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Convergence of Restarted GCR(m) Method
Using ISOR(s) Preconditioning
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(Received December 11, 2009)

Abstract: The conventional SOR (Successive Over-Relaxation) method started from the dissertation by
D. Young in 1950. Though the SOR method has been often utilized for the solution of problems which
occur from a rich variety of applications, the SOR method has a certain issue that the SOR method
greatly depends on spectrum of iteration matrix. As a consequence, convergence of the SOR method
is not robust. In this article, we extend IDR (Induced Dimension Reduction) Theorem to designing of
the residual of the SOR method, and accelerate its robustness of convergence. Numerical experiments

indicate significantly improved residual compared with that of the conventional SOR method.
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Mx=Nz+b (2)
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Zpi1 = B + b, k=0,1,2, ... (3)
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dxy = T — T—1, (10)

dry =7 — Tr—1 (11)
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LTi41 = T + Mﬁl(’r‘k — ’yde‘k) — Yrdxy, (12)
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Let o be an initial solution,

put 7o = b — Az,

Let p be a random vector,

set vo =0,

for k=0,1,2,...
se=(L+ éD)_l (rk — Yk dry),
dxyy1 = si — yrdxy,
drisr = —((1— %)D + U)sg — 7y,
Tht1 = Tk +driy,
Tp1 = Tk + dTpy,
if ||rgaall2/l|roll2 < e then exit,
Vi1 = (P, Th+1)/ (P, drit1),

end for.
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Ye+1 = (P Th+1)/ (P, dTit1) (16)
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Vi1 = (dres1, Trr1)/(dres1, drisr) (17)
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Let xo be an initial guess, put 7o = b — Az,
P =(p; py .. p,) € RV®, set 40 =0,
{initial loop : build matrices E = (dri drs ... drs),
Q = (dz1 dzxs ... dzs) by ISOR method}
fork=0,1,...,s — 1,

sk =(L+ %D)fl(rk — Ykdry),

dxyy1 = sk — yrdxr,
driss — —((1— %)D U8k — 7,
Thtl1 = Tk +dre41, Th41 = Tk + dTpy1,
if || 7k+1ll2/ || ro ||2< € then exit,
Yrt1 = (P, Th+1)/(Ps dTr1),
Eegy1 = driyi1, Qegt1 = dTgia,

end for,
M =PTE, f=PTr,,
k=s, n=1,

{main loop}

while || rrt1 fl2 /(| 7o [l2> €,
solve ¢ from Mc = f,
sp = (L+ %D)_l(rk ~ Ee),
dxr+1 = sk — Qc,
dris = (1= 2)D + U)se — i,
Tht1 = Tk + dTk41, Tht1 = Tk + dTr41,
Fe, = dri+1, Qe = dxg41,
Me, = Pldrii1, f=f+ Men,
k=k+1, n=n+1,
if n > s then n =1,

end while.
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Let o be an initial guess,
repeat,
set ro = b — Az,

{roughly solve Ap, = 7o by using ISOR(s) method

to get po},

WAPW

for k=0,1,...
ar = (Tk,q;,)/(qk i)
Tk+1 = Tk + QkPy,

7m_17

Tk+1 = Tk — Qkqy,
if ||re+1]l2/||rol|2 < € then exit,

{roughly solve Azy41 = ri41 by using ISOR(s)

method to get zx41},
Bk,i = _(Azk+1agi)/(qi7qi)7

Piy1 = Zk+1 + Zﬁk,il’p

i <k,

i=0
k
G = Azt + Y Brad,,
1=0
end for,
To = Tm,
end repeat.
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Let o be an initial guess,
repeat,
set ro = b — Awxo,

{roughly solve Ap, = ro by using ISOR(s) method

to get p, minimizing ||ro — A;vét)HQ}7

set g, = Apy,
for k=0,1,...
ap = (rlqu)/(qkaqk)a

Tp4+1 = Tk + QxPy,

7m_17

Tk4+1 = Tk — kg,
if ||rk+1]l2/l|roll2 < € then exit,

{roughly solve Azp+1 = Tr41 by using ISOR(s)

method to get zx41 minimizing ||rg4+1 — Azlglﬂg},

Bkﬂ' = 7(Azk+17gi)/(qi7qi)7 { < k7

Pry1 = 2k + Y Bribs,

=0

k
Qi1 = AzZp41 + Zﬂk,iqi,
i=0
end for,

Lo = m,

end repeat.
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Table 1 Specifications of test matrices.

matrix dimension NNZ ave. | analytical
NNZ | field

20070K01 54,903 | 3,990,483 72.68 | structural

poisson3Da 13,514 352,762 26.10

poisson3Db 85,623 | 2,374,949 27.74

xenonl 48,600 | 1,181,120 24.30

xenon2 157,464 | 3,866,688 24.56

raefsky?2 3,242 294,276 90.77 | hydro-dynamic

waseda 19,060 | 24,377,548 | 1278.99 | electro-phys
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Do0o000000000Figh40 00 wasedall 000 Table 5 Convergence of VPGCR(m)[ISOR(s)],
VPGCR(m)MISOR(s)|U 000000 OOOOOOO VPGCR(m)[MISOR(s)] and other methods when
oooooOoooooon w varies as w = 1.0,1.1, ..., 1.9.
matrix |method(in)|s| w| N| itr.| itr.(in) time|ratio
Table 2 Convergence of VPGCR(m)[MISOR(s)] max| (out) total| ave.
method for matrix poisson3Db. SOR -|1-0] 50 30115001 50.0) 23.28] 1.00
20070K-|ISOR2 -|1.0{ 200 3| 540(180.0| 8.59| 0.37
matrix N|s| itr.| itr. (in) time | TRR | ratio 01 ISOR(s) 4(1.0] 150 5| 750(150.0| 13.51| 0.58
max | | (out)|total| ave. MISOR(s) |4]1.0] 150 5| 750{150.0| 13.72| 0.59
1| 15| 750 50.0]15.65| -8.1] 1.00 SOR -[1.8] 50 3| 150| 50.0] 0.32] 1.00
50(2| 10| 500| 50.0|11.13| -8.1| 0.71 poisson- |ISOR2 -|1.3] 50 4| 185| 46.3| 0.43| 1.35
4 6| 300| 50.0| 8.42| -8.7| 0.54 3Da ISOR(s) |1/|1.8] 100 3| 136| 48.3| 0.30|0.94
8 6| 300| 50.0/11.66| -8.4| 0.75 MISOR(s) |1|1.7| 50 3| 133| 44.3| 0.30| 0.94
1 6| 571 95.2]11.68] -8.0] 1.00 SOR -[1.8] 50 9| 450] 50.0] 8.61] 1.00
1002 4| 376| 94.0| 8.37| -8.8| 0.71 poisson- |ISOR2 -|1.0[ 50 7| 350| 50.0| 7.27|0.84
4 3| 257| 85.7| 6.82| -8.6| 0.58 3Db ISOR(s) |4|1.3] 100 3| 259| 86.3| 6.98] 0.81
poisson- 8 3| 262| 87.3|10.54| -8.1| 0.90 MISOR(s) |4[1.0] 100 3| 257| 87.3| 6.82|0.79
3Db 1 4| 521/130.3/10.63| -8.1| 1.00 SOR -|1.8] 50[ 36|1800] 50.0[ 11.16] 1.00
150 |2 3| 376(125.3| 8.17| -9.0| 0.77 xenonl [ISOR2 -|1.2| 100 8| 758| 94.8| 5.10| 0.46
4 3| 308|102.7| 8.28| -9.5| 0.78 ISOR(s) |4|1.5| 150 9/1350{150.0| 11.16| 1.00
8 3| 292| 97.3|11.04| -9.4| 1.04 MISOR(s) |4|1.2| 200 5| 976(195.2| 8.18| 0.73
1 4| 671/167.8113.45| -9.6| 1.00 SOR -|1.8] 50| 43[2150] 50.0] 45.76] 1.00
2002 3] 378]126.0| 8.37| -9.4| 0.62 xenon2 [ISOR2 -|1.0] 100| 11|1043| 94.8(24.36| 0.53
4 3] 308|102.7| 7.75| -9.5| 0.58 ISOR(s) |4[1.5| 200 8[1600(200.0| 48.18] 1.05
8 3] 292| 97.3/10.85| -9.4| 0.81 MISOR(s) |4]1.4| 200 7(1400|200.0| 42.53| 0.93
SOR -[1.0] 50[ 16| 800| 50.0] 0.85[ 1.00
Table 3 Convergence of VPGCR(m)[ISOR(s)], raefsky?2 |ISOR2 -|1.0] 50| 14| 700| 50.0| 0.78]0.92
VPGCR(m)[MISOR(s)] and other methods when ISOR(s) |4[1.0| 150 3| 446|148.7| 0.53] 0.62
w is fixed as w = 1.0. MISOR(s) |4|1.0| 150 3| 446(148.7| 0.55| 0.65
i _ i — _ i SOR -[1.0] 50 6| 300| 50.0| 24.68] 1.00
matrix | method(in)|s| N| itr. itr.(in) time | ratio waseda | ISOR2 _l1.0l 50 71 350| 50.0] 28.59| 1.16
max | (out) | total | ave. ISOR(s) |8|1.1] 50| 3| 145| 48.3| 11.64| 0.47
SOR -| 50| 3011500 50.0| 23.38) 1.00 MISOR(s) |4|1.1] 50| 3| 141 47.0|11.31] 0.46
20070K- | ISOR2 -| 200 3| 540|180.0| 8.63| 0.37
01 ISOR(s) |4| 150 5| 750|150.0| 13.51| 0.58
MISOR(s) |4| 150 5| 750[150.0| 13.72| 0.59
SOR T 50 101 5001 50.01 1.06| 1.00 Table 6 The number of the fastest case among some
poisson- | ISOR2 -1 50 6| 296| 49.3| 0.67| 0.63 methods when w varies as w = 1.0,1.1, ..., 1.9.
3Da %\ilosl:é(l;)(s) 3 ;(5)8 g 1;8 ggg Ooéfé 8?1(1) method(in) | converged | fastest | faster than
SOR method
_ SOR -] s0[ 17| 850| 50.0] 16.57| 1.00 SOR 77 o7 -
poisson- |ISOR2 - 50 7| 350| 50.0| 7.31| 0.44 ISOR2 7 3 57
3Db ISOR(s) |4| 150 3| 308|102.6| 7.80| 0.47 ISOR (s) 7 5 5
MISOR(s) |4| 100 3| 257| 85.7| 6.82] 0.41 MISOR(s) 7 5 -
SOR -| 50| 663300 50.0] 20.41] 1.00
xenonl | ISOR2 -| 50| 17| 850| 50.0| 5.88]| 0.29
ISOR(s 4| 200 81600 [200.0| 13.00| 0.64 .
MB&$)42m 3| 1000|200-01 18.00) 064 Tables 2-50 0 0 Figs. 1-50 0000000000
SOR -| 5076|3800 50.0] 80.99] 1.00 oooooooooo
xenon2 | ISOR2 -| 100| 11|1043| 94.8|24.31| 0.30
ISOR(s) |8 150 12]1800|150.0| 74.48| 0.92 e Table 30 Table 50 0000000000000
MISOR(s) |8]| 200 8|1567[195.9| 65.64| 0.81 000000010000 00000Table 300
SOR -| 50 16| 800| 50.0] 0.85] 1.00
raefsky2 | ISOR2 .| 50| 14| 700| 50.0| 0.78] 0.92 10-7*0 0 107%°0 Table 50 0 10~ 7?0 0 10712
ISOR(s) |4| 150 3| 446|148.7| 0.53]| 0.62
MISOR(s) |4| 150 3| 446|148.7| 0.55| 0.65 ooooooobobobobobobnobnoon
SOR -1 50 6| 300| 50.0| 24.68] 1.00 gooooooooooooooa
waseda | ISOR2 - 50 7| 350| 50.0| 28.59| 1.16
ISOR(s) |2| 50 3| 148] 193] 11.97! 049 e VPGCR(m)[ISOR(s)]O O VPGCR(m)[MISOR(s)]
MISOR(s) [4| 50| 3| 141| 47.0/11.32| 0.46 00000s0000000000000000000

NMmox0OO0OO0O0OO00OO0ODOODOODODOODOODOO
VPGCR(m)[ISOR(s)]O0 O VPGCR(m)[MISOR(s)]
Table 4 The number of the fastest case among some 00 00VPGCR(m)[MISOR(s)]0 0000000

methods when w is fixed as w = 1.0.

method(in) | converged | fastest | faster than nooo

SOR method e VPGCR(m)[MISOR(s)|0 00000000000
SOR )7 0/7 -
SOR2 / L o7 VPGCR(m)[SOR0 00000000000
ISOR(s) 7 2 7 e VPGCR(m)UDODOUOODODISOR(s)DO OO
MISOR(s) 7 2 7

MISOR(s)0 00000000 VPGCR(m) [SOR]
0000000000000000000000
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Time [s]

Relative Residual

Relative Residual

17 T T T

N(MaX)= 50—
N(max)=100

16 | N(max)=150 «==es o

N(max)=200 -

15
14 |
13+
12 +

1+

10

Fig. 1 Variation of computation time of VPGCR(m)
[MISOR(s)] method with Nmax : 50, 100, 150,
200 when s varies as s = 1,2,4,8 and w is fixed

as w = 1.0 for matrix poisson3Db.

T
VPGCR(M)[SOR] e
VPGCR(m)[ISOR?] +++ 1+
VPGCR(M)[ISOR(S)]
VPGCR(M)MISOR(S)] » M

Iterations

Fig. 2 The history of relative residual 2-norm of four
methods for matrix waseda.

N

0 1 2 3 4 5
Iterations(outer)

Fig. 3 The history of relative residual 2-norm of
VPGCR(m)[SOR] method at each outer loop and
inner loop for matrix waseda.

e Table 50 000000000 Nmae D ODOOOODO
000000000000 0VPGCR(m)[ISOR(s)]
0004000 O0VPGCR(m)[MISOR(s)]0 0 O 5
00ooooo

Relative Residual

7 \\

0 1 2
lterations(outer)

Fig. 4 The history of relative residual 2-norm of
VPGCR(m)[MISOR(s)] method at each outer
loop and inner loop for matrix waseda.

7. 0O O O

00000000000000VPGCR(m)[ISOR(s)]
0000000000s000000000000000
0000000000000000000000000
0000000000000000000000000
00000000N.:OD00000000000000
000000000000 VPGCR(m)[MISOR(s)]0 O
VPGCR(m)[ISOR(s)]J 00 000000000000
0ooooooo

o o0 o O

1) 00000000000 0000000000OSOROODO
goooooo0obDOooDoooooobOoboobOoooo
00000Vol.110 No.40 pp.157-170, 2001.

2) 0000000000000 O0O0O0DOO0oOoO0oO0OOoOO
GSOROOUODOOOODOOOODOOOODGCROODOODOOO
0000000 Vle.180 No.20 pp.271-2840 20080

3) 0000000000 IDROOOODOOODOSOROO
000000oooooooooul-ued 2009

4) 0000000000000 O00OOSonneveldd SORO
vs. JODOSORODDODOOODODODOODOODODOOD
0 0 Vol.140 No.20 pp.71-76, 2009.

5) 000000000000 0O0O0UO0OUOO0OO0ODOOOO
goooooopoopooosorRODOObCcOpoDOOoODOO
0000DO0o0oDOo0ooOOoooOoooooooD2oo80

6) Sonneveld, P., AGS - IDR - CGS - BiCGSTAB - IDR(s):
The circle closed, A case of serendipity, The Proc. of
Int. Kyoto Forum 2008 on Krylov subspace methods,
pp-1-14, September, 2008.

7) University of Florida Sparse

Matrix Collection:
http://www.cise.ufl.edu/research/sparse/matrices
/index.html

8) Wesseling, P., Sonneveld, P., Numerical Experiments
with a Multiple Grid- and a Preconditioned Lanc-
zos Type Methods, Lecture Notes in Math., Springer,
No.771, pp.543-562, 1980.




