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1 Introduction

Modular forms and zeta functions often appear in number theory. It is im-
portant to study locations of zeros for such complex-valued functions. For
the Eisenstein series Ej(z), which is perhaps the easiest example of modular
forms, a great deal is known about the locations of the zeros. In the 1960s,
Wohlfahrt [14] proved that all zeros of the Eisenstein series Ej(z) in the
standard fundamental domain for SLy(Z) lie on the arc for even 4 < k < 26.
In 1970, F.K.C. Rankin and Swinnerton-Dyer [11] showed this result for all
weight & > 4. In 2007, Miezaki, Nozaki and Shigezumi [10] proved similar
results for Eisenstein series for I'j(2) and I'§(3). Shigezumi showed similar
results for Eisenstein series for I'(5) and I'§(7) in 2007 [12], and for Poincaré
series for I'§(2) and I'§(3) in 2010 [13].

In 2008, Duke and Jenkins [2] constructed a canonical basis fj ., for the
space of weakly holomorphic modular forms for level 1. Let A be the Ra-
manujan A function and j be weight 0 modular function which is known
simply as the j-function. The basis fj ,, is defined by

fem = A Ey Fy p(j)

where k = 120+ k', k' € {0,4,6,8, 10,14} and Fj, p(z) is a monic polynomial
in x of degree D = ¢ 4+ m. The basis f},,, have the following form

fem(2) = ¢+ 0(¢").

They considered fj ,,, as a two-parameter family of weakly holomorphic mod-
ular forms that is a canonical basis for the space and proved almost all of the
basis elements have all of their zeros on a lower boundary of the standard
fundamental domain for SLo(Z). Similar results have been obtained for level
2 and 3 by Garthwaite and Jenkins in 2013 [4], and for level 4 by Haddock
and Jenkins in 2014 [6].

In 2004, J. Getz [5] generalized Rankin’s theorem [11], providing condi-
tions under which the zeros of other modular forms lie only on the arc. For
weakly holomorphic modular forms of level 1, we have the information of
the location of the zeros for the canonical basis f ., by Jenkins’s theorem
[2]. However, we do not know where the zeros of general weakly holomorphic
modular forms exist. In this paper, we consider the locations of the zeros for



weakly holomorphic modular forms gy, ., of level 1 defined by

l+m

gk,m(z> = fk,m(z) + Z ajfk712j,m<z)A(z)j7

where a; € R. The result is given by the following theorem.

Main Theorem. (Theorem 2.1)

Let a; € Rom > 0 and € +m > 1. We define a weakly holomorphic form
Grm(2) as above. If {aj}g’:l” satisfy a certain assumption (see p.8), then all
of the zeros of gim in the fundamental domain for SLy(Z) lie on the circle
|z] = 1.

Besides, we prove the transcendence of their zeros when the coefficients
a; are rational numbers and satisfy the assumption (Theorem 3.1 and Corol-
lary 3.1). Finally, we show similar results for the locations of the zeros of
weakly holomorphic modular forms of level 2 (Theorem 4.2, Theorem 4.3 and
Theorem 4.4).

This paper is organized as follows. In Section 2, we recall the definition
of weakly holomorphic modular forms and prove the location of the zeros
for level 1 case. In Subsection 2.3, we show the main theorem without de-
tailed computations of the numerical bounds for weakly holomorphic modular
forms. The proof of numerical bounds is given in Subsection 2.4. In Section
3, we recall some basic facts for imaginary quadratic fields and consider the
transcendence of zeros for level 1. In Section 4, similar results are obtained
for the locations of the zeros of weakly holomorphic modular forms of level
2. In Subsection 4.1, we construct a canonical basis for level 2 and give the
statements for several cases. We prove the theorems in Subsection 4.2, 4.3
and 4.4 for each case.



2 Zeros of weakly holomorphic modular forms
of level 1

We recall the definition of weakly holomorphic modular forms and study the
location of their zeros in this section.

2.1 Definitions and statement of a result

Let k € 27, N be a prime number or 1, and [o(N) = {(24) € SLy(Z)|c =0
(mod N)}. Put H={z +iy | z,y € R and y > 0}, and ¢ = e*™** for z € H.

A holomorphic function f on H is a weakly holomorphic modular form
of weight k with respect to I'o(N) if f satisfies the following two conditions:

. f<az+b> = (cz+d)Ff(2) for any (2¢4) € To(N).

cz+d
I = 3 ol and H(-3) = > binia’

with a(ng) #0 and b(ny) # 0.

We define f is holomorphic if ng > 0 and n; > 0, a cusp form if ng > 1
and ny > 1. We denote the space of holomorphic modular form of weight
k on I'o(N) by Mg(N), the space of weakly holomorphic modular forms by
M}(N). Put My = M;(1) and M} = M} (1) in this paper.

Duke and Jenkins considered an explicit basis of M which is indexed
by the order of the pole at co in [2]. Let k = 12¢ + k' where ¢ € Z and
k' € {0,4,6,8,10,14}. For any integer m > —/, there exists a unique weakly
holomorphic modular form fj,,, € M} which has an expansion

Jram(2) = ™+ O(g"). (1)

For any f = > a(n)q™ € M}, we can write

f: Z a(”’)fk,—n

no<n</

when we know first few Fourier coefficients of f. Therefore we see that
{ frmm tm>_¢ form a natural basis of M;.



We define three modular forms to construct the basis { fim pm>—¢. Bernoulli
numbers By, and oj_1(n) are each defined by

v —1 ZBjF’ Oha(n) =D d"
i

dln

Then Ramanujan A function, Eisenstein series Ej and j function are each
defined by

Alz)=q (=g =D 7(n)q",
Ei(z)=1- %’z > oran)g (k>4), Ey=1,
Ey(2)

n>1

Their weights are each 12, k, 0 and orders at oo are each 1, 0, —1. The
function fy ., is constructed by

foam = A By Fip(5)

where Fj, p(x) is a monic polynomial in z of degree D = ¢ + m.

For the group SLs(Z), we use a fundamental domain in the upper half-
plane bounded by the lines R(z) = —1 and R(z) = 3, the circles of radius 1
centered at z = 0. We include the boundary on the left half of this funda-
mental domain. The cusps of this fundamental domain can be taken to be
at oo.

For any f € M (f # 0), the following valence formula holds.
k

= ordae(f) + gordi() + gord,(F) 4 3 ord ()
TeF\{i,p}

Here p = —% + %g and F is the fundamental domain for SLs(Z). We know
that for any f € M} (f # 0), the inequality

ordo(f) </

holds. Hence we note that there exists a unique fi,, € M}, with the expansion

(1).



Figure 1: A fundamental domain for SLy(Z).

The description of the zeros of a weakly holomorphic modular form f €
M, on H is clearly equivalent to the description of the zeros of f on F. Thus,
for the remainder of this paper, when we speak of a zero z of f € M}, we
assume zg € F.

We define four constants by 6; = 0.432207, 9, = 0.024975, 63 = 0.004807
and ¢, = 0.257348. Then we define v(j) and Ay by

(2.76009 if k' =0,
0.684214 if k' = 4,
{5§5f‘f if1<j<{, ) 0.050549 it K =,
5306 L+ 1<j<C4+m. " )0.184724 if k' =S8,
0.258108 if k' = 10,
(0.075404 i K = 14.

v(j) =




We note here, and will prove later in Subsection 2.4, that

A (ez‘ﬁ) 5
A(x+065) — "
|A (4 0.65i)] < 9o,
NGO
e~ 2mm(sin 6—0.65) < 6,
1 Ey (€") By (z + 0.659)

: dr < Ap
A (x4 0.65i) j(x+0.65i) — j (e?) rea

1
3
and
1
-3

for 0 € [1.9,27/3] and = € [-1/2,1/2]. Then we have the following theorem.

Theorem 2.1. Let k = 120 + k', where { € Z>y and k' € {0,4,6,8,10, 14}.

Let
l+m

Gkm(2) = from(2) + Z a; fe125m(2) A (2)7

where a; € R,m >0 and L +m > 1. If {a; ﬁ’:ln satisfy

l+m
> " Jagl(36] + 67y (j) Ap) < 1 — 6761 Ay,

j=1

then all of the zeros of gi.m in the fundamental domain for SLs(Z) lie on the
circle |z| = 1.

2.2 Generating functions and integration

We use the following generating function for fj ,, to obtain the integral for-
mula as with [2].

Theorem 2.2. ([2, Theorem 2])
For any even integer k we have

Z fk,m(z>qm =

b (1) =i (2)

where fr, = AEy with k = 120 + k.



This is equivalent to the following lemma.

Lemma 2.1. ([2, Lemma 2])
We have 1 [ AY2)Ep(2) Brp(7)
Jenle) = 35, T G S

for C' a (counterclockwise) circle centered at 0 in the g-plane with a suffi-
ciently small radius.

Changing variables ¢ + 7 in the formula of Lemma 2.1 and deforming
the resulting contour by Cauchy’s theorem gives that for @ > 1,

B 3+ia A'2) Ew(2)Eiw(T) _orims
Jem(z) = /éﬂ‘a AF(T)  j(r) = j(2) ‘ o

For brevity, we write

AY(2) By (2)Eiap(7)

G(T, Z) = - - —27rim7"
AF(T)  j(T) = j(2)

so that

liia

2

frm(2) :/ G(r, z)dr.
—1tia

2

We now assume that z = € for some 6 € (g, %ﬂ), and move the contour of

integration downward to a height o/. As we do so, each pole 1 of G(7, z) in
the region defined by

—% <R(1) < % and o < (1) <«
will contribute a term 27 - Res,—,,G(7,2) to the equation. The poles of
G(r, z) occur only when 7 = z or when 7 is equivalent to z under the action
of SLy(Z). In moving the contour, then, the first nonzero contributions
occur at 7 = z = € and 7 = —1/z = ™9 and these are the only poles for
\/3/ 2 < o < a. The residues can be easily calculated using the alternative
formula
e N(2) By (2) g2 (4(7) = 5(2))

—2mi ANT)Ep(T) §(1)—i(z)

G(t,2) =



If \/5/ 2 < o < sinf, the result is the equation

%—H’a’
G(T, Z)d’f _ fkm(z) . e—27rimz . Z—ke—27rim(—l/z)'
—li ’
2

ik9/2€—27rm sin@.
)

We replace z with ¢ and multiply by e simplifying, we find

€ik0/2€_2ﬂ-msmefk7m (67L9) — 92c¢0s (? — 2m™m cos 0) )

which is the quantity we are trying to bound, is equal to

. o patia ,
ezk9/26—27rmsm0 / G(T, eze)dT.
—%—i—ia’
As o' decreases, the next nonzero contribution occurs when 7 = —ﬁ or
~7- Since these points have real part —1/2 and 1/2, respectively, we
add a small circular arc to each of the vertical contours of integration in the

usual way. The result is a contribution of

T =

(2cos(6/2))"

from this pole. However, if 6 is close to /2, the pole at ——*; will be nearby.
To avoid this, we choose o so that the contribution from this pole appears
only if # is not close to m/2. Specifically, if 1.9 < 6 < 27/3, we choose

1
"=065 <3 ——
@ \s( 619—1-1)’

so that the quantity we are bounding equals

—7mm(2sin 0—tan(0/2))

1

Lmkefﬂm@sinaftan(g/z)) + ¢'k0/2g=2mmsing /2 G(x +0.65i, ") da.
(2cos(0/2)) B

Alternatively, if 7/2 < § < 1.9, we choose

1
"=0.755>3 ——
vomes ().

and the quantity we are bounding will equal

N[

1
4 . 3 .
eZkO/Qe_Q”msme/ G(x + 0.75i, ') dz.
1
—3

We deal with these cases separately.

10



2.3 Proof of Theorem 2.1

Writing & = 12¢ + £/, note that &k’ determines the residue class of & modulo
12. Bearing in mind the valence formula, an examination of the possible
values of k&’ implies that

if k=2 (mod 4),

1
ord;(f) > {0 if k=0 (mod 4),

and
2 if k=2 (mod6),
ord,(f)><¢1 if k=4 (mod 6),
0 if k=0 (mod 6).

Again applying the valence formula for k& = 12+ £/, there are at most £ +m
zeros on F — {p,i}. Thus if gx,, € M, satisfies the hypotheses of Theorem
1.1, then to prove Theorem 1.1 it suffices to demonstrate that gy, has £ +m
simple zeros in {e : 5 < 6 < &}

An easy argument [5, Proposition 2.1] shows that for any weakly holo-
morphic modular form f of weight k& with real coefficients, the quantity
e™/2 f () is real for 0 € [Z,%°]. Thus, we approximate ¢*/2g, .. (¢") by
an elementary function having the required number of zeros on the arc.

Suppose £ > 1 and m > 1. Then we set

+m )
H(e) _ eik9/26—2ﬂ'msin09k7m (eie) _ HO,m(e) + Z &jel2ji9/2A (eiG)J Hj,m<0)7
j=1
where H;,,(0) = eh=1200/2g=2mmsin0 .. (¢). Since £ > 1 and m > 1,
we write

4
H(0) = Hom(0) + > a;e™ PN (¢”) H,,(6)

J=1

- j+0)i i0\J+¢
+ Z ajHem(gM) /2 A\ (e 0)J+ Hj+z,m(9)-
j=1

We define the function R;,, () for € [3, %] by
(k —125)0

H; ., (0) =2cos ( 5

— 27Tm cos 6’) + Rjm(0).

11



We seek a bound for the function R;,,(#). Details for the computation of
the numerical bounds that appear in this subsection are provided in the next
subsection. By the argument in Subsection 2.2,

. . , k—1235)6
|Rjm(0)] = |ek120i02=2mmsind g o0 (e) — 2cos (% — 27Tm cos 9) ‘

1. s
_ 6(Ic—12]')1"9/26—271'771sinﬁ’ /2+Oé A (Z) Ek’(Z)E14—k’ (7_) 6—27rim’rd7_
Sl A7) (7)) = (2)

2

—27m sin 6 %—Hl, A@—j(z> Ek’(Z)E14—k’(7_> —27rim7d
‘ Lo ATI(7) (1) —j(2) "

When 1.9 < 0 < 27/3, we have

Ry (0)] = ‘W

—7m(2sin 0—tan(6/2))

1

. . 2 . )
+ezk9/26—27rmsm6/ G](CE —|—065’L, 619)6—27r7,m’rdx ’

N

where

AT Ey FEiy
Gj(1,2) = (2) B2 Buacie(7),
AMEI(T) - j(T) = (2)
Similarly, when 7/2 < 6 < 1.9, we have
3
eik9/2627rmsin0/ Gj (.T + 0752, €i9)€72ﬂ'im7‘dx

1
2

| Rjm (0)] =

Suppose 1.9 < 6 < 27/3. It holds that
—7m(2sin f—tan(6/2))

(2cos(0/2))k

2

+ g2 0-06%) / |G(z +0.65i,¢”)| du.

e

[Rjm(6)] <

N

Looking at the first term,
1< 2cos(6/2) < V2
for 6 € [1.9,27/3], and

—7(2sinf — tan(6/2)) < 0

12



for these #. Thus for m > 0, we have
—7m(2sin 6—tan(6/2))

(2cos(0/2))k

(&

<1

—27m(sin 0—0.65

Considering the exponential term e ), it is bounded above by

0.257348 for 6 € [1.9,27/3]. We set d, = 0.257348.

We next seek a bound for [2, |G;(z +0.65i,e”)|dz. This integral is
equal to

. - .
/5 NG 1 By () By (z + 0.650)
. . . % .
~1 | A(z 4 0.65) A (z + 0.6517) J (x +0.651) — j ()
First, we consider
. -
A (e') J
A (x + 0.650)

From computations in the next subsection, we have
0.002691 < |A ()| < 0.004807.
We set 95 = 0.004807. We compute that
0.011122 < |A (z + 0.657)| < 0.024975.
We set 9, = 0.024975. Putting this together, we have, for £ > j,

A —j
A (e) .
_ <10.432207 .
A (x4 0.657) <| |
We set §; = 0.432207.
Next, we consider
2 1 Ey (€) Fra_y (z + 0.650)

/

We will break our path of integration into small pieces, and consider j (7) in
relation to j (z) on each. We can bound the quotient by

/

Az +0.65) j(z+0.65i) —j(e)

1
2

N|=

1 Ek/ (619) E14_k/ (a: + 0651)
A(x+0.65) 5 (x+0.65i) — j(eif)

dx < Ak’7

[NIE

13



where

(2.76009 if K’ =0,
0.684214 if k' = 4,
0.950549 if k' = 6,
0.184724 if k' =8,
0.258108 if k' = 10,
(0.075404  if k' = 14.

Ap =

Putting all of these pieces together, we see that
|R;m(0)] < 14067077 Ay

for 1 < j </ and

|Rjyem(0)] < 1+67"

for1 <7 <m.
Similarly, for 6 € [7/2,1.9), we have

D=

| Ry (0)| < e72mmine=0.79) / |G(x +0.75i, )| du.

I

e~ 2mm(sin0=0.75) is hounded above by 0.29131.
It holds that 4
0.00178 < |A ()| < 0.00270,

and
0.00721 < |A (z + 0.754)| < 0.01112.

Putting this together, we have, for £ > j,

_ —j
A (ew) o
e < 0.3745]"77 .
A (x +0.751) <| |
We can bound the quotient by
: 1 Ew () Eyy_po (x + 0.751)

/
dx S Ak/,

/

A(z+0.751)  j(x—+0.751) — j ()

N

14



where

(28039  if K =0,
1.97763  if k' =4,
1.1423  if ¥’ =6,
1.63148 if k' =8,
0.82393 if k' = 10,
(0.696154 if k' = 14.

Thus we have that
|R;m(0)] < 0.29131™0.37457 A,

for 1 < j </ and
0.01112}7

; ) <0.29131™ | ———
|RJ+Z,m( )| — 0.2913 A(ezé)

k/

for 1 <753 <m.

We note that the bound of |R;¢m ()] for 1.9 < @ < 2% is larger than for
2 <6 < 1.9 since |Rjppm(0)] > 1 for 1.9 < 6 < 2¢. Therefore we also use
the bound of |R;s,,(6)] for 1.9 <6 < %” when 7 <60 < 1.9.

We prove Theorem 2.1 using the bound for |R;,,(0)|. H(#) is written by

l
H(0) = Hom(0)+ Y _ a;e'"PA () Hy,(0)

j=1
S i+0)i i\J+¢
+ Z aj+e€12(9+€) 0/2 A (6 9)J+ Hj-}—é,m(e)
j=1
k6
= 2cos 5 2mtmecosO | + Ry (0)

14

g s — 125
+ Z aj€12]19/2A (GZG)J (2 COS (u — 27Tm CcOS 0) + Rj7m(9))

, 2
7j=1
m e " k—12(j+1))0
+ Z aj+e€12(j+f)ze/2A (eZQ)J‘FZ (2 oS (( (2‘7 ) — 2mm cos 9)
7j=1

+Rj+€,m(9)> :

15



Thus |H(6) — 2cos (% — 2wm cos )| is bounded above by

l .
[Rom(O)] + D las 2+ | Rym(0)) | A (e7) [

J=1

+ Z |aj] (24 |Rjrem(0)]) | A (¢7) |j+e

=1
J4
< 1S AY+ 3 ol (24 140701 A ) 8

J=1

m J
m 2 0\ |J+¢
+m . .
= LS A+ Y gl (354 07 () Aw)
j=1
Now suppose

l+m A A

> 1a;|(36% + 07y (j) Aw) < 1— 876 A

j=1

Then we have

< 2.

H(0) — 2cos (%0 — 27mm cos 9)

This inequality is enough to prove the theorem. To see this, note that as 6
increases from 7/2 to 27/3, the quantity

k6

— — 2mmcos b
2

increases from 7 (3¢ + k'/4) to w (3¢ + k'/3 + D), where D = { + m, hitting
D + 1 distinct consecutive integer multiples of 7 (this is independent of the
choice of k'). A short computation shows that if D > |¢|, then the quantity
% — 2mm cos 0 is strictly increasing on this interval. Thus, there are exactly

D + 1 values of € in the interval /2,27 /3] where the function

2 cos <§ — 27Tm cos 0>

16



has absolute value 2, alternating between +2 and —2 as 6 increases. Then
real-valued function H(f) must have at least D distinct zeros as 6 moves
through the interval (7/2,27/3). This accounts for all D nontrivial zeros of

9k,m-

2.4 Details of computing upper and lower bounds

1 4
We seek a bound for [?, ’Gj (x + 0.65i, 6’9)‘ dx. Firstly, we bound

B

AI(T)

To do this we consider the upper and lower bounds for A(e?) and A(x +
0.657). We can write the cusp form A in term of Eisenstein series £, and Eg
such that

_ Ei(x) - E§(?)

B 1728

Here for a modular form f with Fourier series f = ) af(n)q", we will choose

A(z)

a positive integer N and let fvbe the truncation of the Fourier series of f up
to and including the ¢"v term, and we let Ry f = f — f be the remaining tail
of the series. By the definition of Eisenstein series, we have

Ey(z) =14240 i os(n)q".

n=1

For k > 1, we can generously bound oy(n) = -4, d* by n-n* = nktl If
|e?™#| < ¢, then we can bound RggFEy4(2) by

|RaEa(z)] < 240 o3(n)t”

n=21
30 (e%S)
< 240 ) os(n)t" 4240 Y 0t
n=21 n=31

Standard Taylor series methods involving derivatives of the geometric series
(1—2)~t = > 2" taken at x = t allows us to bound the infinite series. Since

we have
30

= 4 1188 + 1182 +- ¢

4m _ 4n
Znt— (1 —1t)5 Znt,
n=31 n=1

17



it holds that

P11 112+t
|RaoE4(2)] < 240 Z o3(n)t" + 240 ( i i _+t il Zn4t”
n=21

The tail |RooE3(2)| is bounded by

|RanE3(z)] = |Ra (EZ(Z)+R20E4(Z)>3

IN

—~3 —~ 2 —
|[Rao B ()| + 3 |Ea(2)]| |Rao Ba(2)] + 3| Ea(2)| [ Rao Ba(2)
—|— |R20E4(2)|3 .

Therefore we compute explicit bounds on all of these terms for |¢| = emV3T
—~3
and we find |RagEa(2)| < 5.491887 x 10~ (z)‘ < 7.905146 x 10734,

and ‘Ej(z) < 2.081136. Thus it holds that

|RaoE3(z)| < 7.905147 x 1073,

Similarly we compute the bound for Ry E?Z(2). By the definition of Eisenstein
series we have

Es(z) = 1—-504) a5(n)g

We can bound RsyFEs(z) by

IRy Fs(2)] < 504205(n)t

t”+5o4zn

n=21 n=31

IN IN
(@) (@)1
S S
= =
UNGERSNGE
Q Q
ot Cﬂ

15 BT + 30261 + 30263 + BT +1 o=
504 - ).
o ey >

18



We have
—_— 2
‘RgoEg(Z){ = ‘RQO (Eﬁ(Z) + R20E6(2)> ‘

—~2
S ‘RQOEﬁ (Z) ’RQOEG(Z)’ + |R20E6(Z)|2 .

+2]EV6(Z>

Therefore we compute explicit bounds on all of these terms for |e*™#| = e~ V3T
—~2
and we find |RegE6(2)| < 4.911666 x 107 | RygEg (2)| < 7.905146 x 10734,

and ‘vaﬁ(z)

< 3.506567. Thus it holds that

|RaoEg(2)| < 7.905150 x 1073,
We can bound RypA(z) by
[ Rao B (2)] + | Rao B (2)]
1728

We can do similar upper bound calculations for RyF3(7), ReoEs(7) and
RooA(T), where 7 = x + 0.65¢ and —1/2 < = < 1/2, using the addi-
tional fact that [e*™7| = e~ 137, Since we have |RooE4(7)| < 1.335417 x

—~—3 .
10*31,‘R20E4 (T)‘ < 1.932802 x 1072, ’E4(7‘)‘ < 5.687301, |RaoEs(r)| <

—9 —
1.195172 x 1072, ‘RQOE6 (7)’ < 1.932889 x 10~%', and ’E6(7'>‘ < 14.83488,
it holds that

|RapA(2)| < < 9.149478 x 1077,

|Rao B (7)| < 1.932893 x 10~%,

and
| RaoEg (T)| < 1.932893 x 107",

Thus it follows that
|Roo B3 (7)| + | Rao B (7))
1728

To compute upper and lower bounds for |A(z)]|, we trivially bound the deriva-
tive of A(z) with respect to 6 for 6 € [1.9,27/3] by

|Rog A(T)] < < 2.237145 x 10724,

20

£ o)

n=1

A(z)

- Z 2mne’ - a(n)q"

n=1

g

| 20

20
< Z 2mn - a(n)t" < 0.021938.

n=1
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If we evaluate ﬁ(z) at the points 0 = 1.9 + 15555 for 0 < n < 10000 -

(2m/3 — 1.9), the spacing between the points is small enough that on the

entire interval, A(z) cannot be below 0.021938 X sb== = 1.0969 x 107° less

than its minimum value on these points. The minimum value of A(z) on these
points is at least 0.0026913 and the maximum value is at most 0.0048052.
Since we have |RgoA(z)] < 9.149478 x 10737, for 0 € [1.9,27/3], it follows
that

0.002691 < |A(2)| < 0.004807.

Similarly, we seek upper and lower bounds for [A(7)| where 7 = x + 0.65
and —1/2 <z < 1/2. We trivially bound the derivative of A(7) with respect
to x for x € [-1/2,1/2] by

J - g [ 20
80| = [t (et ) = |- Samin: o
20
< > 2mn-a(n)t” < 0.040192.
n=1
We consider the minimum value of A(7) at the points z = —1/2 + oo for
0 < n < 10000. A(7) cannot be below 0.040192 X 5 = 2.0096 x 1076

less than its minimum value on these points. The minimum value of 8(7')
on these points is at least 0.0111249 and the maximum value is at most
0.0249721. Since we have |RyoA(7)| < 2.237145 x 1072, for z € [-1/2,1/2],
it follows that

0.011122 < |A(7)| < 0.024975.

Therefore we can bound A(z)/A(7) by

A(z)| _ 0.004807
A(r)| = 0.011122

and it holds that
A(z)

A(r)
for 6 € [1.9,27/3] and 7 = x + 0.65¢ where —1/2 <z < 1/2.

We will also need to find upper bounds for |Ey(z)| and |Eg(z)| for 6 €
[1.9,27/3]. We can calculate them in the same way as the bounds for |A(z)].

< 0.432207,
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The derivative of E;(z) with respect to 6 for 6 € [1.9,27/3] is bounded above
by

@E;;(Z)

d 20 20
W (Z ag<n>qn)| _ ‘—zz
< sz o3(n)t" < 7.054822.

The function E4(z) cannot be above 7.054822 x so00o05, = 3527411 x 1076
more than its maximum value on the points 6 = 1.9 + 1060000 for 0 <n <

1000000 - (27/3 —1.9). The maximum value of E,(z) on these points is
at most 0.900254. Since we have |RyoE4(2)| < 5.491887 x 1074, for 0 €
[1.9,27/3], it follows that

|E4(2)] < 0.900258.

Similarly, the derivative of Eg(z) with respect to 6 for 6 € [1.9,27/3] is
bounded above by

@Efs( z)

d 20 20
20 <; 05(n)q"> ‘ = ‘— ; 2mne’
< sz o5(n)t" < 17.8410.

The function Eg(z) cannot be above 17.8410 X 00T, = 89205 x 107°
more than its maximum value on the points § = 1.9 + 1000000 for 0 <

n < 1000000 - (27r/3 —1.9). The maximum value of Eo(z ) on these points
is at most 2.881542. Since we have |RyFg(2)] < 4.911666 x 10~*, for
6 € [1.9,27/3], it follows that

|Fs(z)| < 2.881551.

We now consider

31 Ery_p(T)
/. A0 I — 32 @)

2
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We note j(z) is real valued by [5, Proposition 2.1] and
1 1

i) =i(z) - (RG(T) —3(2) +iS6()

We need information about the size of the real and imaginary parts of j(7)
for values of x on each of several subintervals of [~1/2,1/2] and the value
of j(z). For these computations, we work with the truncations j(z) and
j(1), taking into account the growth of the real and imaginary parts of the
truncations and the error caused by ignoring the tail. We can express j(z)
in terms of Eisenstein series of weight 4 and the Ramanujan A function as

j(z) = Ji‘(f))-

We use this representation to bound Rggj(z). Observe that if we truncate
j(2z), then the tail satisfies

Bai(2)] = |i() = J(2)]
- [5G

|E3(2) — 1(2)A ()

~ 1A - AR + [ Rao B (2)]
< ol = am |t A0
Rt B =BG + IR B (2)
- Fol7an A6 ‘

We compute explicit bounds on all of these terms for § € [1.9,27/3], and
have

0.149478 x 10737 6.859820 x 10729 4+ 7.905147 x 10734
Raoi(2)| < 10505.2-
[ R0 (2)] 0.002601 T 0.002691

< 2.549558 x 10726,
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Similarly, for z € [—1/2,1/2], it holds that
2.237145 x 1072 5.684342 x 1071 4 1.932893 x 10~2

Rooj < 16535.7 -
[ F20j (7)] 0.011122 + 0.011122
< 5.110903 x 10712

We also bound the derivatives of the truncations of j(z) and the real
and imaginary parts of j(7). Doing so allows us to evaluate the functions
at equally spaced points as before to get maximum and minimum values for
j(2) and the real and imaginary parts of j(7).

We take the derivative of j(7) with respect to x, and for both the real
and imaginary parts we achieve a bound of

‘%% (3(7)) : di“(?(r))‘ < % (i a(n)q”)‘ = ‘— i 2min - a(n)q

n=-—1 n=-—1
< > 2w a(n)t" < 234470,
n=—1
for z € [—1/2,1/2]. The bound on the derivative of j(z) with respect to 6 is
quite manageable as well. We have
20

d n
29 (Z a(n)q )

n=—1

'dej

20
< Z 2mn - a(n)t" < 10505.2,
n=-—1
for 0 € [1.9,27/3]. We again compute values of ;(z) at a sampling of
points and use these bounds to find upper and lower bounds of j(z) for
6 € [1.9,27/3]. We have
0 < j(z) <271.1,

for 6 € [1.9,27/3].

We also need upper bounds for the derivatives of E,(7) and Eg(7) with
respect to x for x € [-1/2,1/2]. They are bounded above by

d ~ % (Z ag(n)q")

de4( ™)
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and

% (Z U5(n)q") ‘ = '— > " 2min - o5(n)q"

n=1

20
< ) 2mn-os(n)t" < 124.801,
n=1

for x € [-1/2,1/2].

We break our path of integration (2) into pieces, and consider j(7) in rela-
tion to j(z) on each. Since it is clear that ™™ = e~137 (cos (27x) + isin (277)),
we have R (j (z 4 0.65i)) = R (j (—z + 0.65¢)) while I (5 (x + 0.657))
= —S(j (—x + 0.657)). Similar equations hold for A(7) and Ey4—x (7). Thus
we have

1 By (x + 0.651)
A(z + 0.65) j(z + 0.65i) — j(=)

. 1 El4—k’(_$ + 0652)
| A(—z +0.657) j(—x + 0.65i) — j(2)|’

for x € [—1/2,1/2]. With this in mind, we restrict our calculations to = €
[—1/2,0] and use symmetry for z € [0,1/2]. Using the upper bounds for the
derivatives, the values at sampling points and the upper bounds for the tails,
we can obtain bounds for R (5(7)), S (4 (7)), |Es(7)|, |Ee(7)| and |A(7)] for
x on each of several subintervals of [—1/2,1/2]. Their bounds are showed by
the following tables.

RGE) [SGE) [ B [ 1B@] ] AG)

—0.50 < x < —-0.49 > 593 >0 < 2.462 | < 5.329 | > 0.0249
—0.49 < x < —-0.48 > 584.4 > 81.01 | <2473 | < 5.363 | > 0.0249
—048 < x < —-0.47 > 569.9 > 162.5 | < 2.488 | < 5.420 | > 0.0248
—0.47 < x < —-0.46 > 548.9 > 2449 | < 2.510 | < 5.498 | > 0.0246
—0.46 < x < —-0.45 > 520.7 > 328.7 | < 2.537 | < 5.596 | > 0.0245
—0.45 <x < -0.44 > 484.4 >414.2 | < 2.571 | < 5.713 | > 0.0243
—0.44 <x < -0.43 > 439.1 > 501.7 | < 2.610 | < 5.848 | > 0.0241
—043 <x < —-0.42 > 383.2 > 591.3 | < 2.654 | < 6.000 | > 0.0238
—042 <x < -041 > 3154 > 683.0 | < 2.704 | < 6.166 | > 0.0235
—0.41 <z <-0.40 > 233.9 > 776.6 | < 2.760 | < 6.346 | > 0.0232
—040 <2< =039 | >21,<234 | >871.5 | <2.820 | < 6.537 | > 0.0229
—039<x<—-038] >21,<234 | >966.9 | <2.885| <6.738 | > 0.0225
—0.38 < x < -0.37 < 21.0 > 1061 | <2.954 | < 6.948 | > 0.0222
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RG() SGE) B 1E@OL ] A0
—037 <2< -0.36 < —112.8 > 1153 < 3.027 | < 7.166 | > 0.0218
—0.36 <2 < —-0.35 < —=270.0 > 1241 <3.104 | < 7.389 | > 0.0214
—-035 <z <-0.34 < —451.9 > 1321 < 3.185 | < 7.618 | > 0.0209
—0.34 <2< -0.33 < —660.7 > 1389 < 3.270 | < 7.851 | > 0.0205
—033 <2< -0.32 < —898.4 > 1442 < 3.357 | < 8.086 | > 0.0201
032 <2< -0.31 < —1166 > 1473 < 3447 | <8323 | > 0.0196
—0.31 <2< -0.30 < —1466 > 1444 < 3.540 | < 8.561 | > 0.0192
—0.30 <2 < -0.29 < —=1797 > 1368 < 3.635 | <8798 | > 0.0187
—0.29 <2 < —-0.28 < —2158 > 1239 < 3.731 | <9.034 | > 0.0183
—0.28 <z < —-0.27 < —2546 > 1048 < 3.829 | < 9.269 | > 0.0178
—0.27T <x < —-0.26 < —2957 > 783.7 <3929 | <9500 | >0.0174
—0.26 <2 < —-0.25 < —3384 > 436.4 <4.029 | <9.728 | > 0.0170
—0.25 <x < -0.24 < —3817 > —3.3,<437 | <4.129 | < 9.951 | > 0.0165
—0.24 <2 < -0.23 < —4242 < —=3.212 < 4.229 | <10.17 | > 0.0161
023 <2< -0.22 < —4645 < —543.1 < 4.329 | <10.39 | > 0.0157
—-0.22 <x < -0.21 < =5007 < —1189 < 4.428 | < 10.59 | > 0.0153
—0.21 <2 < -0.20 < —5304 < —1943 < 4.527 | < 10.79 | > 0.0149
—0.20 <2 < -0.19 < —5513 < —2805 < 4.623 | < 10.99 | > 0.0146
—-0.19 <2 < —-0.18 < —5559 < =3767 <4.718 | < 11.17 | > 0.0142
—0.18 <2 < —-0.17 < —bH341 < —4816 < 4.810 | < 11.35 | > 0.0139
—0.17 < x < -0.16 < —4929 < —H932 <4900 | < 11.51 | > 0.0136
—0.16 <z < —-0.15 < —4301 < —T7087 < 4.986 | < 11.67 | > 0.0133
—0.15 <2< -0.14 < —3445 < —8248 < 5.069 | < 11.82 | > 0.0130
—0.14 <x < -0.13 < —2352 < —9373 < 5149 | < 11.96 | > 0.0127
013 <2< -0.12 < —1209 < —10413 < 5.223 | < 12.09 | > 0.0125
—0.12 <2 < -0.11 | > —1030, < 508 < —11319 <5294 | <12.21 | > 0.0123
—0.11 <2 < -0.10 > 508.2 < —12037 < 5.359 | <« 12.32 | > 0.0121
—0.10 <2 < —-0.09 > 2231 < —12515 < 5420 | < 12.42 | > 0.0119
—0.09 <2 < —-0.08 > 4098 < —12574 <5474 | <12.51 | > 0.0117
—0.08 <z < —-0.07 > 6054 < —12089 < 5523 | < 12.58 | > 0.0116
—0.07 < x < —-0.06 > 8033 < —11241 < 5.566 | < 12.65 | > 0.0114
—0.06 <2 < —-0.05 > 9964 < —10033 < 5.603 | <1271 | > 0.0113
—0.05 <z < -0.04 > 11770 < —8490 < 5.633 | <12.76 | > 0.0112
—0.04 <2 < -0.03 > 13374 < —6651 < 5.657 | < 12.79 | > 0.0112
—0.03 <z < -0.02 > 14706 < —4574 <5674 | <12.82 | > 0.0111
—0.02 <2z < -0.01 > 15706 < —2330 <5684 | <12.83 | > 0.0111
—0.01 <2 < -0.00 > 16325 <0 < 5.688 | <12.84 | > 0.0111
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We consider

1 1

i) =) RG() —3(2) +iS (i(7)

We note that since j(z) is real, if we have the bound |3(j(z))| > b > 0 for a
subinterval, it follows that

1
R(G(7) —3(2)) +ib
If R(j(7)) > a; > 271.1, then this is bounded by

:

1
(ay — 271.1) +ib

1
- - < .
)](7) —J(2)
If R(j§(7)) < —ag <0, then this is bounded by

1
(CLQ — O) +Zb

1
‘j(T ) —J(2) '
If R(j(7)) € [0,271.1] for some 7, then this is bounded by

1
(0—0) +ib

< ‘

Since J(j(z)) may be equal to 0,

m is bounded by
1

1
‘ (593 — 271.1) + 0

‘ (16325 — 271.1) + 0

J

1
’ ’(3817—0)+0‘

for —0.50 < x < —0.49, —0.25 < x < —0.24 and —0.01 < x < 0, re-
spectively. Moreover, we note that Ej/ is written in term of E; and FEg for
k' € {0,4,6,8,10,14}. Thus we can bound FEj using the bounds of £, and
Eg. Therefore we can bound the integral

/_é

1
2

1 Ek/ (ew) E14,kl (.CL' -+ 065@)
A(z+0.65i) j(x+0.65i) — j (ei)

dzx. (3)
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For example, when k' = 0, (3) is bounded above by

2.462% . 5.329

2-0.01-
(0.0249 /(593 — 271.1)2 + 02
2.4882 - 5.420

_|_
0.0248 - \/(569.9 — 271.1)2 + 162.52
2.537% - 5.596

_|_
0.0245 - /(520.7 — 271.1)2 + 328.72
2.610% - 5.848

+
0.0241 - /(439.1 — 271.1)2 + 501.72
2.7042 - 6.166

+
0.0235 - /(315.4 — 271.1)2 + 683.02
2.820% - 6.537

0.0229 - /(0 — 0)2 + 871.52
2.9542 - 6.948

+
0.0222 - /(0 — 0)2 + 10612
3.1042 - 7.389

+
0.0214 - \/(270.0 — 0)2 + 12412
3.270% - 7.851

0.0205 - 1/(660.7 — 0)% + 13892
3.4472 . 8.323

_|_
0.0196 - /(1166 — 0)2 4 14732
3.6352 - 8.798

2.473? - 5.363
0.0249 - \/(584.4 — 271.1)% 4 81.012
2.510? - 5.498
0.0246 - \/(548.9 — 271.1)2 + 244.92
2.5712 - 5.713
0.0243 - \/(484.4 — 271.1)% + 414.22
2.6542 - 6.000
0.0238 - 1/(383.2 — 271.1)% + 591.32
2.7602 - 6.346
0.0232 - 1/(0 — 0)2 + 776.62
2.8852 - 6.738
0.0225 - /(0 — 0)2 + 966.92
3.0272 - 7.166
0.0218 - \/(112.8 — 0)2 4 11532
3.185% - 7.618
0.0209 - 1/(451.9 — 0)2 + 13212
3.357% - 8.086
0.0201 - 1/(898.4 — 0)2 + 14422
3.540? - 8.561
0.0192 - /(1466 — 0)% + 14442
3.7312-9.034

+
0.0187 - /(1797 — 0)% + 13682
3.8292 - 9.269

0.0183 - /(2158 — 0)2 4 12392
3.929% - 9.500

0.0178 - /2546 — 0)2 + 10482
4.0297 - 9.728

0.0174 - \/2957 — 0)2 + 783.72
4.1297 - 9.951

+
0.0170 - /3384 — 0)2 4 436.42
4.229% - 10.17

0.0165 - /(3817 — 0)2 + 02
4.329% - 10.39

+
0.0161 - /(4242 — 0)2 + 3.2122
4.4282 -10.59

0.0157 - /(4645 — 0)2 + 543.12
4.527%-10.79

+
0.0153 - /(5007 — 0)2 + 11892
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N 4.6232 - 10.99 4.718%-11.17
0.0146 - /(5513 — 0)2 + 28052 0.0142 - /(5559 — 0)2 + 37672
N 4.810% - 11.35 4.900% - 11.51
0.0139 - /(5341 — 0)2 + 48162 0.0136 - 1/(4929 — 0)2 + 59322
N 4.986% - 11.67 5.069% - 11.82
0.0133 - /(4301 — 0)2 + 70872 0.0130 - /(3445 — 0)2 + 82482
N 5.149% - 11.96 5.223% - 12.09
0.0127 - /(2352 — 0)2 + 93732 0.0125 - /(1209 — 0)% + 104132
N 5.2942 . 12.21 5.359% - 12.32
0.0123 - /(0 — 0)2 + 113192 0.0121 - 1/(508.2 — 271.1)2 + 120372
N 5.4202 - 12.42 5.4742 . 12.51
0.0119 - /(2231 — 271.1)2 + 125152 0.0117 - /(4098 — 271.1)2 + 125742
N 5.523% - 12.58 5.566% - 12.65
0.0116 - /(6054 — 271.1)% + 120892 0.0114 - /(8033 — 271.1)% + 112412
N 5.603% - 12.71 5.633% - 12.76
0.0113 - 1/(9964 — 271.1)2 + 100332 0.0112 - /(11770 — 271.1)2 + 84902
N 5.657% - 12.79 5.674% - 12.82
0.0112 - /(13374 — 271.1)2 + 66512 0.0111 - /(14706 — 271.1)2 + 45742
. 5.6842 - 12.83 5.6882 - 12.84 )
0.0111 - /(15706 — 271.1)2 + 23302 0.0111 - /(16325 — 271.1)2 + 02

< 2.76009.

We set Ay = 2.76009. For k' € {4,6,8,10,14}, constants Ax which bound

(3) is obtained by similar calculation.

Similarly, when § <60 < 1.9 and 7 = x + 0.754, we have the bounds A},

in Subsection 2.3.

We completed our proof of Theorem 2.1.
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3 Transcendence of zeros

In this section, we consider transcendence of zeros of gj.,. We have the
following theorem.

Theorem 3.1. Let 2 be a 2610 of G (2) = frm(2)+ 3200 a5 fa12jm(2) A(2)?

j=1
in the fundamental domain for SLo(Z) lying on the circle |z| = 1. Let a; € Q.
Then zq is transcendental if it s not equal to i or p = —% + @

For the proof of Theorem 3.1, we use the following lemma of Schneider.

Lemma 3.1. /9, Corollary 3.4] If z € H and j(z) is algebraic, then either z is

transcendental or z is imaginary quadratic, i.e. Q(2) is a degree 2 extension
of Q, with z ¢ R.

We can prove Theorem 3.1 as with [7]. We now consider some properties
from class field theory and complex multiplication discussed in [1]. Let D be
a negative integer so that K = Q(v/D) is an imaginary quadratic field. An
oder ® of K is a subring of K containing 1 that is a free Z-module of rank
2. A proper fractional of ® is a nonzero fractional ideal 2 of ® such that

D ={ae K:aoCA}

We consider many nice properties for the set of all proper fractional ideals
of K forms a multiplicative group.

We set a polynomial P(z) = az?® + bz + ¢ of negative discriminant D =
b*> — 4ac with integer coefficients such that @ > 0 and ged(a,b,c) = 1. If
z € H is a root of P(x), as seen in [1, Lemma 7.5], © = [1, az] is an order of
K and A = [1, 2] is a proper fractional ideal of ©.

To see the structure of ®, we note that since z € H is a root of the
polynomial az? + bx + ¢, by the quadratic formula, z = %ﬁ. Therefore

-b++vD
La] = |1, VD o
2 L ifb=1 (mod 2).

:{@ if b=0 (mod 2),

Since D = b? — 4ac, we have that b is even if and only if D = 0 (mod 4).
Similarly, b is odd if and only if D =1 (mod 4). Thus the following lemma
holds as with [7].
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Lemma 3.2. [7, Lemma 2.2] Let a,b,c € Z such that a > 0, ged(a,b,c) =1,
and D = b* —4ac < 0. If z € H is a root of the polynomial ax® + bx + c,

then the lattice [1, 2] is a proper fractional ideal of the order ©® = [1,az| of
K = Q(vVD). Moreover,

D _ %ﬁ if D=0 (mod 4),
B %ﬁ if D=1 (mod 4).

We find that the order ® does not depend on z, but instead on the
discriminant D of the reduced integer polynomial that has z as a root. Recall,
if A is a lattice of C' we define j(A) = j(z), where z € H and A = [1, z]. The
choice of z € H is well defined. By Lemma 3.2, we see that we can map a point
z € H to the proper fractional ideal A = [1, 2] of ®©, where j([1, z]) = j(2).

The following lemma follows from [1, Theorem 11.1 and Proposition 13.2],
and is the last result we need before the proof of Theorem 3.1 as with [7].

Lemma 3.3. [7, Lemma 2.3] If A is a proper fractional ideal of an order ®
of an imaginary quadratic field K, then j(2) is an algebraic over Q. If B is
any other proper fractional ideal of ©, then K(j()) = K(j(B)) and j(2)
and j(*B) are conjugate over K. Furthermore, the degree of j(2U) is the class
number of .

Let gxm(2) satisfy the assumption of Theorem 3.1. Then we can write

l+m

Gem(2) = fk,m(Z)+Zajfk:—12j,m(z)ﬁ(z)j

= A(2)'Ep(2)For(i(2)),

where Fj 1(j(%)) is a monic polynomial in j(z) of degree L = ¢ + m with
rational number coefficients. By Kohnen [8], the only possible zeros of Fy(2)
are i and p. Also, we see from the valence formula that A(z) is never zero
on H. Thus, the only zeros of gi,,(z) in F other than i, p are the zeros of
Frn((2).

Suppose zg € F such that Fy 1,(j(z0)) = 0. Since Fy 1(x) is a polynomial
with rational number coefficients, j(zp) is algebraic. Thus from Lemma 3.1,
2g is either transcendental or imaginary quadratic.

If z is imaginary quadratic, then zj is a root of a polynomial P(z) = ax?+
bx + ¢, where ged(a, b, ¢) = 1,a > 0, and the discriminant Dy = b* — 4ac < 0.

Let K = Q(v/Dy).
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We consider the order ® = [1,az] of K. From Lemma 3.2, the lattice
[1, z0) is a proper fractional ideal of ©, and the order © has the form

1“2[’7} if Dy=0 (mod 4),

D —
1, 1”’70} if Dy=1 (mod 4).

2

Thus by Lemma 6.3, if 2 is any other proper fractional ideal of ©, j(z) =
J([1, 20]) and j(2A) are conjugate.
We consider the point z; € C defined by
A |2D0‘ if Dy=0 (mod 4),

Rl = T
Lt/ 1Do] if Dp=1 (mod 4).

2

Then z; € F and we have [1,z;] = ©. Thus by definition [1, z1] is a proper
fractional ideal of ©, and so j(zo) and j(z1) are conjugate.

We take an automorphism o of K (j(®)) such that o(j(z)) = j(z1). Since
o acts as the identity on QQ and Fj  is a polynomial with rational number
coefficients, we have that

0 = o(0)
= 0(Fk(i(20)))
= Fi1(0(i(20)))
= Fk,L(j(Zl))-

Thus z; is also a zero of Fj ; and hence a zero of gj,,. Since z; € F, by
Theorem 2.1 we have that z; must lie on the arc of the unit circle given by

ew:f<8<2_77 .
2~ — 3

Suppose Dy = 0 (mod 4), so that Dy = —4n for some positive integer n.
Then z; = i4/n, but since z; must lie on the unit circle we must have n = 1.
Thus, Dy = —4. Since 2y € H, we have by the quadratic formula that

—b+2i
20 = % .
But zp € F, and so (z9) > \/75 Thus a = 1, and so
b .
2y = ) + 7.
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But again by Theorem 2.1 we have that z; must lie on the unit circle, so
b=0and zy = 1.

If Dy = 1 (mod 4), then Dy = —4n + 1 for some positive integer n.
Hence,
—1+v4n —1
21 = )
2

and thus |z;|> = n. Again, since z; must lie on the unit circle we must have
n = 1. Therefore Dy = —3. Since zy € H, we have that

_ —b+iV3

20
2a

by the quadratic formula. And again since zy € F, we have a = 1 so that

b V3

=Ty
But again by Theorem 2.1 we have that zy must lie on the unit circle, so
b=1 and zy = p. Thus, we completed Theorem 3.1.
We have the following corollary by Theorem 2.1 and Theorem 3.1.

Corollary 3.1. Let k = 12¢ + k', where { € Z>o and k' € {0,4,6,8,10,14}.

Let
l+m

Gm(2) = Fem(2) + D 0 fr2im(2) D),
j=1
where a; € Q,m >0 and { +m > 1. If {aj}ﬁi’ln satisfy

l+m
> lagl (363 + 55y () Aw) < 1 — 670 A,

J=1

then all of zeros of gi.m in the fundamental domain for SLy(Z) are transcen-

dental or equal to i or p = —% + @
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4 Zeros of weakly holomorphic modular form
of level 2

In this section, we consider zeros of weakly holomorphic modular form of
level 2.

4.1 Definitions and statement of results

Let M,g(Z) be the subspace of M;(2) consisting of forms which are holo-
morphic away from the cusp at co. Garthwaite and Jenkins considered a
canonical basis of M?(2) in [4]. Let k = 40 4+ k' where £ € Z and k" € {0, 2}.
For any integer m > —/, there exists a unique weakly holomorphic modular
form fy,,, € M*(2) which has an expansion

fem(2) ="+ O(¢"™).

We define three modular forms of level 2 to construct fi ,(z). Let

W(z) = (777’((222))) =g =244 276g+ - € ML(2)

be the Hauptmodul for I'g(2). This form has integer coefficients, has a pole at
0o, and vanishes at 0. Moreover, by the above argument (z) is real-valued
on the lower boundary of the fundamental domain.

Next, let

Fy(2) =2E5(22) — Ex(z) =1+24) | >  d|q"

n d|n,d odd

be the unique normalized holomorphic modular form of weight 2 and level
2. Here E5(z) is the weight 2 Eisenstein series Ey(z) =1 —24%"> o(n)q".
The form F,(z) has integer coefficients and a single zero at the elliptic point

1, i
— = + =,

2 T2

Additionally, we define the Eisenstein series Sy(z) € My(2) as
E4(Z) — E4(22)

Si(z) = 510 =q+8¢°+28¢ +---.
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It is easily checked that S, has integral Fourier coefficients and vanishes at
0o. It does not vanish at the cusp at 0, as there are no cusp forms of weight
4 and level 2.

We now use these forms to construct a basis for M*(2). We can write

frm(2) = S5(2) Fio (2)F (¥(2)),

where F(z) is a polynomial with integer coefficients of degree n+¢ = n+ [ ].
Similar sequences of modular forms for many levels appear in [3].

For the group I'y(2), we use a fundamental domain in the upper half-
plane bounded by the lines R(z) = —3 and R(z) = 1, the circles of radius
% centered at z = —% and z = % We include the boundary on the left half
of this fundamental domain. The cusps of this fundamental domain can be

taken to be at oo and at 0.

0.8 -

06

-04 -0.2 0.2 0.4

Figure 2: A fundamental domain for I'g(2).
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Garthwaite and Jenkins proved the following theorem [4].

Theorem 4.1. [4, Theorem 1] Let fim(2) be as above. If £ > 0 and m >
14048, or if £ < 0 and n > 15|¢] +8, then at least | %Ln + k| of the n+ | %]
nontrivial zeros of fi.m(z) in the fundamental domain for I'y(2) lie on the
lower boundary of the fundamental domain.

We define gy, ,(2) to generalize Theorem 4.1. It is defined by

+m

Gem(2) = frm(2) + Z ajfk—4j,m(z)54(2)ja

where a; € R,m > 1 and ¢ > 1. The main results for level 2 of this paper
are the following three theorems.

Theorem 4.2. Let k = 40+ k', where £ > 1 and k' € {0,2}. Let grpm(z) =
Jrm(2) + Zf;”ln aj fr—ajm(2)S1(2)?, where a; € R and m > 1. Suppose

55 = 62.574,
5 = 2.444141,
5, = 0.87063,
5 = 0.73041,
A = 218151

, ST 1< i<,
i ) - {357 815

G084+ 1<j<Ll+m.

If {a; gi’ln satisfy

l+m
> lal(2682 + 05 1a(5) A) < 2 - 6F'6LA

j=1

then at least L\/Tgn + &] of the n + %] nontrivial zeros of frm(z) in the
fundamental domain for T'g(2) lie on the lower boundary of the fundamental
domain.

Theorem 4.3. Let fi.(z) be as above. If £ >0 and m > 3(+5, orif { <0
and n > 8[| + 5, then at least |2 + & | of the n + |%] nontrivial zeros of
frm(2) in the fundamental domain for I'g(2) lie on the lower boundary of the
fundamental domain.
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Theorem 4.4. Let k = 40+ k', where £ > 1 and k' € {0,2}. Let gim(z) =
Jem(2) + Zﬁ:{l a; fr—1jm(2)S4(z)?, where a; € R and m > 1. Suppose

dg = 1.6326,
010 = 0.15165,
011 = 0.066968,
012 = 0.81268,

B = 5.50471

S5 it 1<j<d,
80ty L1 < <L+ m.

If {a; fi’f‘ satisfy

l+m
> " lagl(20], + 6373(5) B) < 2 — 63068,
j=1

then at least |2 + & of the n+ | %] nontrivial zeros of fm(2) in the fun-
damental domain for T'g(2) lie on the lower boundary of the fundamental
domain.

Proofs of these theorems is given by Subsection 4.2, 4.3 and 4.4, respec-
tively.

4.2 Generalization of a theorem of Garthwaite and
Jenkins

In this subsection, we prove Theorem 4.2. An easy argument [4] shows that
for any weakly holomorphic modular form f of weight £ and level 2 with
real coefficients, the quantity /2 f(—1 4 1¢%) is real for 6 € [Z,Z]. In [4],
Garthwaite and Jenkins proved that

, . 1 1, ko
ek0/2g=mmsing ¢ (—5 + 5619> — (—=1)™2cos (7 — M cos 9> ' < 2,

for ¢ > 0 and m > 14¢ + 8, or £ < 0 and n > 15|¢| + 8. They showed the
inequality in term of several bounds for weakly holomorphic modular forms
of level 2. In Subsection 2.4, we computed bounds for weakly holomorphic
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modular forms of level 1. Now we can improve the bounds for level 2 by the
similar technique.
Suppose £ > 1 and m > 1. Then we set

{+m

Z 11
= H(]m +Za 64] 6/25 (_5 5 > H],m(e),

7j=1

H(Q) _ eik@/Qefﬂ’msinegk’m <__+ Zet )
+

where Hj,,(0) = ek=4)i0/2g=mmsinff, . (=14 1e?). Since ¢ > 1 and
m > 1, we write

) .
g 1 1 ..\’
H(Q) = H(),m(Q) + Zaj€4jle/254 (—5 + §€Z0> Hj’m(ﬁ)
jfl

£)i0 1 1 10 T
+ Z Z€4(]+ ¢ /25 (—5 + 561 > HjJrZ,m(e).

We define the function R;,,(6) for 6 € [%, %] by

(k—47)0

H; . (0) = (=1)"2cos ( 5

— M COS 9) + Rjm(0).

We seek a bound for the function R;,,(#). Details for the computation of the
numerical bounds that appear in this subsection are provided by the similar
technique of Subsection 2.4. By [4], we find that

—47)i —mm sin 1 1 7
Bin®)] = [et0mementg_yy, (<5 5e)

—(=1)™2cos (w — M COS 6) ‘

e(k4j)i9/2€7rmsin9/ S ( 3t3 29) I ( % + %eie) F2 (x + %)
- %Ju+g> Fy (z+3)

(G (x + %) —omi

_ 7'('Zm7'd
) et

1
2
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[P R (e Bl
-t S+ ) Fi (2 +5)
V(e +5)

X . ——d

o) e+

e—ﬂ'm(sin 6—%)

We consider the exponential term e=™(sm0-3) 1t holds that e~ ™ (5n0-3) <
0.73041 for § € [, Z]. We set ds = 0.73041.

First, we consider

We compute

0.03 <

11,
— 4 =€’ < 0. .
S4< 5+ 5 >’_087063

We set 67 = 0.87063. From [4], we have that

0.014 <

S, <x + %) ' < 2.44141.
We set dg = 2.44141. Putting this together, we have, for £ — j > 0,

Si(-3+3e)|”

= _ 5 031
— IS (=3 + 3¢7)]| |

By (<3 +46") B (o + 3)

< 162.574) 77,

and for / — 7 < 0,
Sa (=3 + 5¢”)
Sa(w+3)

We set 65 = 62.574.
Next, we consider the term

If ¥ = 2, this is \FQ 1+ 1) |, which is bounded above by 8.00067. If
k' =0, this is ‘Fg r+: } which is bounded above by 12.50005. Therefore
the contribution is bounded above by 12.50005.
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Finally, we consider

/

From [4], We can bound the Hauptmodul quotient by

/é

1
2

=

V(e +3) .
oot ) o3|

1
2

V(r+3)

. — | dor < 1.74520.
EEn RS

Thus

P Bl v,
Ay LG -ed )

is bounded above by
12.50005 - 1.74520 = 21.8151.

We set A = 21.8151.
Putting all of these pieces together, we see that, for 1 < j </,

|R;m(0)] < 6705 7 A,

for1 <j<m,

5 j
| Rjrem(6)] < 55”( - )|> A

NS Er

We prove Theorem 4.2 using the bound for |R;,,(#)|. When ¢ > 1 and
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m > 1, we can write

1 1

¢ J
H(0) = Hom(0)+ ) a;e"s, (—- + §ew) H;j i (0)

\)

j=1
m o 1 1 .\

+ Z CLj+e€4(]+g)zg/254 (—5 + 5619) Hjiom(0)

j=1

= (=1)"2cos <%€ — M COS «9) + Ro,m(0)

¢ j :
y I 1.5\ —4
+ E a;e %S, (—— + —ew) ((—1)m2 Ccos <w — 7M. COS 9)
J=1

2 2
+R;m(0))
u e 11 .,\’"
+ Z aj+£e4(3+£)19/254 (_5 + 5eze)
j=1
—4(i
X ((—1)’”2 oS (<k (g )8 _ M COS 0) + Rj+g7m(9)) .

Thus |H(6) — (—=1)"2cos (2 — mm cos )| is bounded above by

1 1.
S4 (—5 + 5610>

J

L
| Rom(6)] + Z |aj| (2 + | R;m(0)])

m 1 1 0 Jj+L
+;;mﬁA@+u%%mwmA%(—5+§e)
é . .
< A+ |ayl (2 + 5;@55*%4) 5
j=1
“ 5 ’ 1 1 ,\["
+3 Jagl [ 2+ 05 1- S, (——+—e’9>
2 5.+ 1) 33
l+m ‘ ‘
= OROEA+D as| (263 + 6P () A) .
j=1
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Now suppose
l4+m

> lagl (207 + 653 (1) A) < 2 — 0565 A.
j=1
Then we have

'H(&) — (=1)™2cos (%9 — Tmcos 9) <2.

This inequality is enough to prove Theorem 4.2 by the same argument as
Theorem 2.1. We completed the proof of Theorem 4.2.

4.3 Improving assumption for a theorem of Garthwaite
and Jenkins

The assumption for coefficients a; of Theorem 4.2 is very strict. In this
subsection, we consider more manageable assumption for a; and the proof
of Theorem 4.3 is given. For —1 + e if 6 is close to 0, —3 + 2e® is also
close to 0. Then Sy(z) and Ss(7) have more large values. To avoid this, we
restrict the interval 0 € [%, g] to 0 € [%, %} and change the integral contour
fromrT=z+¢toT =1+

Suppose 0 € [” ”]. We consider to bound

312
. . 1 1. ko
hib/2g—mmsinG g o _Z 4 Zeif ) (=1)"2cos | — — mm cos b
’ 2 2 2
)| [ S B i) B

b (x+ 20)
ST my—v (e

We consider the exponential term e~™(50-2) It holds that e~™™(m¢-3) <
0.81268 for 6 € [, 2]. We set d;o = 0.81268.
First, we consider
Y
S 4+
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We compute
0.03 < < 0.066968.

1 1.
S = — 0

We set 617 = 0.066968. It holds that

We set 019 = 0.15165. Putting this together, we have, for £ > 0,

< 0.15165.

0.014 <

Si(—3+3e) ]

¢ 5 1
< 1 .
(wer)

< 1.6326"

and for ¢ < 0,

N |—

51 (-4 + )

We set g = 1.6326.
Next, we consider the term

P (4 + 36%) B (o + )
P (v + )

If ¥ = 2, this is [Fy (=3 + 2¢)|, which is bounded above by 1.7929. If
k' = 0, this is |F2 (:1:' + %z) |, which is bounded above by 3.1542. Therefore

the contribution is bounded above by 3.1542.
Finally, we consider

/

and it is bounded above by 1.74520.
Thus

A Ce R SN s R ST

N

(o +30)
St B) - w3+ ko)

1
2
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is bounded above by
3.1542 - 1.74520 = 5.50471.

We set B = 5.50471.
Putting all of these pieces together, we see that for ¢ > 0,

2¢") Fi (=3 + 5¢") B (w+ 3i)
2 Fy (x + 2i)
A )
Ot 3) =0 (-5 +3e7)

e—wm(sin 9—%)

dx

< 0.81268™ [1.6326|" (5.50471).

Note that (0.81268™)(5.50471) < 2 if m > 5, and (0.81268™)(1.6326) < 1 if
m > 3. Hence, the integral is less than our desired bound 2 if £ > 0 and
m > 3¢+ 5. Similarly, for £ < 0, we find that our integral is bounded by 2 if
m > 8 |¢| + 5. Therefore, we completed the proof of Theorem 4.3.

4.4 Generalization for improved assumption

Finally, we prove Theorem 4.4 in this subsection. By the bounds of Subsec-

tion 4.3, we see that '
[Ryn6)] < 573057 B

for 1 < j < ¢ and that

S+ e

5 J
mmmm<%< = )OB

for1 <j<m.
We prove Theorem 4.4 using the bound for |R;,,(¢)]. When ¢ > 1 and
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m > 1, we can write

1 1

¢ J
H(0) = Hom(0)+ ) a;e"s, (—- + §ew) H;j i (0)

\)

j=1
m o 1 1 .\

+ Z CLj+e€4(]+g)zg/254 (—5 + 5619) Hjiom(0)

j=1

= (=1)"2cos <%€ — M COS «9) + Ro,m(0)

¢ j :
y I 1.5\ —4
+ E a;e %S, (—— + —ew) ((—1)m2 Ccos <w — 7M. COS 9)
J=1

2 2
R (0))
u e 11 .,\’"
+ Z aj+£e4(3+£)19/254 (_5 + 5eze)
j=1
—4(i
X ((—1)’”2 oS (<k (g )8 _ M COS 0) + Rj+g7m(9)) .

Thus |H(6) — (—=1)"2cos (2 — mm cos )| is bounded above by

1 1.
S4 (—5 -+ 5620)
1 1 . Jj+e
S = 0
4 ( 5 + 26 )

4
OB+ Y lag] (2+ 673057 B) o],

J=1

J

L
| Ro.m(6)] + Z |aj| (2 + | Rjm(0)])

+ D lagul 2+ | Rirem(6)))

Jj=1

IN

e
010

51 (5 +59)

1 1.
S - — i
4( 2-0—26 )

+> ajal [ 2+ 6%
j=1

l+m ‘ '

= OB0SB+ Y ol (201, + 0122 (5)B) -

j=1
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Now suppose
l4+m

> lagl (201, + 67373 (4)B) < 2 — 67355B.
Jj=1
Then we have

'H(G) — (=1)™2 cos (% — Tmcos 9) <2

This inequality is enough to prove Theorem 4.4 by the same argument as
Theorem 2.1 and Theorem 4.2. We completed the proof of Theorem 4.4.
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