressed AC-automaton for a single pattern, we can construct
a compressed MP automaton of O(n?log N) space by Theorem 6. Hence the compressed
MP automaton is more space efficient than Theorem 6.

This result was originally published in [35, 34].
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1.7 Organization

The rest of this thesis is organized as follows. In Chapter 2, we set our model, define
some notations, and introduce some known properties on strings and useful known data
structures. In Chapter 3, we show Theorems 1 and 2. In Chapter 4, we show Theorem 3
and describe some applications of our LCE data structures. In Chapter 5, we describe
our dynamic index in compressed space and LZ77 factorization algorithm working space.

Namely, we show Theorems 4 and 5. In Chapter 6, we show Theorems 6 and 7



Chapter 2

Preliminaries

2.1 Strings

Let X be an ordered alphabet. An element of ¥* is called a string. A dictionary is a non-
empty, finite subset of ¥. For string s = zyz, x, y and z are called a prefix, substring,
and suffix of s, respectively. The length of string s is denoted by |s|. The empty string
e is a string of length 0. Let ¥* = £* — {¢}. For any 1 < ¢ < |s|, s[i] denotes the i-th
character of s. For any 1 <i < j < |s|, s[i..j] denotes the substring of s that begins at
position i and ends at position j. Let s[i..] = s[i..|s|] and s[..i] = s[1..i] for any 1 < i < |s].
For any string s, let s® denote the reversed string of s, that is, s = s[|w]]- - - s[2]s[1].
For any strings s; and sq, let LCP(s1,s2) (resp. LCS(si,s2)) denote the length of the
longest common prefix (resp. suffix) of s; and sg, and also, for two integers i, j, let
LCE(sy, s9,1,7) = LCP(sy[i..|s1]], s2[j.-|s2]]). For any strings p and s, let Occ(p, s) denote
all occurrence positions of p in s, namely, Occ(p,s) = {i | p = s[i.i + |p| — 1],1 < i <
ls| = |p| + 1}. A dynamic string s of maximal length N, is a string allowing to be

updated and |s| < Ny.. always holds.

2.1.1 Owur Model

Our model of computation is the unit-cost word RAM with machine word size of B bits,
and space complexities will be evaluated by the number of machine words. Bit-oriented
evaluation of space complexities can be obtained with a log, B multiplicative factor. The
value B is set in each problem. When the input of a problem represents a static text of

length N, we set B = N. When the represented text is dynamic and the maximal length

15
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is Nz, we set B = Nz

2.1.2 Periods and Runs of Strings

A period of a string s is a positive integer p such that s[i| = s[i+p] for every i € [1..|s| —pl.

A run in a string s is an interval [i..j] with 1 < ¢ < j <|s| such that:
e the smallest period p of s[i..j] satisfies 2p < j — i + 1.

e the interval can be extended neither to the left nor the right, without violating the
above condition, that is, s[i — 1] # s[i +p — 1] and s[j — p+ 1] # s[j + 1], provided

that respective symbols exist.

Lemma 1 (Periodicity Lemma (see [17])) Let p and q be two periods of a string x.
If p+ q — ged(p, q) < |x|, then ged(p, q) is also a period of x.

Lemma 2 ([17]) The periods of any x € ¥ are partitioned into O(log |z|)-arithmetic

Progressions.

2.1.3 Factorization

A string sequence Fac(s) = fi,..., fr is called a factorization of a string s if fi--- fr = s
holds. Each string of a factorization is called a factor. Let |Fac(s)| be the size of the
factorization of s and Fac(s)[i] = f; for 1 <i < k.

LZ77 Factorization

We already described the definition of the LZ77 Factorization without self-reference in
Definition 1. We also define the LZ77 with self-reference as follows [65].

Definition 3 For a string s, LZ77,(s) represents the factorization fi,..., f. of s such
that for 1 < i < z, if s[|f1--- fi—1| + 1] is a character not occurring fo--- fi—1 then
fi = sllfi--- fi1| + 1], otherwise f; is the longest prefiz of f;--- f. such that f; is a
substring of fi--- fi, where fy = €.

Example 2 (LZ77 Factorization) Lets = abababcabababcabababed. Then LZT7,,,(s) =
a, b, ab, ab, c, abababe, abababe, d and LZ77,,(s) = a,b, abab, ¢, abababcabababe, d.
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Run Length Encoding

For a string s, let RLE(s) denote the factorization of s such that each factor is a maximal
run of same characters a as a®, where k is the length of the run. RLE(s) can be computed
in O(|s]) time.

For a string p, let L(p) (resp. R(p)) denote the first (resp. last) maximal run of p.

Then following observation holds.

Observation 1 Let s and p denote two strings. For every occurrence p in s, the factoriza-
tion of p[|L(p)|+1..|p| — |R(p)|] is same in RLE(s), and also, p[|L(p)|+1..|p| - | R(p)|] # &
when |RLE(p)| > 3.

See also Example 3.

Example 3 (RLE(s)) Let s = aabbbbbabb. Then RLE(s) = a*,b°,a",b?, |RLE(s)| = 4,
RLE(s)[2] = 1° L(s) = a® and R(s) = b?

Locally Consistent Factorization (Parsing)

For integer sequence p of length at least 2, we say that p is an M-colored sequence if
(1)p[é] # pli + 1] holds for any 1 < i < |pl|, (2)0 < p[j] < M holds for any 1 < 5 < |p|, and
(3)let pli] =0 fori < 1ori >n. Let I : [0.M]A:+28+1 5 10 1} be a function, where
M is a positive integer, A, = log* M + 6 and Ar = 4. Locally consistent factorization

LCr(p) is a factorization of p using an M-function I', which is defined as follows.

Definition 4 ([44]) We say that T' is an M-function if dr(p)[1] = 1, dr(p)[|p|] = 0
and Occ(11,dr(p)) = Occ(0000,dr(p)) = ¢ hold for any M-colored sequence p, where
dr(p) =T(p[l = Ar],....p[1 + Ag]), ... . D(pllpl = ALl - .- pllp] + Ag]).

Lemma 3 ([3]) By computing a table of o(log M) space in o(log M) preprocessing time
for an M-function T, we can compute dr(p) in O(|p|) time using the table for a given

M -colored sequence p.

Proof. Here we give only an intuitive description of a proof of Lemma 3. More detailed
proofs can be found at [44] and [3].

Mehlhorn et al. [44] showed that there exists a function I'" which returns a (log M)-
colored sequence p’ for a given M-colored sequence p in O(|p|) time, where p/[i] is deter-

mined only by p[i — 1] and p[i] for 1 < i < |p|. Let p** denote the outputs after applying
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IV to p by k times. They also showed that there exists a function I which returns a bit
sequence d satisfying the conditions of Lemma 3 for a 6-colored sequence p in O(|p|) time,
where dr(p)[i] is determined only by p[i — 3..i + 3] for 1 < i < |p|. Hence we can compute
dr(p) for an M-colored sequence p in O(|p|log* M) time by applying I to piloe” M+2)
after computing p{°8” M+2) Furthermore, Alstrup et al. [3] showed that dr(p) can be
computed in O(|p|) time using a precomputed table of size o(log M). The idea is that pt®
is a loglog log M-colored sequence and the number of all combinations of a logloglog M-
colored sequence of length log* M + 11 is 2(°8” M+1Dlogloglos M — (oo V). Hence we can

compute dr(p) for an M-colored sequence in linear time using a precomputed table of size

o(log M). O

For an M-colored sequence p and M-function I', we define LCr(p) = f1,. .., fx such that
fz = p[li.1i — 1) for 1 < o < k, where 1; is i-th occurrence position of 1 in dr(p) for
1 <i<kand 1y = |dr(p)| + 1, and k is the number of 1 in dr(p). See also Example 4.

Each of fi,..., fx is called block (or factor) of p. Note that the length of each block
is from two to four by the property of dr(p), i.e., 2 < |f,| <4 for any 1 < x < k. In this
thesis, we omit " and write LC(p) when it is clear from the context.

Next, we describe the locally consistent factorization version of Observation 1. For
an M-colored sequence p and M-function I', Let Cr(p) is the longest substring f;--- f;
of p such that factors f;,..., f; are determined only by a substring of p, where LCr(p) =
fi,- -, fx. Namely, Cr(p) does not depend on p|x] for any integer z < 1 or x > |p|, and
also, Lp(p) = f1--- fiz1 and Rr(p) = fj+1- - fr- Then following observation holds.

Observation 2 Let s and p denote two M-colored sequences, and let T' denote an M -
function. For every occurrence p in s, the factorization of Cr(p) is same in LCr(s), and

also Cr(p) # € when |p| > 0¢, where §¢ = A + Ag + 8.

Proof. We show that Cr(p) # ¢ when |p| > dc. Consider a case such that Cr(p) # e.
Then we can represent Cr(p) by p[li..1; — 1], where 4’ is the minimal integer such that
1y —Ap > 1 and j’ is the maximal integer such that 1;, + Ar < [p|. Hence |Lr(p)| > Af
and |Rr(p)] > Ag + 1 hold. Next, |Lr(p)] < AL +]000| and |Rr(p)| < Agr + 1+ ]000|
holds by Occ(0000,dr(p)) = ¢. Hence Cr(p) = ¢ may hold when |p| < Ap + Ar + 7.
Therefore Cr(p) # € always holds when |p| > A + Agr + 8. See also Figure 2.1. 0
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Example 4 (LC) Letlog" M =2,p=1,2,3,2,5,7,6,4,3,4,3,4,1,2,3,4,5 and dr(p) =
1,0,0,1,0,1,0,0,1,0,0,0,1,0,1,0,0. Then LCr(p) = (1,2,3),(2,5), (7,6,4), (3,4,3,4),
(1,2),(3,4,5), [LCr(p)| = 6, LOr)2] = (2.5), Lr(p) = 1,2,3,2,5,7,6,4, Cr(p) =
3,4,3,4 and Rr(p) = 1,2,3,4,5. Note that A, =8, Ar = 4.

dr(s) 1]

S =

1o1oitonofoitooltiligoton || [1oopitolriopiirioopiotioooio [ |||
p p

AL Ar
d;(p) =00t onO00OT DY

p=

| |

Lip)  Cp) RAp)

Figure 2.1: Let A, = 8 and Agr = 4. This illustrates dr(p),dr(s),s and p.
Occ(p, s) = {5,31}. dr(p)[1+ArL..]p| — Agr] = dr(s)[b+AL..5+|p| —
Ag] = dr(s)[23+ AL..23+ |p| — Ag] by T because dr(p)[1+ Ap..|p| —
Ag] is determined by p[1..|p|].

2.2 Order Sets

2.2.1 Predecessor/Successor

Let S be an integer set whose integer has an integer as value. We consider the following

operations for S :
o pred(S,a) : return ay.eq = max{z € S | r < v} and ayeq’s value.
e succ(S,a) : return ague. = min{zr € S | v < x} and agye.'s value.
o insert(S,a,b) : set S« S|J{a} and b as a’s value.
o delete(S,a) : set S <+ S\ {a}.
e member(S,a) : return a’s value if a € S.

We say that a data structure is a dynamic predecessor/successor data structure if the

data structure supports all above operations. If a data structure supports insert, delete
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and member, we say that the data structure is a dynamic membership data structure. Let
f(n, N) be the time for computing all operations for S, where n = |S| and S C [0..N —1].
Similarly, p(n, N) be the time for computing insert, delete and member operations for
S. Beame and Fichs dynamic predecessor/successor data structure [6] of O(n) space for

. . _ . log log N log logn logn : O
S can support all operations in f(n, N) = O(min{ o log I N 1oglogn}) time. This is

the best known dynamic predecessor/successor data structure.

2.2.2 Order Maintenance

We consider the following operations for a list L.
e insert(x,y) : insert an element y after x in L.
o delete(x) : delete x from L.
e order(x,y) : check if z is before y in L.

We say that a data structure is an order maintenance data structure if the data structure
supports all above operations. Diez and Sleators order maintenance data structure [18]

can support every operation in constant time and use O(|L|) space.

2.2.3 Tools on Grids

Range Reporting Query

Let X and Y denote subsets of two ordered sets, and let p € X x ) be a point on the
two-dimensional plane. Sometimes we abbreviate it as 2D point p. We consider following

operations for a set of 2D points R € X x Y, where |X|,|Y| € O(|R|).

o nsertr (D, Tpred, Yprea): given a point p = (x,y), Tprea = max{ar’ € X | 2/ < x} and

Yprea = max{y’ € YV |y’ <y}, insert p to R and update X and Y accordingly.

e deleter(p): given a point p = (x,y) € R, delete p from R and update X and Y

accordingly.

o reporty (1, T2, Y1, Y2) : given a rectangle (x1, T2, y1,y2) with x1, 29 € X and y;,y2 €

Y, returns {(z,y) e R | z1 <z < w91 <y < ya}.
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Then, we say that a data structure is a static 2D range reporting data structure if the
data structure supports report, query for R, and also, we say that the data structure is
a dynamic 2D range reporting data structure if the data structure also supports inserty
and deleter. Static or dynamic 2D range reporting data structures are widely studied in
computational geometry. In this thesis, we use the following dynamic 2D range reporting

data structure.

Lemma 4 ([13]) There exists a dynamic 2D range reporting data structure which sup-
ports reporty (1, T, Y1, ya2) in O(log |R|+occ(log |R|/ loglog |R|)) time, and insertr(p,i,j),
deleter (p) in amortized O(log |R|) time, where occ is the number of the elements to out-

put. This structure uses O(|R|) space. !

Range Minimum Query

We say that a 2D point p is a weighed 2D point if p is labeled for an integer, namely
peEXXYXN. Let Re€ X xY xN be aset of weighted 2D points, where |X/|, |V| €
O(IR]). A rmgg(x1,22,y1,y2) query returns min{d | (z,y,d) € reportg(z1, 22, y1,¥2)}-

The following lemma supports rmgq queries.

Lemma 5 ([1]) Consider n weighted 2D points R on a two-dimensional plane. There
exists a data structure which supports a rmqz queries in O(log>n) time, occupies O(n)

space, and requires O(nlogn) time to construct.

2.3 Automata

2.3.1 Aho-Corasick(AC) Automata

The Aho-Corasick automaton (AC automaton for short) [2] is a finite state machine which
simultaneously recognizes all occurrences of multiple patterns in a single pass through a
text. The AC automaton for a dictionary II consists of three functions: goto, failure, and

output. Figure 2.2 displays an example of the AC automata.

!The original problem considers a real plane in the paper [13], however, his solution only need to
compare any two elements in R in constant time. Hence his solution can apply to our range reporting
problem by maintains X and ) using the data structure of order maintenance problem proposed by Dietz
and Sleator [18], which enables us to compare any two elements in a list L and insert/delete an element

to/from L in constant time.
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ababb. bb

Figure 2.2: On the left the Aho-Corasick automaton for I =
{aba, ababb, abca,bb} is displayed, where the circles denote
states, the solid and the broken arrows represent the goto and the
failure functions, respectively, and the underlined strings adjacent
to states mean the outputs from them. On the right the g-trie for II
is shown.

The g-trie for a dictionary II is a trie representing II. There is a natural one-to-one
correspondence between the states (nodes) of the g-trie and the pattern prefixes. State
q is said to represent string u if the path from the initial state 0 to ¢ spells out u. For
example, the initial state 0 represents the empty string € and the state 4 represents the
string abab in Figure 2.2. Let () denote the set of states of the g-trie, and let L be an
auxiliary state not in ). The g-trie defines the goto function g so that every edge ¢ to r
labeled ¢ implies g(q, ¢) = r. In addition, we set g(_L,a) =0 for all a € ¥.

The output function A and the failure function f are defined as follows.

Definition 5 Let g be any state. Suppose q represents string w. Then A(q) is the set of

patterns in 11 that are suffizes of u.

Definition 6 Let q be any state with ¢ # 0. Suppose q represents string u. Then state

f(q) represents the longest proper suffiz of u that is also a prefix of some pattern.

Let 6 : Q x ¥ — @ be the state-transition function defined by:

5(q,a) = g9(q,a),  if g(q,a) is defined;
| d(f(q),a), otherwise.

We extend ¢ to the domain () x ¥* in the standard way. Then we have:
Lemma 6 ([2]) For any string w € ¥*, 6(0,w) is the state that represents the longest

suffix of w that is also a prefix of some pattern. The number of goto and failure transitions

required in computing 0(0,w) is at most 2|w|.
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We say that a state is branching if it is of out-degree > 2, and terminating if it
represents some pattern. We say that a state is explicit if it is branching or terminating,

and implicit otherwise.

Lemma 7 The number of explicit states is at most 2|11].

2.3.2 Morris-Pratt(MP) Automata

The Morris-Pratt Automaton(MP automaton for short) [46] for a string 7" is a finite state
machine which recognizes all occurrences of 7' in a single pass through a text.

The set of states is Q = {0,1,..., N} and N is the (unique) accepting state. The MP
automaton for 7' consists of two functions: goto, failure.

The goto function g : Q x ¥ — @Q U {fail} is defined by:

qg+1, ifg# N and T[g+ 1] = q;
9(ga) =q .
fail,  otherwise.

For the sake of convenience, an auxiliary state L is also introduced such that g(L,a) =0

for any a € X. The failure function f: Q — Q U {L} is then defined by:

f(0) = L and for any ¢ € Q with ¢ # 0, T[1..f(q)] is the longest prefix of T
that is also a proper suffix of T'[1..¢|.

Note that the MP Automaton for a pattern T' € ¥* is identical to the AC automaton for
a dictionary Il = {T}.

2.4 Context Free Grammars

2.4.1 Straight-Line Programs

A straight-line program (SLP) is a context free grammar in the Chomsky normal form
that generates a single string. Formally, an SLP that generates T is a quadruple § =
(33,V, D, S), such that X is an ordered alphabet of terminal characters; V = {X;,..., X,;}
is a set of positive integers, called variables; D = {X; — expr,}I is a set of deterministic
productions (or assignments) with each expr; being either of form X, X, (1 < {,r <1i), or
a single character a € ¥; and S = X, € V is the start symbol which derives the string

T. We also assume that the grammar neither contains redundant variables (i.e., there is
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at most one assignment whose righthand side is ezpr) nor useless variables (i.e., every
variable appears at least once in the derivation tree of S). The size of S is the number n
of productions in D. In the extreme cases the length NV of the string T' can be as large as

2"~1 however, it is always the case that n > log, N. See also Example 5.

Notation for SLPs

For an X € V, val(X) represents the derived string by X, height(X) represents the height
of the derivation tree of X, | X| represents |val(X)|, and X[i] = val(X)[i] for 1 <i < |X]|.
For any variable sequence y € V*, let val* (y) = val(y[1]) - - - val(y[|y|]). For any variable
X; with X; — X, X, € D, let X;.left = val(X,) and X;.right = val(X,), which are called
the left string and the right string of X;, respectively. For two variables X;, X; € V, we
say that X; occurs at position ¢ in X if there is a node labeled with X; in the derivation
tree of X; and the leftmost leaf of the subtree rooted at that node labeled with X; is the
c-th leaf in the derivation tree of X;. We define the function vOcc(X;, X;) which returns
all positions of X; in the derivation tree of X;.

Let Assgng be the function such that Assgng(expr;) = X; if X; — expr; € D,
otherwise it returns NIL. When clear from the context, we write Assgng as Assgn.
For any variable sequence = € V7, let Pair(x) = x if |x| = 1, otherwise Pair(z) =
Pair(Assgn(z[1]x[2]))x[3..]). Let Assgn™(f1,..., fx) = Assgn(fi1),..., Assgn(fi), and
Pairt(fi,..., fx) = Pair(fy), ..., Pair(fy) for a sequence fi,..., fx.

Example 5 (SLP) Let S = (X,V,D,S) be the SLP such that ¥ = {A,B,C}, V =
{X1, -, Xn}, D={X1 - AXs - B, X3 = C, Xy, — X3X1,X5 > XuX5, X —
X5 X5, X7 = XoX3, Xg = X1Xo0, Xg = X7 X5, X190 = XeXo, X11 = X10X6}, S = Xy,
the derivation tree of S represents CABCABBCABCABCAB.

Properties and Tools

Lemma 8 ([45]) We can pre-process an SLP S of size n in O(n®) time and O(n?) space
to answer the following query in O(n?) time: given two variables X; and X; (1 <1i,j <n),

compute the length of the longest common prefix of val(X;) and val(X;).

For each variable X; we store the length | X;| of the string derived by X;, which can
be computed in a total of O(n) time using O(n) space by a simple dynamic programming

algorithm.
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The sorted index of an SLP S of size n is the permutation o of [1..n| such that the

strings val(Xo(1)), . - ., val(Xs(,)) are arranged in the lexicographical order.

Lemma 9 The sorted index o of an SLP of size n can be computed in O(n3logn) time

using O(n?) space.

Proof. We compute the length ¢ of the longest common prefix of two variables X; and X
using Lemma 8. Then, comparing val(X;) and val(X;) reduces to comparing the (¢41)-th
leaves of the derivation trees of X; and X, which can be done in O(n) time using the length
of the string that each variable derives (note that the case where ¢ = min{|X,|, |X,|} is
easier). Hence the sorted index o can be computed in O(n?+n3logn) = O(n®logn) time

using any O(nlogn)-time comparison sort. [J

Lemma 10 ([12]) Given an SLP S of size n that represents a string T' of length N, it is
possible to pre-process S in O(n) time using O(n) space, so that any substring T'[i..i+m—1]

of length m of T' can be computed in O(log N +m) time.

Stabbing Variables

An interval pair ([z..y], [y + 1..z]) is said to stab an interval [b..e] C [z..z] if b € [z..y]
and e € [y + 1..z]. A variable X € V is said to stab an interval [b..e] C [1..|X|] if
([1..| X left|], [| X left] + 1..|X|]) stabs [b..e]. For any string P € ¥, let Oce(P, X) denote
Occ(P,val(X)), and let Occ*(P, X) be the set of positions a € Occ(P, X) such that the
interval [a..cv + |P| — 1] is stabbed by X.

Lemma 11 ([45]) Occ®(P, X) forms an arithmetic progression.

We say that X is j-stabbing variable of P if |Xleft| — j + 1 € Occ®(P,X) holds. Let
pOccg(P, j) be the set of j-stabbing variables of P in . Since an occurrence of P (of
length at least 2) is stabbed by a variable in the derivation tree of S, the following

observation holds.

Observation 3 (e.g. [14]) For an SLP S of size n which represents a string T and a
string P of length at least 2, Occ(P,T) < Ui pls +k — 1] X € pOccs(P,j) k €
vOcc(X, S)} holds, where S is the start variable of S.

See also Example 6.
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Example 6 (Stabbing Variables) Let S be the SLP of Example 5. Given a pattern
P = BCAB, then P occurs at 3, 7, 10 and 13 in the string T represented by SLP S.
Hence Occ(P,T) = {3,7,10,13}. On the other hand, P occurs at 3 in val(Xs) and
P is divided by X5 and X5, where X¢ — X5X5. Similarly, divided P occurs at 1 in
val(Xy), at 10 in val(X11). Hence pOccg(P) = {(Xs,3), (X11,10), (Xo,1)}. Specifically
pOccg(P,1) = {(Xs,3), (X11,10)}, pOccg(P,2) = {(Xg,1)} and pOccg(P,3) = ¢. Hence
we can also compute Occ(P,T) = {3,7,10,13} by vOcc(Xs,S) = {1,11}, vOcc(Xo, S) =
{7}, and vOcc(X11,S) = {1}. See also Fig. 2.3.

Range Reporting and Stabbing Variables

For an SLP S, let Rs = {(X.left®, X right) | X € V}. Then, we can regard each variable
of S as a 2D point on the two-dimensional plane defined by Xs = {X left" | X € V} and
Vs = {X.right | X € V}, where elements in Xs and Vs are sorted by lexicographic order.

For a string P, let y;;ec (resp. yl..) denote the lexicographically smallest (resp.

P

Lo (xesp. xl..) denote the

succ

largest) element in Vs that has P as a prefix. Similarly, let x
lexicographically smallest (resp. largest) element in Xs that has P? as a prefix. Then

the following observation holds.

Observation 4 (e.g. [14]) For any string P € ¥* of length at least 2 and an integer
1 <i < |P|, the following equation holds.

P[]

Pl.q Pli+1.. Pli+1..
PLil pPL Pli1] Pl

succ ? yprec ) ysucc

pOccs(P, i) < reporty (v
See also Example 7.
Example 7 (SLP) Let S be the SLP of Example 5. Then,

XS — {I1,$4,x2,Ig,$5,$97$6,$10,I11,I3,]}7},

yS = {y17y87y27y77y97y3ay47y57y6ay10ayll}a

x; = val(X;)®, yi = val(X;) for any X; € V. See also Fig. 2.5.

2.4.2 Dictionary SLP(DSLP)

We already defined the DSLP in Definition 2.
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1
10/\
X
6 6 X
PN AN X, X,
5 5 5 5 e e
X4
4\ 4 9 4\ 4 X, X

/\ X9 X]

7 8 X,

I\/\ Xo[Xs|Xs
3123122312312312 X Xy
FTLLLLTTTELLrrr X Xy
CA[BCA BJBCAB|CABTAB| X, 13X X 1 X 161X X X001 X51X,

Figure 2.3: The left figure is the derivation tree of SLP S of Example 5, which
derives the string 7. The red rectangles on T represent all occur-
rences of P = BCAB in T. The right grid represents the relation

between Xs, Vs and Rs of Examp]e 7. 'The rec_l rectangle on the
grid is a query rectangle (x;ljr[éé], $sl,3u['c'é],y;5«[;j 1"17951}2?"}), where i = 1,

Pl Pl..i P[i+1.. Pli+1..
xpr[ec] = Xo, xsu[cc] = 11, ym[ec = Y5 and ysu[cc = y11. Therefore,

reporty (x;lfr[éﬂ, Zvi[éé], yﬂé?l”}, yfu[éjl"}) = {X¢, X11}.

2.4.3 Repetitive Straight-Line Programs

We define repetitive SLPs (RSLPs), as an extension to SLPs, which allow run-length
encodings in the righthand sides of productions, i.e., D might contain a production X —
X* € V x N. The size of the RSLP is still the number of productions in D as each
production can be encoded in constant space.

We define the left and right strings for any variable X; — X, X, € D in a similar way to
SLPs. Furthermore, for any X — X* € D, let X.left = val(X) and X.right = val(X)" !,
and also, X is (j, x)-stabbing variable of P if p € Occ(P, X) holds and [p..p + |P| — 1] is
stabbed by ([1..|X?[], [X* + 1..|X¥|]), where p = |X*| — j — 1. Note that X is j-stabbing
variable of P if and only if X is (j, 1)-stabbing variable of P. Since X — X* is a run of
X, the following observation holds.

Observation 5 For a production X — X* in D, if there exists a string P and two
integers j, x such that X is a (j, x)-stabbing variable of P and x > 1, then X is a (j,x—1)-
stabbing variable of P.

We can show the RSLP version of Observation 3 by Observations 5 and 6.
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Observation 6 For a string P of length at least 2, an occurrence P is j or (j,xz)-stabbed

by a variable in the derivation tree of S, where 7 and x > 1 are positive integers.

Example 8 (RSLP) Let G = (X,V,D,S) be an RSLP, where ¥ = {A, B}, V ={1,...,
24}, D={1 - A,2 - B,3 - 1,4 =25 - 226 - 12,7 — (3,4),8 — (3,5),9 —
(8,3),10 — (4,3),11 — (10,4),12 — (11,6),13 — 73,14 — 9,15 — 101,16 — 121,17 —
103,18 — (13,14),19 — (18,15),20 — (16,17),21 — 19,22 — 201,23 — (21,22),24 —
23'}, and S = 24. The derivation tree of the start symbol S represents a single string
T=ABABABABBABABABAABABABA.

Representation of RSLPs

For an RSLP G of size w, we can consider a DAG of size w as a compact representation
of the derivation trees of variables in G. Each node represents a variable X in V and
store |val(X)| and out-going edges represent the assignments in D: For an assignment
X; = XX, € D, there exist two out-going edges from X; to its ordered children X, and
X,; and for X — X* € D, there is a single edge from X to X with the multiplicative
factor k.

2.5 Signature Encoding

A signature encoding [44] of a string T" of length N is a RSLP determined by recursively
applying LC and RLE to T until a start symbol S is obtained. Formally, we say that a
RSLP G = (£,V,D, S) representing T is a signature encoding of T if S = id(T") holds,
where id(T) = Pow} , h is the minimum integer satisfying | Pow; | = 1, T'is an M-function,

and

Assgn™(T) for t =0,
Pairt (LCr(Pow! |)) for0<t<h,
Pow! = Assgn™(RLE(Shrink])) for 0 <t < h.

Shrink! =

We call each variable of the signature encoding a signature, and use e (for example,
e; — ewe, € D) instead of X to distinguish from general RSLPs. We say that a node is
in level t in the derivation tree of S if the node is produced by Shrink! or Pow!. In this

thesis, we implement signature encodings by the DAG of RSLP introduced in Chapter 2,
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and also, a signature encoding for a dynamic string is called dynamic signature encoding.

See also Example 9.

Example 9 (Signature encoding) LetG = (3,V,D,S) be an RSLP of Example 8. As-
suming LC(Powl) = (3,4)3,(3,5,3),(4,3), (4,3,4,6), (4,3)%, LC(Powj) = (13,14, 15),
(16,17) and LC(Pow?l) = (21,22) hold, G is the signature encoding of T and id(T) = 24.
Here, Pair((13,14)) = 18, Pair((4,3,4,6)) = 12, Pair((4,5)) = NIL. See Fig. 2./ for an
illustration of the derivation tree of G and the corresponding DAG.

p OW3 T—
shrink; 7=
pow,T=

shrink,’=

pow, "=

shrink, 7= 7

Figure 2.4: The derivation tree of S (left) and the DAG for G (right) of Exam-
ple 8. In the DAG, the black and red arrows represent e — ese,
and e — é¥ respectively. In Example 9, T is encoded by signature
encoding.
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2.5.1 Properties

In this section, we describe some properties of signature encodings.

Random access under the signature encoding. We show that a signature encoding

G for a string T' supports a random access in 7.

Lemma 12 Using a signature encoding G for a string T, We can compute T'[i..i +{ — 1]

for a given integers i and £ in O(¢ + log |T|) time.

Proof. (1) By the property of locally consistent parsing, a signature in Shrz'nk:;ﬁ derive
signatures of at least 2 in Shrink] | for 1 <t < h. (2) The height of the derivation tree of
the signature encoding of 7" is O(log |T'|) by the fact (1). Hence Lemma 12 clearly holds
by the facts (1) and (2). O

Space requirement of the signature encoding. It is clear from the definition of the
signature encoding G of T' that the size of G is less than 4N, all signatures are in [0..M],
Pow] is M-colored sequence for all 0 <t < h, and Ay =log* M +6 and Ag =4 in T

Moreover, the next lemma shows that G requires only compressed space:

Lemma 13 ([55]) The size w of the signature encoding of T' of length N is O(min(z log N
log® M, N)), where z = |LZ77,,(T)|.

Proof. See the proof of Theorem 1(2).

Common sequences of signatures to all occurrences of same substrings. Here,
we explain the most important property of the signature encoding, which ensures the
existence of common signatures to all occurrences of same substrings(Lemma 14).
Consider a pattern P which occurs in 7. Since each Shrink! and Pow! is factorized
by RLE and LC' respectively, we can apply Observations 1 and 2 to P recursively. This
means that, for every occurrence of P in T, an internal substring of P is represented by
a common signature sequence in Shrink! /Pow]. See also Figure 2.5(1). Formally, we

define such a sequence by XShr{ and XPow?, which are defined as follows :
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Definition 7 For a string P, let

Assgn™ (P) fort =0,
Pair™(LCr(XPow! )[|LF|..| XPow?! || — |RF|]) for0 <t <hP,
XPow? = Assgnt(RLE(XShrP[|LF| + 1.|XShrf| — |RF))|) for 0 <t < h¥, where

XShrf =

LP = Lp(XPow! ), RF = Rp(XPow? |), LT = L(XShrl'), RF = R(XShrl), and h* is
the minimum integer such that |RLE(XShrip)| < d¢.

Then Observation 1 clearly holds when p = XS’hriD and s = ShrmktT. This means
that f;,..., f; are encoded to XPow?. Similarly Observation 2 clearly holds when p =
XPow?! and s = Pow!. This means that f;, ..., f; are encoded to XShrirl. By applying
these observations to P recursively, we can represent every occurrence of P in T by
Uniq(P) = LY LY -+ Lo LU, XShrfe RE. R, - - - RY RE. Namely, valt(Unig(P)) = P. See
also Figure 2.5(2). Hence the following lemma holds by |LF|, |RP|, |[RLE(LF)|,|RLE(RF)|
and |RLE(XShr}»)| = O(log* M).

Lemma 14 (common sequences [55]) For a string P, every substring P in T is rep-
resented by a signature sequence Uniq(P) of run-length O(log | P|log" M) in the derivation
tree of id(T) 2.

Hence we call Uniq(P) the common sequence of P.

The number of ancestors of nodes corresponding to Uniq(P) is upper bounded by:

Lemma 15 Let P be a string and T be the derivation tree of a signature e € V. Consider
an occurrence of P in val(e), and the induced subtree X of T whose root is the root of
T and whose leaves are the parents of the nodes representing Uniq(P). Then X contains

O(log"™ M) nodes for every level and O(log |e| + log |P|log™ M) nodes in total.

Proof. By Definition 7, for every level, X contains O(log* M) nodes that are parents
of the nodes representing Unig(P). Lemma 15 holds because the number of nodes at
some level is halved when Shrink is applied. More precisely, considering the x nodes
of X at some level to which Shrink is applied, the number of their parents is at most

(x +2)/2. Here the ‘+2’ term reflects the fact that both ends of x nodes may be coupled

2The common sequences are conceptually equivalent to the cores [41] which are defined for the edit

sensitive parsing of a text, a kind of locally consistent parsing of the text.
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with nodes outside X, and also, since |RLE(LF)| = |RLE(RF)| = 1 for 0 < t < h” and
|RLE(XShrlp)| = O(|log* M), each nodes representing LY and RF has a common parent
for every level, and the number of parents of nodes representing XShrfp is O(log™ M).
Note that h = O(log|e|) holds for e € V by the signature encoding, where h is the height

of derivation tree of e. [

Figure 2.5: Abstract images of consistent signatures of substring P of text 7', on
the derivation trees of the signature encoding of T'. Gray rectangles
in Figures (1)-(3) represent common signatures for occurrences of P.
(1) Bach XShr! and XPow! occur on substring P in Shrink] and
Pow] , respectively, where T' = LPR. (2) The substring P can be
represented by LELELY LY XShrink} RPRPRERE. (3) There exist
common signatures on every substring P in the derivation tree.

Lemma 16 shows that we can efficiently compute Uniq(P) for a substring P of T
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Lemma 16 Using the DAG of G, given a signature e € V (and its corresponding node
in the DAG) and two integers j and y, we can compute RLE(Uniq(e[j..j +y — 1])) in
O(log |e| 4 log y log™ M) time.

Proof. Let 7 be the derivation tree of e and consider the induced subtree X of T
whose root is the root of 7 and whose leaves are the parents of the nodes representing
Unig(elj..j+y—1]). Then the size of X is O(log |e|+logylog™ M) by Lemma 15. Starting
at the given node in the DAG which corresponds to e, we compute X using Definition 7
and the properties described in the proof of Lemma 15 in O(log |e| 4 log y log™ M) time.
Hence Lemma 16 holds. [

Lemma 17 ([3]) Let Vs be the set of signatures which occur in the derivation tree of
id(s) € V for a string s. Then |(Vs, UVs,) \ Vil [Vsrss \ (Vs; U Vs, )| = O(log N’ log™ M)
holds for two strings sy and sy such that id(sy),id(s2), id(s152) € V, where N’ = |s153].

Proof. By Lemma 14, the derivation tree of id(s;s2) is created over Unig(s;)
Uniq(sq), and hence, O(log N'log" M) signatures can be added by Lemma 15. Similarly,
O(log N'log™ M) signatures, which were created over Uniq(T[..i — 1])Uniq(T[i..]), are

removed.



Chapter 3

Construction and Update of

Signature Encoding

As described in Chapter 1, signature encodings are used by many applications. In this

chapter, we show Theorems 1 and 2, and present a new application of signature encodings.

3.1 Updates

In this section, we show Theorem 1.

Consider the update of a signature encoding G = (X,V,D,S) of a text T. During
updates we recompute Shrz'nktT and Poth for some part of new T. When we need a
signature for expr, we look up the signature assigned to expr (i.e., compute Assgn(expr))
and use it if such exists. If Assgn(ezpr) is NIL, we create a new signature e, which
is an integer that is currently not used as signatures, and add e,., — expr to D. Sim-
ilarly, updates produce an useless signature, which does not occur in the derivation tree
representing new T, i.e., the parents in the DAG are all removed. We remove all useless

signatures from D during updates.

3.1.1 Update Algorithms and Data Structures

Note that we do not need to recompute id(7") from scratch for updating G. Lemma 17
implies that INSERT and DELETE need to add/remove only O(log N log® M + y) sig-
natures to/from G, because T" < T[..i — 1]YT[i..] is a concatenation of T'[..i — 1], Y and
T[i..]. We can show that these update operations can be computed efficiently using this

fact.

34
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We support DELETE(j,y) as follows: (1) Compute the new start variable S’ =
id(T[..j — 1)T[j + y..]) by recomputing the new signature encoding from Uniq(T[..j —
1)) and Unig(T[j + y.]). Although we need a part of dp(Pow; 1"V 1) to recom-
pute LCF(Poth["j*l]TUJFy“]) for every level t, the input size to compute the part of
dr(Pow! 71Uy 49 O(log* M) by Lemma 3. Hence these can be done in O((qassgn +
QAdd) Remove + Qnew) 10g N log™ M) time by Lemmas 16 and 17, where qassgn, ¢Add/Remove a0d
(new are the times for computing Assgn(expr) for a given expr, for adding/removing an
assignment to/from D and for computing €,.,. (2) Remove all useless signatures Z from
G, where |Z| = O(y + log N log" M) by Lemma 15. If a signature is useless, then all the
signatures along the path from S to it are also useless. Hence, we can remove all useless
signatures efficiently by depth-first search starting from .S, which takes O(qadd/remove|Z|)
time.

Similarly, we can support INSERT (Y, %) in O((qassgn + @add/Remove + Gnew)(y + log N
log" M)) time. Note that we can naively compute Unig(Y") in O(y(qassgn + qAdd/Remove +
new)) time. For INSERT'(j,y,1), we can avoid O(y(qassgn + Gadd/Remove + Gnew)) time by
computing Uniq(T[j..j + y — 1]) using Lemma 16.

Next, we describe data structures for updating G. In addition to the DAG for G,
we need additional data structures which supports Assgn(-) and e, for dynamic G. For
computing Assgn(-), we use a dynamic membership data structure using linear space. For
computing e,.,, we have an integer ¢ = max V+1. When we need e,,.,,, this data structure
returns i as e,e, and update i <— i 4+ 1. Hence we get Gassgn, Qadd/Remove = O(pt(w, M))
and gne, = O(1).

Therefore, there exists a data structure of O(w) space which supports INSERT and
DELETE in O(u(w, M)(y + log N'log* M)) time and INSERT" in O(u(w, M)y) time.

3.1.2 The Data Structure for Bounding New Signatures

In the above update algorithm, the value of e,., depends on the number of update
operations. This implies that e,., will be larger than M. To prevent this, we use the

following lemma.

Lemma 18 Let G be the signature encoding of size w for a dynamic string of maximal

length Nyar. Using additional O(w) space, we can compute €pey, such that epew < 4Npmas
holds in O(f(w,4Npaz)) time.
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Proof. Note that w < 4N,,., holds by the definition of signature encodings. Let V be
the set of unused signatures in [1..4N,,,,] and we choose minV as €,e. Since V can be
represented by O(w) intervals, we can maintain V by a dynamic predecessor /successor

data structures of O(w) size. Hence we can compute minV in O(f4) time. OJ

Hence ¢new = O(f(w, M)) by Lemma 18 and set M = 4N, if we want to always bound
enew < M. Therefore Theorem 1 holds. Note that Ezpr(e) can be computed in constant
time using the DAG of G.

3.2 Construction

In this section, we give proofs of Theorem 2. Note that we set M = 4N in following
proofs, and also, we can replace f4 with u(w,cM) in following proofs because the output
of Theorem 2 is the static signature encoding of T, where ¢ is a constant positive value

such that ¢ > 1.

3.2.1 Proof of Theorem 2 (2)

Proof. Consider a dynamic signature encoding G for an empty string. Then Theo-
rem 2 (2) immediately holds by computing INSERT' (¢;, |fil, |f1 -+ fi—1|+1) forall 1 <i <
z incrementally, where ¢; < |fi -+ fi_1| —|fi| is a position such that T[c;..c;+|fi| — 1] = f;
holds. Note that when f; is a character which does not occur in fi,... f;_; for 1 <i < z,
we compute INSERT (fi, |f1--- fi—1] +1) in O(f(w, M)log N log® M) time instead of the
above INSERT' operation. [J

Note that we can directly show Lemma 13 from the above proof because the size of G
increases O(log N log™ M) by Lemma 15, every time we do INSERT"(¢;, | fil, | f1 -+ fi—1] +
1) for1 <i<z.

3.2.2 Proof of Theorem 2 (3a)

Proof. We use the G-factorization proposed in [54]. By the G-factorization of T with
respect to S, T' is partitioned into O(n) strings, each of which, corresponding to T'[i..j],
is derived by a variable X of § such that X appears in the derivation tree of S to derive

a substring of T[1..i — 1], or otherwise X derives a single character that does not appear
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in T'[1..i — 1]. Note that we can compute a sequence of variables of S corresponding to
the G-factorization of 7" with respect to S in O(n) time by the depth-first traversal of the
DAG of S. Since the G-factorization resembles the LZ77 factorization, we can construct
the dynamic signature encoding G for T by O(n) INSERT' and INSERT operations as
the proof of Theorem 2 (2). O

3.2.3 Proof of Theorem 2 (1a)

Proof. Note that we can naively compute id(7") for a given string 7" in O(N f4) time
and O(N) working space. In order to reduce the working space, we consider factorizing T’
into blocks of size b and processing them incrementally: Starting with the empty signature
encoding G, we can compute id(T") in O( fa(log N log* M+b)) time and O(w+b) working
space by using INSERT (T'[(i—1)b+1..ib], (i—1)b+1) for i = 1,..., % in increasing order.
Hence our proof is finished by choosing b = log N log" M. [

3.2.4 Proof of Theorem 2 (1b)

We compute signatures level by level, i.e., construct Shm’nkg, Powg, cee Shm'nkf, Pow;‘f
incrementally. For each level, we create signatures by sorting signature blocks (or run-

length encoded signatures) to which we give signatures, as shown by the next two lemmas.

Lemma 19 Given LC(Pow! |) for 0 < t < h, we can compute Shrink! in O((b —
a) + |Pow! ||) time and space, where b is the mazimum integer in Pow] | and a is the

minimum integer in Pow] .

Proof. Since we assign signatures to signature blocks and run-length signatures in the
derivation tree of S in the order they appear in the signature encoding, Pow! ,[i] — a fits
in an entry of a bucket of size b — a for each element of Pow! ,[i] of Pow! ,. Recall that
the length of each block is at most four. Hence we can sort all the blocks of LC(Pow}. ;)
by bucket sort in O((b — a) + |Pow! ,|) time and space. Since Assgn is an injection and
since we process the levels in increasing order, for any two different levels 0 < ¢’ <t < h,
no elements of Shrink; | appear in Shrink;, _,, and hence no elements of Pow] ; appear in
Pow}l,_|. Thus, we can determine a new signature for each block in LC(Pow! ), without

searching existing signatures in the lower levels. This completes the proof. [J
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Lemma 20 Given RLE(Shrink]), we can compute Pow in O(x+(b—a)+|RLE(Shrink])
) time and space, where x is the mazimum length of runs in RLE(Shrink!), b is the maa-

imum integer in Pow] |, and a is the minimum integer in Pow] |.

Proof. We first sort all the elements of RLE(Shrink!) by bucket sort in O(b — a +
|RLE(Shrink!)|) time and space, ignoring the powers of runs. Then, for each integer
r appearing in Shm'nktT, we sort the runs of r’s by bucket sort with a bucket of size x.
This takes a total of O(z + |RLE(Shrink])|) time and space for all integers appearing in
Shrink!. The rest is the same as the proof of Lemma 19. O

Proof. [Proof of Theorem 2 (1b)] Since the size of the derivation tree of id(T") is O(N),
by Lemmas 3, 19, and 20, we can compute a DAG of G for T"in O(N) time and space. [

3.2.5 Proof of Theorem 2 (3b)

In this section, we sometimes abbreviate val(X) as X for X € S. For example, Shrink;<

val(X) “X) Fespectively.

and Pow;* represents Shrink; and Pow;

Our algorithm computes signatures level by level, i.e., constructs incrementally
Shrmk:g(", Powéc", cee Shrmkff", Powh ". Like the algorithm described in Subsection 3.2.4,
we can create signatures by sorting blocks of signatures or run-length encoded signatures
in the same level. The main difference is that we now utilize the structure of the SLP,
which allows us to do the task efficiently in O(nlog" M + w) working space. In partic-
ular, although |Shrink;"|,|Pow;"| = O(N) for 0 < t < h, they can be represented in
O(nlog™ M) space.

In so doing, we introduce some additional notations relating to XShrf and XPow?!
in Definition 7. By Lemma 14, there exist ét(Pl’Pz) and zt PP for any string P = P, P
such that the following equation holds: XShr! = ¢/ 2, 2(PP2) yf > for 0 < t < hf, and

XPowt =yl (Pl Fa) yf2 for 0 <t < hf where we define ¢ and y!” for a string P as:
p XShrf for 0 <t < hP, XPowf for 0 <t < h?,
Y = Y =
£ for t > hP, € for t > hP.
For any variable X; — X,X,, we denote 2% = z{v*(X0vel(Xr) (for 0 < t < pvallXa))
and 2% = "X (g 0 < p < pralX), O(log* M)

X; HX - .
because z; ' is created on R; ‘Z; ZLf(T, similarly, 2 is created on Rt_lzt_llLf(_rl. We can
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Figure 3.1: XPoth” can be represented by z'',...,z". In this example,

Xn—s5 Xn-3 Xn—6_Xn-1_Xn— Xn—7 Xn—
Xpowtnzztn SZtnthnGztn 1Ztn4zi(nztn7ztn2.

AX 5 X :
use 2%, ..., 5 (vesp. z'',...,z") as a compressed representation of XShri" (resp.

XPow;") based on the SLP: Intuitively, 2" (resp. z") covers the middle part of XShr;"
(resp. XPow; ™) and the remaining part is recovered by investigating the left/right child
recursively (see also Fig. 3.1). Hence, with the DAG structure of the SLP, XShr; ™ and
XPowi" can be represented in O(nlog* M) space.

In addition, we define AX, BP, AP and BF as follows: For 0 < t < h¥, AP (resp.
BF) is a prefix (resp. suffix) of Shrink!” which consists of signatures of AX | LP | (resp.
RFP BF|); and for 0 < t < k", AP (vesp. Bl) is a prefix (resp. suffix) of Pow! which
consists of signatures of APLP (resp. RFBF). By the definition, Shrink! = AP XShr” BP
for 0 < ¢t < AP, and Pow! = AP XPow! Bl for 0 < t < hP. See Fig. 3.2 for the
illustration.

Since ShrinkX™ = AX" XShri» BX» for 0 <t < h¥, we use Ay = (351, ..., 55 AX»,
B*") as a compressed representation of Shrink;® of size O(nlog* M). Similarly, for
0<t<h®, weuse A, = (z,;Xl, Lz A B;X") as a compressed representation of
Pow;™ of size O(nlog* M).

Our algorithm computes incrementally Ay, Ai, ... ,f\hxn. Given Ahxn, we can easily
get Powyy, of size O(log" M) in O(nlog* M) time, and then id(val(X,)) in O(log* M)
time from Powff;gn. Hence, in the following three lemmas, we show how to compute
Ao, Ay, Ay

Lemma 21 Given an SLP of size n, we can compute Ay in O(nloglog(nlog™ M)log" M)
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Shrink}= A XShr} BY
Powt= AY |LE RY| B
Shrink{=| A} |LY RY| Bf
Pow{=Af |LR R BY
Shrinkg= Z:% I?g

P

Figure 3.2: An abstract image of Shrink! and Pow! for a string P. For 0 <
t < ht, APLP (vesp. RPB!) is encoded into /Alfjrl (resp. Eﬁrl).
Similarly, for 0 < t < hP, APLP (resp. RFBF) is encoded into AP
(resp. BF).

time and O(nlog" M) space.

Proof. We first compute, for all variables X;, RLE(XShréQ) if |RLE(XSh7"g(i) < d¢,
otherwise RLE(LY*) and RLE(RY*). The information can be computed in O(nlog* M)

time and space in a bottom-up manner, i.e., by processing variables in increasing order.
For X; — X,X,, if both |RLE(XShry*)| and |RLE(XShr{")| are no greater than d¢, we
can compute RLE(XShry®) in O(log* M) time by naively concatenating RLE(XShry )
and RLE(XShr"). Otherwise |RLE(XShry")| > 6¢ must hold, and RLE(LY") and
RLE(RY?) can be computed in O(1) time from the information for X, and X,.

The run-length encoded signatures represented by z(‘)Xi can be obtained by using the
above information for X, and X, in O(log" M) time: zg(i is created over run-length en-
coded signatures RLE(XShri*) (or RLE(RY")) followed by RLE(XShri") (or RLE(R:™)).
Also, by definition A" and BX" represents RLE(Ly") and RLE(RL™), respectively.

Hence, we can compute in O(nlog” M) time O(nlog® M) run-length encoded signa-
tures to which we give signatures. We determine signatures by sorting the run-length
encoded signatures as Lemma 20. However, in contrast to Lemma 20, we do not use
bucket sort for sorting the powers of runs because the maximum length of runs could be
as large as N and we cannot afford O(NV) space for buckets. Instead, we use the sorting
algorithm of Han [29] which sorts x integers in O(z loglog ) time and O(x) space. Hence,

we can compute Ay in O(nloglog(nlog™ M)log* M) time and O(nlog™ M) space. O
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Lemma 22 Given A,, we can compute A, in O(nloglog(nlog™ M)log* M) time and
O(nlog™ M) space.

Proof. The computation is similar to that of Lemma 21 except that we also use A,
We first compute, for all variables X;, RLE(XShr;") if |RLE(XShr;*)| < 6¢, other-
wise RLE(L}") and RLE(RX%). The information can be computed in O(nlog* M) time

and space in a bottom-up manner, i.e., by processing variables in increasing order. For
X, — X,X,, if both |RLE(XShr;*)| and |RLE(XShr;")| are no greater than d¢, we
can compute RLE(XShr*) in O(log® M) time by naively concatenating RLE(XShr;),
RLE(2)) and RLE(XShrX"). Otherwise | RLE(XShr")| > 8¢ must hold, and RLE (L")
and RLE(R57) can be computed in O(1) time from RLE(2") and the information for X,
and X,.

The run-length encoded signatures represented by tii can be obtained in O(log"* M)
time by using 2, and the above information for X, and X,: 2 is created over run-length
encoded signatures that are obtained by concatenating RLE(XShri*) (or RLE(R:Y)), 2%
and RLE(XShr") (or RLE(RY™)). Also, AX" and BX" represents AX» LX» and RX" B
respectively.

Hence, we can compute in O(nlog™ M) time O(nlog™ M) run-length encoded signa-
tures to which we give signatures. We determine signatures in O(n loglog(nlog™ M) log”

M) time by sorting the run-length encoded signatures as Lemma 22. [
Lemma 23 Given A;, we can compute Ay in O(nlog* M) time and O(nlog* M) space.

X . .
Proof. In order to compute z; )’ for a variable X; — X, X,, we need a signature sequence

on which 25:1 is created, as well as its context, i.e., Ay, signatures to the left and Ag to

the right. To be precise, the needed signature sequence is vf(‘fzf(iuf(*, where u;Xj (resp.
v77) denotes a prefix (resp. suffix) of y; of length A + Ag + 4 for any variable X ; (see

also Figure 3.3). Also, we need A,u;*" and v;" B, to create At)fr"l and Bffr'i, respectively.

Note that by Definition 7, |zX| > d¢ if 2X # e. Then, we can compute u;" for all
variables X; in O(nlog® M) time and space by processing variables in increasing order on
the basis of the following fact: u;* = u;** if 2,** # ¢, otherwise u;" is the prefix of z*¢ of
length A, + Ag + 4. Similarly v;* for all variables X; can be computed in O(nlog* M)
time and space.

Using ;" and v;"" for all variables X;, we can obtain O(nlog* M) blocks of signatures

to which we give signatures. We determine signatures by sorting the blocks by bucket



CHAPTER 3. CONSTRUCTION AND UPDATE OF SIGNATURE ENCODING 42

X = [ 2X, X ~X; X, 5 X,
Shrmk“}'(l Atiy XShr; 4 Zt+1 XShriih By
Pow; = | 4% XPow ! zXi XPow " BXi
t t t t t
T X I D¢ |
SR B SO S
X, _[ X, X X X,
Shrink; ' = | A XShr, 4 Ziih B4
Powf(l: As(i XPOWE(*” zf( i BtX ¢
T
X |
]
X | AX X, ~X:
Shrmktﬂ— At+ll t+L1 Bt+11
Pow?(i= Af(i Zf(i Bf(i

Figure 3.3: Abstract images of the needed signature sequence v;‘z  uX" (vi'

and u; " are not shown when they are empty) for computing 255:1 in
three situations: Top for 0 < ¢t < h*X¢, h*Xr; middle for A% <t < hX¢;
and bottom for hXe, h¥ <t < B,

sort as in Lemma 19 in O(nlog* M) time. Hence, we can get A,y in O(nlog* M) time

and space. [J

Proof. [Proof of Theorem 2 (3b)] Using Lemmas 21, 22 and 23, we can get Ajx,
in O(nloglog(nlog™ M)log N log™ M) time by computing Ao, A1, ..., Apx, incrementally.
Note that during the computation we only have to keep A; (or A,) for the current ¢ and
the assignments of G. Hence the working space is O(nlog* M + w). By processing Ahxn
in O(nlog™ M) time, we can get the DAG of G of size O(w). O

3.3 Application
Theorem 8 is an application to text compression.

Theorem 8 (1) Given a dynamic signature encoding G = (X,V,D,S) of size w which
generates T, we can compute an SLP S of size O(wlog |T'|) generating T in O(wlog|T|)
time. (2) Let us conduct a single INSERT or DELETE operation on the string T gen-
erated by the SLP of (1). Let y be the length of the substring to be inserted or deleted,
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and let T" be the resulting string. During the above operation on the string, we can up-
date, in O((y + log |T"|log" M)(fa +log|T"|)) time, the SLP of (1) to an SLP &' of size
O(w'log |T"|) which generates T, where w' is the size of updated G which generates T".

Proof. (1)For any signature e € V such that e — ese,, we can easily translate e
to a production of SLPs because the assignment is a pair of signatures, like the right-
hand side of the production rules of SLPs. For any signature e € V such that e — é*,
we can translate e to at most 2logk production rules of SLPs: We create ¢t = |log k]
variables which represent é21, é22, ..., % and concatenating them according to the binary
representation of k to make up k é’s. Therefore we can compute S in O(wlog |T'|) time.

(2)Note that the number of created or removed signatures in V is bounded by O(y +
log |T"|log® M) by Lemma 15. For each of the removed signatures, we remove the corre-
sponding production from §. For each of created signatures, we create the corresponding

production and add it to S as in the proof of (1). Therefore Theorem 8 holds. [J

3.4 Conclusions and Future Work

In this chapter, we showed Theorems 1 and 2, and present a new application of signature
encodings. We think that the algorithm of Theorem 2(3b) can speed up because the
bottle neck is the range of value of a run in signature encodings. Since the range is O(N),
we used Han’s sorting algorithm, however the case seem to be rare. If the range is O(w),
then we can use the bucket sorting in O(w) space. Otherwise, there are a few runs whose
the value range is O(/N) and many runs whose the value range is O(w). Hence we may

remove the bottle neck by applying some technique to the few runs.



Chapter 4

Dynamic Longest Common

Extension

In this chapter, we present a compressed data structure which can solve the Dynamic
LCE problem(Problem 3). Technically speaking, we show that signature encodings of a
string 7" of length N and maximal length N,,,, can support LCE queries in O(log N +
log £10g"™ Npaz) time. Since the signature encoding of 7" is in compressed space and sup-

ports update operations of T', signature encodings can solve the Dynamic LCE problem.

4.1 LCE Algorithm

In this section we show the following lemma. Note that Theorem 3 immediately follows

from Lemma 24 by setting M = 4N, ,q4z.

Lemma 24 Using a signature encoding G = (X,V,D,S) for a string T with an M-
function, we can support queries LCE(sy, 59,1, ) and LCE(s¥, %4, j) in O(log |s;|+log |ss|
+ log Clog™ M) time for given two signatures e;,es € V and two integers 1 < i < |sy],

1 <7 <|so|, where s; = val(ey), so = val(es) and { is the answer to the LCE query.

Proof. We focus on LCE(sy, s9,14,j) as LCE(s%, sl¥ 4, j) is supported similarly.

Let P denote the longest common prefix of s[i..] and s9[j..]. Our algorithm simulta-
neously traverses two derivation trees rooted at e; and e; and computes P by matching
the common signatures greedily from left to right. Recall that s; and sy are substrings
of T. Since the both substrings P occurring at position 7 in wval(e;) and at position j

in val(ey) are represented by Uniq(P) in the signature encoding by Lemma 14, we can

44
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compute P by at least finding the common sequence of nodes which represents Unig(P),
and hence, we only have to traverse ancestors of such nodes. By Lemma 15, the num-
ber of nodes we traverse, which dominates the time complexity, is upper bounded by

O(log |s1] +1og |sa| + RLE(Uniq(P))) = O(log |s1]| + log |se| + log log™ M). O

4.2 Applications

In this section, we describe applications of our dynamic LCE data structures. Theorems 9-
13 are applications to compressed string processing, where the task is to process a given
compressed representation of string(s) without explicit decompression. We believe that
only a few applications are listed here, considering the importance of LCE queries. As one
example of unlisted applications, there is a paper [33] in which our LCE data structure
was used to improve an algorithm of computing the Lyndon factorization of a string
represented by a given SLP. Note that the time complexity of Theorem 2(3b) in Chapter 3
can be written as O(nloglognlog N log" M) when log®™ M = O(n) which in many cases is
true, and always true in static case because log® M = O(log* N) = O(log N) = O(n).

We can get the next lemma using Theorem 2 (3b) and Theorem 1:

Lemma 25 Given an SLP of size n representing a string of length N, we can sort the
variables of the SLP in lexicographical order in O(nlognlog N log* N) time and O(nlog™ N

+ w) working space.

Lemma 25 has an application to an SLP-based index of Claude and Navarro [14]. In
the paper, they showed how to construct their index in O(nlogn) time if the lexicographic
order of variables of a given SLP is already computed. However, in order to sort variables
they almost decompressed the string, and hence, needs Q(N) time and Q(N log |3X|) bits

of working space. Now, Lemma 25 improves the sorting part yielding the next theorem.

Theorem 9 Given an SLP of size n representing a string of length N, we can construct
the SLP-based index of [14] in O(nlognlog N log" N) time and O(nlog* N + w) working

space.

Theorem 10 Given an SLP S of size n generating a string T of length N, we can con-

struct, in O(nloglognlog Nlog™ N) time, a data structure which occupies O(nlog N log”
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N) space and supports LCP(val(X;), val(X;)) and LCS(val(X;), val(X;)) queries for vari-
ables X;, X; in O(log N) time. The LCP(val(X;),val(X;)) and LCS(val(X;), val(X;))

query times can be improved to O(1) using O(nlognlog N log™ N) preprocessing time.

We use the following known result to show Theorem 10.

Lemma 26 ([3]) Let T = {T1,...,Tx}. Using a signature encoding G = (X,V,D,5)
such that id(Ty),...,id(Ty) € V, we can support following operations for two strings
T, T, €T :

o LCP(T;,T;) in O(log|T;| + log |T}|) time,
o LCS(T;,T;) in O((log |T;| + log |T;|) log™ M) time

Proof. We compute LCP(T;,1;) by LCE(T;,T},1,1), namely, we use the algorithm of
Lemma 24. Let P denote the longest common prefix of 7; and 7;. We use the notation AP
defined in Subsection 3.2.5. Then the both substrings P occurring at position 1 in 7; and at
position 1 in 7} are represented as v = AfPXShthprpfllA%fpfl e Réj]%g in the signature
encoding by a similar argument of Lemma 14. Since |RLE(v)| = O(log|P| + log" M),
we can compute LCP(T;,T;) in O(log|T;| + log |T};|) time. Similarly, we can compute
LCS(T;,T;) in O((log |T;| + log|T;])log™ M) time. More detailed proofs can be found

in [3]. O
To use Lemma 26 for id(val(X1)), ..., id(val(X,)), we show the following lemma.

Lemma 27 Given an SLP S, we can compute id(val(X7)),. .., id(val(X,)) in
O(nloglognlog N log* M) time and O(nlog N log™ M) space.

Proof. Recall that the algorithm of Theorem 2 (3) computes id(val(X,,)) in O(nloglogn
log N log™ M) time. We can modify the algorithm to compute id(val(Xy)), ..., id(val(X,))
without changing the time complexity: We just compute AX, AX, BX and BX for “all”

X € S, not only for X,,. Since the total size is O(nlog N log” M), Lemma 27 holds. O

We are ready to prove Theorem 10.

Proof. The first result immediately follows from Lemma 26 and 27. To speed-up query

times for LCP and LCS, we sort variables in lexicographical order in O(nlognlog N)
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time by LCP query and a standard comparison-based sorting. Constant-time LCP queries
are then possible by using a constant-time RM(Q data structure [8] on the sequence of
the lcp values. Next we show that LCS queries can be supported similarly. Let SLP
S=(3,V,D,8) and Y; — expr; for 1 < i < n, where expr, = Y, Y, for X; - X, X, € D
and ezpr; = a for (X; — a € ¥) € D. Then consider an SLP &' = (£,V', D, 5") of size
n, where V' = {Yy,...,Y,}, D' ={Yy — expr,,...,Y, — expr,} and S’ = Y,,. Namely
S’ represents T*. By supporting LCP queries on &', LCS queries on S can be supported.
Hence Theorem 10 holds. [

Theorem 11 Given an SLP S of size n generating a string T of length N, there is
a data structure of O(w + n) space which supports queries LCE(val(X;), val(X;),a,b) for
variables X;, X;, 1 < a < |X;| and1 < b < |X,| in O(log N+logllog™ N) time, where w =
O(zlogNlog" N), z = |LZ77,,(T)| and ¢ is the answer of LCE query. The data structure
can be constructed in O(nloglognlog Nlog* N) preprocessing time and O(nlog" N + w)

working space.

Proof. We can compute a static signature encoding G = (X,V, D, S) of size w repre-
senting 7" in O(nloglognlog N log" M) time and O(nlog® M + w) working space using
Theorem 2, where w = O(zlog N log" M). Notice that each variable of the SLP appears
at least once in the derivation tree of T}, of the last variable X,, representing the string 7.
Hence, if we store an occurrence of each variable X; in 7, and |val(X;)|, we can reduce
any LCE query on two variables to an LCE query on two positions of val(X,,) = T. In so
doing, for all 1 < i < n we first compute |val(X;)| and then compute the leftmost occur-
rence ¢; of X; in 7, spending O(n) total time and space. By Lemma 24, each LCE query
can be supported in O(log N +log ¢log™ M) time. Since z < n [54], the total preprocessing
time is O(nloglognlog N log™ M) and working space is O(nlog* M + w). O

Let h be the height of the derivation tree of a given SLP S. Note that h > log N.
Matsubara et al. [42] showed an O(nh(n+ hlog N))-time O(n(n+log NV))-space algorithm
to compute an O(nlog N)-size representation of all palindromes in the string. Their
algorithm uses a data structure which supports in O(h?) time, LCE queries of a special
form LCE(val(X;), val(X;),1,p;) [42]. This data structure takes O(n?) space and can be
constructed in O(n?h) time [39]. Using Theorem 11, we obtain a faster algorithm, as

follows:
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Theorem 12 Given an SLP of size n generating a string of length N, we can compute
an O(nlog N)-size representation of all palindromes in the string in O(nlog® N log* N)
time and O(nlog™ N + w) space.

Proof. For a given SLP of size n representing a string of length N, let P(n, N), S(n, N),
and F(n, N) be the preprocessing time and space requirement for an LCE data structure
on SLP variables, and each LCE query time, respectively.

Matsubara et al. [42] showed that we can compute an O(nlog N)-size representation
of all palindromes in the string in O(P(n, N) + E(n, N) - nlog N) time and O(nlog N +
S(n, N)) space. Hence, using Theorem 11, we can find all palindromes in the string in
O(nloglognlog N log* M +nlog® Nlog* M) = O(nlog® N log* M) time and O(n log* M +

w) space. [
Our data structures also solve the grammar compressed dictionary matching problem.

Theorem 13 Given a DSLP (S, m) of size n that represents a dictionary Ilis ) for m
patterns of total length N, we can preprocess the DSLP in O((nloglogn + mlogm)log N
log™ N) time and O(nlog N log" N) space so that, given any text T in a streaming fashion,
we can detect all occ occurrences of the patterns in T in O(|T|log mlog N log™ N + occ)

time.

Proof. In the preprocessing phase, we construct a static signature encoding G =
(32,V, D, S) of size w’ such that id(val(Xy)), ..., id(val(X,)) € V using Lemma 27, spend-
ing O(nloglognlog N log™ M) time, where w’ = O(nlog N log™ M). Next we construct a
compacted trie of size O(m) that represents the m patterns, which we denote by PTree
(pattern tree). Formally, each non-root node of PTree represents either a pattern or the
longest common prefix of some pair of patterns. PTree can be built by using LCP of Theo-
rem 10 in O(mlogmlog N) time. We let each node have its string depth, and the pointer
to its deepest ancestor node that represents a pattern if such exists. Further, we augment
PTree with a data structure for level ancestor queries so that we can locate any prefix of
any pattern, designated by a pattern and length, in PTree in O(logm) time by locating
the string depth by binary search on the path from the root to the node representing the
pattern. Supposing that we know the longest prefix of Ti..|T'|] that is also a prefix of

one of the patterns, which we call the max-prefiz for i, PTree allows us to output occ;
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patterns occurring at position ¢ in O(logm + occ;) time. Hence, the pattern matching
problem reduces to computing the max-prefix for every position.

In the pattern matching phase, our algorithm processes T in a streaming fashion,
i.e., each character is processed in increasing order and discarded before taking the next
character. Just before processing T'[j+1], the algorithm maintains a pair of signature p and
integer [ such that val(p)[1..l] is the longest suffix of T[1..5] that is also a prefix of one of the
patterns. When T'[j + 1] comes, we search for the smallest position i € {j—{+1,...,j+1}
such that there is a pattern whose prefix is Ti..j + 1]. Foreachi € {j —{+1,...,j+ 1}
in increasing order, we check if there exists a pattern whose prefix is T'[i..j + 1] by binary
search on a sorted list of m patterns. Since T[i..j] = val(p)[i — j +1(..l], LCE with p can be
used for comparing a pattern prefix and T'[i..j + 1] (except for the last character T'[j +1]),
and hence, the binary search is conducted in O(logmlog N log* M) time. For each i, if
there is no pattern whose prefix is Ti..j+1], we actually have computed the max-prefix for
7, and then we output the occurrences of patterns at . The time complexity is dominated
by the binary search, which takes place O(|T|) times in total. Therefore, the algorithm
runs in O(|T'|logmlog N log™ M + occ) time.

By the way, one might want to know occurrences of patterns as soon as they appear as
Aho-Corasick automata do it by reporting the occurrences of the patterns by their ending
positions. Our algorithm described above can be modified to support it without changing
the time and space complexities. In the preprocessing phase, we additionally compute
RPTree (reversed pattern tree), which is analogue to PTree but defined on the reversed
strings of the patterns, i.e., RPTree is the compacted trie of size O(m) that represents the
reversed strings of the m patterns. Let T'i..j] be the longest suffix of T'[1..5] that is also
a prefix of one of the patterns. A suffix T[¢'..j] of T[i..j] is called the maz-suffix for j iff
it is the longest suffix of T[i..j] that is also a suffix of one of the patterns. Supposing that
we know the max-suffix for j, RPTree allows us to output eocc; patterns occurring with
ending position j in O(logm + eocc;) time. Given a pair of signature p and integer [ such
that T'[i..j] = val(p)[1..l], the max-suffix for j can be computed in O(logmlog N log* M)
time by binary search on a list of m patterns sorted by their “reversed” strings since
each comparison can be done by “leftward” LCE with p. Except that we compute the
max-suffix for every position and output the patterns ending at each position, everything
else is the same as the previous algorithm, and hence, the time and space complexities

are not changed. [J
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Note that Theorem 6 also the grammar compressed dictionary matching problem. Our
data structure of Theorem 13 is always smaller, and runs faster when h = w(logmlog N

log™ N).

4.3 Conclusions and Future Work

In this chapter, we presented a dynamic compressed LCE data structures and its appli-
cations. As a future work, we are planning to present a dynamic compressed LCE data
structures supporting LCE queries in O(log N) time. This realization is hard but we

believe that it is not impossible.



Chapter 5

Dynamic Compressed Index and
LZ77 Factorization

In this chapter, we handle the dynamic index problem and LZ77 factorization problem.

Especially, we show Theorems 4 and 5.

5.1 Different Points with Previous Techniques

To emphasize the difference between our dynamic compressed index and previously pro-
posed indexes, we explain that difference points.

To achieve Theorem 4, technically speaking, we use the signature encoding G of T.
The signature encoding and the related ideas have been used in many applications. In
particular, our dynamic compressed index has close relationship to Alstrup et al.’s index [4,
3], which is based on signature encodings, and the ESP-indices [60, 61}, which are based
on ESP. Note that ESP is an another version of signature encodings. Hence, we describe
the difference points with their indices.

Alstrup et al.’s index is dynamic and non-compressed index which is based on the sig-
nature encoding of strings, while improving the update time of signature encodings [4] and
the locally consistent parsing algorithm (details can be found in the technical report [3]).

Our data structure uses insert/delete update operations of signature encodings which
are based on Alstrup et al.’s fast string concatenation/split algorithms (update algorithm)
and linear-time computation of locally consistent parsing, but has little else in common
than those. Especially, Alstrup et al.’s dynamic pattern matching algorithm [4, 3] re-

quires to maintain specific locations called anchors over the parse trees of the signature

ol
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encodings, but our index does not use anchors, and also, it is different that we focus on
the size of the dynamic index but they did not.

Our index also has close relationship to the ESP-indices [60, 61], but there are two
significant differences between ours and ESP-indices: The first difference is that the ESP-
index [60] is static and its online variant [61] allows only for appending new characters to
the end of the text, while our index is fully dynamic allowing for insertion and deletion
of arbitrary substrings at arbitrary positions. The second difference is that the pattern
search time of the ESP-index is proportional to the number occ. of occurrences of the
so-called “core” of a query pattern P, which corresponds to a maximal subtree of the
ESP derivation tree of a query pattern P. If occ is the number of occurrences of P in the
text, then it always holds that occ. > occ, and in general occ. cannot be upper bounded
by any function of occ. In contrast, as can be seen in Theorem 4, the pattern search
time of our index is proportional to the number occ of occurrences of a query pattern P.
This became possible due to our discovery of a new property of the signature encoding [3]

(stated in Lemma 29).

5.2 The Idea of Our Searching Algorithm

As already mentioned in the introduction, our strategy for pattern matching is different
from that of Alstrup et al. [3]. It is rather similar to the one taken in the static index for
SLPs of Claude and Navarro [14]. Besides applying their idea to RSLPs, we show how to

speed up pattern matching by utilizing the properties of signature encodings.

Index for SLPs. For given an SLP S, we consider the static index of the SLP using
Observations 3 and 4. Let prec/succ query for a given string P denote a query which asks

P P P P . -
T T Ypree and ¥y, in S. Let @prec/suce Greports Guoce denote query times for computing

prec’ succ?
prec/succ queries for a given string P, a reporting queries in Rgs, and vOcc(X, S) for a

given variable X € V. Then the following lemma holds by Observations 3 and 4.

Lemma 28 (e.g. [14]) For an SLP S, Given a pattern P of length at least 2, we can
compute Occ(P,T) in O(|P|(qprec/suce + @report) + |pOccs(P)| X quoce) time.

Index for RSLPs. In Chapter 2, we already explained that Lemma 4 can be extended

to the RSLP version by Observations 5 and 6. This means that we can easily extend



CHAPTER 5. DYNAMIC COMPRESSED INDEX AND LZ77 FACTORIZATION 53

Lemma 28 to the RSLPs version. Specifically, the added task is to compute the maximal
integer = such that X is (j, z)-stabbed variable of P for a given variable X — X* such
that X is j-stabbed variable of P. Fortunately, we can compute this z in constant time
using the fact that X is the run of X. Hence the RSLPs version of Lemma 28 achieve the
same bounds in Lemma 28.

Index for signature encodings. Let G = (3, V, D, S) be a signature encoding of size w
of a dynamic string 7" of current length N with an M-function. Since signature encodings
are RSLPs; we can use the RSLPs version of Lemma 28 for G. However, we can reduce
the number of range reporting queries in Lemma 28. The following lemma is stronger

than Observation 3 and this is a new property of signature encodings.

Lemma 29 Let P be a string with |P| > 1. If |Pow{| = 1, then pOccg(P,i) = ¢
for 1 < i < |P|. Otherwise, pOccg(P,i) = ¢ holds for i € [1..|P| — 1] \ P, where
P = {|val™(u[1..i])| | 1 <i < |u|,uli] # uli + 1]} with u = Uniq(P).

Proof. If |[Pow}| =1, then P = a/"! for some character @ € ¥. In this case, P must be
contained in a node labeled with a signature e — ¢% such that é — a and d > | P|. Hence,
all stabbing variables of P can be found by pOccg(P, 1).

If | Pow{’| > 1, we consider the common sequence u of P. Recall that substring P occur-
ring at j in wval(e) is represented by u for any e € pOcc(P, j) by Lemma 14. Hence at least
pOccg(P,i) = ¢ holds for i € [1..|P| — 1]\ P, where P’ = {Jval™ (u[1])|, ..., |val™ (u]..]u| —
1])|}. Moreover, we show that pOccg(P,i) = 0 for any ¢ € P’ with u[i] = u[i + 1]. Note
that u[i] and u[i 4 1] are encoded into the same signature in the derivation tree of e, and
that the parent of two nodes corresponding to w[i] and u[i + 1] has a signature €’ in the
form e — u[i]?. Now assume for the sake of contradiction that e = ¢/. By the definition
of the stabbing variables, i = 1 must hold, and hence, Shrink{ [1] = u[1] € ¥. This means
that P = u[1]I”!, which contradicts | Pow?| > 1. Therefore the statement holds. [J

Lemma 29 means that all we have to do is to compute pOcc(P, i) for i € P. Hence the
following lemma holds by Lemmas 28 and 29. Note that for computing P, we need to
compute the common sequence of P using Lemma 16 in O(log |P|log™ M) time, and also,

need to compute id(P) in O(|P|f4) time.
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Lemma 30 Let G be a dynamic signature encoding of T using Theorem 1. Given a
pattern P, we can compute Occ(P,T') in O(|P|fa+log |P|log” M +|P|(Gprec/suce+ Qreport) +
|pOccg(P)| X quoce) time using G.

5.3 Dynamic Compressed Index for Signature En-

codings

In this section, we propose a new dynamic compressed index using Lemma 30. Since G
supports computing vOcc(e, S) for a given signature e and id(P) for a given pattern P,
our remain tasks are considering dynamic data structures supports prec/succ queries for a
given string P and reporting queries in Rg. We can construct the dynamic data structure

supporting prec/succ queries for a given string P using the following lemma.

Lemma 31 For a signature encoding G of size w, there exists a data structure of size
O(w) which can compute x}. ... xk, ...yl .. andyL, . fore € V in O(logw(log N'+log |val(e)|
log™ M)), where P is a substring of val(e) and N' = max{|val(e’)| | ¢ € V}. For a given
signature e added into/removed from G, x5, and y5, ., this data structure can be updated
in O(logw) time, where 1¢,,, = max{z’ € X | ¥’ < eleft"} and y¢,., = max{y’ € Vg |

pred
y' < eright}.

Proof.  Consider two self-balancing search trees for Xy and )Yg. We can efficiently

P P

compute Zp,..., Tgyees

y;;ec and y!, _ using LCE queries by G(Theorem 3) and binary search
on these trees.
For a given signature e added into/removed from G, we can update Xy and )g in

O(logw) time using 7, , and y;, ;. Hence Lemma 31 holds. [J

Next, we can construct the dynamic data structure supporting reporting queries in Rg

using the following lemma.

Lemma 32 For a signature encoding G of size w, there exists a data structure of size
O(w) which can compute TepOTth<l’1,fL'2,y1,y2) for given xz1,x9,y1 and ys in O(logw +
occ(logw/ loglogw)) time. For a given signature e added into/removed from G, Tipreq AN

Ypreas this data structure can be updated in amortized O(logw) time.
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Proof. Consider a Blelloch’s dynamic 2D range reporting data structure for Rg and
two Diez and Sleator’s order maintenance data structures for Xz and )g. Blelloch’s data
structure uses Diez and Sleator’s data structures to compare any two elements in Rg
in constant time. Hence this range reporting data structure can support reporty G in
O(log w + occ(logw/ loglogw)) time. Since these data structure clearly can be updated

in amortized O(logw) time using xf, , and y; ., Lemma 32 holds. [J

We show Theorem 4.

Proof.  We focus on the case |Pow}| > 1 as the other case is easier to be solved.
By Lemma 31, we get gprec/suce = O(logw(log N + log |P|log" M)) for a string P|..i] and
Pli+ 1., where id(P) € V and 1 < i < |P|. By Lemma 32, we get Greport = O(logw +
occ(logw/ loglogw)). Hence, by Lemma 30, our dynamic index of O(w) space supports
FIND queries in O(|P|f4 + logwlog |P|log* M (log N + log|P|log™ M) + occlog N) time.

Next, we consider the update of our dynamic index. For a given signature e added
into/removed from G, we can compute z,., and y;, ., in O(logwlog N log™ M) time using
Lemma 31. Since the number of signatures added to or removed from G during a single
update operation is upper bounded by Lemma 17, the update part of Theorem 4 holds
by Theorem 1, Lemmas 31 and 32. Therefore Theorem 4 holds. [J

5.4 LZ77 Factorization Algorithm using Signature En-

codings

In this section, we show Theorem 5 using the idea of our dynamic index. For integers j, k
with 1 < j <j+k—1< N, let Fst(j,k) be the function which returns the minimum
integer ¢ such that ¢ < j and T[i..i + k — 1] = T[j..j + k — 1], if it exists. To compute

LZ77 factorization, we use following fact and lemma.

fact 1 Let fy,..., f. = LZ77,,(T). Given fi,..., fi_1, we can compute f; with O(log|f;|)
calls of Fst(j,k) (by doubling the value of k, followed by a binary search), where j =

\fi-- fioa] + 1

Lemma 33 Given a signature encoding G = (X,V,D,S) of size w which generates T

of length N with an M -function, we can construct a data structure of O(w) space in
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O(wlogwlog Nlog™ M) time to support queries Fst(j, k) in O(logw log klog™ M(log N +
log klog™ M)) time.

Proof. We explain how to support queries Fst(j, k) efficiently using the signature
encoding. We define e.min = min vOcc(e, S) + |e.left| for a signature e € V with e — ege,

or e — ¢k, We also define FstOcc(P,i) for a string P and an integer i as follows:
FstOcc(P,i) = min{e.min | e € pOccg(P,1)}
Then Fst(j, k) can be represented by FstOcc(P, i) as follows:

Fst(j, k) = min{FstOcc(T[j..j+k—1],i)—i|ie{l,...,k—1}
= min{FstOcc(T]j..j + k —1],i) —i | i € P},

where P is the set of integers in Lemma 29 with P = TJ[j..j + k — 1]. Hence we
can compute Fst(j, k) efficiently by computing FstOcc(P,i) efficiently. We can com-
pute FstOcc(P,1) by a rmq(x}ﬂgcﬂ, xﬂgﬁ, yﬁéil"], yfu[ijl"]) query of Lemma 5 because we
can regard a signature e as a 2D weighted point by regarding e.min as its weight.
(Recall that we regarded e as a 2D point in Section 5.2.) Note that we already de-
scribed how to compute xfr['eﬁ], ﬂgﬂ,yﬁ%ﬁ L and yﬂiﬁl”], and also, we can compute
RLE(Uniq(P)) with P = T[j..j + k — 1] in O(log N + log klog™ M) time by Lemma 16.
Hence we can compute Fst(j, k) in O(log klog* M (log w(log N +log klog* M) +log*w)) =
O(logwlog klog™ M(log N + log klog™ M)) time.

For construction, we first compute e.min in O(w) time for all e € V using the DAG
of G. Next, given G, Xg (and )g) can be sorted in O(w logwlog N log™ M) time by LCE

algorithm (Lemma 24) and a standard comparison-based sorting. Finally we build the

data structure of Lemma 5 in O(wlogw) time. [

Hence Theorem 5 immediately holds by Fact 1 and Lemma 33. We remark that we can
similarly compute the LZ77 factorization with self-reference of a text in the same time

and same working space.

5.5 Conclusions and Future Work

In this chapter, we presented a new dynamic compressed index and LZ77 factorization

algorithm in compressed space. As a future work, we are planning to present a new
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dynamic compressed index which is based on signature encodings and supports faster
find queries. Specifically, we are planning to realize the Alstrup’s anchor technique in
compressed space. If it is possible, the speeding up find queries is easy. Furthermore,
we can present faster LZ77 factorization in compressed space using the anchor technique.

These realizations are hard but we believe that they are not impossible.



Chapter 6

Compressed Automata for

Dictionary Matching

In this chapter, we show Theorem 6. We describe the process of the proof of Theorem 6.
Recall the AC automaton introduced in Chapter 2, which consists of goto, failure and
output functions. We show to emulate these functions in compressed space. In Sub-
section 6.1.1, we show to compute goto function in O(log N) time using O(n) space by
preprocessing O(n?logn) time and O(n?) working space(Lemma 35). In Subsections 6.1.2
and 6.1.3, we show to compute failure function in O(logn) time using O(n?log N) space
by preprocessing O(n®lognlog N) time and O(n?log N) working space(Lemma 42). In
Subsection 6.1.4, we show to compute output function in O(h + m) time using O(nm)
space by preprocessing O(n3logn) time and O(n?) working space(Lemma 45). In Sub-
section 6.1.5, we show Theorem 6 using above results. In Section 6.2, we describe a

compressed MP-automaton.

6.1 Compressed AC Automata

In this section, we consider the AC automaton for Ils = Il(s ) = {val(X;) | i € [1..n]},
not for s ,,y. Independently of m € [1..n], we use the goto and the failure functions of

this automaton, and adjust the output function appropriately for II;s ).

6.1.1 Compact Representation of G-Trie

For a compact representation of the g-trie, we can adopt the so-called path compaction

technique like the suffix trees [63]. The compact g-trie for S = {X; — expr;}, is the

o8
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Figure 6.1: The AC automaton and the compact g-trie for Ils are displayed on
the upper and on the lower, respectively, where S is identical to the
SLP of Figure 1.1.

path-compacted trie obtained from the g-trie for {val(X;) | i € [1..n]} by removing the
implicit states, where every edge e from ¢ to r (let ¢ and r be explicit states representing
strings u and wv, respectively) is labeled by (a, X;) such that a = v[1], X;[1..|uv|] = wv

and X; stabs [1..Juv|]. The next lemma directly follows from Lemma 7.

Lemma 34 There are at most 2n states in the compact g-trie for S of size n.

Figure 6.1 displays the AC automaton and the compact g-trie for Ils where S is
identical to the example SLP of Figure 1.1.

An implicit state ¢’ on edge e = (¢, r) can be specified by an integer h > 1 such that
¢’ represents the string X;[1..Ju| + h] and X; stabs [1..|u| + h], where ¢ represents string
u and e is labeled by (a, X;).

Lemma 35 An O(n)-space compact g-trie can be constructed in O(n®logn) time and

O(n?) space so that for any state q and any character ¢, g(q,c) can be determined in
O(log N) time.

Proof. We can compute in O(n®logn) time the sorted index o of § and an array storing
the longest common prefix length of val(X,(;)) and val(X, (1)) for all i € [1..n—1]. Thus

the compact g-trie can be constructed in O(n®logn) time.
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When ¢ is an explicit state, we can find the edge e = (¢, ) labeled by (¢, X;) for some
variable X; in O(log|X|) time, if such e exists, and we thus determine g(g, ¢) in O(log |%|)
time. When ¢ is an implicit state on edge e specified by integer h, we can compute the
(h+1)-th character in the string spelled out by e in O(log V) time by using the technique

of Lemma 10, and then compare it with ¢ to determine g(q,c). O

Thus, we can represent the goto function compactly. A naive implementation of the
failure function, however, requires exponential space. In the following two subsections,
we describe how to represent the failure and the output functions in polynomial space
with respect to n. By combining those results, we will finally show our main theorem in

Subsection 6.1.5.

6.1.2 Compact Representation of Failure Function

As stated in the previous subsection we can represent any implicit state of the compact g-
trie as a pair of an edge e = (¢, 7) and an integer h. Here, we show another representation
of states in the compact g-trie: A reference-pair of explicit/implicit state ¢ is defined to

be (X;, h) such that ¢ represents string X;[1..h] and X; stabs [1..h].

Lemma 36 A mutual conversion between the two state representations can be performed

in O(logn) time using some data structure of size O(n?).

Proof. Let ¢ be any state that represents string u. Suppose ¢ is an explicit state. If
q is terminating, let X; be the variable corresponding to ¢, and otherwise, let X; be the
variable such that some out-going edge e from ¢ is labeled by (a, X;). Then, (X;, |ul)
gives a reference-pairs of g. Suppose ¢’ is an implicit state on edge e = (g, r) specified by
integer h, and e is labeled by (a, X;). Then, (X;, |u| + h) gives a reference-pairs of q.
Conversely, suppose we are given a reference-pair (X;, h) of some state ¢’. Then, it is
possible to determine in O(logn) time the explicit state ¢ that is the nearest ancestor of
¢, by using a simple binary search over the lengths of strings represented by the explicit

states on the path from the initial state to the terminating state for X;. [J

Let Prefiz(S) denote the set of prefixes of val(X;) for all variables X; in S. For any
variable X; — X, X, € §, an f-interval of X; is a maximal element in the set {[b..e] | 1 <
b < |Xi| <e < |Xy|,Xi[b..e] € Prefiz(S)} with respect to the set inclusion relation C.
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| X X T |

Figure 6.2: The f-interval sequence F(X,,) of length 2"~* — 1 in Example 10 is
illustrated.

The f-interval sequence of X;, denoted F(X;), is defined to be the sequence {[bg..ex]}i_;
of all f-intervals of X; arranged in the increasing order of b,. By definition ey, ..., e, are
also arranged in the increasing order of ey.

The set of f-interval sequences represents the failure function f as follows:

Lemma 37 Let q be any state. Suppose q represents string X;[1..h]. If h =1, then f(q)
is the initial state. Suppose h > 2. Choose X; so that X; stabs [1..h]. Let {[by..ex]};_;
be the f-interval sequence of X;, and let k' € [l..s] be the smallest integer such that
h € [by..ex’]. Then, the state f(s) represents the string X;[by..h]. If no such k' exist, then
f(q) represents the string X,[1..h — |X|] where X; — X; X, € S.

A naive way of encoding the f-interval sequence {[bg..ex]};_; of a variable Xj is to have
a linear-list of triples of (by, e, X;) such that X;[by..ex] = X;[1..e,, — by + 1] and X stabs

[1..ex — by, + 1]. The list length s can, however, be exponential with respect to n.

Example 10 Consider the SLP S = (X,V,D,S) and D = {X; — a} U{X; — X; 1 X,
M3 U X = b, X1 — Xp 90X, 3, X, = X, 11X, 3}. Then there are 2" % — 1
f-intervals of X,,. See Figure 6.2.

Fortunately, we can prove Lemma 42 by making use of cyclic structures on f-intervals.
For any variable X; — X; X, € § and any f-interval [b..e] € F(X;), if there is a run
[a..f] with period p such that « < b <e < fand e —b+ 1 > 2p, we say that the run

(.. 0] subsumes the f-interval [b..e]. Note that if such run exists, p is the smallest period of
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Figure 6.3: When |X;| +p < e < ' holds, p’ and p — p’ are periods of u. From
the periodicity lemma, ged(p — p/,p’) is also a period of w. This
contradicts that p > ged(p — p/, p) is the smallest period of X;[a..d].

X;[b..€] and the run is unique with respect to [b..e]. If a run [«..] subsumes two distinct
f-intervals [b..e] and [I..€¢/] such that X;[b..e] = X;[b'..€/] and b < ¥ < |X;| — p, [e..0] is
said to be f-rich.

Lemma 38 For any variable X; — X; X, in S, there is at most one f-rich run.

Proof. The existence of an f-rich run [«..] with period p implies that u = X;[|X;| —p+
1| Xi|] = Xi[|Xi| + 1..|X;| + p]. Also, from the definition of f-rich run, there must exist
an f-interval [b..e] such that [b..e] D [| X;| —p + 1..|Xi| + p].

Assume on the contrary that there is another f-rich run [o/..5"] with period p’ (w.l.o.g.
assume p’ < p). Since X;[|X;| —p' + 1..|Xj|] = X;[| Xi| + 1..|Xi| + p'], p — p’ is a period of
u. Since any interval contained in [b..e] cannot be an f-interval, at least one of o < b <
| Xi)| —p+1or|X;|+p<e< f must hold. In either case, we can see that u has a period
p’ (Figure 6.3 depicts the situation when | X;| + p < e < [’ is assumed). It follows from
the periodicity lemma that ged(p — p/,p’) is a period of w, which means that p is not the

smallest period of X;[a..5], a contradiction. [J

Lemma 39 Let X; — XX, be any variable in S. Let [b..e] and [b'..€/] be the first and
the last f-intervals subsumed by a run [«..f] with period p, respectively. For any d with

p<d<d+p<l —b, [b+d.e]eF(X;) << [b+d+p.e+p e FX).

Proof. We remark that X;[b..€’] has period p.
Firstly, we show that [b+ d..”] € F(X;) = [b+d+ p..e” +p] € F(X;). It is
clear that X;[b + d..€”] € Prefiz(S). Note that ¢’ < ¢’ + p < €' holds, since otherwise
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Figure 6.4: If [b+d+p..e”"+p] ¢ F(X;) due to X;[b+d+p..”"+p+1] € Prefiz(S),
Xilb+d+p.e"+p+1] = X;[b+d..e" + 1] € Prefiz(S) holds. This
contradicts [b+ d..€"] € F(X;).

Xi[b+ d+ p..e] is a prefix of X;[b+ d..¢"] and in Prefiz(S), which implies that [0'..¢/] is
not an f-interval. Assume on the contrary that [b+ d + p..¢” + p| ¢ F(X;), i.e., at least
one of X;[b+d+ p..e” +p+ 1] € Prefix(S) or X;[b+d+p— c..e” + p| € Prefiz(S) with
some ¢ > 0 holds. If X;[b+d+p..e” +p+1] € Prefiz(S), we get X;[b+d+p..e”+p+1] =
X;[b+d..e” + 1] € Prefiz(S), which contradicts that [b+ d..e"] is an f-interval (see also
Figure 6.4). If X;[b+d+p — c..” + p| € Prefiz(S), we consider two cases: When ¢ > p,
we get [b+d..€”] C [b+d+p—c..” +p], which contradicts that [b+d..e"] € F(X;). When
c <p, weget X;[b+d+p—c.e’+p = X;[b+d—c.d"l € Prefiz(S), a contradiction.
Therefore [0+ d..¢"] € F(X;) = [b+d + p..¢” + p] € F(X;) holds.

Next we show that [0+ d..¢"] € F(X;) < [b+ d + p..¢" + p] € F(X;). Note that
e < €, since otherwise X;[b..e”| = X;[b+p..e” +p] is in Prefiz(S), which implies that [b+
d+p..”+pl|is not in F(X;). Assume on the contrary that [b+d..e"] ¢ F(X;), i.e., at least
one of X;[b+d..e” +1] € Prefiz(S) or X;[b+d— c..e”"] € Prefiz(S) with some ¢ > 0 holds.
If X;[b+d..e”"+1] € Prefix(S), we get X;[b+d..e”+1] = X;[b+d+p..e"+p+1] € Prefiz(S),
which contradicts that [b+ d + p..e” + p| is an f-interval. If X;[b+ d — c..€”] € Prefiz(S),
we consider two cases: When ¢ > d, we get [b..e] C [b+ d — c..€”], which contradicts that
[b..e] € F(X;). When ¢ < d, we get X;[b+d—c..e’"| = X;[b+d+p—c..e’ +p|] € Prefiz(S),
a contradiction. Therefore [b+ d..€”] € F(X;) < [b+ d + p..” + p| € F(X;) holds. O
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Lemma 39 implies that f-intervals subsumed by the f-rich run are cyclic except for the
ones starting from the first period and the last f-interval in the run. Moreover, the next
lemma shows that the number of f-intervals subsumed by the f-rich run and starting with

an arbitrary period is at most n.

Lemma 40 Let X; — XX, be any variable in S. Let [b..e] and [b'..€/] be the first and
the last f-intervals subsumed by a run [«..f] with period p, respectively. For any d with

0<d<dt+p<b —b, |[{[pV.e"] | [V.e") € F(X;),b+d <V <b+d+p} <n.

Proof. Assume on the contrary that [{[0"..e"] | [b"..€"] € F(X;),b+d < V" < b+d+p}| >
n. By the pigeon hole principle, there exists X, such that X;[b;..e;] and X;[bs..es] are
prefixes of X;, where [by..eq], [b2..e2] € F(X;) with b+d < by < by < b+d+p. Also, recall
that from the definition of f-rich run, [|X;| — p + 1..|X;| + p| is covered by an f-interval,
and the length of any f-interval subsumed by the f-rich run is longer than p. Consider
u = X;[b1..bs + p — 1] and observe that p and by — b;(< p) are both periods of u. Then, it
follows from the periodicity lemma that ged(by — by, p) is a period of u which contradicts

that p is the smallest period of the f-rich run. [

In light of Lemma 39 we consider storing cyclic f-intervals in a different way from the
naive list of F(X;). Since information of f-intervals for one period is enough to compute
failure function for any state within the cyclic part, it can be stored in an O(n)-size list
L.(X;) by Lemma 40. Let L(X;) denote the list storing F(.X;) other than cyclic f-intervals.
Note that L(X;) includes O(n) f-intervals subsumed by the f-rich run but not in the cyclic
part.

Lemma 41 For any X; — X, X, € S, the size of L(X;) is bounded by O(nlog N).

Proof. Let X; be any variable and let co,...,cs (co < -+ < ¢;) be the positions of
val(X;) at which a suffix of val(X)) overlaps with a prefix of val(X;). We note that each
¢ is a candidate for the beginning position of an f-interval of X;. It follows from Lemma 2
that ¢y, . .., ¢s can be partitioned into at most O(log | X;|) disjoint segments such that each
segment forms an arithmetic progression.

Let 0 < k < K’ < s be integers such that C' = ¢, ..., ¢ is represented by one
arithmetic progression. Let d be the step of C i.e., cpy = cp_1+d=---=cp + (K — k)d.
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We show that if more than two elements of C are related to the beginning positions of
f-intervals of X;, the f-rich run subsumes all those f-intervals but the last one.

Suppose that for some k < hy < hy < hy <K', ¢py, cpy, cny € C are corresponding to f-
intervals, namely, [cp, ..€], [chy--€], [chy-.€"] € F(X;) with e—cp, +1 = LCP(X;[cp, .| Xil], X)),
e —cpy, + 1 =LCP(X;[ch,..| Xil], X;) and €’ — ¢p, + 1 = LCP(X;[cpy-- | Xi|], X;). It is clear
that d is the smallest period of X[cp,..|X;|] and |X;| — ¢p, +1 > 2d. Let 8 be the
largest position of val(X;) such that X;[cs,..0] has period d, i.e., there is a run [a, 8] with
a < ¢, < |Xj| < B. Let B' be the largest position of val(X;) such that X;[1..4'] has
period d.

o If 5 < ¢”. Note that this happens only when 5 — ¢;, + 1 = 5. Consequently,
LCP(XZ[C}L1|XZ|],X]) = LCP(Xz[Ch2’X1|]7Xg) = ﬁ/.

o If 3 > €’ Tt is clear that 5’ < €’ — ¢, + 1, since otherwise [cp,..€”] would be

contained in [cp,..€']. Then, LCP(X;[cp,..| Xi|], X;) = LCP(X;[cn, .| Xil], X;) = 5.

In either case X;[cp,..€] = Xj[cn,..€’] = Xj[1..7'] holds, which means that except for at
most one f-interval [c..e] satisfying 5 < e the others are all subsumed by the f-rich run
la..f].

Since in each segment there are at most two f-intervals which are not subsumed by
the f-rich run, the number of such f-intervals can be bounded by O(log N). Considering
every variable X, we can bound the size of L(X;) by O(nlog N). O

In light of Lemmas 39 and 41 we get the next lemma.

Lemma 42 An O(n?log N)-size representation of the failure function f can be con-
structed in O(n®*lognlog N) time using O(n?log N) space so that given reference-pair

of any state q, a reference-pair of the state f(q) can be computed in O(logn) time.

Proof. Karpinski et al. considered in [37] a compressed overlap table OV for an SLP
of size n such that for any pair of variables X and Y, OV(X,Y) contains O(log N)-
size representation of overlaps between suffixes of val(X) and prefixes of val(Y). They
showed how to compute OV in O(n®lognlog N) time. Actually, their algorithm can be
extended to compute L(X;) and L.(X;) for all variable X; € S in O(n®lognlog N) time
(see Subsection 6.1.3 for the details). From Lemma 39 and Lemma 41, the total size for

L(X;) and L.(X;) for all variable X; € S is bounded by O(n?log N).
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Using L(X;) and L.(X;), we can compute f(q) for any state ¢ = (X;, h) in O(logn)
time. If ¢ is not in cyclic part of f-intervals, we conduct binary search on L(X;), otherwise

on L.(X;) with proper offset. It takes O(log(nlog N)) = O(logn) time. [J

6.1.3 Efficient Construction of Failure Function

Here we show that L.(X;) and L(X;) for all 1 < i < n can be computed in O(n? lognlog N)
time. Let X; — X;X,. Let an f-interval of X; w.r.t. X, is a maximal element in the set
{[b..e] | 1 <b<|Xj| <e<|X;|,X;[b..e] € Prefizr(X;)} with respect to the set inclusion
relation C. The f-interval sequence of X; w.r.t. X, denoted F(X;, X;), is defined to be
the sequence {[by..ex]};_; of all f-intervals of X; w.r.t. X;, arranged in the increasing
order of b;. For any 1 < i < n, we compute F(X;) by first computing F(X;, X;) for all
1 <j < n, and then we build L.(X;) and L(X;).

We use the compressed overlap table and FirstMismatch. The compressed overlap
table OV for SLP of size n, introduced by Karpinski [37], is n x n table, where for
any pair of variables X and Y, OV(X,Y) contains O(log N) arithmetic progressions
which represent the overlaps between suffixes of val(X) and prefixes of val(Y). Thus
the space requirement of OV is O(n?log N). For variables X, Y and integer k, let
FirstMismatch(X,Y, k) = min{i > 0: X|[|X| -k +1i] # Y[i]}.

The following results are known:

Lemma 43 ([37]) The compressed overlap table OV for a given SLP of size n can be
computed in O(n3lognlog N) time and O(n?log N) space.

Lemma 44 ([37]) Given the overlap table OV for an SLP S of size n, for any pair
of variables X and Y of S and integer k, FirstMismatch(X,Y,k) can be computed in
O(nlogn) time.

Let X; — X;X,. Since an f-interval of X; w.r.t. X; accompanies an overlap between
a suffix of X; and a prefix of X, F(X;,X;) can be computed from OV (X, X;), ie.,
we consider extending prefix matches of X; in X; presented in OV (X, X;) to X, and
computing prefix matches of X; in X; that cross the boundary of X; and X,. Although
there could be exponential number of overlaps to consider which are presented in arith-
metic progressions, similar techniques to compute the overlap table can be used and each

arithmetic progression can be processed by constant number of FirstMismatch queries.
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N

Figure 6.5: The right arrows illustrate the values of LCP(X;[c + d'p..|X;|], X;).
In this picture d = 2.

Take one arithmetic progression from OV (Xj, X;) and consider suffixes of X; that
start from ¢,c +p,...,c+ kp, i.e., Xj[c + k'p..|X;|] is a prefix of X, for any 0 < k' < k.
Let u be the suffix of X; starting from c¢. Let g be the length of the longest prefix of u
having period p, and let i be the length of the longest prefix of u that is also a prefix X;.
We can compute g and h in O(nlogn) time by asking FirstMismatch(X;, X,, | X,| + p)
and FirstMismatch(X;, X;,|X;| — ¢+ 1), respectively. From the periodicity that can be

seen in the prefixes of u and X, we are able to know that

h if0<d <d

g—dp ifd<d <k,

where d is the minimum integer such that h 4+ dp > g with 0 < d < k if such exists, or
otherwise d = k + 1 (see also Figure 6.5). Also LCP(X;[c + dp..|Xi[], X;) > g — dp.

Since LCP(X;[c + dp..|Xi|], X;) > g—dp > g—(d+ 1)p > g —d'p = LCP(X;[c +
d'p..|X;|], X;) for any d < d' < k, F(X;,X;) cannot contain an f-interval starting from
¢+ d'p with d < d < k. Then, it suffices to consider f-intervals starting from ¢ + d'p
with 0 < d' < d. Note that when d > 2 the f-intervals w.r.t. X, corresponding to ¢ + d'p
with 0 < d < d should be subsumed by the f-rich run, and are represented in O(1) space.
When d > 2, we treat the intervals corresponding to ¢ + d'p with 0 < d’ < d all together
as a group-candidate. Let us call an interval not belonging to a group-candidate as a
solo-candidate.

We now consider building F(X;, X;). We process arithmetic progressions of OV (X, X;)

in increasing order of positions while maintaining a tentative list of F(X;, X;). Note
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that the list can be maintained in O(log N) space since for each arithmetic progres-
sion we discover at most two solo-candidates and one group-candidate. When solo-
candidates/group-candidates are discovered, we add them to the list and update so
that the list contains maximal elements w.r.t. the set inclusion relation C. For a
solo-candidate the maintenance can be easily done in O(log N) time. For a group-
candidate, it follows from the proof of Lemma 38 that group-candidate with a small
period is completely included by an f-interval in group-candidate with a bigger period,
and hence, it suffices to consider the group-candidate with the biggest period. Therefore,
by processing O(log N) arithmetic progressions of OV (X;, X;), we can build F(X;, X;)
in O(nlognlog N +log® N) = O(nlognlog N) time.

Finally, we can build F(X;) of size O(nlog N) by merging F(X;, X;) forall 1 < j <n
in O(n?lognlog N + nlog® N) = O(n?lognlog N) time, and obtain L.(X;) and L(X;).
Hence, L.(X;) and L(X;) for all 1 < i < n can be computed in O(n®lognlog N) time.

6.1.4 Compact Representation of Qutput Function

Lemma 45 An O(nm)-size representation of the output function A can be computed in
O(n?®logn) time and O(n?) space so that given any state ¢ = (X;, h) we can compute \(q)
in O(height(X;) +m) time.

Proof. First we construct a tree with nodes II U {¢} such that for any p € IIis ) the
parent of p is the longest element of Il .y U {e} which is also a suffix of p. The tree can
be constructed in O(n?logn) time in a similar way to the construction of the compact
g-trie. Note that A(¢) can be computed by detecting the longest member p of II(s .y which
is also a suffix of X;[1..h], and outputting all patterns on the path from p to the root of
the tree. In addition, we compute in O(n?) time a table of size O(nm) such that for any
pair of p € Il(s,,y and variable X; the table has Occ*(p, X;) in a form of one arithmetic
progression.

Now we show how to compute the longest member of IIs ,,,) which is also a suffix of
X;[1..h]. We search for it in descending order of pattern length. We use three variables
p', ¢ and h’, which are initially set to the longest pattern in Ilis ,,, ¢ and h, respectively.
We omit the case when |p/| = 1 or |p| > h since it is trivial. If the end position of X;[1..A]
is contained in X, and |p/| > h' — | Xy, using arithmetic progression of Occ*(p', Xy),

we can check if p’ is a suffix of X;[1..h] or not in constant time by simple arithmetic
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operations. If the above condition does not hold, we traverse the derivation tree of X
toward the end position of X;[1..h] updating ¢ and A’ properly until meeting the above
situation, where A’ is updated to be the length of the overlapped string between X, and
X;[1..h].

It is not difficult to see that the total time is O(height(X;) +m). O

6.1.5 Main Result on Compressed AC Automata

We show Theorem 6.

Proof. By Lemma 35, an O(n)-size representation of the g-trie can be obtained in
O(n®logn) time and O(n?) space. By Lemma 42, an O(n?log N)-size representation
of the failure function can be obtained in O(n®lognlog N) time and O(n?log N) space.
By Lemma 45, an O(nm)-size representation of the output function can be obtained in
O(n®logn) time and O(n?) space. We also build an O(n?)-size data structure to con-
duct the bidirectional conversion between a state on the g-trie and its reference-pair (see
Lemma 36). Thus, the space occupancy of our compressed automaton is O(n?log N)
which is dominated by the representation of the failure function. While pattern match-
ing, the computations on the compact g-trie, the failure function and the output function
require O(log N), O(logn) and O(height(X;) + m) amortized time per character, respec-
tively. Note that the failure function is called O(1) times per character. Therefore we get

the statement. OJ

We note that when m = 1, the output function of Lemma 45 is not needed since
it is enough to report the occurrence of X,, when we reach there. Hence, the following

Corollary holds.

Corollary 1 For an SLP S of size n representing string T’ of length N, it is possible to
build, in O(n®lognlog N) time and O(n*log N) space, an O(n*log N)-size compressed
automaton that recognizes all occurrences of T within an arbitrary string with O(log N)

amortized running time per character.
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6.2 Compact Representation of MP Automata for
SLPs

In this section, we show Theorem 7. Note that MP automaton is identical to an uncom-
pressed AC-automaton for a single pattern. See the definition in Chapter 2. Since the MP
automaton consists of goto and failure functions, we consider the compact representations

by the following lemmas.

Lemma 46 (Goto function) Given an SLP S of size n that represents a string T of
length N, it is possible to build a data structure in O(n) time using O(n) space, so that
the value g(q,a) can be determined in O(log N) time for any state q and any symbol a.

Proof. Directly from Lemma 10. [J

Lemma 47 (Failure function) Given an SLP S of size n that represents a string T of
length N, it is possible to build a data structure of size O(nlog N) in O(n®*lognlog N)
time using O(n*log N) space, so that the value f(q) can be determined in O(height(S))
time for any state q € QQ with q # 0.

Proof. Similar to Subsection 6.1.2, we realize the failure transition by considering
f-intervals for each variable X;, but we slightly modify the definition and how to use it
since every transition state of failure function represents a prefix of 7. An f-interval of X;
(X; = X;X,) is a maximal element in the set {[b..e] | 1 <b < |X;| < e <|X;|, X;[b..¢] €
Prefiz(T)} in the set inclusion relation C. Since such f-intervals hold Lemmas 38 and 39,
they can be split into non-cyclic part L(X;) and cyclic part L.(X;). Note that the space
requirements for L(X;) and L.(X;) are O(log N) and O(1), respectively, since f-intervals
are defined on Prefiz(T) instead of Prefiz(S) in Subsection 6.1.2. In a similar way to the
construction of f-intervals for compressed AC automata, we can build L(X;) and L.(X;)
for all variables in & in O(n?lognlog N) time and O(n?log N) space. We remark that
the size of the data structure is O(nlog N), and we can build it in O(n?lognlog N) time
if the compressed overlap table for S is computed in advance.

Now we show how to calculate f(q) using f-intervals. What we want to do is to find
the leftmost f-interval that covers position ¢. Firstly, we conduct binary search on the
derivation tree of § starting from the root and searching for the shallowest node such that

its right node contains ¢ and its rightmost f-interval covers ¢. If such a node is found,
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we can find, in the f-intervals of the node, the leftmost f-interval that covers ¢, taking
O(loglog N) time. If such a node is not found, it means that f(¢) < 2. Then, f(q) = 1 if
Tlq] = T[1], f(q) = 0 otherwise. The computational time is dominated by the search on
the derivation tree which takes O(height(S)) time. O

Theorem 7 follows from Lemmas 46 and 47.

6.3 Conclutions, Discussion and Future Work

In this chapter, we presented a new grammar compressed AC automaton and MP au-
tomaton.

Our method of Section 6.1 builds the goto and the failure functions of the AC au-
tomaton for the dictionary Il(s,y independently of m. This introduces redundant states
and edges into the compact g-trie, and unnecessary failure transitions. Another possible
solution to Problem 5 would be to divide the input DSLP into m SLPs and then build
compressed MP automata, proposed in Section 6.2, for each of them.

Both solutions need O(n?lognlog N) time and O(n*log N) space for construction.
There is a space-time tradeoff: The sizes of a compressed AC automaton and m com-
pressed MP automata are O(n?log N) and O(mnlog N), respectively. On the other hand,
their amortized running time per character are O(height(S) + m) and O(m height(S)),
respectively.

As a future work, we are planning to remove the amortization factor in running time

of our AC automaton. This realization is hard but we believe that it is not impossible.



Chapter 7

Conclusions

In this thesis, we presented some compressed data structures and algorithms based on
grammar compressed strings for string processings.

In Chapter 3, we introduced signature encodings, showed that we can maintain the sig-
nature encoding of a dynamic string in compressed space, and we can construct efficiently
the signature encoding of a string 7" for a given uncompressed string 7', SLP representing
T, or LZ77 factorization representing T'. Especially, we showed that the signature encod-
ing of T' can be constructed for a given SLP representing 7" in O(n log N loglog nlog* Nyaz)
time and O(nlog® Ny + w) working space using an O(mloglogm) sorting algorithm,
and also, we presented an application of signature encodings.

In Chapter 4, we showed that signature encodings support LCE queries in O(log N +
log ¢log" Npaz) time. Since signature encodings support INSERT and DELETE oper-
ations in O((y + log N log" Npaz) fa) time, we can solve the dynamic LCE problem by
signature encodings, and also, we show that our LCE data structures improve previous
some results using LCE queries.

In Chapter 5, we presented a new dynamic compressed index which supports find
queries in O(|P|f4 + logwlog |P|log™ Nyax(log N + log | P|log” Npaz) + occlog N) time,
INSERT and DELETE operations in amortized O((|Y| + log N log™ Npaz) log w log N
log"™ Nynaz) time, and also, we presented a new LZT77 factorization algorithm which runs
in O(zlogwlog® N(log* N)?) time and O(w) working space.

In Chapter 6, we showed how to construct our compressed AC automata in O(n?logn
log N) time using O(n?log N) space, and also, we showed that the grammar compressed
dictionary matching problem can be solved in O(|T'|(h+m)) time by our compressed AC

automadta.
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