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Abstract

In recent years, a functional mixed model (FMM) has attracted considerable
attention in longitudinal data analysis, because of its flexibility. The FMM consists
of a fixed effect or a population mean function and some subject-specific functional
random effects. In this paper, we introduce the FMM constructed by using a basis
expansion technique and a Gaussian process regression, and consider the model
evaluation and selection problem for the estimated model. When estimating the
unknown parameters included in the FMM by the maximum penalized marginal
likelihood method, the FMM is extremely sensitive to the choice of tuning param-
eters. In order to appropriately select them, we derive two model selection criteria
for the FMM based on the perspective of information or Bayesian theories by using
a marginalization approach. We conduct Monte Carlo simulations to investigate
the effectiveness of our proposed modeling procedures. The proposed modeling pro-
cedures for the FMM are applied to the analysis of a longitudinal gene expression
data.

Key Words and Phrases: Gaussian process regression, Functional random effect, Longitudinal

gene expression data, Mixed effects model, Model selection.

1. Introduction

Longitudinal data analysis has made a significant progress over the last three
decades. Linear mixed models (Laird and Ware, 1982; Verbeke and Molenberghs, 2000)
are quite practicable and have achieved a number of successful outcomes in medical and
behavioral sciences. Nonlinear regression models, such as the smoothing spline models
(Green and Silverman, 1994), the semi-parametric regression (Ruppert et al., 2003),
and the functional data analysis (Ramsay and Silverman, 2005) are flexible modeling
approaches and there are many reports of their effectiveness.

When the longitudinal heterogeneity between subjects is quite substantial in the
data, more appropriate models are required, for which linear mixed models are useful,
but not enough to capture the time dependent heterogeneity. In order to overcome
this issue, Rice and Wu (2001) and Guo (2002) introduced a subject specific functional
random effect as a time dependent function, while the nonlinear regression was used
as the population mean function, in their proposed functional mixed model (FMM). In
addition, Wu and Zhang (2006), and Chen and Wang (2011) illustrated the functional
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random effects by using a basis expansion technique and a Gaussian process regression
(GPR). The GPR is a type of Bayesian regression, and its essential idea is that the
nonlinear regression function is given by a Gaussian process prior defined by a mean
and covariance function, for which any finite dimensional subset has a multivariate nor-
mal distribution (Shi and Choi, 2011). In the machine learning context, many articles
revealed the relationship between the Gaussian process and a Mercer kernel. In par-
ticular, several useful covariance functions are proposed (Schölkopf and Smola, 2001;
Rasmussen and Williams, 2006; Bishop, 2006). On the other hand, the property of
GPR from the Bayesian perspective matches up with the time dependent random ef-
fect in the mixed model framework. Accordingly, by combining the nonlinear regression
modeling approach for constructing the population mean function and the GPR tech-
nique for functional random effects, the FMM enables us to flexibly estimate both the
population mean curve and the subject specific prediction curves.

In this paper, we introduce the FMM which is constructed based on the GPR and
the spline based Gaussian basis functions (Kawano and Konishi, 2007), and subsequently
present that our model can be written as the mixed model representation. We also
consider the problem of model selection for the proposed FMM. We utilize a penalized
maximum likelihood method for estimating the FMM. The estimated FMM is extremely
sensitive to the choice of tuning parameters such as the smoothing parameters and the
number of basis functions. In order to appropriately select them, we derive two model
selection criteria for the FMM based on the perspective of information and Bayesian
theories: a generalized information criterion (GIC, Konishi and Kitagawa, 1996) and
a generalized Bayesian information criterion (GBIC, Konishi et al., 2004). The GIC
and GBIC were derived as an extension of the AIC (Akaike, 1974) and BIC (Schwarz,
1978), respectively, for evaluating the candidate models given by the maximum penalized
likelihood method. Meanwhile, the FMM has some random effects in common with a
usual linear mixed model, that is, it has some random variables in addition to an error
term. Thus, we have to take this point into account in considering the GIC/GBIC. In
some efforts to overcome such an issue, a marginal AIC or a conditional AIC has been
proposed in the linear mixed framework (e.g., Burnham and Anderson, 2002; Vaida and
Blanchard, 2005; Liang et al., 2008). We focus on simply considering the marginalization
approach for the FMM in this article as a first step because the research of model
selection for the FMM is very limited. After integrating random effects out from the
model, we derive a marginal GIC (mGIC) and a marginal GBIC (mGBIC) for the FMM.
The effectiveness of these model selection criteria is investigated through some Monte
Carlo simulation studies by comparing with the conventional model selection criteria
such as the marginal AIC/BIC and the marginal generalized cross validation (GCV)
based on the effective degrees of freedom (Hastie and Tibshirani, 1990). We apply the
proposed modeling procedures to the analysis of the yeast cell cycle data which is a
longitudinal gene expression data (Spellman et al., 1998).

The rest of the article is organized as follows. In Section 2, we present the FMM
based on the GPR and the basis expansion technique, and its estimation procedure
within the mixed model framework. Section 3 provides the conventional model selection
criteria and the derivations of the mGIC and mGBIC. In Section 4, we conduct some
Monte Carlo simulation studies to examine the effectiveness of our proposed model selec-
tion criteria, and apply the FMM to the analysis of the yeast cell cycle data. Summary
and discussion are given in Section 5.
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2. Functional mixed modeling

2.1. Functional mixed model via Gaussian process regression

Suppose we have n independent repeated measurements {y(tij), tij ; i = 1, · · · , n, j =
1, · · · , Ji}, where y(tij) denotes a response variable at tij which intends each subject i
and time-point j, that is, we consider the unbalanced data situation. For representing
the relationship between these measurements, concurrently with considering the longi-
tudinal heterogeneity between subjects, the FMM via GPR is defined as

y(tij) = f(tij) + γi(tij) + ε(tij),

γi(t) ∼ GP (0, r), εi = (ε(ti1), · · · , ε(tiJi))′ ∼ NJi(0,Ωi),
(1)

where f(t) is a fixed effect or a population mean function, γi(t) is a random effect function
for subject i (i = 1, · · · , n), εi is measurement errors, and Ωi is a variance-covariance
matrix assuming Ωi = σ2

εIJi with a Ji-dimensional identical matrix IJi. The GP
stands for a Gaussian process with mean function m(t) = 0, and a covariance function
r(s, t) which represents the variability between subjects for the times s, t ∈ [0,∞). It is
assumed that f(t) and γ1(t), · · · , γn(t) are expressed as

f(t) =
K∑
k=1

vkφk(t) = φ(t)
′α, γi(t) =

L∑
l=1

w
(i)
l ψl(t) = ψ(t)

′bi (i = 1, · · · , n),

where φ(t) = (φ1(t), · · · , φK(t))′ and ψ(t) = (ψ1(t), · · · , ψL(t))′ are the basis functions,
and α = (v1, · · · , vK)′ and bi = (w

(i)
1 , · · · , w(i)

L )′ are their coefficients. We apply the
spline based Gaussian basis functions (Kawano and Konishi, 2007) to φ1(t), · · · , φK(t)
and ψ1(t), · · · , ψL(t) given by

φk(t) = exp

{
− (t− τk+2)

2

2h2φ

}
, ψl(t) = exp

{
− (t− τl+2)

2

2h2ψ

}
,

where τk are equally spaced knots so that they satisfy τ1 < · · · < τ4 = min(t) < · · · <
τK+2 = max(t) < · · · < τK+4 and hφ = (τk+2 − τk)/3, and the same is true for τl and
hψ. For the covariance function r(s, t), the basis expansions for γi(t) give the Gaussian
process (Wu and Zhang, 2006; Chen and Wang, 2011) as follows:

r(s, t) = Cov(γi(s), γi(t)) = ψ(s)
′Cov(bi)ψ(t),

where Cov(bi) is an L× L variance-covariance matrix, and let Cov(bi) = ∆ for all i.
Then, the FMM in (1) can be given as the mixed model representation:

yi =Xiα+Zibi + εi,

bi ∼ NL(0,∆), εi ∼ NJi(0, σ
2
εIJi),

(2)

where yi = (y(ti1), · · · , y(tiJi))′,Xi = (φ(ti1), · · · ,φ(tiJi))′ andZi = (ψ(ti1), · · · ,ψ(tiJi))′.
From this derivation, we can estimate the unknown parameters included in the FMM
within the framework of linear mixed models.
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2.2. Model estimation

Unknown parameters, such as the coefficient vectors α, the variance parameter
σ2
ε and the variance-covariance matrix ∆ are estimated and the random effect vectors
b1, · · · , bn are predicted by the maximum penalized likelihood method. The penalized
marginal log-likelihood function in (2) is given as follows:

ℓPENm (α, σ2
ε , ∆̃|y) = ℓm(α, σ2

ε , ∆̃|y)− 1

2
nλαα

′Gαα, (3)

where y = (y′
1, · · · ,y′

n)
′, ∆̃ = diag(∆, · · · ,∆), the second term represents the penalty

for the roughness of the population mean function, λα (> 0) is the smoothing parameter
which controls the degree of the penalty andGα is aK×K positive semi-definite matrix.
The marginal log-likelihood function ℓm(α, σ2

ε , ∆̃|y) can be written by

ℓm(α, σ2
ε , ∆̃|y) = log

∫
L(b,α, σ2

ε , ∆̃|y)db

= log

∫
1

(2πσ2
ε)

(J+nL)/2|∆̃|1/2

× exp

[
− 1

2σ2
ε

{y − (Xα+Zb)}′ {y − (Xα+Zb)} − 1

2
b′∆̃b

]
db

= log

[
1

(2π)J/2|V |1/2
exp

{
−1

2
(y −Xα)′ V −1 (y −Xα)

}]

= −J
2
log(2π)− 1

2
log |V | − 1

2
(y −Xα)′V −1(y −Xα),

where X = (X ′
1, · · · ,X

′
n)

′, b = (b′1, · · · , b
′
n)

′, Z = diag(Z1, · · · ,Zn), V = Z∆̃Z ′ +
σ2
εIJ and J =

∑n
i=1 Ji. In order to estimate the parameters included in the FMM, we

employ an expectation-maximization (EM) algorithm (Laird and Ware, 1982; Davidian
and Giltinan, 1995). The EM-algorithm for estimating the proposed model is given in
Appendix.

Taking ∆̃ = λb/σ
2
εInL yields a ridge type penalty λbb

′b for the full log-likelihood
logL(b,α, σ2, ∆̃|y). By expressing the variance parameter for random effect as σ2

b =

λb/σ
2
ε , the smoothing parameter can be estimated as λ̂b = σ̂2

b/σ̂
2
ε , where σ̂2

b and σ̂2
ε

are estimated variance parameters. This result is widely known in the context of the
semi-parametric regression model (Ruppert et al., 2003).

After estimating the unknown parameters,a 95% pointwise standard deviation band
of the population mean function f(t) can be constructed as f(t)±1.96

√
φ(t)′Cov(α̂)φ(t),

for which we use the linear mixed model methodology and the same way with Wu and
Zhang (2006). Here, the variance-covariance matrix of α̂ is given as

Cov(α̂) =

(
n∑
i=1

X ′
iV̂

−1

i Xi + nλαGα

)−1( n∑
i=1

X ′
iV̂

−1

i Xi

)

×

(
n∑
i=1

X ′
iV̂

−1

i Xi + nλαGα

)−1

,

where V̂ i = Zi∆̂Z
′
i + σ̂2

εIi.
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3. Model selection

The estimated FMM is extremely sensitive to the choice the predefined number of
basis functions K and L, and the smoothing parameter λα. In order to appropriately
select these tuning parameters, we consider the marginalized model approach based on
the penalized marginal log-likelihood function (4). We first present the conventional
marginal model selection criteria, and then our proposed model selection criteria are
introduced.

3.1. Conventional marginal model selection criteria

The conventional marginal model selection criteria, the mAIC, mBIC and mGCV
for the FMM, are given as follows:

mAIC = −2ℓm(θ̂|y) + 2êdf,

mBIC = −2ℓm(θ̂|y) + log(n)êdf ,

mGCV = − 1

n

ℓm(θ̂|y)
(1− êdf/J)2

,

where θ̂ is the estimated vector for θ = (α′, b′, (vech∆̃)′) with an operator vech that
transforms the upper triangular elements of matrix into a vector, and thus vech∆̃ is a

nL(nL+1)/2-dimensional vector. The êdf is an effective degrees of freedom (Hastie and
Tibshirani, 1990) for the FMM defined by

êdf = trH =
n∑
i=1

tr
{
Ai +Zi∆̂Z

′
iV̂

−1

i (IJi −Ai)
}
,

where Ai =Xi

(∑n
i=1X

′
iV̂

−1

i Xi + nλαGα

)−1

X ′
iV̂

−1

i and the matrixH is commonly

called as a hat matrix or a smoother matrix, and it is obtained from the following
calculations:

ŷ = Xα̂+Zb̂

= Ay +Z
˜̂
∆Z ′V̂

−1
(IJ −A)y

= Hy,

where A = X
(
X ′V̂

−1
X + nλαG̃α

)−1

X ′V̂
−1

, G̃α = diag(Gα, · · · ,Gα), and
˜̂
∆ =

diag(∆̂, · · · , ∆̂). Furthermore, α̂ and b̂ = (b̂
′
1, · · · , b̂

′
n)

′ are here assumed to be known
parameters using the result from Step 1 of EM-algorithm in the Appendix, that is, they

are written as α̂ =
(
X ′V̂

−1
X + nλαG̃α

)−1

X ′V̂
−1
y, and b̂ =

˜̂
∆Z ′V̂

−1
(y −Xα̂) =

˜̂
∆Z ′V̂

−1
(IJ −A)y.

3.2. Marginal generalized information criterion

Konishi and Kitagawa (1996) derived a generalized information criterion (GIC) as
an extension of AIC (Akaike, 1974) for evaluating models estimated by various proce-
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dures including the maximum penalized likelihood method. The GIC has been success-
fully used in the evaluation of a variety of models (e.g., Konishi and Kitagawa, 2008;
Kawano et al., 2012; Matsui et al., 2013).

Using this result, the mGIC for evaluating the FMM estimated by the maximum
penalized marginal likelihood is given by

mGIC = −2ℓm(θ̂|y) + 2tr
{
R(θ̂)−1Q(θ̂)

}
,

where R(θ̂) and Q(θ̂) are, respectively, given by

R(θ̂) = −
1

n

n∑
i=1

∂2{ℓPEN(i)
m (θ)}
∂θ∂θ′

∣∣∣∣∣
θ=θ̂

, Q(θ̂) =
1

n

n∑
i=1

∂{ℓPEN(i)
m (θ)}

∂θ
∂{ℓ(i)m (θ)}

∂θ′

∣∣∣∣∣
θ=θ̂

,

where ℓ
PEN(i)
m (θ) and ℓ

(i)
m (θ) represents the penalized marginal log-likelihood function

and marginal log-likelihood function of the i th subject, respectively. The matrix deriva-
tions are referred to Matsui (2014).

3.3. Marginal generalized Bayesian information criterion

Konishi et al. (2004) proposed a generalized Bayesian information criterion (GBIC)
which is an extension of Schwarz’s BIC (1978), for evaluating models estimated by
penalized maximum likelihood method.

In order to derive the mGBIC for evaluating the FMM, we consider the prior density
for θ as

π(θ|λα) = (2π)−(K−rα)/2(nλα)
(K−rα)/2|Gα|1/2 exp

(
− nλα

2
α̂′Gαα̂

)
,

where rα = K− rank(Gα). Then the marginal likelihood function of y can be expressed
as

P (y|λα) =

∫
Lm(y|θ)π(θ|λα)dθ

=

∫
exp

[
n× 1

n
log
{
Lm(y|θ)π(θ|λα)

}]
dθ

≈ (2π)d/2

nd/2|R(θ̂)|
exp

[
n× 1

n
log
{
Lm(y|θ̂)π(θ̂|λα)

}]
,

where d = K + 1. Multiplying minus twice of the marginal log-likelihood function, we
have

mGBIC = −2ℓm(y|θ̂) + nλαα̂
′Gαα̂+ (rα + 1) log

( n
2π

)
−(K − rα) log λα − log |Gα|+ log |R(θ̂)|,

where rα = K − rank(Gα). The matrix R(θ̂) is the same as that of the mGIC.

4. Numerical example

The effectiveness of our proposed modeling procedures is investigated through
Monte Carlo simulations and a real data analysis.
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4.1. Monte Carlo simulations

In this section, the following two types of Monte Carlo simulation studies were
conducted in order to examine the effectiveness of our proposed model selection cri-
teria, by comparing with the conventional model selection criteria in terms of its fit-
ting performance. The simulation data were generated as independent observations
{yij ; i = 1, · · · , n, j = 1, · · · , J} with sample sizes of n = 25, 50, 100 and J time-points
for 3000 repetitions using the models described below. We applied our functional mixed
modeling to the generated data, and the models were fitted by the maximum penal-
ized marginal likelihood method along with the restricted maximum likelihood (REML)
based EM-algorithm. The number of basis functionsK for the population mean function
and L for the subject specific functional random effects, and the smoothing parameter
λα were selected by using the mGIC, mGBIC, mAIC, mBIC and mGCV introduced in
Section 3.

Simulation study 1

In our first simulation study, the data were generated from the following functional mixed
model, and had 20 time-points at regular intervals on [0, 1]. The model was constructed
by the population mean function f(t) and the subject-specific functional random effects
γi(t):

yij = g(tij) + εij , g(tij) = f(tij) + γi(tij) = φ(tij)
′α+ψ(tij)

′bi,

εij ∼ N(0, σ2), σ = 0.05

{
max
t∈[0,1]

g(t)− min
t∈[0,1]

g(t)

}
,

where φ(tij) and ψ(tij) represent mφ and mψ dimensional vectors of the B-spline basis
functions of degree three, respectively. We assume that mφ = 6, mψ = 8 and α =
(−8,−2, 6, 5, 7, 1)′, and bi are generated from N8(0,Σ) with Σ = (0.5|j−k|)j,k. In order
to assess the goodness of fit, we calculated the following two types of average mean
squared errors,

AMSPEP =
1

3000

3000∑
k=1

 1

n

n∑
i=1

1

J

J∑
j=1

(f (k)(tij)− f̂ (k)(tij))
2

 ,

AMSPEY =
1

3000

3000∑
k=1

 1

n

n∑
i=1

1

J

J∑
j=1

(g(k)(tij)− ĝ(k)(tij))
2

 ,

where AMSPEP provides the average mean squared prediction error for the population
functions, AMSPEY provides the average mean squared prediction error for all mea-
surements, k represents an iteration number, and ĝ(tij) = f̂(tij) + γ̂i(tij) is a predicted

value for observed data with estimated functions f̂(tij) and γ̂i(tij).
Table 1 shows the results of the simulation study 1, in which the smallest values are

indicated in bold. It may be seen from the table that the models evaluated by the mGIC
or the mGBIC are competitive or superior to those by the mAIC, mBIC and mGCV
with respect to minimizing the AMSPEY. The mGIC and mGBIC tend to select better
models in a balanced manner regarding the AMSPEP and AMSPEY as compared to the
mAIC, mBIC and mGCV.
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Table 1: Comparison of average mean squared prediction errors (standard deviation) in
the simulation study 1.

n = 25 mGIC mGBIC mAIC mBIC mGCV

AMSPEP[×10−2(×10−3)] 1.04(7.70) 1.05(7.80) 1.04(7.60) 1.03(7.50) 1.04(7.04)
AMSPEY[×10−2(×10−3)] 1.68(3.06) 1.71(3.01) 1.77(3.28) 1.85(3.07) 1.71(3.55)

n = 50

AMSPEP[×10−3(×10−3)] 5.26(3.91) 5.26(3.91) 5.26(3.90) 5.26(3.91) 5.25(3.90)
AMSPEY[×10−2(×10−3)] 1.73(2.59) 1.79(2.58) 1.97(2.71) 1.99(2.75) 1.95(2.77)

n = 100

AMSPEP[×10−3(×10−3)] 2.92(2.08) 2.91(2.06) 2.90(2.08) 2.89(2.08) 2.92(2.07)
AMSPEY[×10−2(×10−3)] 1.81(1.89) 1.83(2.07) 2.14(2.03) 2.14(2.03) 2.14(2.19)

Simulation study 2

In our second simulation study, the data were generated using the following true func-
tional mixed model, and had 15 time-points generated from a uniform distribution on
[0, 1]. The population mean function f(t) and the subject-specific functional random
effects γi(t) were given as follows:

yij = g(tij) + εij , g(tij) = f(tij) + γi(tij),

g(tij) = 2 cos(2πtij), γi(tij) = b0i + b1i sin(2πtij),

b0i ∼ N(0, 1), b1i ∼ N(0, 2), εij ∼ N(0, σ2(tij)), σ2(tij) = exp
{
−5(tij − 0.1)2

}
.

Table 2: Comparison of average mean squared prediction errors (standard deviation) in
the simulation study 2.

n = 25 mGIC mGBIC mAIC mBIC mGCV

AMSPEP[×10−1(×10−1)] 2.08(1.50) 2.05(1.49) 2.09(1.55) 2.08(1.52) 2.08(1.51)
AMSPEY[×10−1(×10−2)] 1.06(2.10) 1.09(2.16) 1.09(2.18) 1.07(2.11) 1.07(2.10)

n = 50

AMSPEP[×10−1(×10−2)] 1.51(9.26) 1.51(8.94) 1.53(9.32) 1.53(9.32) 1.55(9.23)
AMSPEY[×10−1(×10−2)] 1.06(1.53) 1.06(1.59) 1.06(1.57) 1.06(1.58) 1.05(1.53)

n = 100

AMSPEP[×10−1(×10−2)] 1.37(6.35) 1.37(6.33) 1.37(6.36) 1.37(6.34) 1.37(6.34)
AMSPEY[×10−1(×10−2)] 1.03(9.64) 1.04(9.77) 1.04(9.73) 1.04(9.73) 1.04(9.74)

Table 2 shows the results of the simulation study 2, using the AMSPEP and
AMSPEY in common with the simulation study 1. The mGIC and mGBIC also present
good fitting performances as with the simulation study 1. In addition, models calculated
by the mGIC and mGBIC provide smaller AMSPEPs relative to that of other criteria.
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4.2. Application to the yeast cell cycle data

We apply our proposed modeling procedures for the FMM to longitudinal gene
expression data (Spellman et al., 1998). They identified 800 genes as cell cycle related
genes from all 6,178 genes in the yeast genome were measured by cDNA microarrays, and
also grouped these genes into five classes, G1, G2, M, M/G1 and S, by considering peaks
in the expression patterns. We focused on the repeatedly measurement “α factor-based
synchronization data” at 7 min intervals for 119 mins with a maximum total of 18 time-
points in our analysis. Furthermore, we selected 791 genes which have two and more
time-points, and in consequence, the number of genes in each class were NG1 = 297,
NG2 = 119, NM = 193, NM/G1 = 113 and NS = 69, and the raw data are shown
in the left side of Figure 1. The objective of this analysis is to explore not only the
population mean functions but also gene-specific functions in each classes by using the
FMM. The model was fitted by the maximum penalized likelihood method along with
the REML based EM-algorithm. The number of basis functions K and L, and the
smoothing parameter λα were selected by model selection criteria described in Section
3.

The predicted curves with functional random effects for all measurements are shown
in the center of Figure 1, and the estimated population mean functions and its 95% con-
fidence intervals for each gene expression class are shown in the right side of Figure 1,
where the tuning parameters selected by the mGIC are used. These results show that the
predicted curves are well fitted for any measurements, and suggest that unknown popu-
lation mean functions are also well estimated and there are obvious trends among gene
classes. Table 3 shows the comparison of mean squared errors for repeated observations
between above described model selection criteria, which is defined as

MSEc =
1

N c

Nc∑
i=1

1

Jci

Jc
i∑

j=1

(
ycij − ŷcij

)2
,

where the superscript c represents the class of gene. This result shows that the mGIC and
mGBIC provide better fitting performance than conventional marginal model selection
criteria.

Table 3: Comparisons of mean squared errors (standard deviation) for repeated obser-
vations among model selection criteria.

Class mGIC mGBIC mAIC mBIC mGCV

G1[×10−2(×10−2)] 1.81(1.54) 1.81(1.55) 2.69(3.12) 2.69(3.12) 2.69(3.12)
G2[×10−2(×10−2)] 1.76(1.44) 1.76(1.57) 2.56(2.66) 2.56(2.66) 2.52(2.63)
M[×10−2(×10−2)] 1.93(1.48) 1.93(1.48) 2.63(2.21) 2.63(2.21) 2.63(2.21)

M/G1[×10−2(×10−2)] 2.04(1.44) 2.11(1.46) 3.16(2.71) 3.19(2.70) 3.16(2.71)
S[×10−2(×10−2)] 4.21(3.99) 4.45(3.93) 5.12(4.47) 5.24(4.52) 4.66(4.01)
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Figure 1: [Left panels] Raw data, [Center panels] Predicted curves with functional ran-
dom effects, [Right panels] Estimated population mean functions (solid lines) with 95%
confidence interval (dashed lines).
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5. Summary and discussion

In this article we have introduced the functional mixed modeling via Gaussian
process regression, and derived two model selection criteria for models estimated by the
maximum penalized marginal likelihood method. Results from Monte Carlo simulation
studies have revealed that our modeling procedures with the marginal GIC and marginal
GBIC are superior or comparable to those with the conventional model selection criteria
such as the marginal AIC, marginal BIC and marginal GCV. Real data analysis using
the yeast cell cycle data has showed the good fitting performance and the obvious trends
among the gene classes.

Although we consider a nonlinear regression as population mean function, a varying
coefficient model (Hastie and Tibishriani, 1993) is also applicable. The varying coefficient
model defined as f(t) = β(t)x(t) with x(t) being a time-dependent covariate is called
a functional mixed varying coefficient model. The essential idea behind the varying
coefficient model is that the coefficients of the regression model are represented by time-
dependent function, and it has been deeply developed on methodological, theoretical
and applied sides (see, for example, Fan and Zhang, 2008). While Matsui et al. (2013)
proposed the GIC and the GBIC for the varying coefficient model, the functional mixed
varying coefficient model can also be derived by exchanging the population function f(x)
in the FMM.

Recently, Vaida and Blanchard (2005) and Liang et al. (2008) proposed the condi-
tional AIC from conditional model formulation with the effective degrees of freedom in
a linear mixed model framework. Greven and Kneib (2010) showed that the marginal
AIC is not an asymptotically unbiased estimator of the AIC. We would like to consider
more appropriate model selection criteria for the FMM using the idea of the conditional
AIC in the future work.

Appendix: EM-algorithm for the FMM

We give the EM algorithm for estimating the functional mixed model proposed in equa-
tion (1).

Step 0 Initialize σ̂2
ε(ξ) = 1 and ∆̂(ξ) = IL for the iteration number ξ = 0.

Step 1 Set ξ = ξ + 1, update α̂(ξ) and b̂i(ξ) using

α̂(ξ) =

(
n∑
i=1

X ′
iV̂

−1

i(ξ−1)Xi + nλαGα

)−1( n∑
i=1

X ′
iV̂

−1

i(ξ−1)yi

)
,

b̂i(ξ) = ∆̂(ξ−1)Z
′
iV̂

−1

i(ξ−1)(yi −Xiα̂(ξ)) (i = 1, 2, · · · , n).

Step 2 Update σ̂2
ε(ξ) and ∆̂(ξ) using the following conditional expectations,

σ̂2
ε(ξ) =

1

J

n∑
i=1

{
ε̂′i(ξ)ε̂i(ξ) + σ̂2

ε(ξ−1)[Ji − σ̂2
ε(ξ−1)tr(Γi(ξ−1))]

}
,

∆̂(ξ) =
1

n

n∑
i=1

{
b̂i(ξ)b̂

′
i(ξ) + [∆̂(ξ−1) − ∆̂(ξ−1)Z

′
iΓi(ξ−1)Zi∆̂(ξ−1))]

}
,
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where ε̂i(ξ) = yi−Xiα̂(ξ)−Zib̂i(ξ) and Γi(ξ−1) is a Ji×Ji matrix. When Γi(ξ−1) =

V̂
−1

i(ξ−1) then the ML based, Γi(ξ−1) = V̂
−1

i(ξ−1) − V̂
−1

i(ξ−1)Xi(
∑n
i=1X

′
iV̂

−1

i Xi +

nλαGα)
−1X ′

iV̂
−1

i(ξ−1) then the REML based EM-algorithm are provided.

Step 3 Repeat the above steps until some convergence conditions (e.g. |σ̂2
ε(ξ)−σ̂

2
ε(ξ−1)| <

10−5) are satisfied.
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