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INTRODUCTION

Tegmark (2014) suggests that the growth of a human 
baby resembles the expansion of our baby universe 
based on the inflationary theory.  In previous reports 
(Shimojo, 2016a, 2016b) on the mathematical structure 
common to animal growth analysis and space expansion 
analysis, the analysis of animal growth was mainly based 
on Bertalanffy function (Bertalanffy, 1957).  Bertalanffy 
function, however, has a complex structure that is diffi­
cult to manipulate. 

In the present study, Richards function (Richards, 
1959), an abbreviation of Bertalanffy function, was used 
to investigate the analytical concept common to animal 
growth analysis and space expansion analysis.  In addi­
tion, the space expansion was investigated using the 
equivalence principle.  

 

ANIMAL GROWTH ANALYSIS AND SPACE 
EXPANSION ANALYSIS

Richards function in animal growth analysis  
Richards (1959), by abbreviating Bertalanffy func­

tion (1) (Bertalanffy, 1957), gave Richards function (2), 
 

W = (η/κ – (η/κ – W0
1–m) exp (–κ(1–m)t))1/(1–m),	 (1)

   = (η/κ)1/(1–m) (1–κ/η(η/κ – W0
1–m) exp (–κ(1–m)t))1/(1–m),

    = A(1–b · exp (– k · t )1/(1–m),			   (2)

where W = weight, η = anabolic constant, κ = catabolic 
constant, t = time, m = constant,  W0

1–m = weight at t = 0, 
A, b, k are constants. 

Three differential equations for animal growth anal­
ysis [(3) ~ (5)] are obtained from (2), 
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Shimojo et al. (2012) suggest that differential equation 
(5) gives a unified viewpoint, which classifies five func­
tions into three groups; group–1 (Richards function), 
group–2 (Mitscherlich function, logistic function, 
Gompertz function), and group–3 (basic growth func­
tion).  Basic growth function does not have an asymp­
tote in contrary to the other four functions. 
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Friedmann equation in space expansion analysis
Friedmann–Lemaître–Robertson–Walker (FLRW) met­

ric is given by (6), 
 
ds2 = –c2dt2 + a2(t)[               +r2 (dθ2 + sin2θdφ2)],
						      (6)

where s = space–time interval, c = speed of light in vacu­
um, t = time, a = cosmic scale factor, K = curvature of 
space, (r, θ, φ) = spherical polar coordinates.

Three differential equations for space expansion 
analysis using the cosmic scale factor in (6) are 
Friedmann equations [(7), (8)] and deceleration param­
eter (9), 

 
 (        ·          )

2

 =             ρ –         +        , 	 (7) 
 

        ·           = –              (ρ + 3p) +        , 	 (8) 

                 =

                 =                             = – q,		  (9)

 
where π = circular constant, G = gravitational constant, 
ρ = energy density, Λ = cosmological constant, p = 
pressure, q = deceleration parameter.

Analytical concept common to animal growth anal-
ysis and space expansion analysis

Equation (3) shows the square of the relative growth 
rate of the animal, and equation (7) shows the square of 
the relative expansion rate of the space.  Equation (4) 
shows the relative growth acceleration rate of the animal, 
and equation (8) shows the relative expansion accelera­
tion rate of the space.  Equation (5) is obtained by (4)/
(3), and equation (9) is obtained by (8)/(7). 

Comparing animal growth analysis [(3), (4), (5)] and 
space expansion analysis [(7), (8), (9)] suggests (A) ~ 
(C). 

(A) Since the mathematical structure of the left–
hand side of differential equation is the same between (3) 
and (7), between (4) and (8), and between (5) and (9), 
the analytical concept is the same between animal growth 
analysis and space expansion analysis. 

(B) Since the mathematical structure of the right–
hand side of differential equation is different, the analyt­
ical complexity is different between animal growth anal­
ysis and space expansion analysis. 

(C) Richards function (2) shows a flexibility in the 
description of various animal growth curves because 
parameters change the position of inflection point, and 
in the special case there is an exponential growth.  
Friedmann equations [(7), (8)] show a flexibility in the 

description of various space expansion curves because 
parameters change the position of inflection point, and 
in the special case there is an exponential expansion. 

The above commonness might be ascribed to the 
mathematical characteristics of the differentiation of 
exponential function, though the analytical complexity is 
different between animal growth analysis and space 
expansion analysis.  

SPACE EXPANSION ANALYSIS

FLRW metric and Minkowski metric
 
ds2 = –c2dt2 + a2(t)[               +r2 (dθ2 + sin2θdφ2)].
						      (6)

The FLRW metric (6) suggests (I) ~ (III).  (I) The initial 
size of the FLRW space–time is given by a(0) = 0. (II) 
The FLRW space–time that is expanding is nearly flat (K 
≈ 0).  Since the critical density is very low (≈ 10–29 h2 g/
cm3), there are lots of voids in the flat FLRW space–
time.  (III) The present size of the FLRW space–time is 
given by a(tO) = 1, the normalization that is generally 
used. 

When a = 1 and K = 0, the FLRW metric (6) leads to 
the Minkowski metric (10), 

 
ds2 = –c2dt2 + dr2 +r2 (dθ2 + sin2θdφ2).	              (10)

The FLRW space–time is nearly flat (K ≈ 0) due to 
the presence of the gravity, but the Minkowski space–
time is flat (K = 0) due to the absence of the gravity. 

Increase in wavelength, space expansion, and 
moving illuminant  

What really occurs in the flat FLRW space–time is 
the space expansion that causes the increase in wave­
length (cosmolocial redshift), where the space between 
illuminants is expanding. 

 
         =                =                , 		              (11)

where λE = emitted wavelength, λO = observed wave­
length, a(tE) = size of the cosmic scale factor when light 
was emitted, a(tO) = size of the cosmic scale factor when 
light was observed, the present size of the space is given 
by normalizing the cosmic scale factor [a(tO) = 1]. 
Tegmark (2014) shows that the general relativity allows 
the two different viewpoints to be equally valid in the 
flat FLRW space–time; space is expanding but illumi­
nants are not moving, space is not expanding but illumi­
nants are moving. 

By the way, if the same increase in wavelength occurs 
in the Minkowski space–time, then this is caused by the 
recession of the illuminant and is called the relativistic 
Doppler redshift (Einstein, 1905). 

 

dr2

1 – Kr2

dr2

1 – Kr2

1

a

1

a

8πG

3c2

4πG

3c2

da

dt

d2a

dt2

c2K

a2

c2Λ

3

c2Λ

3

a(d2a/dt2)

(da/dt)2

Eq.(8)

Eq.(7)

(1/a)(d2a/dt2)

((1/a)(da/dt))2

λO

λE

a(tO)

a(tE)

1

a(tE)



107Richards Function and Friedmann Equation

         =              =                , 		              (12)

where 1 >_ βE >_ 0, βE = vE /c, vE = recession velocity of 
the illuminant when light was emitted. 

Expression (11) is based on the general relativity, but 
expression (12) is based on the special relativity.  Despite 
this difference, mathematically relating expressions (11) 
and (12) suggests expressions (13) ~ (16), 

a(t) =             , 			               (13)  
 
 
                 =  β , 			               (14) 
 

                 =                , 		              (15)

                 =                , 		              (16)

where 0 <_  a(t) <_  1, 1 >_  β >_  0, β = v/c. 
Due to the same condition of three kinds [the same 

increase in wavelength, the same size of the initial space 
(= 0), the same size of the present space (= 1)], expres­
sion (13) suggests that the increase in the cosmic scale 
factor in the flat FLRW space–time is related to the 
decrease in the recession velocity of the illuminant in 
the Minkowski space–time.  This slightly resembles the 
Hubble’s law (1929).  Expressions (14) ~ (16) suggest a 
relationship between the cosmic scale factor and the 
Lorentz factor.  Those phenomena suggest an accumula­
tion of equivalence principle that occurs along the space 
expansion.  In fact, however, the illuminant is present on 
the expansion curve that the cosmic scale factor 
describes in the flat FLRW space–time.  The equivalence 
principle suggests that the illuminant at time tE in the flat 
FLRW space–time is interpreted as the illuminant having 
the recession velocity vE (vE /c = βE) in the Minkowski 
space–time.  

Real expansion of flat FLRW space–time and Bondi 
elongation of Minkowski space–time 

The flat FLRW space–time shows the real expansion 
as a result of the balance between the attractive gravity 
and the repulsive gravity, but the Minkowski space–time 
shows the Bondi K–factor (Bondi, 1964) elongation under 
the absence of the gravity.  The real expansion applies to 
everywhere in the flat FLRW space–time, and the Bondi 
elongation applies to everywhere in the Minkowski space–
time.  Those difference and similarity suggest (a) ~ (c). 

(a) The real expansion of the flat FLRW space–time 
might be interpreted using the Bondi elongation of the 
Minkowski space–time that does not contain the gravity.  
(b) Introducing the gravity into the Bondi elongation of 

the Minkowski space–time might lead to the real expan­
sion of the flat FLRW space–time.  (c) The phenomena 
(a) and (b) might be due somewhat to the very low criti­
cal density (≈ 10–29 h2 g/cm3) of the flat FLRW space–time. 

By the way, Maldacena (2005) proposes that the 
gravity theory in the 5–dimensional anti–de Sitter spaces 
is described using the 4–dimensional gauge theory in the 
conformal field theories that do not contain the gravity.   

Scale invariant and choice of coordinate system

 
a(t) =             . 			               (13) 

The right–hand side of (13) suggests that the shape 
of the elongation curve of toy space model is similar 
even when the length of time from the birth is different, 
because β (= v/c) is independent of the difference in the 
length of time.  If the size of the cosmic scale factor at the 
arbitrary time when the light is observed is normalized 
to 1, then expression (13) suggests that the shape of the 
expansion curve that the cosmic scale factor describes is 
similar even when the length of time from the birth is dif­
ferent. 

In addition, expression (13) suggests that the shape 
of the space expansion curve is not dependent on the 
choice of the coordinate system between the flat FLRW 
space–time and the Minkowski space–time, in other 
words, is not dependent on the presence or absence of 
the gravity.  This suggests that the general relativity and 
the special relativity take the same shape in the relativis­
tic expansion curve of space–time.  

The above two phenomena, however, are contradic­
tory to the coincidence problem and cosmological con­
stant problem in the ΛCDM model.  The correspondence 
between the cosmic scale factor and this toy space model 
in (13) requires one–to–one correspondence between 
time t of a(t) in the FLRW space–time and the recession 
velocity v (v/c = β) of the illuminant in the Minkowski 
space–time.

Cosmological redshift and relativistic Doppler 
redshift

Hubble (1929), using the relativistic Doppler redshift, 
showed that the recession velocity of the illuminant was 
proportional to the distance to the illuminant.  This 
Hubble’s law gave an evidence of the cosmic expansion 
causing the cosmological redshift.  The increase in wave­
length in the flat FLRW space–time depends on the 
increase of the cosmic scale factor in the whole period 
from the emission to the absorption of light (Weinberg, 
2008). 

In the whole period from the emission to the absorp­
tion of light, expression (13) suggests a correspondence 
between the increase of the cosmic scale factor in the 
flat FLRW space–time and the decrease of the recession 
velocity of the illuminant in the Minkowski space–time.  
This slightly resembles the Hubble’s law (1929).  Many 
preceding studies had already noticed this correspond­
ence, as shown in (d) ~ (f). 
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(d) The accumulation of many infinitesimal relativis­
tic Doppler redshifts leads to the cosmological redshift 
(Bunn and Hogg, 2009; Matsubara, 2010).  (e) The red­
shift, defined as the effect of the space expansion, is 
related also to the recession velocity of the illuminant 
(Tsujikawa, 2013; Pierseaux, 2014; Kohri, 2016).  (f) 
There is a possible use of the relativistic Doppler redshift 
as an alternative to the cosmological redshift (Macleod, 
2004; Tanighchi, 2005; Chodorowski, 2006; Sitnikov, 
2006; Davis, 2010; Farley, 2010; Mei and Yu, 2013; Li, 
2014; Tatum et al., 2015).   

  
Bondi elongation of toy space model and its appli-
cation to the real expansion of the space 

As suggested in reports (Shimojo, 2016a, 2016b), 
this toy space model in the Minkowski space–time is com­
posed of space size (17), energy density (18) and con­
servation of energy (19), 

M(β) =             ,   (17)     E(β) =             ,       (18) 
	

 M(β) · E(β) =                ·               = 1,                (19) 
 

where 1 >_ β >_ 0, 0 <_  M(β) <_  1, ∞ > E(β) >_ 1. 
If β = 1 in (19), then (20) is given.  The natural log­

arithm of (20) suggests (21) ~ (29). 
 
M(1) · E(1) = 0 · ∞ = 1.            		              (20) 

ln(0) + ln(∞) = ln(1).			               (21)

Thus, 
–∞ + ∞

= 2nπi,      		              		               (22)

= 2nπ · lim            , 		              (23)

= 2nπ · lim            , 		              (24)

= 2nπ · lim                  , (where Δx > 0), (25)
 
 
 ≧ 2nπ ·                      ,    	           	              (26) 
 
 

 = 2nπ · (cα · p̂  + βmc2 )ψ  (         ·          ) ,     (27)

 
 = 2nπ ·                                       ,       	              (28) 

 = 0, (when n = 0).       	                         (29) 

The Bondi K–factor elongation of toy space model is 
taken up again [(i) ~ (vi)], by adding some explanations 
to previous reports (Shimojo, 2014, 2015a, 2015b, 2016a, 
2016b). 

(i) There is a singularity (20) that is related to the 
birth of toy space model.  This slightly resembles the sin­
gularity that Hawking and Penrose (1970) showed in the 
general relativity.  A pseudo–renormalization of the infin­
ity gives a multivalued function (22), suggesting that the 
singularity of toy space model (20) is related to the quan­
tum theory [(26), (27)] and general relativity theory 
(28).  This singularity might be unstable due to the quan­
tum uncertainty (26).  The imaginary unit in the quan­
tum theory might be associated with the instantaneous 
action at a distance (25) that Einstein did not approve 
due to the Lorentz violation [(23), (24)].  Why we think 
the quantum phenomena mysterious might be due to the 
mathematical phenomenon that relates the imaginary 
unit to the infinite velocity [(23) ~ (25)].  This mathe­
matical phenomenon, though looks absurd due to the 
Lorentz invariant breaking, might play some role in the 
wave–particle duality, electron cloud, quantum superpo­
sition, wave function collapse, quantum entanglement 
and so on.  John Bell tells that there is a deeper level that 
is not Lorentz invariant behind the apparent Lorentz 
invariant (Davies and Brown, 1986).  From the seeming 
zero (29), there might be an emergence of quantum phe­
nomena [(26), (27)], infinitesimal distance and infinitesi­
mal time (25) and general relativity (28).  

(ii) The extremely high density of energy (≈ ∞) 
causes an early rapid Bondi elongation of toy space 
model, where the time dilation caused by β ≈ 1 might give 
enough time to keep the early elongation rate extremely 
high.  This slightly resembles the slow–roll inflation of the 
standard cosmic model proposed by theoretical studies 
(Linde, 1982; Albrecht and Steinhardt, 1982). 

(iii) After the early rapid elongation, this toy space 
model shows a decelerated elongation.  This slightly 
resembles the standard cosmic model that shows the 
decelerated expansion after the early inflation.  Contrary 
to the standard cosmic model, this toy space model does 
not show the cosmic recombination. 

(iv) This toy space model has an inflection point at 
which the decelerated elongation is switched to the accel­
erated elongation that continues until now.  This slightly 
resembles the observational results based on the stan­
dard cosmic model (Riess et al., 1998; Perlmutter et al., 
1999). 

(v) The conservation of energy (19) in toy space 
model suggests that the energy density is much lower at 
the present time (= 1) than at the birth time (≈ ∞).  This 
slightly resembles the observational result based on the 
standard cosmic model showing that the present energy 
density is 1/10117 of the inflationary vacuum energy den­
sity (Matsubara, 2010).  If the size of toy space model 
becomes ∞, then the energy density becomes 0.  This is, 
however, contradictory to the standard cosmic model 
that shows an increase in the amount of dark energy 
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along with the cosmic expansion. 
(vi) Fig. 1 shows that the difference between Bondi 

elongation and straight elongation suggests the effect of 
special relativity on space–time. 

Despite the above differences, generalizing the 
Bondi elongation of toy space model that does not con­
tain the gravity to the expansion of the standard cosmic 
model might lead to the emergence of dark matter and 
dark energy. 
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Fig. 1.  �Bondi K-factor elongation of toy space 

model (M) under the domain of 1 >_ β >_  
0, where β = v/c.  The solid line shows the 
Bondi elongation curve, and the broken 
line shows the straight elongation without 
deceleration or acceleration.  




