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Abstract
A Multi-level Tsunami Run-up Simulations Based on 3D Particle

Method with a Virtual Wave Maker

by Nur‘Ain binti Idris

On March 11, 2011, a huge tsunami caused by a great earthquake
devastated many infrastructures in the pacific coast of north eastern
Japan. Due to a strong destructive power of tsunami reached at the
coastal area and traveled inland, a multi-physics phenomenon was
observed such as overturning of building, the collapse of breakwater
and bridges wash-out. In order to solve the multi-physics phenomenon
during tsunami disaster, a multi-level tsunami simulation is proposed
to predict the tsunami waves, the damage level of infrastructure and
effects of prevention and mitigation. In this study, a multi-scale tsunami
simulation based on the Smoothed Particle Hydrodynamics (SPH)
method is developed to consider several levels of tsunami behavior.
There are mainly three level simulations; a 2D tsunami propagation
simulation from the epicenter to coastal line (Level-0), a 3D tsunami
inundation simulation into coastal city area (Level-1) and a zooming
simulation which can discuss the safety of structures at a high resolution
(Level-2). To perform the above multi-level simulation a zooming
method that can connect between the tsunami propagation based on
the 2D finite difference method and a tsunami inundation using 3D
particle method, a virtual wave maker with an appropriate boundary
treatments using SGFGP approach was proposed. The proposed virtual
wave maker was verified and validated with several numerical tests
and real case of tsunami inundation in Utatsu area. The coupling
simulation was found to have good results in identifying the tsunami
inundation area compared with the disaster report.
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Chapter 1

Introduction

1.1 Background and Motivation

Tsunami is one of the phenomena that can be considered as the most
tragic phenomena when it occurred. It is well known that tsunami is
a series of waves generated in a body of water which causes by the
earthquake happened on the sea floor and lead to the movement of
the original place of the sea plate. The arrival time and the scale of
the tsunami are depends on the magnitude of the earthquake itself
and location with the nearest area topography. Figure 1.1 shows the
tsunami travel times during the Tohoku earthquake incident at the
east coast of Honshu, Japan in March 2011. The big tsunamis that
worlds’ have seen in the 20th and 21st centuries have mostly been
caused by subduction zone earthquakes such as 2004 Indian Ocean
earthquake and tsunami ,and 2011 Tohoku earthquake and tsunami.

The tsunami propagation is not obviously seen in the middle of
the ocean until it approaching the shallow part of the ocean which
to the coastal area, and the wave height of tsunami can be extremely
increase and savages tsunami will happened. Once tsunamis occurred,
it can savagely attack the coastlines and will devastating on human’s
life ,property damage and also affect the economy and the environment.
Since the impact of the tsunami disaster is extremely bad, many research
are actively being discuss regarding tsunami prediction and the mitigation
especially in the countries that had experienced having this kind of
disaster such as Japan, Indonesia, Thailand, and Malaysia as for the
preparation toward the next tsunami.

The first of many tsunami waves hit Japan’s coastline is just less
than an hour after the huge magnitude of Tohoku earthquake occurred.
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The tsunami waves reached run-up heights of up to 128 feet (39
meters) at Miyako city which based on how far the wave surges
inland above sea level and traveled inland as far as 6 miles (10 km) in
Sendai. The estimated tsunami inundation area is approximately 217
square miles (561 square kilometers) in Japan. The waves overtopped
and destroyed protective tsunami seawalls at several locations. In
addition, the massive surge destroyed three-story buildings where
people had gathered for safety. Figure 1.2 shows an aerial view of
damage to Sukuiso, Japan, a week after a 9.0 magnitude earthquake
and subsequent tsunami devastated the area.

FIGURE 1.1: The duration of tsunami travel during
Tohoku earthquake in March 2011

The damages comparison was summarizes between two most
recent massive tsunamis which occurred due to the earthquake in
Indian Ocean (2004) and Pasific Ocean (2011) as illustrated in Table
1.1 by Yun and Hamada (2011). However, according to Japan’s National
Police Agency, the number of confirmed deaths is 15,891 as of April
10, 2015 and more than 2,500 people are still reported missing. Based
on these comparison, the numbers of damages are totally extreme
not only affected to the human life loss but also to the economic loss
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FIGURE 1.2: An aerial view of damage at Sukuiso,
Japan after a week of Tohoku earthquake and tsunami

occurred

in total. Therefore, the serious investigation and research regarding
tsunami prediction simulation is strongly needed for the mitigation
and the prevention to the coming tsunami. In the near future, another
savages of tsunami is predicted to happen due to the predicted earthquake
to occur along the Nankai Trough off southwestern Japan. The detail
of the predicted Megathrust earthquake whereby the result of a plate-subduction
mechanism was presented by Yokota et al. (2016).

1.1.1 Tsunami Disaster and effect towards A Multi-Physics

phenomena

On March 11, 2011, the huge tsunami caused by the great east Japan
earthquake devastated many infrastructures in pacific coast of north
eastern Japan. The impacts of the tsunami disaster towards many
civil engineering structures are depicted in Figure 1.3. Due to the
strong destructive power of tsunami reached at the coastal area and
traveled inland, a multi-physics phenomena can be observed. The
strong wave of tsunami overtopped the building easyly and become
overturn or wash away. The deepest breakwater about 63 meter
depth at Kamaishi port was collapsed in 6 seconds as reported. In
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TABLE 1.1: Damages comparison caused by the 2004
Indian Ocean Tsunami and 2011 Tohoku Tsunami

Damages 2004 Indian Ocean and
2005 Nias Tsunami

2011 Tohoku Tsunami

Human Death: 127,707/ Missing:
93,285 (in 2004)

Death: 15,841 /
Missing: 3,485 /
Injured: 5,894Death: 979 (850 in Nias) /

Injured: 11,579

Housings
and
Buildings

Collapse Total: 249,190
(small/medium businesses:
104,500/ Houses: 139,000 /
Worship places: 1,089 /
School facilities: 3,415 /
Health facilities: 517 /
Government buildings: 669)

Totally: 78,641 / Half:
30,278 / Partially damages:
240,378/ Non-dwelling:
25,987

Burn
down

Totally and Partially: 260

Swept
out

-

Inundated Above floor level: 4,222
/Below: 4,435

Bridges
Roads: 2,618 km / Railways
and Airports: 8/
Other Bridges: 119

Roads: 3,970 km /
Railways: 28/
Other Bridges: 71

Embankments/
Landslides

Ports destroyed: 22 Break of dikes: 4/
Landslides: 184

Tsunami Waste 400,000 m3

(max: 10,000,000 m3)

27 million ton =
45,762,711m3

(10×average 0.59 t/m3)
Economic Damage $4.5 million $235 billion

addition, the bridges at Utatsu area also was wash-out during the
tsunami disaster. These impacts shows a relationship of failure behavior
between the tsunami and solid structures such as building and bridges
(fluid-structure interaction) and also the tsunami with the soil interaction
which affect on the collapse of the sea wall and breakwater. These
relationship are called as a multi-physics phenomena.

Particularly, the damages of outflow of bridge girders caused a
traffic disorder and these collapse behaviors led to delay of recovery
after the disaster. Then, the disaster prevention and mitigation techniques
are actively developing in coastal infrastructures since that incident.
In order to implement the tsunami prevention and mitigation procedures,
establishing a prediction method for tsunami disaster is one of the
severe issues and need to be examine first toward the next millennium
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tsunami. The essential of developing the appropriate numerical simulation
in solving multi-physics phenomena and the tsunami disaster will be
discuss in the following section.

FIGURE 1.3: The impacts of tsunami towards civil
engineering structures

1.1.2 Important of Numerical Simulation in Solving

Multi-Physics Phenomena

In order to solve the multi-physics phenomena which already discussed
in previous section (1.1.1), the numerical simulation is essential. Numerical
Simulation is translating aspects of a physical problem into a numerical
model. Thus , numerical simulation can be used instead of performing
the expensive and large scale experiments to investigate the fundamental
physics involved in the complex fluid-solid interaction or fluid- soil
interaction. The role of numerical simulation is becoming more important
in engineering fields since it is suitable tool to solve various complex
problems. Besides its efficiency and accuracy in solving numerous
engineering phenomena, numerical analysis is also considered more
economical than the risky and expensive experiments. In addition,
the flexibility in time and without any limitation in scale and able
to conduct for repeatedly, make the numerical simulation is very
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suitable in this study. Thus, a numerical simulation of free surface
fluid flows is essential to be conduct in order to predict the tsunami
inundation and at once can aid in design the effective tsunami defense
structures.

There are two different approaches in the numerical study of free
surface fluid which are the Eulerian and Lagrangian approach. The
Eulerian approach is based on the fixed grid or mesh in space and
the Eulerian simulation have been proven to be essential tools in
most engineering fields as they are extremely powerful in solving
many continuum mechanics problems. Furthermore,the most of the
commercial codes in computational fluid dynamics (CFD) also based
on Eulerian approach. The numerical methods based on this approach
such as Finite Element Method (FEM), Finite Difference Method (FDM),
or Finite Volume Method (FVM). Even though this method was claimed
as powerful and robust approach, the requirement of expensive remeshing
algorithm especially for large deformation problems and instabilities
due to excessive distortion of a mesh are the disadvantages of using
this method.

On the other hand, Lagrangian approach basically follow the historical
data of an individual fluid particle through space and time. In the
Lagrangian approach "particle methods", the circumstances of a system
is represented by a set of discrete particles and without a fixed connectivity.
Hence, making such methods suitable for the analysis of moving
discontinuities and large deformations, such as the free surface flows
with breaking and fragmentation. Furthermore, fully Lagrangian
treatment of particles allows the advection terms to be calculated
without any problems of numerical diffusion whereby it does not
suffer from the mesh distortion problems that limit Eulerian based
simulations as it naturally tracks each particle’s physical quantities
and material information. In this study, a Lagrangian-based particle
method or meshfree method is selected as the main numerical technique
to facilitate the simulation problems due to its significant numerical
advantages. Meshfree methods can be used for fluid dynamics as
well as for solid mechanics. One of the approach by using meshfree
numerical techniques is using smooth particle hydrodynamic (SPH).
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1.1.3 Multi-level Tsunami Analysis and its roles

In this section, the concept of multi-level tsunami analysis and its
roles will be explain in order to achieve the research motivations.
A multi-scale tsunami simulation has been proposed since the tragic
incident of tsunami disaster caused by the Great East Japan Earthquake
in 2011. The topic of tsunami prediction and the required prevention
and mitigation towards the next millennium tsunamis is one of the
most crucial issues and many researches were conducted to overcome
this serious matter. Thus, developing a multi-level and multi-physics
tsunami disaster simulation tool is essential to evaluate the safety
and damage of infrastructure from huge tsunami. In this study, a
multi-level tsunami simulation which is based on the Smoothed Particle
Hydrodynamics (SPH) Method has been developed in hopes of establishing
a prediction method for tsunami inundation in order to solve the
multi-physics phenomena. Smoothed particle hydrodynamics (SPH)
is a Lagrangian meshfree particle method that has been popular and
actively used by researchers especially in computational fluid dynamics
nowadays. This SPH method was first developed by Lucy(1977) and
Gingold and Monaghan(1977) which originated from simulation of
the astrophysical problems about three decades ago.

SPH method is a unique particle method which does not required
any grid and has some advantages over grid based method such
as simple in implementation and also eases of handling even for
complex fluid and larger deformations. Then, applications of the
SPH has been widely expanding into the incompressible viscous flow
which introduced by (Monaghan, 1994) and solid mechanics by (Libersky
and Petchek, 1990).Generally, there are two major groups of SPH
for solving the viscous flow problem; the weakly compressible SPH
(WCSPH) which solve an appropriate equation of state in fully explicit
form (Colagrossi and Landrini, 2003) and truly incompressible SPH
(ISPH). Although the ISPH has generally advantage over the WCSPH
in the accuracy of pressure distribution, the original ISPH induces
the numerical instability especially in the violent flow problems because
of the heterogeneous particle distribution.In 2012, Asai et al. has been
developed a stabilized version of the Incompressible SPH (ISPH)
method to treat the complex coupling behavior among structure-fluid-soil
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mechanics including free surface flow problems.

In addition, boundary treatment of the particle method and other
mesh-less methods, is not a negligible issue and particularly at the
vicinity nearby wall boundaries for fluid dynamic problems as the
Smoothed Particle Hydrodynamics European Research Interest Community
(SPHERIC) still selects the boundary treatment as one of the grand
challenge problems. It is essential to ensure that the boundary treatment
used able to prevent the penetration of fluid particles into the wall’s
boundary and having the accurate pressure with the robust solution.
In this thesis, boundary treatment is selected as one of the important
topic to discuss which the proposed boundary treatment of simplified
of generalized fixed ghost particle, SGFGP able to have the high
accuracy in pressure distribution with reasonable computational cost.
The proposed boundary treatment using SGFGP approach features
of solving the non-homogeneous pressure Neumann condition for
the ISPH within the fictitious boundary particle. The detail regarding
the proposed boundary treatment will be discuss in Chapter 3 as
one of the important issues, particularly in solving the multi-level
tsunami analysis efficiently.

The concept of our multi-level tsunami analysis is summarized
in Figure 1.4. The first Level-0 analysis is the same as the practical
tsunami simulation and was formulated by using the 2D shallow
water equation, which is mainly solved by the Finite Difference Method
(FDM). The main purpose of the Level-0 simulation is to predict the
tsunami magnitude, its wave height and velocity from the epicenter
of the earthquake to the coastlines, immediately. It is well known that
the countermeasures against tsunami disaster should be developed
considering not only tangible infrastructures including breakwater
and bridges, but also intangible measures including education on
disaster prevention and the development of hazard maps. The tsunami
run-up analysis is expected to play an important role as one of the
countermeasures against tsunami.

Generally, the basic idea of our multi-level tsunami analysis is to
perform an accurate tsunami inundation simulation in 3D by taking
the advantage of the rapid computation of the 2D finite difference



1.2. Objectives and Research Scope 9

simulation. The Level-1 analysis is a city scale run-up simulation
which is conducted to accurately predict the tsunami inundation and
formulated using the 3D SPH method with the consideration of the
earth topology obtained from the Digital Elevation Model (DEM)
data. Meanwhile, Level-2 is the following step of our tsunami analysis,
which mainly focuses on multi-physics phenomena between coastal
infrastructures, including breakwater and bridges, with the tsunami
wave obtained from the Level-0 and Level-1 simulation. Hence, a
virtual wave maker with employment of the SGFGP boundary treatment
has been proposed for the coupling the simulation between Level-0
and Level 1 in this thesis. Based on the results obtained from Level-0
analysis, a coupling technique is applied to the multi-level simulation
which is coupling between the 2D FDM simulation and 3D particle
simulation. Furthermore, by using this coupling technique, 3D particle
coupling simulations can be formulated effortlessly by using the virtual
wave maker for different particle resolution. This multi-level zooming
technique is believed can perform an accurate prediction of various
multi-physics phenomena induced by tsunami such as the breakwater
collapse and the bridge wash-out phenomena.

FIGURE 1.4: Multi-level zooming analysis

1.2 Objectives and Research Scope

1.2.1 Aim and Objectives of the research

The aim of this study is to have a multi-level tsunami analysis which
focusing on coupling between Level-0 and Level-1 analysis as described
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in the previous section with the high accuracy and robustness. In
order to achieve the aim of this research, several objectives are identified
and need to be realize.

The specific objectives of this study are as follows:

• To develop an appropriate boundary treatment with a high accuracy,
robust and reasonable computational cost and time. The simplified
treatments of the generalized fixed ghost particle , SGFGP boundary
treatment is proposed.

• To implement a matrix-arrayed virtual wave maker for the multi-scale
analysis tools. The virtual wave maker, VWM with SGFGP
boundary treatment is proposed to investigate the coupling behavior
between different levels using particle method.

• To verify and validate the proposed boundary treatment and
the virtual wave maker using SGFGP approach with the theoretical
and also experimental.

• To conduct a multi-level tsunami simulation which coupling
between Level-0 analysis, which is the 2D tsunami propagation
analysis based on shallow water equation (SWE) and Level-1
analysis, 3D particle simulation in the real scale phenomenon.

1.2.2 Scope of the research

In this study, the multi-level tsunami analysis proposed for coupling
or connection between two different levels of analysis has some scope
or limitation. The scope of this study is the coupling approach is
only focused on one way of coupling. Whereby, the inflow condition
required only from Level-0 analysis to coupled with the simulation in
Level-1 analysis. The reason why only one way coupling has become
the scope of the study is to check the performance first and determine
the levels of requirement to have two way of coupling method in the
future research.

1.3 Thesis Organization

This thesis will provide the reader with the essential understanding
of multi-level tsunami simulation and also the appropriate boundary
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treatment especially in computational fluid dynamics problems. Nowadays,
tsunami prediction towards the next millennium tsunami are being
actively discuss by many researchers in order to implement the mitigation
process to reduced the effect of tsunami disaster in the future. Hence,
the study conducted in this thesis hopefully will contribute an improvement
especially in some gap regarding research topic discuss.The organization
of this thesis is as follows.

Chapter 2 summarizes historical developments of Smoothed Particle
Hydrodynamics (SPH), in detail. The fundamentals concept of SPH,
the essential formulation of SPH, which is utilized for the 3D tsunami
simulations in this paper. The fundamentals mathematics of the conventional
SPH is firstly described. Then, the extension to the incompressible
flow problems (Incompressible SPH) is explained. In addition, to the
general topics of the ISPH, stabilization method of ISPH, which is
original method in our research group, is introduced.

Chapter 3 highlights a detailed description on the boundary treatment
formulations, which is used as the main tool to achieve the thesis
motivation. In the beginning of the chapter, the types of existing
boundary approaches are surveyed. The approach using fictitious
boundary particle is selected as one of the type of boundary treatment
that will be focus on. Then, the main part of this chapter is proposing
the enhancement of existing boundary treatment which is called generalized
fixed ghost particle approach (GFGP). The proposed simplified GFGP
(SGFGP) have several advantages in the robustness and in the computational
cost. The last section in this chapter is focusing on the verification
and validation of the proposed SGFGP boundary treatment. Several
verification and validation tests are conducted to show the accuracy
and advantages of the proposed method.

Chapter 4 focus on a matrix arrayed virtual wave maker for a key
issue of the multi-level tsunami simulations. The general functions
of the virtual wave maker (VWM) are firstly defined. The first function
of VWM is generation and/or removal of the water particle on the
boundary of the multi-level tsunami simulations. New water particles
are generated to resume a record of inflow conditions by the former
level tsunami simulation in the case of inflow, and outflow water



12 Chapter 1. Introduction

particles are removed in the case of outflow condition. The next
function of the VWM is to satisfy the reasonable boundary condition
between two level simulations. Especially, smoothness of pressure
field between two simulations is strongly required to prevent an artificial
additional wave on the boundary. The SGFGP proposed in the Chapter
3 can be arranged to satisfy the pressure Neumann condition on the
boundary of multi-level simulations. There are several numerical
tests were conducted to validate the proposed VWM with SGFGP
such as coupling simulation between two 3D particle models with
the same resolution and also the application to a zooming simulation
with 3D particle- 3D particle simulation using different size of resolution.
From the results obtained of coupling between Level-0 and Level-1,
and the comparisons made shows a good agreement.

In chapter 5, the final target of this study which is the multi-level
of tsunami simulation will be describe. Based on the formulation of
ISPH that have been discuss in chapter 2, the boundary treatment
proposed using SFGGP in chapter 3 and the virtual wave maker,
VWM with SGFGP approach in the chapter 4, the real scale of tsunami
simulation is conducted in this chapter. The Utatsu area is selected
as the target area for simulation. The coupling between 2D shallow
water equation(SWE), Level 0 with 3D particle simulation, Level-1
is conducted at the Utatsu area since it is one of the affected regions
whereby the Utatsu Bridge was totally collapsed by Tohoku earthquake
tsunami 2011. The comparison of the tsunami inundation area obtained
from simulation with the report from the disaster shows a good agreement
and the small discrepancy is observed if detailed comparison is made.
The small discrepancy is due to the resolution size whereby the smaller
resolution size used will decreased the discrepancy observed.

Chapter 6 concludes and gives a summary of this thesis as well as
discusses on directions for future work. The conclusion made based
on the achievement of the research’s objective as mention in previous
section in this thesis. There are few recommendation as the future
works for enhancement the accuracy and in order to make proposed
formulations and method become more advanced and realistic. Last
but not the least, Appendices is also attached in this thesis which
contains the full description of all implementation methods and numerical
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proofs that are substantial for our ISPH and boundary approach (appendix
A). Futhermore, the appendix B lists several proceedings and journal
that are published during the completion of the study.
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Chapter 2

Fundamental of Smoothed
Particle Hydrodynamics (SPH)

The smoothed particle hydrodynamics (SPH) is one of the meshfree
particle method based on the Lagrange description of motion. The
Lagrangian meshless particle method like SPH has been used in various
engineering application and it has been actively used in computational
fluid dynamics nowadays. The SPH was originally developed by
(Lucy, 1977) and (Gingold and Monaghan, 1997) as a simulation tool
for solving the astrophysical problems. It has several advantages
over grid based method such as simple implementations without
any grid and easy to handle even for complex fluid and larger deformations.
As one of the mesh-less particle methods, SPH has been utilized in
various engineering applications, mostly in the analysis of moving
discontinuities and large deformation systems such as the free-surface
flows with breaking and splash or the tsunami run up cases; those
which are difficult to predict by using traditional mesh-based Eulerian
methods due to its distortion issues.

Currently, SPH has been exploited to solve numerous problems
appearing in different physical processes which has been applied to a
wide range of problem fields, including free surface flows, oceanography,
landslide due to earthquake, biomedicine, etc. Related to civil engineering
field, applications of the SPH formulations has been widely expanding
into the incompressible viscous flow which introduced by (Monaghan,
1994)and solid mechanics by (Libersky and Petchek, 1990). In recent
years, SPH is also used related to the simulation of flow-induced
scouring erosion by coupling the fluid solver with an appropriate
soil model. Zanganeh et al. (2012) conducting a scouring prediction
below marine pipelines based on the SPH two-phase flow model.
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Interestingly, another studies of SPH application in civil engineering
is correspond to waves interacting with and flowing through porous
structures (Shao, 2010)and (Akbari and Namin (2013), rigid bodies
driven by flows (Tofighi et al. 2015), and floating body dynamics
(Shao and Gotoh ,2004). As highlighted by Violeau and Rogers (2016)
and Liu and Liu (2015), SPH is a well-suited for multi-scale and
multi-physics applications generally.

2.1 Concept of SPH

In this section, fundamental SPH methodologies are summarized.
SPH method in fluid dynamics simply works by dividing a fluid
domain into a set of discrete elements, referred to as "particles". These
particles have a spatial distance, known as the "smoothing length"
or "influence radius" that is typically represented in equations by h,
over which their properties are "smoothed" by a kernel function. In
a general SPH analysis, the physical quantity of any particle i can
be obtained by summing the relevant properties of all the particles
which lie within the range of the kernel, called as the neighbor particles
j. The contributions of each neighbor particle to a property of the
main particle are weighted according to their distance from the main
particle by a smoothing function W .

2.1.1 Essential Formulation of SPH

The fundamental of SPH is based on the interpolation method. The
interpolation is based on the theory of integral interpolants by using
kernels which approximate a delta function. A scalar function φ(xi, t)

at sampling point can be expressed in integral form as

φ(xi, t) =

∫
W (xi−xj, h)φ(xj, t)dv =

∫
W (|xij|, h)φ(xj, t)dv, (2.1)

where W is a weight function called as a smoothing kernel function
as shown in Figure 2.1 and the subscript i and j indicate the positions
of labeled particle. In the smoothing kernel function, |xij| = |xi−xj|
and h are the distance between neighbor particles and the smoothing
length, respectively. For the SPH numerical analysis, the integral
equation (2.1) is approximated by a summation of contributions from
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neighbor particles in the support domain as,

φ(xi, t) ≈ 〈φi〉 =
∑
j∈Pi

mj

ρj
φjW (|xij|, h), (2.2)

where ρj and mj are the density and representative mass related to
the particle j, respectively. The triangle bracket 〈φ〉 means the SPH
approximation of the function φ, and Pi is a set of particle number
related particle i as follows;

Pi := {j; h > |xij|, j 6= i} (2.3)

FIGURE 2.1: The definition of smoothing length in the
influence radius

The divergence of φ is assumed by using the above defined SPH
approximation as,

∇φ(xi) ≈ 〈∇φi〉 =
1

ρi

∑
j∈Pi

mj(φj − φi)∇W (|xij|, h), (2.4)

and the expression for the gradient can be represent by

∇φ(xi) ≈ 〈∇φi〉 = ρi
∑
j∈Pi

mj

(
φj
ρ2
j

+
φi
ρ2
i

)
∇W (|xij|, h). (2.5)

In the current incompressible SPH method, the gradient of pressure
and the divergence of velocity are approximated as

∇p(xi) ≈ 〈∇pi〉 = ρi
∑
j∈Pi

mj

(
pj
ρ2
j

+
pi
ρ2
i

)
∇W (|xij|, h), (2.6)
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∇ · u(xi) ≈ 〈∇ · ui〉 =
1

ρi

∑
j∈Pi

mj(uj − ui) · ∇W (|xij|, h). (2.7)

Although the Laplacian could be derived directly from the original
SPH approximation of a function in Eq. (2.5), this approach may
lead to a loss of resolution. Then, the Laplacian of pressure in PPE
have been proposed by Morris et al. (1997) by an approximation
expression as follows

〈∇2pi〉 =
∑
j∈Pi

mj

(
ρi + ρj
ρiρj

xij · ∇W (|xij|, h)

x2
ij + η2

)
(pi − pj) (2.8)

Here, η is a parameter for avoiding division by zero, the present
analysis has given the η2 = 0.0001h2 using the influence radius. Typically,
smoothing kernel functionW should satisfy some condition that will
be discussed in the following section.

2.1.2 Smoothing Functions

In the previous section, the fundamental formulation and the basic
ideas of SPH have been discussed. It has been shown that the smoothing
function plays an important role in the SPH approximations as it
determines the accuracy of the function representation and efficiency
of the computation. The smoothing function is also called as smoothing
kernel function, smoothing kernel or simply kernel function. In the
literature, different smoothing functions have been introduced to the
SPH formulation. The smoothing function over a domain Ω, must
satisfy the following properties:

• The smoothing function must be normalized over its support
domain as: ∫

Ω

W (|xij|, h) dx = 1 , (2.9)

• The smoothing function should have a compact support. In
general, the compact support is defined by the smoothing length
h and a scale factor κ that determines the spread of the specified
smoothing function. This compact support means:

W (|xij|, h) = 0 for |xij| > κh , (2.10)
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• The smoothing function should satisfy the Dirac delta function
condition:

lim
h→0

W (|xij|, h) = δ (|xij|) , (2.11)

• The smoothing function should sufficiently smooth , be an even
which is symmetric function, and monotonically decreasing.

Any function has the above properties can be employed as an
SPH smoothing function. Since it was formulated, there were numerous
smoothing functions proposed for the SPH interpolation and many
researchers have tried it. The following lists are some of the most
frequently used in SPH.

• In the original paper of SPH by Lucy (2007) the following bell-shaped
function was selected as the smoothing function :

W (rij, h) = W (z, h) = αd

(1− 3z)(1− z3) for z ≤ 1 ,

0 for z > 1 ,

(2.12)

∇W (rij, h) = ∇W (z, h) = αd

−12z(1− z)2 for z ≤ 1 ,

0 for z > 1 ,

(2.13)

where z = |xi − xj|/h and αd is 5/4h, 5/πh2 or 105/16πh3 for
one, two or three dimensional space respectively.

• Then, the following smoothing function was devised by Monaghan
and Lattanzio (1985) which based on cubic spline function and
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also known as B-spline function.

W (rij, h) = W (z, h) = αd


2
3
− z2 + 1

2
z3 for 0 ≤ z < 1 ,

1
6
(2− z)3 for 1 ≤ z < 2 ,

0 for z ≥ 2 ,

(2.14)

∇W (rij, h) = ∇W (z, h) = αd


−2z + 3

2
z2 for 0 ≤ z < 1 ,

−1
2
(2− z)2 for 1 ≤ z < 2 ,

0 for z ≥ 2 ,

(2.15)

where z = |xi − xj|/h and αd is 1/h, 15/7πh2 or 3/2πh3 for one,
two or three dimensional space respectively. This constructed
cubic smoothing function is the most commonly used as smoothing
function in SPH literatures (Monaghan, 1985).In the current thesis,
the lowest order of B-spline function useful for SPH, the cubic
spline truncated at 2h, and its gradient are used for the numerical
analysis.

• Then, Morris (1994, 1996)was introduced the higher order such
as quintic spline which is more closely approximating the Gaussian
and more stable as follows :

W (rij, h) = W (z, h) = αd



(3− z)5 − 6(2− z)5 + 15(1− z)5 for 0 ≤ z < 1 ,

(3− z)5 − 6(2− z)5 for 1 ≤ z < 2 ,

(3− z)5 for 2 ≤ z < 3 ,

0 for z > 3 ,

(2.16)

∇W (rij, h) = ∇W (z, h) = αd



−5(3− z)4 + 30(2− z)4 − 75(1− z)4 for 0 ≤ z < 1 ,

−5(3− z)4 + 30(2− z)4 for 1 ≤ z < 2 ,

−5(3− z)4 for 2 ≤ z < 3 ,

0 for z > 3 ,

(2.17)
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where z = |xi− xj|/h and αd is 120/h, 7/478πh2 or 3/359πh3 for
one, two or three dimensional space respectively.

• Then, the following smoothing function is the higher order spline
function which called as Wendland function.

W (rij, h) = W (z, h) = αd

(1− z
2
)4 + (1 + 2z) for 0 ≤ z ≥ 2 ,

0 for z > 2 ,

(2.18)

∇W (rij, h) = ∇W (z, h) = αd

−5z(1− z
2
)3 for 0 ≤ z ≥ 2 ,

0 for z > 2 ,

(2.19)

where z = |xi − xj|/h and αd is 3/4h, 7/4πh2 or 21/16πh3 for
one, two or three dimensional space respectively.

FIGURE 2.2: The comparison of each types of
smoothing kernel function



22
Chapter 2. Fundamental of Smoothed Particle Hydrodynamics

(SPH)

FIGURE 2.3: The comparison of first derivative for
each types of smoothing kernel function

From the various types of smoothing kernel function, the cubic
function was selected to be used in the numerical analysis in this
thesis and from our previous experience, the smoothing kernel function
h is normally chosen around (1.2 ∼ 1.3)d0, where d0 is the initial
particle distance. Figure 2.2 and Figure 2.3 shows the comparison
at each types of smoothing kernel function and it’s first derivative
respectively.

2.2 Incompressible Smoothed Particle Hydrodynamics

(ISPH)

The ISPH utilizes a semi-implicit time integration scheme with a
predictor and corrector steps based on the projection method.Typically,
the ISPH formulation is similar with the Moving Particle Semi-Implicit
(MPS) which proposed by Koshizuka and Oka (1996). The main
objective of the ISPH method is to solve the discretized pressure
Poisson equation (PPE) at every time step through a Helmholtz-Hodge
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decomposition and an application of Chorin’s projection method (Chorin,
1968). Generally, the velocity-pressure coupled problem in the governing
equations is solved separately in a semi-implicit integration scheme
by using the projection method as will be described detail later. Furthermore,
the governing equations used and the concept of Smoothed Particle
Hydrodynamics (SPH) with the modification for incompressible flow
will also be described in the following sections.

2.2.1 Governing Equations of Incompressible flow

The continuity equation and the Navier- Stokes equation in the Lagrange
description are given as follows;

Dρ

Dt
+ ρ∇ · u = 0 (2.20)

Du

Dt
= −1

ρ
∇p+ ν∇2u +

1

ρ
∇ · τ + F (2.21)

where ρ and ν are density and kinematic viscosity of fluid,u and p are
the velocity vector and pressure of fluid respectively.F is an external
force, and t indicates time. The turbulence stress τ is necessary to
represent the effects of the turbulence with coarse spatial grids. In the
most general incompressible flow approach, the density is assumed
by a constant value with its initial value, ρ0. Then the above mentioned
governing equations lead to

∇ · u = 0 (2.22)

Du

Dt
= − 1

ρ0
∇p+ ν∇2u +

1

ρ0
∇ · τ + F (2.23)

2.2.2 Projection Method

As mentioned early, the velocity and pressure coupled problems are
solved separately in the projection method by assuming a predictor-corrector
scheme with an intermediate state of velocityu∗. Below, the superscripts,
n and n+1, indicate the current and future time step. The intermediate
velocity field can be derived from the Navier-Stokes equation (2.23)
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as follow,

Du

Dt
=
un+1 − un

∆t
=
un+1 − u∗

∆t
+
u∗ − un

∆t
, (2.24)

u∗ − un

∆t
= ν∇2u+

1

ρ0

∇ · τ + g , (2.25)

(Predictor) : u∗ = un + ∆t

(
νM∇2u+

1

ρ0

∇ · τ + g

)
. (2.26)

Then, the following corrector step is introduces an effect of remaining
’future’ pressure gradient term as,

un+1 − u∗

∆t
= − 1

ρ0

∇P n+1 , (2.27)

(Corrector) : un+1 = u∗ −∆t

(
1

ρ0

∇P n+1

)
. (2.28)

From this corrector scheme, the future position of fluid particle can
be calculated by taking a semi-implicit Euler integration as,

xn+1 = xn + ∆t
(
un+1

)
. (2.29)

The ’future’ pressure value here can be obtained by taking the
divergence of the corrector step (2.27) as,

∇ ·
(
un+1 − u∗

∆t

)
= −∇ ·

(
1

ρ0

∇P n+1

)
. (2.30)

The description of incompressible flow (2.22) leads to,

∇ ·
(
un+1

∆t

)
= 0 , (2.31)

Therefore, by substituting (2.31) into (2.30) the pressure Poisson equation
(PPE) can be obtained as following ,

∇2P n+1 = ρ0
∇ · u∗

∆t
. (2.32)

2.2.3 ISPH Formulations based on Projection Method

Based on the projection method that have been summarized in the
previous section, the incompressible fluid flow is discretized into
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particle quantities based on the SPH formulation. For this reason, the
gradient of pressure and the divergence of velocity are approximated
as follows,

∇P (ri) ≈ 〈∇Pi〉 = ρi
∑
j

mj

(
Pj
ρ2
j

+
Pi
ρ2
i

)
∇W (rij, h) , (2.33)

∇ · u(ri) ≈ 〈∇ · ui〉 =
1

ρi

∑
j

mj (uj − ui) · ∇W (rij, h) . (2.34)

Although the second order derivative of velocity and pressure
can be derived directly from the original SPH approximations above,
this approach may contribute to a loss of accuracy and resolution in
the analysis. Then, the second derivative of velocity for the viscous
force and the Laplacian of pressure were proposed by Morris et al.(1997)
by employing an SPH estimation regarding the total viscous diffusion.
Those approximations are expressed as follow,

∇ · (νE∇ · u) (ri) ≈ 〈∇ · (νE∇ · ui)〉 =∑
j

mj

(
ρiνEi + ρjνEj

ρiρj

rij · ∇W (rij, h)

r2
ij + η2

)
uij ,

(2.35)

where νE is the total momentum diffusivity. Here, η is a parameter
to avoid a zero denominator and its value is given by η2 = 0.0001h2.
For the case of νEi = νEj and ρi = ρj , the Laplacian term of velocity
in viscous force can be simplified as,

〈∇ · (νE∇ · ui)〉 =
2νEi
ρi

∑
j

mj

(
rij · ∇W (rij, h)

r2
ij + η2

)
uij . (2.36)

Meanwhile, the Laplacian of pressure in the pressure Poisson equation
(PPE) is given as,

∇2P (ri) ≈
〈
∇2Pi

〉
=

2

ρi

∑
j

mj

(
Pijrij · ∇W (rij, h)

r2
ij + η2

)
. (2.37)

The PPE after SPH interpolation is solved by a preconditioned (diagonal
scaling) Conjugate Gradient (PCG) method proposed by Meijerink
and Vorst (1977) with a convergence tolerance (= 1.0× 10−9).
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2.2.4 Introduction of Turbulence Stress Model

Turbulent flow often related to the flow handled by fluid engineering
and it requires a special treatment. In this paper, a large eddy simulation
(LES) approach is adopted for turbulent stress modeling (Gotoh et
al. (2004) and Shoa et al. (2005)). The turbulent stress tensor τ
,which called by subparticle scale stress in the particle simulations,
is defined by

τ

ρ0

= 2νTS −
2

3
kI, (2.38)

where νT and k are the turbulence eddy viscosity and the turbulence
kinetic energy, respectively. While, S indicates the strain rate tensor
of the mean flow, and I is the second order identity tensor. It assumed
in this paper that the eddy viscosity is modeled by the static Smagorinsky
eddy viscosity model as in Eq (16), whichCs = 0.2 is the Smagorinsky
constant (taken as the analytical value in this paper). While, the local
strain rate can be calculated in the SPH formulation as in (17) by
Violeau and Issa (2007).

νT = (Cs∆)2|S|, (2.39)

|S| =
√

2S : S, (2.40)

where,
S =

1

2

(
v ⊗∇+ (v ⊗∇)T

)
. (2.41)

Furthermore, in our simulation, the averaged scalar rate of strain
for each particle i was calculated by using the SPH formulation as
suggested by Violeau and Issa (2007) as,

S2
i =

1

2

∑
j

mj
ρi + ρj
ρiρj

|uij|2

r2
ij + η2

rij · ∇W (rij, h) . (2.42)

The turbulent kinetic energy k is incorporated in the pressure term by
defining PE = P + 2

3
ρk. Since, the physical value of k is significantly

small (k � P ) and there is almost no difference between PE and P ,
and thus, P will be used instead of PE . Finally, introducing equation
(2.38) into the Navier-Stokes equation (2.23) yields the following momentum
equation,

Du

Dt
= − 1

ρ0

∇P + νe∇2u+ g , (2.43)
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where, νe,i = νi + νT,i is the total kinematic viscosity.

2.3 Stabilization ISPH by relaxing the density

invariance condition

After the basic application of projection in ISPH is applied,the unrealistic
pressure fluctuations still cannot be eliminated even though the pressure
is evaluated by solving the pressure Poisson equation (2.32) by using
a semi-implicit algorithm. Hence, a stabilization scheme to overcome
the errors of artificial pressure fluctuation and density representation
will be introduced in the treatment of PPE. In this thesis, the basic
concept of stabilized ISPH which is introduced by Asai et al. (2012)
was adopted. The concept of ISPH was including the modification
of source term in the treatment of pressure Poisson equation (PPE).

Generally, the ISPH utilizes a semi-implicit time integration scheme
with a predictor and corrector steps based on the projection method
as discussed in previous section. In the corrector step, pressure Poisson
equation (PPE) should be solved to calculate particle pressure implicitly.
A review of projection based particle methods including ISPH and
the moving particle simulation (MPS) is recently done by Gotoh and
Khayyer [2016]. The source term in the PPE is not unique in the
literature of the ISPH and MPS. The differences in the source term of
PPE are summarized here.

Cummins and Rudman (1999) has initially introduced the projection-based
method into the SPH, and Lee et al. (2008) has combined with the
Reynolds turbulent model which used time averaging. Lee et al.
called the projection based SPH ‘truly incompressible algorithms’,
since the initial density never changes during SPH calculations. Pressure
pn+1
i for each particle can be determined by solving the following PPE

〈∇2pn+1
i 〉 =

ρ0

∆t
〈∇ · u∗i 〉. (2.44)

hereu∗i indicates an intermediate velocity of particle i after the predictor
step. In the truly incompressible SPH, the particle try to follow its
streamlines more accurately. The divergence free velocity source term
leads to generate unphysical voids or nonuniform particle distribution,
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and then the simulation may breakdown in many cases during long
term simulations. The divergence free velocity source term can be
re-written with numerical particle density 〈ρi〉 as follows,

〈∇2pn+1
i 〉 =

ρ0 − 〈ρ∗i 〉
∆t2

, (2.45)

〈ρi〉 =
∑
j∈Pi

mjW (rij, h) =
∑
j

mjWij. (2.46)

In contrast with the truly ISPH with divergence free velocity source
term, the density invariance source term in the PPE evaluates density
numerically after the particle location is updated by the predictor
step. The physical meaning of this source term is that pressure is
given by keeping the numerical density as its initial value. As the
result of this source term, particle distribution can be controlled uniformly.
Although the above density invariance source term can perform a
stable numerical simulation, the pressure distribution becomes too
noisy for the sake of controlling the particle distribution uniformly.

In this thesis, the first PPE and the second PPE are referred as
‘divergence free velocity form’ and ‘density invariance form’ respectively.
Asai et al. (2012) was proposed an efficient and robust ISPH scheme.
The modification is made without additional calculations such as
particle shifting technique which proposed by Xu et al. (2009), except
for the source term in PPE which slightly changed from the original
ISPH as follows,

〈∇2pn+1
i 〉 =

ρ0

∆t
〈∇ · u∗i 〉+ α

ρ0 − 〈ρni 〉
∆t2

(2.47)

where α(0 ≤ α ≤ 1) is a relaxation coefficient and it is usually a
small around 1% or less. Note that this is not the simple combination
between equations (2.44) and (2.45), and the secondary term in the
right-hand side refers a numerical density 〈ρni 〉 at the previous step n
instead of the intermediate numerical density 〈ρ∗i 〉 in (2.45). Khayyer
and Gotoh proposed a modified version of the density invariance
source term by adding a higher order term. The higher order term
may have similar effect as the stabilized ISPH to calculate a smooth
pressure field without breakdown.

Hence, the stabilized ISPH with the turbulent viscosity is applied
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to all the numerical examples in order to achieve the thesis objectives.
Here, the numerical evaluation of the Laplacian of pressure, in case
which particle i is located in the vicinity of the solid wall, is not clear,
and this is discussed in the next section which is boundary treatment.
Figure 2.4 shows the summary of the computational algorithm of
the relaxed-density-invariance Stabilized ISPH scheme employed for
numerical analysis in this thesis. There are various types of direct
and iterative solvers used to solve the stabilized pressure Poisson
equation (2.47). The direct solvers such as the Modified Cholesky
factorization, Gauss elimination technique and LU decomposition,
while the iterative methods are the pre-conditioned conjugate gradient
method and the minimum residual (MR) method. The details of the
procedure to solve the pressure Poisson equation in the SPH form
were nicely described by Lee et al.(2007) and Aly (2012).

FIGURE 2.4: Computational algorithm of the
relaxed-density-invariance Stabilized ISPH scheme
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2.4 Conclusion

In this chapter, the meshfree particle method which is the smoothed
particle hydrodynamics (SPH) with Lagrangian feature is selected to
be used in solving the numerical analysis in this thesis. In general,
the incompressible flow condition with the assumption of constant
density is applied in this study. Then, the incompressible smoothed
hydrodynamics (ISPH) method is utilized and using a semi-implicit
time integration scheme with a predictor and corrector steps based
on the projection method. This scheme is very useful in order to solve
the velocity-pressure coupled problem in the governing equations
used.

Beside that, the large eddy simulation(LES) approach is adopted
for turbulent stress modeling with the used of Smagorinsky eddy
viscosity model. Furthermore, the unrealistic pressure fluctuations
still cannot be eliminated even though the pressure is evaluated by
solving the pressure Poisson equation (2.32) by using a semi-implicit
algorithm. Hence, a stabilization scheme of ISPH was introduced
and adopted in this study to overcome the errors of artificial pressure
fluctuation by relaxing the density invariance condition.
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Boundary Treatment

This chapter reviews the literature concerning about the boundary
treatment used especially in particles method and the proposed boundary
treatment in order to have accurate, robust solution and also without
high computational cost.

3.1 Treatment of Boundary Conditions

Generally, smoothed particle hydrodynamics (SPH) is a Lagrangian
meshless particle method that has been popular and actively used by
researchers especially in computational fluid dynamics nowadays.
The SPH was originally developed by (Lucy, 1977) and (Gingold and
Monaghan, 1977) as a simulation tool for solving the astrophysical
problems. Generally, there are two major groups of SPH for solving
the viscous flow problem; the weakly compressible SPH (WCSPH)
which solve an appropriate equation of state in fully explicit form
(Colagrossi and Landrini, 2003) and truly incompressible SPH (ISPH).
Although the ISPH has general advantage over the WCSPH in the
accuracy of pressure distribution, the original ISPH induces the numerical
instability especially in the violent flow problems because of the heterogeneous
particle distribution. Then, the particle shifting techniques, a stabilized
ISPH by (Asai et al. ,2012) and higher order source terms have been
introduced to overcome the numerical instabilities related to the lack
of the particle homogeneous position.

In addition to the above modification, the boundary treatment
on a rigid wall is not a negligible issue for the particle method and
the other meshless method as the Smoothed Particle Hydrodynamics
European Research Interest Community (SPHERIC) still selects the
boundary treatment as one of the grand challenge problems. There
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are two important consequences due to the improper boundary treatment
whereby the first is originates from the penetration of fluid particles
into wall’s boundary and the second is that kernel truncation at the
boundary will produce errors in the solution. Several conventional
boundary approaches have been introduced within the SPH framework.
According to (Violeau and Rogers, 2016), they can be categorized into
three groups; (a) fictitious boundary particles approach; (b) repulsive
force approach; (c) boundary integral approach as shown in Figure
3.1. Even though the repulsive force approach can prevent the penetration
of water particles without fictitious wall particles, but they are not as
accurate as the other approaches because of an incompleteness of
the kernel support. The boundary integral approach can overcome
this problem related to the incomplete kernel support by introducing
a renormalized scaling factor with the volume integral of the kernel
function and a surface integral term. The boundary integral approach
is also called Unified Semi-Analytical Wall boundary method (USAW)
in the sense which can consider not only the slip or no-slip velocity
boundary condition but also the pressure Neumann condition on the
solid surface analytically. Boundary particles in the USAW should
be located on the solid boundary surface at equal spaces in order
to calculate the surface integral term accurately. This may become
one of the difficulties to apply the complicated shaped boundary
problems in 3-D.

While the group categorized under the fictitious boundary particle
approach is commonly used in the SPH because of its features of
simple or straightforward and pragmatic approach. The basic idea is
to compensate the incomplete kernel support in the solid domain
by filling with the fictitious boundary and wall particles. Figure
3.2 summarizes several versions of the fictitious boundary particle
approach. In general, the fictitious particles are initially located in a
structured grid called as Fixed Wall Particle (FWP) method by [Morris
et al., 1997], then followed by Ghost Boundary Particle (GBP) method
which proposed by (Yildiz et al., 2009) whereby it is dynamically
generates the fictitious particle as a mirror image of the fluid particle.
The GBP can satisfy boundary conditions for velocity and pressure
by mirroring and overwriting.



3.1. Treatment of Boundary Conditions 33

FIGURE 3.1: The types of boundary approaches (a)
fictitious boundary particles approach; (b) repulsive

force approach; (c) boundary integral approach

However, there are two main difficulties is faces while using GBP
approach. The first difficulty is in term of placing particle in the case
of complex geometries especially with sharped corners. While the
second difficulty is to impose arbitrary non-homogeneous pressure
boundary condition in the ISPH. Fortunately (Marrone et al., 2011)
proposed a Fixed Ghost Particle (FGP) to solved the first difficulty by
extending the GBP into FWP. The FGP introduces the virtual markers,
which are not the interpolation points for SPH calculation but a measuring
point, and was located inside the fluid domain for mirroring onto
the fixed wall particles. The applications of the FGP was limited to
compatible particle models, in which boundary particles are located
on the physical boundary surface and the other fictitious wall particles
inside the solid region are aligned parallel to the boundary surface
particles. Then (Adamiet al., 2012] and (Asai et al., 2013) generalized
the FGP for 2-D WCSPH and 3-D ISPH respectively. The Generalized
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FIGURE 3.2: The several versions of the fictitious
boundary particle approach

Fixed Ghost Particles (GFGP) can handle not only for the compatible
particle models but also for incompatible particle models, in which
the wall particles are located with regular grid as shown in Figure 3.3.

The numerical procedures of GFGP are slightly different in WCSPH
and ISPH. The ISPH is treated as a semi-implicit time integration
scheme, in which only pressure is implicitly integrated by solving the
pressure Poisson’s equation, for the incompressible Navier-Stokes
equations. The original FGP was applied only for the WCSPH, and
only a projection procedure that evaluates pressure value on the boundary
particles is added from the traditional WCSPH. In order to apply
the GFGP, the solver of pressure Poisson equation should be treated
as a constrained linear equation by imposing the non-homogeneous
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FIGURE 3.3: The Generalized Fixed Ghost Particle,
GFGP approach

pressure Neuman condition on the wall surface. This issue is appeared
in the USAW. As (Leroy et al., 2014) formulates an ISPH with USAW
boundary treatment, the coefficient matrix of the discretized linear
equation for the pressure Poisson equation becomes a non-symmetric
matrix. In this chapter, a simplified GFGP is proposed in order to
solve the constrained linear equations approximately for the non-homogeneous
Neumann boundary condition with small changes from the original
FWP, and several numerical examples are given as a verification and
validation of the proposed method. In addition, the treatment for
free surface boundary treatment used in this research area also will
be discuss in the following section.

3.1.1 Free Surface Boundary Treatment

In this section, one of the famous topic on tracking the free surface
as one of the boundary treatment will be describe. Since the pressure
value on the free surface particles should be equal to zero as Dirichlet
boundary conditions of PPE, the detection of the free surface boundary
has an important role in the ISPH formulation of free surface flow.
The method used to track the free surface may differ in each ISPH
scheme.

Usually in the keeping density-invariance scheme, surface particles
are detected by referring the current particle density 〈ρi〉. The details
have been discussed by Gotoh et al. (2004), Shao and Gotoh (2005),
khayyer et al.(2008,2009). On the other hand, in the keeping divergence-free
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scheme, Lee et al. (2008) proposed a new treatment considering the
divergence of particle position vector. If the particle density can be
kept around its initial value, the free surface detection method can
be utilized (Lee et al. ,2008). In our simulation, however, surface
particles are simply judged by the total number of neighboring particles.
Figure 3.4 shows the schematic diagram on tracking the free surface
boundary condition.

FIGURE 3.4: Free surface boundary condition

Liu and Liu (2003) have investigated the number of neighboring
particles to estimate an efficient variable smoothing length for the
adaptive analysis. In the case of a simply cubic patterned lattice,
where h is usually larger than 1.2 times of the initial particle distance
d0, the number of neighboring particle within the support domain
κh with κ = 2 for cubic spline kernel function should be about 21 in
two-dimensional simulations. In addition, the selected kernel used
in this thesis is cubic kernel function, the threshold for judging free
surface particles in three dimensions was investigated and decided
to have the threshold equal to 48 particles. In short, a fluid particle
i which has the neighboring particles less than the threshold value
will be assumed as a free surface particle, and having zero pressure.
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3.2 Simplified treatment of the non-homogeneous

pressure Neumann condition for the ISPH

within the fictitious boundary particle approach

As discussed earlier in this chapter (section 3.1), there are no Fixed
Ghost Particle (FGP) treatment imposing the non-homogeneous Neumann
condition in the ISPH. In the WCSPH, non-homogeneous Neumann
condition can be enforced by projecting fluid particle pressure onto
the fictitious wall particles explicitly. On the other hand, the ISPH
should treat as constrained condition during the solver of pressure
Poisson equations. (Leroy et al., 2014) proposed an Unified Semi-Anaytical
Wall (USAW) boundary treatment in the 2-D ISPH, which can satisfy
the non-homogenesous Neuman condition. The numerical procedures
are so difficult mainly in two processes; numerical surface integration
in 3-D problems and solving constrained linear equations. The constrained
linear equations result in a non-symmetric coefficient matrix. These
two difficulties requires many modifications in its source code, and
there are no direct application of the non-homogeneous Neumann
condition into the FGP. Here, we propose a simple treatment of the
non-homogeneous Neumann condition in the ISPH incorporated with
the FGP or generalized FGP (GFGP) approach.

3.2.1 Generalized fixed ghost particle approach (GFGP)

The original fixed ghosh partile (FGP) approach requires the fictitious
boundary particles on the solid surface with a constant distance. Then,
fictitious wall particles should be located in the solid domain. These
pre-processes in order to generate these particle model becomes one
of the difficulties in the 3-D computation. Then, Asai et al. (2013)
proposed a generalized FGP (GFGP) in which only the fictitious wall
particles without ‘surface’ boundary particle are located in the solid
domain within a structured regular grid. The particle models show
the step-shaped boundary line in general, and this is called incompatible
shape surfaces model in this paper. Each wall particle in GFGP is
assigned its own signed distance function denoted as di from the
nearest boundary surface in the normal direction ni. The position of
each virtual marker XI is referenced to a boundary particle position
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xi and the information contained in the signed distance function,

XI = xi − 2dini (3.1)

Note here again that the virtual marker does not directly affecting
the SPH calculation, but is used to satisfy adequate physical boundary
conditions on the solid surface. Therefore, the density of the virtual
marker does not have a bad influence on accuracy in SPH and hence,
there is high possibility to make the boundary condition more robustness.
Using this paring system between wall particle i and its virtual maker
I , the slip and/or no-slip boundary condition with respect to the
velocity distribution and the non-homogeneous pressure Neumann
condition in the vicinity of the solid boundary can be satisfied as a
following steps.

At first, the velocity uI and pressure pI at the virtual marker are
interpolated in a manner similar to the SPH,

φ(XI , t) ≈ 〈φI〉 =
∑

j∈Pfluid
i

mj

ρj
W̃ (|rIj|, h)φj, (3.2)

W̃ =
W (|rIj|, h)∑

j∈Pfluid
i

mj

ρj
W (|rIj|, h)

,

Pfluid
i :=

{
j; h > |xij|, xj ∈ Ωfluid, j 6= i

}
. (3.3)

The only the difference between the above interpolation and its
original Eqn. (2.2) is the use of a normalized weight function W̃ .
The normalized weight function is required to overcome the loss of
a sufficient number of water particles to satisfy the unity condition∑

jW = 1.0. This interpolation is applied to the virtual marker
because the virtual marker has no explicit degrees of freedom in the
SPH calculation.

Once the velocity of the virtual marker is given, adequate velocity
distributions in the slip and no-slip condition can be determined by
the following equation.

uslip
i = M 〈uI〉 , Mab = δab − 2nanb (for slip condition). (3.4)

uno−slip
i = R 〈uI〉 , Rab = −δab (for no− slip condition). (3.5)
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where the second order tensorsM andR are the transportation tensors
for the mirror symmetry and point symmetry, andMab andRab indicate
the components in a Cartesian coordinate system. Figure 3.5 shows
a schematic image of the velocity distribution on a boundary particle
and its paired virtual marker.

FIGURE 3.5: Slip and no-slip boundary velocity field
by using the virtual marker

Furthermore, the treatment for the non-homogeneous pressure
Neumann condition can be easily formulated. The non-homogeneous
pressure Neumann condition is given by

∂p

∂n
= ρ

(
ν∆2u+ g − ā

)
inΩfluid. (3.6)

here, ā is acceleration of the wall, and this value becomes zero for
fixed wall case.

Then, the pressure pi on the boundary particle should have the
following relationship to approximately satisfy the pressure Neumann
condition,

pi := 〈pI〉+ 2diρ
(〈
ν∆2uI

〉
+ g
)
· ni,xi ∈ Ωfluid. (3.7)

pi := 〈pI〉+ 2diρ 〈fI〉 · ni, xi ∈ Ωfluid. (3.8)

〈fI〉 =
〈
ν∆2uI

〉
+ g

where 〈pI〉 is the pressure on the virtual marker determined by the
SPH weight averaging approximation (3.2), and di indicates the distance
from a solid boundary toward the targeting wall particle. This equation
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means that the pressure pi on the wall will depend on the pressure
values within the influence radius from the virtual marker I . Then,
degrees of freedoms of the discritized pressure Poisson equation can
be decreased to a number of total water particles. The coefficient
matrix of these equations becomes non-symmetric one, and a non-symmetric
matrix solver such as bi-CGstab should be used to solve this system
of equations.

3.2.2 Simplified treatments of the generalized FGP (SGFGP)

The Generalized FGP (GFGP) can approximately satisfy the slip or
no-slip boundary for the velocity field and the non-homogeneous
Neumann pressure condition. Consequently, the system matrix for
the discritized pressure Poisson equations becomes non-symmetric
one, and evaluation of the non-symmetric component needs to search
for a larger space than the influence radius. The maximum distance
becomes three times larger than the original influence radius. Therefore,
two simple treatments are proposed here in order to simplify the
solving process for the water particle pressure without affect the accuracy
and robust solution.

3.2.2.1 Location change of the virtual markers

The first modification is the position of the virtual marker in order
to decrease the search area. The background cell search algorithm
has been utilized in our SPH code. This is also common algorithm
in the SPH and the other particle simulations. Here, each virtual
marker is replaced on the boundary surface with regular grid of the
wall particles as shown in Figure 3.6. In this approach, the position
of the virtual marker proposed as shown in the following equation
whereby the wall particles is placed on the structured grid, the position
of the virtual marker XI is located based on the distance di to the
normal vector n. In this case, if n define at the global coordinate
system, it is possible to create a virtual marker in the same procedure
even in the non-conforming boundaries that do not match the actual
smooth boundary. The difference between the virtual marker used
in GFGP and Simplified GFGP (SGFGP) is just the change from 2di

to di in order to place the virtual maker which respect to the wall
particles.
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XI = xi − dini (3.9)

FIGURE 3.6: Modification of virtual marker location
for Simplified GFGP (SGFGP)

3.2.2.2 Slip and no-slip condition in the velocity field

The slip and no-slip condition may not be easy to satisfy with the
modified virtual marker on the wall surface, because the former treatment
in equation (3.5) can apply only for the cases in which each virtual
marker is located in the symmetric location to the pairing fixed wall
particle. Firstly, the velocity on each virtual marker is evaluated by
the SPH interpolation (3.2). The virtual markers are now located on
the wall surface, and the virtual marker velocity should not have
its normal component to the wall surface in both situations, the slip
and no-slip conditions. For the slip velocity condition, the normal
component at virtual marker is mandatorily eliminated, and the remaining
tangential velocity is mapped on the pairing wall particle by using

uslip
i = M ′ 〈uI〉 , M ′

ab = δab − nanb (for slip condition) (3.10)

The no-slip condition is approximately satisfied by mapping with
the reversely oriented vector of the remaining tangential velocity at
virtual marker.

uno−slip
i = R 〈u′I〉 , Rab = −δab (for no− slip condition).(3.11)

〈u′I〉 = 〈uI〉 − 〈uI〉 · ni ni
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Figure 3.7 shows the image of these mapping with a set of virtual
makers on the wall surface. The mapping rules for the slip and
no-slip condition shows similarities with the original equations (3.5)
but small differences are given by the positions of the virtual marker.
The advantages of the position change of virtual maker will be given
in a process of non-homogeneous Neumann condition.

FIGURE 3.7: Slip and no-slip boundary velocity field
by using virtual marker for SGFGP approach

3.2.2.3 Non-homogeneous Neumann condition in the pressure field

The non-homogeneous Neumann condition is approximately satisfied
with a virtual marker at the wall surface in the same fashion as in the
equation (3.7) ;

pj := pJ + djρ
(
ν∆2uJ + g

)
· nj, xj ∈ Ωwall. (3.12)

Note again that the virtual marker is not the computational point
but only as a measuring point. Then, the pressure pJ and velocity uJ
should be approximated by

pj := 〈pJ〉+ djρ 〈fJ〉 · nj, xj ∈ Ωwall. (3.13)

〈fJ〉 :=
〈
ν∆2uJ

〉
+ g

The distance is decreasing from 2d to d. This equation means
that the virtual pressure in the wall domain can be determined by
adding the secondary term from an approximated pressure on the
wall surface. This approximated value is given by the SPH interpolation
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with equation (2.2) in the original formulation of GFGP (or FGP), but
there are other possibilities for this approximation. Then, the two
simplified version are proposed as follows.

The first simplification of GFGP (SGFGP) is the use of averaging
of neighbors particles within the influence radius from a target wall
particle. The first version is called level-1 approximation with simple
averaging in this later. The next simplification is the use of a rough
approximation by copying the pressure at each neighbor particle.
The next version is called level-0 approximation.

In the first version with level-1 approximation, pressure at the
virtual marker on the wall surface is assumed by averaging the number
of the particles within the compact support as follows.

pJ ≈ 〈pJ〉 =
∑

k∈Pfluid
J

mk

ρk
W̃ (|xJk|, h)φk in level− 2

≈ pJ =

nJ∑
k∈Pfluid

J

⋂
Pfluid
i

pk/nJ in level− 1

≈ pi in level− 0 (3.14)

One of the above approximations is substituted into the eqn.(3.12)
in order to make a relationship among pressure value on the wall
particlexj and pressure values on the neighbor water particles. Finally,
the discritized pressure Poisson equations can be limited to the unknown
pressures only for the water particles.

To make it much simpler, the Laplacian model for the pressure is
re-written by using a symbolic notation with Aij , which means the
component of the coefficient matrix related to particle i and j.
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〈∇2pi〉 =
∑
j∈Pi

mj

(
ρi + ρj
ρiρj

xij · ∇W (|xij|, h)

|xij|2 + η2

)
(pi − pj)

=
∑
j∈Pi

Aij(pi − pj)

=
∑

j∈Pfluid
i

Aij(pi − pj) +
∑
j∈Pwall

i

Aij(pi − pj) (3.15)

Pwall
i =

{
j; h > |xij|, xj ∈ Ωwall, j 6= i

}
(3.16)

Here, pressure on the boundary particle in the wall region in the
secondary term of the eqn. (3.15) is approximated by substituting the
eqn. (3.13 ) with each level approximation shown in the eqn.(3.14).
Then, the secondary term can be re-written as,∑
j∈Pwall

i

Aij(pi − pj) ≈
∑
j∈Pwall

i

Aij(pi − 〈pj〉) +
∑
j∈Pwall

i

djρ 〈fJ〉 · nj in level− 2,

≈
∑
j∈Pwall

i

Aij(pi − pj) +
∑
j∈Pwall

i

djρ 〈fJ〉 · nj in level− 1,

≈
∑
j∈Pwall

i

βAij(pi) +
∑
j∈Pwall

i

djρ 〈fJ〉 · nj in level− 0.(3.17)

The first term of the each level equation gives the modification in
the components of coefficient matrix, and the second term should
be converted to the source term in the discritized pressure Poisson
equations. The difference among the levels is only the modification
of the coefficient matrix, and the same change in the source term.
Figure 3.8 shows the schematic diagram of the relationships of modification
made at each levels. The level-0 approximation of pj generates a
symmetric coefficient matrix, but the level-1 and -2 approximation
result in an asymmetric coefficient matrix after some modification
made. As the results, only the level-0 approximation can utilize the
Conjugate Gradient solver, and BiCGstab or the other asymmetric
solver is still needed for level-1 and -2 cases. Note that the direct
substitution of eqn. (3.12) in the level-0 approximation may not generate
any change in the coefficient matrix, but the small modification is
added in the above equation with β just for safety of solving linear
equation by Conjugate Gradient method. The value of β is set around
1% in our simulations.
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FIGURE 3.8: The relationship of modification made at
each different levels.

As shown in Equation (3.14), the unknown pressure of the PPE
can be limited to the water particle pressure. By solving these Poisson
equation with the modified coefficient matrix and the source term, it
is automatically satisfied the non-homogeneous pressure Neumann
conditions. After solving the PPE, the pressure on the boundary
particles need to map through the eqn.(3.14). The same procedure
with the others method, the mapping process of the pressure need
to be conducted by using the expression in eqn. (3.7) whereby the
external force as well as pressure will be analyzed by SPH formulation
(3.2) excluding the virtual marker. Figure 3.9 shows the schematic
diagram of the several steps on how the boundary condition is applied
with the matrix involved in solving the PPE for level-0,-1,and -2. The
non-homogenous Neumann boundary condition was applied on the
solid boundary while the Dirichlet boundary condition was applied
only to the place given originally which is the water surface. Note
that, a Dirichlet boundary will give zero pressure on the particles of
the free surface.

The advantages of level-0 approximation are; it is easy for implementation
and it also reduces the computational cost because of the resultant
symmetric coefficient matrix. There are few verification tests were
conducted in order to ensure the most efficient method and then will
proceed with the validation test by comparing with experimental
tests in the following sections.
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FIGURE 3.9: Schematic diagram of the implementation
of non-homogenous Neumann boundary treatments

3.3 Verification and Validation

Several numerical tests were conducted in order to verify and validate
the simplified GFGP (SGFGP) boundary treatment that can approximately
satisfy the non-homogenous Neumann boundary condition during
solving the PPEs. The hydrostatic pressure test is selected as the first
verification test by comparing with its analytical solution. There are
two different models for the hydrostatic test; compatible boundary
particle model only with horizontal and vertical flat boundary and
incompatible boundary particle model with curved and conical objects.
The advantages of the proposed SGFGP are simple implementation
to satisfy the non-homogeneous Neumann boundary condition on
the wall and applicability into arbitrarily complex boundary problems.
The first hydrostatic test with compatible surface is to check the accuracy
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of two levels of the SGFGP; level-0 and level-1, and then the second
hydrostatic test with incompatible surface is conducted in order to
show the applicability for complex boundary problems with accuracy.
After this verification test, the dam break problem with an opening
gate is simulated to evaluate the hydrodynamic pressure as the validation
test. Finally, a demonstration with Stanford Bunny, which is well-known
complicated object and is able to download the 3D-CAD data for free,
is given to show the efficiency of the SGFGP.

3.3.1 Verification with Hydrostatic test

The first verification test is given with the simple hydrostatic problem
in which the rectangular tank is filled with water. The water tank
was filled up with the water volume of 0.2m x 0.2m x 0.2m, and the
simulation model is discritized with regularly distributed particles
with 0.01m distance. The theoretical hydrostatic pressure is given by
a law, p = ρgh(g = 980N/m2) with water density, ρ = 1000kg/m3

and the water height h is 0.2m. The pressure measurement point
is located at the middle of bottom tank as shown in Figure 3.10.
The hydrostatic pressure test was conducted using the proposed two
levels of SGFGP; level-0 and level-1. The level-0 SGFGP is our simplest
version, in which the coefficient matrix of the discretized PPEs becomes
a symmetric one and it can be solved with the conventional CG solver,
whereas the level-1 SGFGP still need to use BiCGstab and the other
non symmetric matrix solver. In this numerical example, the stabilized
parameter α is fixed with 1% (0.01), and the safety parameter β is
examined to check the reasonable range of this parameter. Time
increment is 0.001 sec. in this analysis.

Figure 3.11 (a) and (b) show the hydrostatic pressure distributions
in the level-1(averaging with neighbors water particles)and the level-0(direct
copy of pressure on the target water particle) SGFGP, respectively.
The pressure obtained from both level treatment in the SGFGP shows
a reasonable and smoothed pressure distributions.The particle pressures
only on the water particles are evaluated by solving the constrained
PPEs with an relationship between the water and boundary particle
pressures differently in each level. The particle pressures on the wall
particles are given by mapping from the water particle pressures.
Whereby an equitable and homogeneous pressure distribution in the
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FIGURE 3.10: The shematic diagram for the
hydrostatic case.

same horizontal height is represented by our proposed method. In
order to check the error of the pressure calculation quantitatively,
Figure 3.12 shows the pressure change with the water depth which
comparing with its theoretical value. The level-1 simulation shows a
good agreement without any fitting parameters except for the stabilized
parameter α(= 0.01), whereas the level-0 simulation needs to check a
suitable parameter range for the safety parameter β. Here, the value
of safety parameter in level-0 approach used are β = 0.01(1%) and
β = 0.001(0.1%). If the safety parameter becomes comparatively
large, the pressure value in the vicinity of wall boundary shows lower
than the theoretical value. In this hydrostatic pressure problem, the
safety parameter is not necessary to introduce to get the stable solution
by solving CG, which is one of the iterative solver for the linear
equations with the symmetric coefficient matrix. The iterative solver
is not always stable compared with the direct solver, and then the
safety parameter is introduce to get a robust solution within the reasonable
solution range as in the level-1 solution.

It is apparent from this comparison that there is no significant
difference observed between both levels in the SGFGP for the non-homogenous
Neumann boundary condition. Note here again that the level-1 SGFGP
has an asymmetric coefficient matrix in the discretized PPEs and
needs to solve by BiCGstab. This means the required memory space
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in the level-1 is much larger than the level-0 SGFGP. In addition to
the low memory usage in the level-0, the implementation is so easy
and there are only a couple of differences from the original boundary
particle method. Therefore, only the level-0 SGFGP using a direct
copy of pressure on the target water particle will be used in the
following numerical examples.

FIGURE 3.11: The pressure distribution on the water
particles and wall boundary by using Simplified GFGP
(SGFGP) based on (a) level-1 (b) level-0 with β = 0.01
,of non-homogenous Neumann boundary condition

for compatible surface boundary

Next, the same setup of water tank with the filled water as the
previous test in Figure 3.10 will be used but with the additional of
several complex objects. The similar numerical test was conducted
by Mayrhofer et al.(2014) with the semi-analytical of wall boundary
treatment which led to satisfied the Neumann boundary condition.
Our particle modeling allows to have incompatible particle locations
associated with the actual interface of wall boundary. Then, each
complex object problem can be discritized into the regularly distributed
particles with the same particle distance. There are three complex
objects with concave-convex boundary have been chosen in this hydrostatic
test such as the semi hemispheric shape, the pyramid shapes and the
concave with rectangular shapes as shown in the Figure 3.13. The
height of the water level is same as the previous test which is 0.2m
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FIGURE 3.12: The comparison of pressure distribution
with the depth by using theoretical of hydrostatic
pressure, using Simplified GFGP (SGFGP) based
on different levels for non-homogenous Neumann

boundary condition

and the measurement point also located at the center of the bottom
water tank. However, the initial particle distance 0.005m is reduced
from the half in the previous example because of the resolution for
the additional objects. After the additional objects are introduced,
a reasonable and homogeneous pressure distribution in the same
horizontal height keeps by our proposed method. Here, the reasonable
range of the safety parameter β is again investigated with 0.01 and
0.001.

Figure 3.13 shows the pressure distribution of the water particles
and also the pressure distribution at the concave-convex shape boundary
surface in both cases. There are no clear difference between them, but
the graph for the pressure change into the water depth shows small
error compared with the theoretical value as shown in Figure 3.14.
The pressure in the vicinity of the wall surface shows a bit lower as
the safety parameter becomes larger. This is the same tendency as
the previous numerical test, and small safety parameter may give us
the both advantages in the accuracy and robustness.
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FIGURE 3.13: The comparison of the pressure
distribution of the water region with the real shape
of geometrical object and the pressure distribution
of water particles and objects’ surface using SGFGP
approach with the non-homogenous Neumann
boundary condition for incompatible surface with
complex geometrical objects based different value of

safety parameter β (a) 0.01 and (b) 0.001

3.3.2 Validation with 3D Dam Break Flow with the Opening

Gate

The simulation of three dimensional dam break flow is used to validate
the versatility of our proposed method and compared with the experimental
results. The experimental test on the investigation of dynamic pressure
loads during dam break with an opening gate was carried out at
Technical University of Madrid (UPM) as reported by L.Lobovsky
et al. (2014). In order to validate the proposed SGFGP, the analysis
model with the same geometry as the experimental including the
five pressure sensors were used as shown in the schematic diagram
(Figure 3.15). Figure 3.15 illustrates the view of the analysis model
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FIGURE 3.14: The comparison of pressure distribution
by using SGFGP level-0 approach with different
safety parameter β value with the theoretical value
of hydrostatic pressure for incompatible surface with

complex geometrical objects case.

with the tank dimension and the initial water depth H in the dam
reservoir from the front view, top view and also the side view. There
are two different initial water depths, H with different velocity of
the opening gate, which are 300mm and 600mm of water depth and
the median velocity of opening gates obtained from the experimental
are 3.46 ms−1 and 4.53 ms−1 respectively. In addition, the water
properties give the density of 997 kgm−3 and the kinematic viscosity
of 8.9 x 10-7 m2s−1. While the arrangement of the pressure sensors
used in the analysis model can be seen from the side view as depicted
in the Figure 3.15. There are four sensors located in the center-line
which the first sensor (sensor 1) is placed 3mm above the bed in order
to measure the impact of pressure at the lower tank corner. While, the
others three pressure sensors of the center-line are located at 15mm
(sensor 2), 30mm (sensor 3), and 80 mm (sensor 4) between their
centers and the tank bed. The additional pressure sensor (sensor
2L) which is off-centered sensor is located at the same height as the
second lowered sensor, sensor 2 but halfway towards the back wall.

The particle simulation model of dam break problem with the
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FIGURE 3.15: The dam break simulation with an
opening gate which corresponding to the experiment
conducted by L.Lobovsky et al. Dimensions are in

milimeters.

same geometry given in Figure 3.15 is used. The total number of
particles used for the 3D simulation are 12,541,253 and 9,160,422 for
600mm and 300mm, respectively. The initial particle distance d0 is =
0.002m and the time increment is fixed with 0.0002s in the analysis.
The other parameters α, β are 0.005 and 0.01 respectively. An opening
gate which include in the experimental test also take into consideration
which is the design gate in the analysis model also has the same
velocity as the median velocity in the experimental data. All the five
sensors in the analysis model were placed at the same location as the
experimental in order to ensure the pressure from the simulation can
be measured and compared with the experiment results. Since there
are two case of different height, the simulation results of 600mm
water height case will be discussed first then followed by the 300mm
water height case.

Figure 3.16 shows free surface profile evolutions by the snapshot
for 600mm water height case. From the first observation, the simulation
results show the similarities on every snapshot of the free surface
shape by comparing with the experimental test. The pressure contour
which included in the Figure 3.16 shows the pressure gradient from
the static condition before an opening gate and after gate’s removal
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FIGURE 3.16: The comparison of the free surface
evolution between simulation and experimental for
600mm water height case at non-dimensional times (a)

0,(b) 1.27,(c) 1.67,and (d) 1.87.
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(a) Sensor 1 (b) Sensor 2

(c) Sensor 2L (d) Sensor 3

(e) Sensor 4

FIGURE 3.17: The comparison of the non-dimensional
pressure with the non-dimensional time between the
simulation results with the average pressure from the
experimental at (a) Sensor 1 ,(b) Sensor 2,(c)Sensor 2L,
(d)Sensor 3, (e)Sensor 4 for the 600mm water height

case.

and the impact after hit the wall which indicated the higher pressure.
Furthermore, it is clear that the lower sensors are exposed to the
higher pressure level as the red color of contour is observed after
the water smashed on the wall boundary surface. Then, the pressure
measured at each sensors were compared with the average value of
pressure obtained from the experimental as shown in the Figure 3.17.
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As shown in Figure 3.17, the simulated pressure at each sensor
even though the peak value is somehow exceed or a bit lower than
the experimental result. Interestingly, the similar curve shape of
pressure at each sensors were observed in these comparisons and it
indicates a numerical convergence profile as more accurate solutions
are given when the spatial resolution in the particle discritization
becomes higher. However, there are small discrepancy observed between
simulation and the experiment data whereby the arrival time at each
sensor from simulation results shows a bit delay in time. Neglecting
for the arrival time, the value of pressure observed from the simulation
using the proposed boundary treatment shows similarity and in line
with the experimental results. The opening gate speed in the simulation
was fixed with a constant velocity which evaluated from the median
velocity in the experimental measuring. We suggest the accurate
modeling of the opening gate and slip or no-slip boundary treatment
need to be modify in the future work.

Next, the 300mm of water height case is simulated with the same
setting. Figure 3.18 presents the comparison the evolution of the
free surface profile between the simulation and the experimental for
300mm water height case at non-dimensional times (a) 0,(b) 1.58,(c)
2.57,(d)4.93, and (e) 6.67 . By comparing the snapshots taken from
the simulation and experiment, similar tendency can be observed.
The snapshot at arriving at the edge corner and at climbing the wall
indicate the similar water profiles with experimental pictures as shown
in Figure 3.18 (c) and (d), respectively. In addition, the static hydrostatic
pressure also can be seen from the snapshot before the gate start to
open as depicted in Figure 3.18(a) which the similar tendency also
observed in 600mm water height.

Finally, the measured pressure at each sensor obtained from the
simulation are compared with the average pressure which obtained
from 100 conducted test for each sensor as shown in Figure 4.22.
However,a bit delay of arrival time was also occurred almost at all
sensors. Then, by neglecting the short delay of arrival time, the
plotted pressure history shows the similarities with the experimental
data. Even though it is not 100% same as experimental but only
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FIGURE 3.18: The comparison of the free surface
evolution between simulation and experimental for
300mm water height case at non-dimensional times (a)

0,(b) 1.58,(c) 2.57, (d) 4.93,and (e) 6.67 .



58 Chapter 3. Boundary Treatment

(a) Sensor 1 (b) Sensor 2

(c) Sensor 2L (d) Sensor 3

(e) Sensor 4

FIGURE 3.19: The comparison of the non-dimensional
pressure with the non-dimensional time between the
simulation results with the average pressure obtain
from 100 test of experiment data at (a) Sensor 1, (b)

Sensor 2, (c) Sensor 2L, (d) Sensor 3, (e)Sensor 4.

the small discrepancy is observed especially at all sensor excluding
sensor 4 whereby the simulation results gives a bit higher pressure at
certain time. However, only Sensor 4 gives a bit lower value comparing
with the experimental results.

The tendency observed from the simulation also show the similarities
with the result obtained by J.L.Cercos-Pita et al., (2016) for Sensor
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FIGURE 3.20: The comparison of the non-dimensional
pressure with the non-dimensional time between
experimental result with the simulation results at the

Sensor 4 with different height.

1, Sensor 2, Sensor 3 and Sensor 4. Interestingly, the upper sensor
which is Sensor 4 also shows the same tendency which lowered compared
with the experimental result. In this section, the existence of the
pressure different observed at Sensor 4 is paid an attention since the
same tendency also observed by recorded pressure by J.L.Cercos-Pita
et al., (2016). Then, the comparison made by using the same approach
with the different height as proposed in the experimental as shown
in Figure 3.20 The pressure observed at sensor located at the 70mm
above the bed tank which originally located at 80mm shows a similarity
with the experimental result. During these simulations for the dam
break problem, the wave front in the case of 300mm water height
case is so narrow in contrast with the 600mm case. The narrow wave
front requires a smaller particle distance.

3.3.3 Stanford Bunny Demonstration

Stanford Bunny is one of the most famous 3D-CAD objects used for
demonstration of complicated irregular shape because its 3D-CAD
data can be download for free. The bunny was located at the center
of the tank as depicted in Figure 3.21. The upper part of tank consist
of 0.20m of water height which being separated by both sides of
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gates. The opening gates were moved with constant speed in both
directions. The purposed of this demonstration is to show the applicability
of proposed SGFGP for a dynamic motion of water within the complicated
boundary, whereas the hydrostatic test with the complicated boundary
was shown in section 4.1. Figure 3.22 shows the all round view of
the Stanford Bunny demonstration. Then, there are six symmetrical
location surrounding the bunny were selected to measure the pressure.
The measured pressure at the selected points as illustrated in Figure 3.23
were used for comparing with the theoretical hydrostatic pressure in
order to check the accuracy of proposed method. The size particle
distance used is 0.005m with the 0.01 relaxation coeffient and time
step is 0.0001. The safety parameter β used is 0.01.

FIGURE 3.21: The schematic diagram of Stanford
Bunny used for demonstration

Figure 3.24 present the several snapshots of the movement and
the pressure of the falling water and the bunny itself which taken
during the simulation at certain time step. From the snapshot it is
clearly shows the reasonable dynamic water pressure can be seen
from the early step, during the opening gate begin to operate and the
water fall onto the bunny. The higher pressure is observed especially
on the top of bunny’s body and also at the corner part of tank once
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FIGURE 3.22: The all round views of Stanford Bunny
used for demonstration

FIGURE 3.23: The six location to measured the
pressure in Stanford Bunny demonstration
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the falling water is hit the bunny and attacked to the bottom boundary
respectively. It is apparent from these snapshots that there is no
penetration occurred during simulation and the pressure react towards
the Stanford Bunny shows a good agreement with the falling water.
Furthermore, once all the water from the top is going down, the
pressure in water domain shows the same pressure level on the bunny
surface in the same depth. The measured pressure in the simulation
is compared with the theoretical value of hydrostatic pressure as
shown in Figure 3.25. From this comparison, almost all six measurement
point of pressure shows a very good agreement with the theoretical
value as its hydrostatic pressure. The demonstration of Stanford
Bunny using the proposed method of boundary treatment was successful
carried out and shows a robust solution and no penetration is occurred.
The level-0 SGFGP gives an accurate pressure and robust solution
with the advantages of ease implementation and low computational
costs.
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FIGURE 3.24: The several snapshot of pressure
distribution at certain time in Stanford Bunny

demonstration
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FIGURE 3.25: The comparison of pressure between
simulation and theoretical value at six different

location in Stanford Bunny demonstration

3.4 Conclusion

From this chapter, the reviews of existing boundary treatment and
the proposed boundary treatment have been explained in detail. The
simplification of the existing boundary treatment is one of the objective
proposed in this study in order to have robust solution with the high
accuracy and low computational cost. The fixed ghost particle (FGP)
boundary treatment is selected to satisfy the non-homogeneous pressure
Neumann condition and slip or no-slip boundary condition on the
wall surface. Furthermore, the notation used in the present study is
followed the generalized version of FGP (GFGP) which applicability
the FGP for incompatible boundary particle model.

In addition, the existing technique for the non-homogeneous pressure
Neumann boundary condition is re-written in the GFGP notation
which is referred as level-2 SGFGP. Then, two lower level approximations
of the non-homogeneous boundary treatment are proposed in order
to implement with ease and without higher computational costs. The
level-1 SGFGP used a lower approximation of pressure on the virtual
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marker with simple averaging from the neighbor water particle, while
the level-0 SGFGP approximated the pressure with a copy of its target
water particle pressure during the calculation of a pressure Laplacian
component between the target water particle and its virtual maker.
Then, the coefficient matrix in the level-0 SGFGP becomes a symmetric
one and the conventional CG method can be utilized, and in contrast
with the level-1 and level-2 SGFGP which needed the asymmetric
solver such as BiCGstab.

Through the verification in the hydrostatic solver for both level-0
and level-1 SGFGP that have been carried out, it was found that the
level-0 SGFGP with a small safety parameter can reproduced the
same accuracy as the level-1 SGFGP and theoretical solution with
low computational costs as the CG solver was used. Then, a validation
test of dam break flow experimental data was conducted only with
the level-0 SGFGP to checked the performance and the measured
pressure at each sensors from the simulation shows good agreements
with the experimental results. Furthermore, one more significant
findings to emerge from this study is that the proposed level-0 SGFGP
produced not only a robust solution with high accuracy and low
computational costs, but also can apply the much complicated and
dynamic problems like the demonstration test of Stanford Bunny
model. The proposed SGFGP boundary treatment also can be applied
not only to the fixed wall boundary but also to the moving boundary
which the acceleration of the moving boundary take into consideration.
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Chapter 4

Matrix-arrayed virtual wave
maker for multi-scale analysis

Chapter 4 describes the characteristic and the function of a matrix-arrayed
virtual wave maker. This matrix-arrayed virtual wave maker is proposed
to connect two different simulations. One is a pre-calculation solution
(or observed data) referred to here as the Level-0 analysis in this
thesis. The other is a sequential particle simulation referred to as the
Level-1 analysis that produces the data following on from the Level-0
pre-calculation at the interface boundary. There are two version of
virtual wave maker that will be described in this chapter with some
verification tests as proven data for its significant level. One of the
objective in this thesis is to conduct the coupling simulation between
the 2D shallow water simulation and 3D particle simulation for the
tsunami inundation problem which will be detailed explain in the
next chapter. However, in order to achieve the objective, the detail
of proposed VWM will be discuss first in this chapter with some
numerical test.

4.1 General functions of the virtual wave maker

(VWM)

In this section, the main functions of the virtual wave maker proposed
will be summarized. Figure 4.1 shows the main functions of the
matrix-array shaped virtual wave maker as a schematic image for a
2D problem. A virtual wave maker is not a physical wave maker but
rather functions as a generator of new particles and/or as a remover
of unnecessary particles, dependent on pre-calculation results. At
first, the cell size is assumed to be the same as the initial particle
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distance L0 in the SPH. Each cell includes one in/outflow particle
that becomes a candidate of the newly generated water particle in
the SPH calculation. The virtual wave maker cell is moved only in
the main flow directionNf within a distance of−Lmax to Lmax. Here,
the maximum value Lmax is the same as L0. Then, the movement of
the cell is limited to the main flow direction and the total value Ln+1

is given,
Ln+1 = Ln + dtUn

lv0 ·Nf . (4.1)

The incremental movement of the virtual wave maker dtUn
lv0 ·

Nf shows a positive value in the inflow condition on the inflow
boundary; the value becomes negative for outflow conditions. When
the total movement reaches the maximum value Lmax, the virtual
wave maker cell produces a new water particle with the current water
velocity Un

lv0, as shown in Figure 4.1b), and the cell is returned back
to the last queue of the virtual wave maker cell, as shown in Figure
4.1a). In contrast, for the outflow condition, the last cell is returned
back to the front cell to occupy the virtual wave maker by the in/outflow
particles, as shown in Figure 4.1d), once the total movement becomes
the minimum value −Lmax. In addition to the particle generation
function of the virtual cell, the cell can remove unnecessary water
particles in the Level-1 simulation based on the SPH, when the water
particles go inside the virtual wave maker, as shown in Figure 4.1c).
These functions are necessary to maintain a uniform particle distribution
during a SPH calculation in the vicinity of the inflow.

Note that the in/outflow particles are treated as boundary particles
in the SPH simulation at Level-1. Then, the number of the columns
in the virtual wave maker is fixed at three, as shown in Fig.4.1. Each
in/outflow particle at the same height has the same velocity as the
value at the first column from the water side, although the velocity
has a different value at greater water depths.
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FIGURE 4.1: General functions of the virtual wave
maker (VWM)

4.2 Types of Virtual Wave Maker (VWM)

Generating and removing particles are the main functions of the virtual
wave maker. Figure 4.2 shows the general application of the matrix
array shaped virtual wave maker for 3D problems. If the Level-0
analysis is done using 3D wave case whereby the coupling between
3D simulation, the movement of each cell is different and dependent
on the pre-calculated velocity as shown in Figure 4.2(d). In this chapter,
the numerical examples conducted are based on 3 dimensional wave
case. Meanwhile, if the Level-0 analysis is done using a 2D shallow
water equation, then movements at the same horizontal location but
at different depths are assumed to have the same value as those
shown in Figure 4.2(c) (chapter 5). However, in general, the water
velocity distribution is non-uniform at depth as shown in Figure
4.2(b), even for quasi-2D flow problems. In addition to the error
in the velocity distribution between the 2D and 3D calculations, the
assumption of hydrostatic water pressure in the shallow water equation
is not exactly correct. The pre-calculation uniform velocity at depth
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and the hydrostatic pressure distribution in the 2D analysis may generate
a gap on the boundary between the 2D and 3D calculations. Our
proposed method enables a one-way coupling between the Level-0
(2D) and Level-1 (3D) simulations.

FIGURE 4.2: Applications of the virtual wave maker in
several wave types

4.2.1 VWM with considering pressure from pre-analysis

In this section, the first version of VWM is introduced. The introduced
VWM will considering the pressure including the velocity from the
pre-analysis which is level-0 in this thesis. Although there were many
research about the multi-scale tsunami analysis or coupling simulation
between different dimensional, only the velocity and the hydrostatic
pressure were most focused on. However, as mentioned early, the
assumption of hydrostatic water pressure in the shallow water equation
is not so accurate especially near the boundary of different dimensional
analysis and produced some gaps. Therefore, the first version of
VWM proposed is to check on the importance of having accurate
pressure. In order to have coupling between both level or having a
multi-zooming analysis, some additional transition layers is necessary.
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This transition layers with VWM is is necessary to decrease these
gaps.

As far as we have checked the influence of these gaps, the differences
in the pressure between Level-0 and Level-1 may become a trigger
to the divergence of the SPH simulation in the Level-1 simulation.
Then, two types of transient regions are placed at the front of the
virtual wave maker as shown in Figure 4.3. As shown in this Figure
(4.3), the velocity input data is necessary for the controlling the movement
of VWM before being solved using SPH approximation. On the other
hand, the pressure input data is required not only for VWM but also
in the transition regions.

FIGURE 4.3: The 2D schematic diagram of virtual
wave maker(VWM) with additional transition region

which considering the pressure from Level-0

If the water particle are located inside of these transition region,
the pressure is over-written by the following manner after the pressure
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is given by solving the pressure Poisson equations as p∗∗.

plv1(xi) := Plv0(xi) ∈ Ω0, ΩI (4.2)

plv1(xi) := γ(xi)Plv0(xi) + (1− γ(xi))p
∗∗(xi) ∈ ΩII (4.3)

γ(xi) =
LII − l(xi)

LII

where the first equation means that both the virtual wave maker
Ω0 and the transitional layer ΩI will have the same pressure as the
Level-0 solution, and the second equation for the transitional layer
ΩII is the linear combination between the SPH calculation and Level-0
solution with respect to the distance l from the boundary between ΩI

and ΩII By using the above equation, we can reduce the gap between
the Level-0 and Level-1 solution without any jump in the pressure
calculation.Figure 4.4 shows the 2D schematic diagram of the detail
overview of boundary processing cell for the transition regions proposed.
The numbers of layers for transition layer I and transition layer II are
5 layers and 15 layers respectively.

FIGURE 4.4: The detail overview of boundary
processing cell in Level-1

The effects of the the first version of VWM will be examined by
comparing the solution with or without considering the pressure
from Level-0 analysis in the transition region in following section
(4.3). Howewer, this approach have some limitation which is the
number of transition layers and most importantly is to have the pressure
data from the pre-analysis or the dependent on pre-calculation results.
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This required a huge memories from both level of analysis either
Level-0 or Level-1. Then, in order to overcome these limitation, another
version of VWM is proposed which is the VWM with SGFGP boundary
treatment as already discuss in the previous chapter (Chapter3). The
detail implementation of the proposed VWM with SGFGP boundary
treatment will be discuss in the next section.

4.2.2 VWM with SGFGP boundary treatment

In this section, the detail implementation of virtual wave maker (VWM)
with the SGFGP boundary treatment will be describe. The major
different from this proposed VWM with the first version of VWM
as discussed in section 4.2.1 is the calculation of the pressure. As
mentioned previous, the pressure is dependent on the pressure calculated
from the Level-0 analysis as stated in the equation 4.3 and 4.4. However,
for the VWM with SGFGP boundary treatment, the pressure is solved
using level-0 SGFGP approach with few modification of relaxation
coefficient used in SPH calculation of Level-1 analysis. In chapter
3, the detailed of proposed SGFGP boudary treatment and level-0
SGFGP treatment shows the accurate pressure distribution with lower
computational cost. The same safety parameter proposed also used
in this treatment, which the value ofβ is 0.01. Therefore, by using this
approach, the only required data from the pre-analysis, Level-0 is
velocity for the movement of VWM as stated in equation 4.1. However,
there are two transition regions is proposed in order to control the
source term in solving the PPE especially near the boundary of VWM
as shown in Figure 4.5.

The modification of relaxation coefficient, α is only necessary if
the particles were located in the transition regions as the following
manner.

αlv1(xi) := 0 ∈ ΩA (4.4)

αlv1(xi) := γ(xi)α ∈ ΩB (4.5)

γ(xi) = LBl(xi)

where the first equation, in transition layer A ΩA, means the α
used is fixed to zero, and the second equation in transition layer B
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FIGURE 4.5: The 2D schematic diagram of virtual
wave maker(VWM) with SGFGP boundary treatment

ΩB is the linearly change of the α with respect to the distance l and
LB is the total length of transition layer B.

By using the above equation, we can smoothly coupling the two
solution which are Level-0 and Level-1 solution.Figure 4.6 shows the
2D schematic diagram of the detail overview of boundary processing
cell for the transition regions proposed with SGFGP boundary treatment.
Even though both version of VWM that already discuss having a
similarities in having transition layers, the numbers of layers for each
transition layer shows a differences. For the proposed VWM with
SGFGP boundary treatment, the number layers less 3 times than
other version. The numbers of layers for transition layer A and transition
layer B are 2 layers and 3 layers respectively.
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FIGURE 4.6: The detail overview of boundary
processing cell in Level-1 using VWM with SGFGP

boundary approach

Furthermore, by using this approach, the memory needed is less
compared with the previous version of VWM and will lead to reduces
the computational cost. It is well known that VWM proposed will
used for the multi-scale tsunami analysis which is the large scale
computational analysis and the method with high accuracy and reasonable
computational cost is always be the priority. Therefore, the numerical
tests conducted will be discuss in the following section in order to
check the accuracy and performance before being apply in the real
case of tsunami run up simulation in Chapter 5.

4.3 Numerical examples

This section attempts at quantifying the accuracy of the numerical
solution achieved using the proposed virtual wave marker which
already explained. The first test is coupling simulation between two
3D particle model with same resolution. The performance of both
version of VWM which explained in section 4.2.1 and 4.2.2 will be
examine. Then, the application to a zooming simulation with a paired
3D particle simulation using different resolution will be the second
test conducted. The zooming simulation test will be examine using
the VWM with SFGGP as proposed. In this study, as mentioned
earliest only one way of coupling method is introduced as the beginning
for the introduction of virtual wave maker.
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4.3.1 Coupled simulation between two 3D particle models

with same resolution

A coupled simulation between two 3D particle models was implemented
as one of the validation tests for our proposed virtual wave maker.
The purpose of this simulation is to show the equivalence between
a single resolution simulation and a coupled simulation with the
virtual wave maker. The two simulations were implemented using
the same particle method, and the difference between them can only
be related to the numerical error of the virtual wave maker.

4.3.1.1 Validation test for VWM with considering pressure from
pre-analysis

The numerical test was conducted using the same resolution for both
the Level-0 (pre-calculation simulation) and Level-1 (calculated) analyses.
Figure 4.7 shows our numerical example models for the Level-0 and
Level-1 simulations. The initial depth of the water was 1 m. A
wave run-up problem was solved for this setting using the physical
wave maker. In the Level-0 simulation, the physical wave maker
generated continuous waves using 5 wave plate with different phase
of velocity determined by v = 1.57 sinπ(t + τ)[m/s]. The reason of
having this 5 different phase of 5 wave plate is to produce a pushing
wave undertow tsunami which having a three-dimensional properties.
The velocity in x-direction of difference phase of the wave making
plate is based on numbering the plate as 1, 2, 3, 4 and 5 with value of
τ = 0, τ = 2/5, τ = 4/5, τ = 6/5, and τ = 8/5 respectively as shown
in Figure 4.8.

A solution for the whole region was found by using the SPH
method as the Level-0 pre-calculation simulation. The final Level-0
simulation result was then used as the reference solution for the Level-1
simulation covering a limited region with the virtual wave maker as
shown in Fig.4.7. In this example, the initial particle distance was set
to 0.1 m for both the Level-0 and Level-1 particle simulation models,
and the time increment was fixed to 0.001 s with the slip condition
was applied on the solid boundary.
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FIGURE 4.7: Numerical validation model with a
physical wave maker at the Level-0

FIGURE 4.8: The shematic diagram for generating the
wave from physical wave maker

Here, in the case of the Level-0 particle simulation, the wave height
was monitored in inflow layers consist of the virtual wave maker,
the transitional layers I and II. However, in the virtual wave maker,
the water velocity was also monitored and stored to evaluate the
movements of the virtual wave maker in the subsequent Level-1 simulation.
In summary, the observation area for this numerical test is set to 20
layers which will represent the inflow input data such as the velocity
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and pressure that will be used for the Level- 1 simulation as shown in
Figure 4.7 and Figure 4.8. Note that the particle locations generally
differ from the center of cells in the transition layers; however, the
pressure and velocity at the centers of cells can be approximated by
SPH weight averaging (3.2).

A comparison of the wave shapes and velocity distributions obtained
from the Level-0 and Level-1 models is shown in Figure 4.9. In this
Figure (4.9), the comparison also made for Level-1 itself to check on
the effect of having pressure from Level-0 or vice versa. From the
observation, in term of wave shape, both Level-1 Figure 4.9(b) which
considering the pressure from Level-0 solution in the transition layers
proposed and Figure 4.9(c) whereby without considering the pressure
from Level-0 analysis shows a similarities with the Level-0 as reference
solution. However, if the comparison is made based on the velocity
distribution, there is a bit discrepancy especially near the boundary.
It can be seen clearly in Figure 4.10, whereby the velocity distribution
is smoothly coupled between Level-0 and Level-1 with considering
the pressure in the transition layers and this is contrary to a Level-1
analysis which not considering the pressure from the pre-analysis,
Level-0.

In order to validate our simulation model quantitatively, the Level-0
and Level-1 simulation results have been compared by checking energy
loss and the total volume of fluid. The total water head, which is
the sum of the water head of all particles, and the total number of
particles are measured during the simulation in the measurement
area which is defined by the red box in Figure 4.7. Figure 4.11(a) and
4.11(b) shows the total water head and the total number of particles,
respectively. In the graph, a Level-1 solution without considering
the pressure distribution and additional transitional layers is added
to discuss the efficiency of the pressure in transition layers. From
the graphs shows in Figure 4.11, it is clearly that by considering
the pressure distribution from Level-0 analysis in transition layers
may contribute to the correct coupling simulation and the precise
historical records of the total water head and total number of particles.
The total water head within measured areas is calculated using the
following equation.
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FIGURE 4.9: The simulation results from Level-0 and
Level-1 analyses in term of velocity distribution

Total water head =
∑(

P

ρg
+
v2

2g
+ g

)
(4.6)

On the other hand, the accumulated error in the time history can
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FIGURE 4.10: The closed up of the velocity
distribution in the vicinity of the virtual wave maker

be seen in the case of virtual wave maker without considering the
pressure. Based on these comparisons, its indicates that the pressure
distribution is one of the influence factor that necessary in order
to have correct coupling analysis. Hence, as mentioned previously,
the second version of virtual wave maker with SGFGP boundary
treatment was introduced in section (4.2.2) in order to have correct
pressure distribution without required a huge memories of pressure
data from the pre-analysis, Level-0 and the validation test conducted
will be discuss in the next section.

4.3.1.2 Validation test for VWM with SGFGP boundary treatment

In this section, the validation test for the proposed virtual wave maker,
VWM with SGFGP boundary treatment (section 4.2.2) will be discuss.
This validation test have the same target as previous test that already
discuss which is to have coupling simulation between two 3D particle
models with same resolution. Basicly, Level-0 analysis (pre-calculated
simulation) and Level-1 analysis (following simulation) conducted
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(a) Total water head

(b) Total number of water particles

FIGURE 4.11: The comparisons of the total energy and
total volume of fluid during each particle simulation

using the same resolution. Figure 4.12 shows the setting of our numerical
test.The depth of water is 1m and the wave plate with slope run-up
problems was generated by using a pre-analysis. Similar with the
previous test, the physical wave maker design to generate continuous
waves using 5 wave plate with different phase of velocity determined
by v = 1.57 sinπ(t+ τ)[m/s] in Level-0. The velocity in x-direction of
difference phase of the wave making plate is based on numbering
the plate as 1, 2, 3, 4 and 5 with value of τ = 0, τ = 2/5, τ = 4/5,
τ = 6/5, and τ = 8/5 respectively as shown in Figure 4.8.
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FIGURE 4.12: Numerical validation model with a
physical wave maker at the Level-0 and virtual wave

maker at Level-1

The same concept was applied whereby the whole region is solved
by the SPH method as the Level-0 pre-calculation. After finishing all
the calculation in Level-0, the Level-0 simulation result becomes our
reference solution for Level-1 simulation in the limited region with
the virtual wave maker as shown in Figure 4.12. Then, the initial
particle distance is set by 0.1m both in the Level-0 and -1 particle
simulation models, and the time increment is fixed by 0.001s.In contrast
with previous test, in case of use of the particle simulation at the
Level-0, only the water velocity is monitored and stored to evaluate
the movement of the virtual wave maker in the subsequent Level-1
simulation.

Note that the particle location is in general different from the
center of cells in transition layers, and the pressure and velocity at the
center of cells are approximated by the SPH weight averaging (3.2).
As discussed detail in introduced the VWM with SGFGP boundary
treatment in section 4.2.2, the essential input data from the Level-0
pre-calculated simulation, is only the velocity whereby the pressure
will be solved using SGFGP proposed with some modification of
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relaxation coefficient. In summary, the observation area for this numerical
test is only 1 layer which will represent the inflow input data in
velocity that will be used for the Level- 1 simulation as shown in
Figure 4.12 and Figure 4.8.

The first comparison made is based on the wave shape obtained
from the Level-0 and Level-1 model as shown in Figure 4.13. It is
clear that the Level-1 solution can represent the Level-0 solution accurately
in the wave shape. Then, the comparison also was conducted in
term of pressure distribution and velocity distribution as illustrated
in Figure 4.14 and Figure 4.15 respectively. Based on the snapshot
comparison at each time step, the similarities was observed between
the Level-1 simulation with the reference solution, Level-0 in both
pressure distribution and velocity distribution especially near the
vicinity area of virtual wave maker. This results indicated a good
sign of proposed virtual wave maker, VWM with SGFGP whereby
the calculated simulation in Level-1 analysis is well coupled with the
Level-0 analysis.

Next, in order to validate our simulation model quantitatively,
the Level-0 and Level-1 simulation results are compared by checking
energy loss (equation 4.6) and total volume of fluid. The red box in
Figure 4.12 defined the measurement area whereby the total water
head which is the summation of total water head of all particles and
the total number of particles are measured in the measurement area.

Figure 4.16(a) and Figure 4.16(b) show the total water head and
the total number of particles respectively. From this graph comparison,
both simulation result given by Level-1 simulation using the proposed
VWM with SGFGP boundary treatment and Level-0 analysis shows
a good agreement and similar tendency. It is proven that, this version
of VWM with SGFGP boundary condition can smoothly coupled the
simulation between two 3D particle models with the same resolution.
Next, the further checking was conducted to ensure the proposed
method of VWM with SGFGP including the transition layers is efficient
and several cases of Level-1 simulation was done.

Then, by using the same validation model of Level-0 analysis as
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FIGURE 4.13: The comparison of the wave shapes
given by the Level-0 and Level-1 simulation
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FIGURE 4.14: Comparison of the pressure distribution
observed from Level-0 and Level-1 simulation.
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FIGURE 4.15: Comparison of the velocity distribution
given by the Level-0 and Level-1 simulation.
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(a) Total water head

(b) Total number of water particles

FIGURE 4.16: The comparisons of the total energy and
total numbers of particles between Level-0 simulation
as reference and Level-1 simulation using proposed

VWM with SGFGP boundary treatment

shown in Figure 4.12, the simulation of Level-1 is conducted based
on given cases. The selected cases of Level-1 simulation as shown in
Figure 4.17 is to check the accuracy of having transition layers while
applying the SGFGP boundary treatment to the virtual wave maker.
There are three cases on checking the efficiency, whereby case 1 is
the proposed virtual wave maker with SGFGP boundary condition
and having transition regions A and B; case 2 is for the virtual wave
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maker with SGFGP boundary condition and only consider the transition
regions A; and case 3 is the condition for the virtual wave maker with
SGFGP without any transition regions as depicted in Figure 4.17.

FIGURE 4.17: Different cases for implementation the
SGFGP boundary treatment with virtual wave maker

Then, the comparison based on the snapshot of pressure distribution
at certain time is examine to check the effect of different cases. In
order to check the accuracy and the effects at each cases, the snapshot
provided in three different view such as front view, back view and
also the cross view. Figure 4.18, Figure 4.19, and Figure 4.20 represent
the pressure distribution at certain time step from front view, back
view and cross view respectively. As illustrated from these views, the
similarities is observed between reference solution, Level-0 with the
result obtained in case 1 and case 2. On the other hand, the contrary
was observed from case 3 whereby the virtual wave maker,VWM
with SGFGP boundary treatment but without having any transition
layers as proposed. The obvious discrepancy is clearly shows especially
near the vicinity area of virtual wave maker boundary. The black
square as shown in Figure 4.18(d) and Figure 4.19(d) can be seen
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clearly from the cross view as depicted in Figure 4.20(d). From this
observation, the layer near the boundary of virtual wave maker having
the wrong pressure distribution and indicates that the modification
of the source term need to be done. This phenomena occurred because
of the accumulated particles especially near the boundary as the in/outflow
condition.

Based on the comparisons made, its revealed that the modification
of source term which is the relaxation coefficient in the transition
layers A is necessary to have correctly coupling between two different
level of solution. In addition, there is no clear different observed
in having only transition layer A (case 2) or having both transition
layer A and B (case 1) as illustrated in the Figures 4.18,4.18 and 4.20.
Figure 4.21, however,shows that the clear discrepancy between this
two cases, case 1 and case 2 is observed at different time step. The
main reason to have transition layer B additional to the transition
layer A is to smoothly coupled the two different level without any
noisy or jump pressure. The transition layer B is needed to have
linearly change of relaxation coefficient, αwhich is used in the calculation
of PPE. The black circle in Figure 4.21 shows a clear gaps of pressure
is occurred.

Finally, the simulation model is validated quantitatively, the Level-0
and Level-1 simulation results for each cases have been compared by
checking energy loss and the total volume of fluid.The total water
head, which is the sum of the water head of all particles, and the
total number of particles are measured during the simulation in the
measurement area which is defined by the red box in Figure 4.12.
The total water head and the total number of particles are presented
in Figure 4.22(a) and 4.22(b) respectively. From the plotted graph,
a case 3 Level-1 solution without any transition layers indicates the
coupling is not correctly occurred and inaccurate. Furthermore, the
virtual wave maker, VWM with SGFGP including transition layers
shows the same tendency with the reference solution, Level-0. However,
for the sake of having smoothly connection or coupling simulation
between two simulation, the case 1 whereas the VWM with SGFGP
which considering both transition layer A and B is more significant.
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FIGURE 4.18: The comparison of pressure distribution
for different Level-1 cases with the Level-0 as the

reference solution from the front view
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FIGURE 4.19: Comparison of pressure distribution for
different Level-1 cases with the Level-0 as the reference

solution from the back view
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FIGURE 4.20: The cross section view comparison in
pressure distribution between different Level-1 cases

with the Level-0 solution

In summary, the proposed virtual wave maker, VWM with the
SGFGP boundary treatment including the transition layers shows
that coupling simulation between two 3D particle models with the
same resolution can be successful done with the precise historical
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FIGURE 4.21: Comparison of pressure distribution
especially for the highly disturbed or pressure gaps

records of the total water head and total number of particles. Then,
the comparison between the two version of virtual wave maker, VWM
proposed will be discuss deeply in the next section.

4.3.1.3 Comparison between two version of VWM proposed

In this section, the comparison between the two version of VWM
proposed will be discuss since the validation tests of each version
were carried out in the previous sections (4.3.1.1) and (4.3.1.2). The
clear different between these two VWM proposed is the boundary
treatment used and the numbers of layers used as transition regions.
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(a) Total water head

(b) Total number of water particles

FIGURE 4.22: The comparisons of the total energy
and total numbers of particles between different
cases for Level-1 simulation with the reference,Level-0

simulation

As concern, the first version of VWM used only the pressure coming
from the pre-calculated simulation before having the linear combination
between SPH calculation and the calculated pressure in pre-analysis
in Level-0 without considering any boundary treatment. While the
second version of VWM is having the appropriate boundary treatment
which is using SGFGP approach. The number of layers used in transition
regions also differed depends on the each approach.
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FIGURE 4.23: The comparisons of the pressure
distribution between Level-0 simulation as reference
and Level-1 simulation using proposed VWM with
SGFGP boundary treatment and without boundary

treatment
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The comparisons were made based on the qualitative and also
quantitative. Figure 4.23 and Figure 4.24 shows the comparison between
the reference solution as Level-0 with the Level-1 simulation using
the both versions of VWM based on the pressure distribution and
velocity distribution respectively. From the snapshot, there is almost
no different regarding the wave shaped, the pressure distribution
and also the velocity distribution whereby it indicated the coupling
between Level-0 simulation and Level-1 simulation are smoothly connected
by using both version of virtual wave maker. The pressure and the
velocity observed at Level-1 simulation shows the similar tendency
with the reference, Level-0 simulation.

Then, the quantitative comparison based on the total water head
and the number of particles were made as shown in Figure 4.25.
From these comparison, the total water head calculated as depicted
in Figure 4.25(a) shows the same pattern and equivalence with the
reference analysis, Level-0. On the other hand, the similar curves
shaped of total number of particles graph is observed but with a
small discrepancy (Figure 4.25(b)). The small difference was noticed
especially at the upper peak for the both version of VWM and at the
bottom peak for the VWM with SGFGP boundary treatment. This
discrepancy is ignored since it is very small and not affected to the
total water head and also the smoothed pressure and velocity distribution
along the simulation.

In summary, based on the comparison made between Level-1 simulation
by using both version of virtual wave maker proposed with the Level-0
simulation, the similarities of results and the good performance along
the simulation have been seen. In addition, the two version of VWM
are having the same features of having the transition regions as described
in section (4.2.1) and (4.2.2). However, the numbers of layers in
the transition layer and the provided data from the pre-calculated
analysis are different. In the case of VWM without any boundary
treatment, the numbers of layers needed are huge compared with the
VWM applying SGFGP boundary treatment, which are 20 layers and
5 layers respectively. It should be noted, the VWM without boundary
treatment needed 4 times larger of transition region compared with
VWM using SGFGP boundary treatment and required more space of
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FIGURE 4.24: The comparisons of the velocity
distribution between Level-0 simulation as reference
and Level-1 simulation using proposed VWM with
SGFGP boundary treatment and without boundary

treatment
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(a) Total water head

(b) Total number of water particles

FIGURE 4.25: The comparisons of the total energy and
total numbers of particles between Level-0 simulation
as reference and Level-1 simulation using proposed
VWM with SGFGP boundary treatment and without

boundary treatment
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memories and lead to increase the computational cost.

Furthermore, the dependency towards the input data from the
pre-calculated analysis, Level-0 also one of the factor that should be
considered. In case for the virtual wave maker without boundary
treatment version, the input data from Level-0 simulation such as
the velocity and the pressure are necessary and will be used as the
inflow/outflow layer and along transition regions respectively. Meanwhile,
in the case of virtual wave maker with SGFGP boundary treatment,
only the velocity from the pre-calculated analysis, Level-0 is required
for the inflow/outflow layer. By using this version, VWM with SGFGP
boundary treatment, the non-homogeneous pressure Neumann condition
is solved from the beginning without dependent on the pressure
from the Level-0 simulation.

Even though the results obtained from the comparison made shows
the same accuracy in both version of VWM proposed, there are some
advantages are identified by using the VWM with SGFGP boundary
treatment as discussed previously. The advantages are able to reduce
the computational cost since number of layers in transition regions
is less which minimize the memory space and also the dependency
only to the one input data such as velocity at the same time can
produce the robust and smoothly coupling the two simulation. Therefore,
the proposed method of VWM with SGFGP as already describe detail
in section 4.2.2 will be used in the next section for the application for
zooming simulation with 3D particle-3D particle simulation by using
different size of resolution.

4.3.2 Application to a zooming simulation with 3D particle

- 3D particle simulation

In the previous section, a coupled simulation for two particles with
the same resolution using the proposed virtual wave maker was validated
by checking the energy loss and total amount of inflow water. Here,
the possibility of enhancing the virtual wave maker as a zooming
simulation tool is discussed. Almost similar with the validation test
as presented in the previous section, only the different is the particle
size. Figure 4.26 shows the analysis model adopted for the zooming
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analysis. In this case, the simulation conducted for Level-0 analysis
used the twice resolution size of the resolution used in Level-1 simulation.

FIGURE 4.26: Numerical validation model with a
physical wave maker at the Level-0 for zooming

analysis

The resolution of the Level-0 simulation is set to 0.2m and the
same resolution used for Level-1 as in the previous case which is
0.1m. The procedure for the coupled simulation for the zooming
simulation is the same as in the previous case. In addition, the zooming
analysis which is represent the coupling of two different resolution
was conducted in order to have the same concept with the multi-scale
tsunami analysis that will be discussed detail in the following chapter.In
summary, the coupling between lower resolution and the higher resolution
can be demonstrates in this zooming analysis. The performance of
the zooming analysis using the proposed virtual wave maker, VWM
with SGFGP boundary treatment will be discuss next.

Figure 4.27 (a) and (b) shows the results obtained in pressure
distribution given by Level-0 solution with the particle diameter of
0.2m and Level-1 with 0.1m of particle’s diameter respectively. The
first observation is the wave shape obtained in Level-1 solution shows
a similarity with Level-0 solution. Then, based on the pressure distribution,
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FIGURE 4.27: The comparison of pressure distribution
of Level-0 and Level-1 by a zooming analysis
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it can be seen that the smoothed coupling simulation is occurred as
the pressure observed similar tendency especially near the boundary
of coupling from lower resolution, Level-0 to the higher resolution,
Level-1. From this comparison, it revealed that the zooming analysis
for coupling the different resolution using the proposed virtual wave
maker, VWM with SGFGP shows a reasonable result and positive
tendency.

Since this is the one way of coupling method as mentioned early
as the research scope, the checking on the accuracy is also needed in
zooming analysis. Therefore, the total water head and total number
of particles in the measurement area was compared between Level-0
and Level-1 solution. However, in order to compared the total water
head and the number of particles with the different resolution, both
total energy and the total number of particles in the lower resolution,
Level-0 is multiplied by 8. Then, Figure 4.28(a) and 4.28(b) illustrates
the comparison of total water head and total number of water particles
respectively. Based on this comparison, the total water head shows
a good agreement in both level’s solution. But in contrast with the
total number of particles observed, a small discrepancy can be seen
from the plotted graph. This small different occurred may be because
of the limitation of research scope as we only considered one way
of coupling simulation as for the first step. As for conclusion, the
proposed virtual wave maker, VWM with SGFGP boundary treatment
able to coupled the simulation not only simulation between two 3D
paricle model but also the application as the zooming analysis tools
with reasonable results. Finally, the multi-scale tsunami simulation
which coupling between 2D shallow water with 3D particle simulation
conducted will be discuss detail in the next chapter.
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(a) Total water head

(b) Total number of water particles

FIGURE 4.28: The time history of the total water head
and total number of particles by a zooming analysis

4.4 Conclusion

From this chapter, the implementation of a matrix-arrayed virtual
wave maker was carried out as the multi-level analysis tools. The
virtual wave maker, VWM is not function as the physical wave maker
but was created to have a function as a generator of new particles or
as a removal of unnecessary particles which dependent on pre-analysis
results. There are two version of virtual wave maker,VWM were
proposed. The first version of VWM proposed is the VWM with
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additional transition layer which considering the pressure and directly
copy from Level-0. This version revealed that the right pressure
distribution which copy directly from the pre-calculated analysis in
Level-0 was required in order to smoothly coupled between two different
levels from the findings from the comparison made with the coupling
without having pressure data from Level-0. However, the first version
proposed needed a huge memories space for the pressures to be
merged in transition regions which it will increased the computational
cost and without any proper boundary treatment .

Then, the second version of VWM was proposed in this study
which is the virtual wave maker with SGFGP boundary treatment.
This version was proposed in order to have the correct pressure distribution
by applying the correct boundary treatment. The level-0 SGFGP
proposed (chapter 3) with consideration of acceleration of the wall
has proved that this boundary treatment able to have accurate pressure,
robustness solution with the low computational cost. Hence, the
version of VWM with SGFGP boundary treatment was implemented
to coupled between Level-0 simulation with Level-1 analysis (chapter
4). The conducted numerical tests by using the proposed scheme
shows a good agreement and same tendency with the comparison
made quantitatively. The smoothed connection can be seen by implemented
the proposed approach in coupling two 3D particle models with the
same resolution and also the application to a zooming simulation
with 3D particles simulation using different size of resolution. The
successful application of zooming technique is very important in
determine our aim of study which will be achieved in the next chapter.
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Multi-Level Tsunami
Simulation

This chapter will covers the last objective in this thesis whereby the
multi-level tsunami simulation is conducted. As mentioned in Chapter
1, the concept of multi-level tsunami analysis is to have several levels
of solving the tsunami simulation which divided into Level-0, Level-1
and Level 2 analysis. However, only Level-0 and Level-1 of tsunami
analysis will be focused in this thesis. Level-0 represent the 2D tsunami
propagation analysis and the prediction of the tsunami magnitude
immediately, which is mainly solved by the finite difference method.
On the other hand, Level-1 analysis is focusing on the 3D tsunami
inundation simulation which solved by using particle method such
as SPH. In the previous chapter (Chapter 4), the one way of coupling
between two 3D particle models with the same resolution and the
zooming analysis with different resolution have been successfully
validated and shows a good agreement with the reference solution
by using the proposed method of virtual wave maker,VWM with
SGFGP boundary treatment. Here, the issues of coupling this two
levels of tsunami with different dimensional was carried out by using
the same manner discussed in chapter 4 and will be describe in detail.

5.1 2D tsunami propagation analysis based

on finite difference method (Level-0)

As mentioned above, a Level-0 analysis which is the tsunami propagation
based on the 2D finite difference method using shallow water euation
is required in order to sloved the 3D tsunami inundation simulation
in Level-1. Hence, the Utatsu area at Minami-sanriku-cho is selected
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as the target of this simulation. Utatsu area is one of the affected
regions whereby the Utatsu Bridge was totally collapsed by Tohoku
earthquake tsunami 2011. Figure 5.1 shows the analysis area of Utatsu
area which indicates that the inflow area and the 3D particle simulation
area. The Level-0 simulation results based on the 2D shallow water
equation was already simulated by [Imamura et al., 2013] by using
their original seismic fault model ‘Tohoku University model ver.1.0’.
Their 2D numerical simulation results by the finite difference method
are validated with various data at several sites recorded by the GPS
wave gauge. The wave height and its velocity in the inflow area
defined in Fig.5.1 were memorized as the time history data. The
measurements data are given in Figure 5.2.

FIGURE 5.1: The selected analysis area for tsunami
inundation simulation at Utatsu
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FIGURE 5.2: Summary of the numerical solution by
the 2D Finite Difference Method at inflow area

5.2 Coupling between 2D finite difference method

(Level-0) - 3D particle method simulation

(Level-1)

The analysis region as shown in Figure 5.1 illustrate the positional
relationship between the 3D of tsunami inundation simulation (2.15km
x 2.6km) with 2D of tsunami propagation in inflow area. While,
creating the topography model, the other model such as levees and
tunnels around urban areas were take into account based on 5m mesh
elevation and the real shape of topography is reproduced. In addition,
the bridges, buildings and others were not modeled in this current
analysis. Furthermore, the fixed wall particles were places around
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the analysis area and a particle model created in which no tsunami
inflow or outflow occurred other than inflow area. The input information
for the virtual wave maker which located at the inflow area is taken
from the two dimensional analysis which already discuss in previous
section. Since, there is no flow velocity distribution in the depth
direction in the inflow region, the average cross section flow velocity
is fixed in the depth direction.
The total period of this tsunami simulation in 2D is more than 120
min., and it is to hard in zooming into our 3D simulation at Level-1
because of limitation of the computational time. As for the earliest
numerical test, only the first three waves are selected to generate
inflow condition for the Level-1 simulation as shown in Fig.5.2. The
total period for the 3D calculation is limited to 60 min. The particle
distance is given by 2.0m, and time increment is fixed by 0.01s. The
total number of particles is about 17 million, and this simulation is
solved by the both of super computers; the K computer provided by
RIKEN and FX-10 at Kyushu university.

As shown in the Figure 5.2, the main stream direction of this
tsunami is more closer to the S-N direction. Therefore, the virtual
wave maker is located parallel to the E-W direction. Note that the
pressure which usually used for the inflow condition in 2D shallow
water simulation at Level-0 is approximated by the hydrostatic pressure
with the calculated wave height.However, this approximation is not
so accurate. Therefore the proposed virtual wave maker with the
appropriate boundary treatment using SGFGP approach will be used
for coupling this two levels and the velocity distribution obtained
from 2D shallow water equation was employed in the simulation.
The simulation process is almost similar with the previous numerical
examples.

Figure 5.3 shows tsunami inundation propagation with contour
plots with the velocity in S-N direction. In the figure, the 2D finite
difference results measured in the inflow area shown in Figure 5.1
is also drawn at the bottom of each snapshot. The red color in the
inflow region indicated the pushing or incoming wave to the coastline
area which 3D particle simulation area as Level-1 in this thesis. On
the other hand, the blue color present the drawing wave occurred in
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FIGURE 5.3: Tsunami inundation result by the
proposed coupling simulation at Utatsu

the inflow area. Based on these comparison, we can confirm that the
3D SPH result can smoothly connected with the pre-calculated 2D
finite difference analysis results by using our developed virtual wave
maker. The smoothly connection can be seen from the contour of the
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velocity distribution in the pre-calculated 2D shallow water equation
in inflow area shows the similarities with the velocity contour in the
3D simulation area which solved using SPH.

FIGURE 5.4: Comparison in the tsunami inundation
area between disaster report and 3D simulation result

Finally, to validate our simulation results and the accuracy, a comparison
with the disaster report need to be carried out. Then, the simulation
results of tsunami inundation was compared with the disaster report
as illustrate in Figure. 5.4. The simulated tsunami inundation area
shows a good agreement with the disaster report. Although the
simulation result shows a similar tendency in the comparison of inundation
area, the details of inundation area shows several discrepancy.The
main reason may be related to the lack of resolution. The current
particle distance is 2m, and the detail of the tunnel and the other
structure can not resolve by this particle resolution model. Increasing
the particle resolution is one of the solution in the future works.

A virtual wave maker with SGFGP boundary treatment proposed
for the coupling simulation for the 3D particle simulation indicated
a very good tendency as for the first step of coupling method for the
different levels of tsunami analysis. The zooming analysis within
the same particle method (chapter 4) and the 2D finite difference
simulation based on SWE with 3D particle simulation has been examined
and validated in this chapter. The main advantage of our proposed
coupling simulation is the robustness that can connect with various
simulation tools. However, the procedure is just the one-way coupling
and there is no data transfer from the high resolution solution to the
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low resolution simulation. As mentioned early (Chapter 1), one of
the scope in this study is only focusing on the one-way coupling
method as for the kick start in establishing the accurate method using
the proposed virtual wave maker. After the discussion regarding
the limitation of the scale ratio between the low and high resolution
model, a two-way coupling simulation technique may be required to
establish a accurate multi-level zooming tsunami analysis.

5.3 Conclusion

From this chapter, the aim of this study which is a multi-level of
tsunami run-up simulation was conducted. The multi-level of tsunami
run-up simulation was carried out by using the proposed matrix
arrayed of virtual wave maker tools with the appropriate boundary
treatment SGFGP proposed. Utatsu area was selected to be the simulation
area since this area was severely affected during tsunami disaster
2011 whereby the Utatsu bridges was totally collapse during this
tsunami. Then, by using the proposed scheme, VWM with SGFGP
boundary treatment as one way coupling simulation, the 3D tsunami
inundation was simulated and compared with the real disaster report.
The comparative results between simulation and the disaster report
regarding tsunami inundation area affirm that the proposed method
can represent an accurate multi-level analysis tools which could coupled
various simulation with robustness.
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Chapter 6

Conclusion and Future Works

In this chapter, the final part of the thesis which is the conclusion
and recommendation as the future works will be present. The aim
of the current study was to conduct a multi-level tsunami analysis
which focusing on coupling between tsunami propagation, Level-0
with the tsunami inundation, Level-1 analysis with the accuracy and
robustness. Furthermore, several objectives proposed in this thesis
had been successfully achieved in order to realize the aim of the
research.

6.1 Conclusion

The simplification of the existing boundary treatment is one of the
objective proposed in this study. The fixed ghost particle (FGP) boundary
treatment is selected to satisfy the non-homogeneous pressure Neumann
condition and slip or no-slip boundary condition on the wall surface.
Furthermore, the notation used in the present study was followed the
generalized version of FGP (GFGP) , which is proposed by Asai et.
al and can apply the FGP for incompatible boundary particle model.
Before the simplified GFGP (SGFGP) is proposed, the existing technique
for the non-homogeneous pressure Neumann boundary condition is
re-written in the GFGP notation which is referred as level-2 SGFGP
as described in Chapter 3. Then, two lower level approximations of
the non-homogeneous boundary treatment are proposed in order to
implement with ease and without higher computational costs.

The level-1 SGFGP used a lower approximation of pressure on
the virtual marker with simple averaging from the neighbor water
particle, while the level-0 SGFGP approximated the pressure with a
copy of its target water particle pressure during the calculation of a
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pressure Laplacian component between the target water particle and
its virtual maker. Then, the coefficient matrix in the level-0 SGFGP
becomes a symmetric one and the conventional CG method can be
utilized, and in contrast with the level-1 and level-2 SGFGP which
needed the asymmetric solver such as BiCGstab.

Through the verification in the hydrostatic solver for both level-0
and level-1 SGFGP that have been carried out, it was found that the
level-0 SGFGP with a small safety parameter can reproduced the
same accuracy as the level-1 SGFGP and theoretical solution with
low computational costs as the CG solver was used. Then, a validation
test compared with dam break flow experimental data was conducted
only with the level-0 SGFGP to checked the performance. The measured
pressure at each sensors from the simulation shows good agreements
with the experimental results even though having a bit discrepancy
in arrival time. In addition, one more significant findings to emerge
from this study is that the proposed level-0 SGFGP produced not
only a robust solution with high accuracy and low computational
costs, but also can apply the much complicated and dynamic problems
like the demonstration test of Stanford Bunny model.

Next, the implementation of a matrix-arrayed virtual wave maker
was carried out as the multi-level analysis tools. The virtual wave
maker, VWM was created not as the physical wave maker but having
a function as a generator of new particles and/or as a remover of
unnecessary particles which dependent on pre-calculation results.
There are two version of virtual wave maker,VWM were proposed.
The first version of VWM proposed is the VWM with additional
transition layer which considering the pressure and directly copy
from Level-0. This version revealed that the right pressure distribution
which copy directly from the pre-calculated analysis in Level-0 was
required in order to smoothly coupled between two different levels
from the findings if comes from the comparison made with the coupling
without having pressure data from Level-0. However, the first version
proposed needed a huge memories space for the pressures to be
merged in transition regions and it will increased the computational
cost.
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Then, the second version of VWM was proposed in this thesis
which is the virtual wave maker with SGFGP boundary treatment.
This version was proposed in order to have the correct pressure distribution
by applying the correct boundary treatment. The level-0 SGFGP
proposed (chapter 3) has proved that this boundary treatment able to
have accurate pressure with robustness solution with the low computational
cost. Hence, the version of VWM with SGFGP boundary treatment
was implemented to coupled between Level-0 simulation with Level-1
analysis (chapter 4). The conducted numerical tests by using the
proposed scheme shows a good tendency and agreement with the
comparison made quantitatively. The smoothed connection can be
seen by implemented the proposed approach in coupling two 3D
particle models with the same resolution and also the application
to a zooming simulation with 3D particles simulation using different
size of resolution.

Based on the objectives proposed and the findings that already
mentioned above. The final target of the research aim and last objective
was conducted in chapter 5 will conclude here. The multi-level of
tsunami simulation or multistage zooming tsunami analysis was carried
out by using the proposed matrix arrayed of virtual wave maker
tools with the appropriate boundary treatment SGFGP proposed.
Utatsu area was selected to be the simulation area since this area
was totally affected during tsunami disaster 2011. Then, by using
the proposed scheme, VWM with SGFGP boundary treatment as one
way coupling simulation, the 3D tsunami inundation was simulated
and compared with the real disaster report. The comparative results
between simulation and the disaster report regarding tsunami inundation
area affirm that the proposed method can represent an accurate multi-level
analysis tools which could coupled various simulation with robustness.
However, to ensure or enhance the proposed method credibility, there
are few recommendation and future works should be done later and
will discuss in the next section.

6.2 Recommendation and Future Works

In order ensure the proposed approach in this thesis able to work
with various problems and well establish, a recommendation as well
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as the future directions of the current research are presented in this
section. It is well known that, the procedure of coupling of multi-level
analysis conducted in this thesis is focusing on the one-way coupling.
One-way coupling means the transferred data was allowed only from
one side such as from low resolution to the higher resolution or from
two dimensional analysis to the three dimensional analysis. There
is no data transfer from higher resolution to the lower resolution.
However, due to the limitation of the scale ratio between the low
and high resolution model, it is recommended that further research
to implement a two-way coupling simulation technique in order to
establish a more accurate multi-level zooming tsunami analysis.

In addition, the proposed SGFGP boundary treatment in this thesis
which already verified and validated with numbers of numerical
test shows an improvement especially in the accuracy of pressure
distribution with the low computational cost. Then, it believe that by
using the proposed boundary treatment with the multi-level analysis
tools, the research involving multi-physics analysis can be done efficiently.
The bridges wash-out phenomena and the collapse of breakwater or
seawalls should be conducted in small-scale simulation first before
being implemented to predict the real-scale bridge wash-out disaster.
It is well known that, the correct prediction of tsunami propagation
and tsunami inundation is very important in order to proposed the
mitigation and prevention required for upcoming millennium tsunami.
Therefore, this study should be continued and contribute the essential
value towards tsunami prediction and mitigation needed.
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Appendix A

The Basic Implementation

This appendix chapter briefly introduces the implementation techniques
used to ensure maximum performance of the formulations explained
in chapter 2 and 3. In order to realize a stable and robust SPH simulation,
first, the fluid, the structure, and the wall domains are discretized
into a finite number of particle using a commercial software. The
discretized particle data is then imported to the program with initialization
of material parameters and other necessary numerical or mathematical
quantities. Following the particle setup, the particle simulations and
numerical computations are done by solving the necessary governing
equations in both fluids and solids using the numerical solvers, taking
account the nearest neighbor particle searching technique. Moreover,
appropriate numerical integration schemes, as well as several parallelization
techniques, are considered to produce a more robust and faster numerical
simulations.

A.1 Particle Setup

Initially, both the fluid and solid domains are set as particles up on
a fixed diameter by utilizing a commercial software, the Meshman
ParticleGen developed by Insight Inc. (see http://www.meshman.jp/).
During the discretization process from an STL 3D surface geometrical
drawing, each particle is set with the following information; its index
global index number, a material number, its position vector (in the
world x, y, and z axis), the velocity vector, a distance function to the
closest surface, and, last but not least, its normal unit vector. Before
the simulation begins, all the material parameters associated with
each particle, such as density, stiffness and damping constants, or
the viscosity constants, are initialized and kept constant during the
simulation.
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A.2 Nearest Neighbor Particle Searching

SPH works through only the contribution of nearby neighbor particles
within the smoothing area (rij ≤ κh). Nearest neighbor particle
search (NNPS), also known as closest particle search, is an optimization
problem for finding closest particles to obtain a particular physical
property in SPH. There are numerous searching techniques proposed
as an algorithm to achieve this and in SPH itself, there are at least
three well-known methods introduced; the all-pair method, the KD-tree
method, and the linked-list method. Among these three techniques,
the linked-list algorithm is proven to be the most effective, has the
lowest computational complexity, and is easy to implement (see Table
A.1). The method was introduced initially by Monaghan and Gingold
(1983) et al.to the SPH formulation and further developed by Rhoades
(1992), Hockney and Eastwood (1988), Simpson (1995).

TABLE A.1: Comparison of computational complexity
between three NNPS algorithms

NNPS Algorithm All-pair KD-tree Linked-list

Order of computational complexity O(N2) O(N logN) O(N)

In this thesis, the linked-list searching technique has been adopted.
For each particle i, all its closest neighbors j will be given by the link
list according to the following algorithm,

• A coarse grid, composed of cells measuring κh, is the first applied
to the whole domain.

• The corresponding cell of each particle i is determined.

• For each particle i, particles j located in cell i and in the eight
adjacent cells are considered. However, only those for which
(rij ≤ κh) are considered as i’s neighbors.
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FIGURE A.1: Linked-list searching algorithm

A.3 Numerical Solver

The objective of this section of appendix is to introduce the direct
and iterative solvers utilized for the system of linear equations which
describes the pressure Poisson equation explained in chapter 2.

A.3.1 Direct Solver

A.3.1.1 Gauss Elimination

Gauss elimination is the basic method for solving linear system of
algebraic equations. This is based on the systematic reduction of
large systems of equations to smaller ones.

A =


a11 a12 · · · a1n

a21 a22 · · · a2n

...
... . . . ...

an1 an2 · · · ann

 . (A.1)

The reduction of the system is done by eliminating certain elements
of the matrix, replacing it with zero. For example, the first column of
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the matrix, a21, a31, · · · , an1, are eliminated from the 2nd row by,

ai1 = ai1 − a11
ai1
a11

. (A.2)

Then, all of the elements below a11 can be eliminated using similar
elimination technique. When this process is complete for the 1st

column, the same procedure is carried out for the 2nd column below
the 2nd row until the column n-1. After this process is complete, the
original matrix has been replaced by an upper triangular matrix as
follow,

U =


a11 a12 · · · a1n

0 a22 · · · a2n

...
... . . . ...

0 0 · · · ann

 . (A.3)

This is called as forward elimination and the elements of the right
hand side of the equation, bi, are also modified during the procedure.
The last equation (last row) in equation (A.3) contains only one variable
fn then,

fn =
bn
ann

. (A.4)

fi =
bi −

∑n
k=i+1 aikfk

aii
. (A.5)

A.3.1.2 Modified Cholesky Factorization

In linear algebra, the modified Cholesky factorization is a decomposition
of a positive definite symmetric matrix into the product of a lower
triangular matrix and its transpose. The factorize matrix and their
triangular decomposition is defined as,

A = LDLT , (A.6)

L =


1 0

L21 1
... . . .

Ln1 · · · Ln(n−1) 1

 , (A.7)
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D =


D11 0

. . .

0 Dnn

 , (A.8)

whereA is a symmetric matrix whileL andD are the decomposition
matrices; a lower unit triangular matrix and a diagonal matrix, respectively.
Figure A.2 below shows the flow of a direct solver of Cholesky factorization.

FIGURE A.2: Procedure of Modified Cholesky
factorization

A.3.1.3 LU Decomposition

LetA be n×nmatrix. LU factorization is a procedure for decomposing
A into a product of a lower triangular matrix L (diagonal elements
of L are unity) and an upper triangular matrix U such as A = LU
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with,

L =


1

l21 1
...

... . . .

ln1 ln2 · · · 1

 , (A.9)

U =


u11 u12 · · · u1n

u22 · · · u2n

. . . ...
unn

 . (A.10)

Steps to solve a system using an LU decomposition solver:

1. Set up the equationAx = b.

2. Find an LU decomposition for A. This will yield the equation
(LU )x = b.

3. Let y = Ux. Then solve the equation Ly = b for y.

4. Take the values for y and solve the equation y = Ux for x. This
will give the solution to the systemAx = b.

A.3.2 Iterative Solver

There are numerous iterative methods to solve the pressure Poisson
equation (2.47) such as GMRES, Pre-conditioned Conjugate Gradient,
Bi-CGSTAB. In this thesis, the conjugate gradient method is presented
as selected solver due to numerically cost.

A.3.2.1 Conjugate Gradient Method

Here, we will describe the Procedures of pre-conditioned conjugate
gradient method as the following figure A.3.

A.3.2.2 Convergence Criteria

When the iterative solvers are used, it is important to know when
the iterations should be stopped. Iteration can be stopped when the
residual norm has been reduced to some fraction of its original size,
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FIGURE A.3: Preconditioned conjugate gradient
method algorithm

usually by three or four orders of magnitude. Within this level, the
error is likely to have fallen by 0.1% of the solution. According to
Ferziger et al. (2012) the residual and the error usually do not fall in
the same way at the beginning of iteration process; if the matrix is
poorly conditioned, the error may be large even when the residual is
small. However, note that the ISPH numerical solution still provides
good results even with the large residual norm, its tolerance is prescribed
for every application.

Many iterative solvers require calculation of the residual. Hence,
it is better if the residual is normalized by the value of the right
hand side of the linear equation b at every time step since it does not
require additional computation. In our iterative solver, the convergence
is obtained when, √

ri · ri
b · b

< ϑ , (A.11)

where ϑ is the convergence criterion. This convergence criterion ϑ

can be adjusted from case to case. In the context of the present work



124 Appendix A. The Basic Implementation

the criterion is normally set constant as ϑ = 1 × 10−5. In the present
works, the maximum iteration loop is usually set as 1000 iterations.

A.4 Time Integration and Stability Region

A.4.1 Numerical Integration Scheme

Numerical integration can be classified into two major types of algorithms.
Explicit methods, which use the previous time step information to
approximate a new value, have several advantages, including the
ease of programming and less computational cost. One downfall is
that this method is unstable for a large time step. Implicit methods,
which find a solution by solving an equation involving both the current
state of the system and the later one, on the other hand, can be used
at a larger time step and are very stable.

The ordinary differential equations mainly described in chapter 2
and 3 may be integrated in time using a stable method. Traditionally
Symplectic schemes are preferred in Hamiltonian systems due to
the time-reversibility in the absence of dissipative terms, as well as
implicit conservation properties (Monaghan, 2005), leading to a lesser
energy drift in long computations. Both our fluid and rigid body
dynamics use the Symplectic scheme due to these characteristics.
A semi-implicit Euler method, which is a first-order integrator, is
mainly used in our formulations,

Qn+1
i = Qn

i + ∆t

(
dQi

dt

)n+1

. (A.12)

Here, Q can take the form of x or u, to integrate for position and
velocity, respectively. The difference of this integration technique
with the standard Euler method is that the semi-implicit Euler method
uses dQi

dt

n+1
in the equation for Qn+1, while the Euler method uses

dQi

dt

n
.

Note that, the above technique is just the simplest way to approximate
a discrete solution and not the only integration scheme used in the
current research. Different approaches of a predictor-corrector scheme
attempt to combine the best aspects of explicit and implicit integration.
In this thesis, the numerical integration scheme for the ISPH method
is the predictor-corrector scheme, which was discussed in section
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2.2.2. The Navier-Stokes equation and the positions equations can
be integrated in time with the predictor and corrector scheme and
the semi-implicit Euler method as,

u∗ = un + ∆t (F n
i )

un+1 = u∗ −∆t

(
1

ρ0

∇P n+1

)
. (A.13)

xn+1 = xn −∆t
(
un+1
i

)
A.4.2 Time Step

The stability region of numerical schemes is traditionally assessed
with a Courant-Friedrichs-Lewy (CFL) condition. This condition relates
the length of the time step to a function of the spatial discretization
and the maximum speed with which information can travel in the
physical space. In the ISPH scheme, this translates to,

δt1 = C
h

|umax|
, (A.14)

where umax is the maximal velocity in the flow while C is the CFL
parameter (for traditional explicit schemes C ∈ [0; 1]).

The stability region must also include the restrictions from the
DEM-based computations between two interacting solid particles,
belonging to two different solids. By deriving the equation of motion
in a particle contact model, the critical time discrete can be obtained
to represent a stable particle collision. According to several researchers,
the time step is usually estimated based on natural frequency in a
linear spring system as,

δtDEM = f

√
m

k
, (A.15)

where k is the effective stiffness and f is a factor. The choice of
proper value of the constant f is very important but not easy. The
reason of difficulties is a fact that the f depends strongly on packing
configuration, number of contacts and properties of particles. It is
different for two- and three-dimensional simulations as well. In our
formulation, as the contact forces are modeled for a rigid body by
taking account the energy dissipation, the critical time step is slightly
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modified. As such, the DEM criteria reads,

δt2 = 2

√
M

k

(√
ξ2 + 1− ξ

)
. (A.16)

Here, ξ is called as the damping ratio and its value can be computed
by ξ = c

2
√
Mk

, where M is taken as the mass of the rigid bodies,
composed of several particles. The global time step can now be
chosen as,

∆t ≤ min (δt1, δt2) . (A.17)

A.5 HPC Implementation

HPC stand for High-Performance Computing has a fundamental role
in helping engineers to understand various natural phenomena, leading
to societal impact through better solutions for societal challenges such
as the disaster and mitigation. Computing a real scale disaster simulation
by using a 3D projection-based particle method like ISPH is not an
easy task to do, particularly since it requires huge computation cost.
In the current research, both parallel programming techniques and
adequate HPC infrastructures are utilized for the efficient implementation
of our formulations.

A.5.1 Supercomputers

In this thesis, mainly two supercomputer clusters were utilized to
implement the proposed FSI formulations. In order to produce simulation
with small scale, the proposed formulations were mainly implemented
on the HA8000-tc HT210 "Hakozaki" provided by Research Institute
for Information Technology, Kyushu University. The computational
node used is ranged from 4-16 nodes, which is suitable to simulate
a simulation with approximately 2-3 millions of total particle. When
the HPC simulation is required to solve a simulation with a large
number of total particle such as the tsunami simulation, the K-computer
provided by RIKEN Advanced Institute of Computational Science is
used to obtain adequate results.
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A.5.2 Parallelization Techniques

The SPH method has been implemented for parallel execution by
means of the OpenMP and MPI environments. The parallel implementation
allows simulation of very large systems consisting of several millions
of particles. The following appendix section presents the details of
the implementation utilized in the current thesis.

A.5.2.1 Parallel Implementation with OpenMP

In case of computers with a multiprocessor architecture with shared
memory it is appropriate to implement a parallel algorithm whenever
possible, by means of the OpenMP environment. The OpenMP environment
allows for parallel implementation of the problem by means of OpenMP
directives placed into the source code. These directives serve as instructions
for a compiler which blocks and loops in the source code are to be
executed in parallel by available processors. The directives also define
which variables and how are to be shared, how to parallelize the
loop, etc.

The loop was divided into several blocks, which were implemented
to execute in parallel by means of OpenMP directives. The blocks of
the main loop implemented to run in parallel are:

• evaluating the new positions and velocities of the particles, assigning
particles to cells,

• gathering information about particles from the adjacent linked-list
cells,

• evaluating of the forces (accelerations) for interacting pairs of
particles.

A.5.2.2 Parallel Implementation with Message Passing Interface
(MPI)

The supercomputer architecture with distributed memory system constrains
the possible approaches to the message passing paradigm and domain
decomposition model. The most popular environment for implementing
this paradigm is Message Passing Interface, which was used in this
research. In the domain decomposition approach the computational
box is divided into exclusive sub-domains, each for every computational
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node. Every node runs the simulation on its own with the data
assigned to it. While particles move in the computational box and
interact mutually, it is necessary to send the particles’ information
between nodes. This is done by sending messages by calling the MPI
functions.

In the beginning of the simulation the physical domain of the
analysis model may be divided into sub-domains, distributed among
different MPI processes, which is very similar to the one described by
Dominguez et al. (2013). Each process only needs to assign resources
to manage a subset of the total amount of particles for each sub-domain.
Thus, the size of the simulation scales with the number of supercomputer
nodes used.

The division of the simulation can be performed in any direction
(X, Y or Z) according to the nature of the simulation case. The employed
topology can result on two neighboring sub-domains, by slicing the
domain along the main direction of the problem, or in blocks, for
more general cases. Each MPI process needs to obtain, at every time
step, the data of neighboring particles from the surrounding processes
within the interaction distance (εh), in order to compute interaction
forces between particles. This region is called the halo of the process
(or sub-domain) existing on the edge of the neighboring process (or
sub-domain).

Reducing time dedicated for exchanging data among MPI processes
is essential to increase the number of processes without decreasing
efficiency. One method to achieve this is by overlapping the communication
with the computation using asynchronous communications. One
process can send (or receive) information to another while carrying
out other tasks without waiting for the end of the transfer.

At the beginning of each time step, during the neighbor list creation,
each process looks for the particles that move from one sub-domain
to another and these displaced particles are sent to the corresponding
process. While data of displaced particles are sent, the neighbor list
of the particles in the interior of the domain (particles not in an edge)
is processed. Finally, the new particles that entered the domain are
received for each process and all particles are sorted. Each particle i
in the simulation save the list of nearest particles located in surrounding
linked-list cells j and the list of neighbor particle inside the smoothing
length k. During the force computation, each particle will then recall
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the global index number of neighbors and conduct the SPH interpolations.
Particles move through space during the simulation so the number

of particles must be redistributed after some time steps to maintain a
balanced work load among the processes and minimize the synchronization
time. Most of the total execution time is spent on the iterative process
to solve the pressure Poisson equation and the force computation,
and this time depends mainly on the number of particles. For an
equal load per processor, the domain must be divided into sub-domains
with the same number of particles (including particles of the halos)
or with the number of particles appropriate to the computing power
of the device assigned to it. Here, a dynamic load balancing algorithm
is used to assign the same number of particles to each computational
node, which is suitable when the simulation is executed on machines
that present the same performance, such as the supercomputers.
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