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Abstract: This paper addresses identification of Hammerstein systems using wavelet expansion
from noise corrupted data. When the static memoryless nonlinear part of Hammerstein systems
can be considered as the sum of some known functions, the linear part can be estimated as a
multi-input single-output (MISO) system with the numerical algorithm for subspace state space
system identification method (N4SID). Simulation results illustrate this approach is effective.
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1. Introduction

Most systems are nonlinear in practice. The iden-
tification of nonlinear systems has been an active
research topic. Nonlinear dynamical system can be
described with many forms. As a special case, Ham-
merstein model is the most widely applied nonlinear
dynamic system, for example, distillation columns,
heat exchangers and continuous stirred-tank reac-
tor (CSTR), etc. Tt consists of a static memoryless
nonlinear block followed by a linear dynamic block.
Many researchers have proposed lots of methods,
which can be roughly divided into two categories:
the parametric and nonparametric identification of
Hammerstein systems. The nonparametric identi-
fication schemes are based on that the linear part
is an FIR or IIR model, therefore, the system is
a nonlinear ARX model. A number of approaches
are proposed on the parametric identification of
Hammerstein systems. They include: the iterative
method!), the over-parameterization method?), the
blind method®), the frequency domain method?,
the least-squares method®, the subspace identifi-
cation method® and the wavenet method!?), etc.

The iterative method is the basic approach of
parameter estimation. The estimate results show
that it is a good algorithm. However, the analysis
of convergence is hard. The over-parameterization
method is often applied to estimate the linear sys-
tems. For the Hammerstein systems, the unknown
nonlinear block is parameterized linearly with the
unknown coefficients. Order of the new linear sys-
tem will be so large. The blind method is based on
using the output measurements. The linear part is
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estimated by fast sampling at the output. Identifi-
cation of the nonlinear part can be carried out in a
number of ways®). By means of Fourier transform,
the frequency domain method makes the nonlinear
part expand to a series of Fourier function. The
linear part and the nonlinear part can be identi-
fied. The convergence rate of Fourier series is a
topic®. The nonlinear part can be used as input of
the linear ARMAX model. All parameters can be
estimated by the least-squares method®. The pa-
rameters of the nonlinear part can be obtained by
the averaged method. The numerical algorithm for
subspace state space system identification method
(N4SID) and least squares support vector machines
(LS-SVM) method are used to identify Hammer-

6)

stein systems®). However, the linear part is an ARX

model. The wavelet neural network can be used to

10) " The nonpara-

estimate Hammerstein systems
metric model can be obtained.
In this paper, we consider identification of the
discrete-time Hammerstein systems. We assume
that the nonlinear part is the sum of some known
functions with the unknown coefficients. Every
known function can be expanded with wavelet func-
tion. We select the Daubechies wavelets which are a
family of orthogonal wavelets with compactly sup-
port. The linear part of Hammerstein systems is

described as an ARMAX model.

part, the identification problem can be considered

For the linear

as identification of multi-input single-output linear
system. We make use of the numerical algorithm for
subspace state space system identification method
(N4SID) to obtain the estimated state space model
of system. The Hammerstein nonlinear ARMAX
model can be identified by the model transforma-
tion.

Subspace identification methods (SIM) have a
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Fig. 1  The discrete Hammerstein systems.

perfect development in practice and theory over ten

8). As the non-iterative method, there is no

years
problem about the convergence of algorithm and
with a better numerical reliability. Especially, the
N4SID algorithm is widely utilized for identification
of multi-input multi-output systems.

Briefly, this paper is organized as follows: Sec-
tion 2 presents the problem formulation related to
the Hammerstein systems, and in Section 3, we an-
alyze the feasibility of subspace identification algo-
rithm. Section 4 provides an illustrative example
to prove the effectiveness of the algorithm. Finally,
some conclusions are obtained in Section 5.

2. Problem Formulation
2.1 The Discrete Hammerstein Sys-
tems
Consider the Hammerstein model shown in
Fig.1. The nonlinear block of the systems can be
represented by the sum of some known functions in
the input signal as follows

flu) =prfi(u(®)) + ..+ pm fmn (u(t)) (1)

The linear dynamic block can be described as

a(z7Ny(t) = ") F(u(t) +y(e7De(t)  (2)

u(t), y(t) and e(t) are input, output and noise,
respectively. The h(#) is an unmeasured internal
signal, which is the output of the nonlinear block
h(t) = f(u), and just as the input of the linear
block. G(z71) = %, and N(z71) = ZE;:;
The 27! is the shift operator [z71y(t) = y(t — 1)],
a(=1), B(=~1) and +(z

~1) are scalar polynomials
in z7!

faz i 4 Fayz "
ﬁ(z_ )= Brz"t 4 oz 4 4 Bnz”
(2~ ) =14+yz by 24 4z (3)

Parameter estimation is to identify all coefficients of

a(z 1) =14+ az7 !

the nonlinear block and linear block by measuring
the inputs and outputs of the system. For a nonzero
G(=")/k)
will produce the same input and output measure-
Therefore, either gain of f(u) or G(27})
must be fixed®. the first coefficient py of function

and finite constant k, any pair (kf(u),
ments.

f(u) must be one. The Hammerstein model can be
described as follows

Zalyt—z :Zn:i Bipj fi(u(t — 1))
SY eli—n @

A MISO system can be written in the following form

Xep1 = Axy + Buy 4 wy

v = Cxy + Dug + ¢ (5)
where x, € R*, w, € R", v, € R', w, € R®,
and e, € R' are the system state, input, output,
state noise, and output measurement noise, respec-
tively. the system output, A € R"*" B € R"*",
C € R'™*™ and D € R'™" are matrices of the sys-
tem. One can design a Kalman filter for the system
to estimate the state variables.

)A(t+1 = A)A(t + But + K(yt - CXt - Dut) (6)

where K € R™ ! is the Kalman gain matrix that
can be obtained from the Ricatti equation. There-
fore, we have the following innovation form

xi+1 = Axy + Bu; 4+ Ke,
Yy = Cxy + Du; + ¢ (7)

We introduce the following assumption:

Al: (A, C) is observable.

A2: (A, [B K]) is controllable.

A3: The e(t) is independent of input wu(t).

Based on these assumptions, by the Z transforms,
and we can obtain

ye = [C(21— A)™'B + D]w,

+[C(zI — A) 'K + Te; (8)
_ Cadj[I-Az"']B
w=l z—"det [-1 — 1}1] + DJu,
+[CadJ[I—Az K e, (9)

z=ndet [2I — A]
From the above equation, the state space model in
the innovation form can be derived to be an AR-
MAX model. We will introduce the wavelet trans-
formation and Daubechies wavelets. The nonlinear
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part can be expanded with Daubechies wavelets.

2.2 Wavelet Transformation and
Daubechies Wavelets
Wavelet means ’small wave’, which oscillates and
satisfies

/_O;w)dt: 0

where 1 1s the wavelet function. A signal can be
expressed as a linear decomposition,

F) =" aru(t) (10)

k

ay, are the real-valued expansion coefficients and
are a set of real-valued functions called the expan-
sion set. If the set is unique, the set can be called
the basis for the functions that can be expressed.
If the inner product among basis functions is often
written as:

< Yi(t), v (t) >=dj

we call the wavelet function is the orthogonal basic
function. Every square-integrable function can be
shown as the equation (10), the form is called dis-
crete wavelet transform (DWT). The coefficients of
DWT can be obtained using the inner product:

ar =< F(1), bp >= / Fye(t)dt

Wavelets are defined by the wavelet function ¢
and scaling function @ in the time domain. As-
sume that a wavelet ¢/ and the corresponding scaling
function ¢ constitute an orthogonal wavelet system.
When a function f(t) € L2(R), it means all square
integrable function f can be expressed as the fol-
lowing wavelet expansion with some levels

oQ

)= ) ed@t—k+ D > (2t —k)

k=—o0 k=—o00 j=0

For the orthogonal wavelets, the Daubechies
wavelets are a family of orthogonal wavelets defining
a discrete wavelet transform and characterized by
a maximal number of vanishing moments for some

t11) 12 However, The Daubechies

given suppor
wavelets are not defined in terms of the resulting
scaling and wavelet functions, they are not possible
to write down in mathematic equation. The coef-

ficients of the wavelet and scale sequence can be

given. While the wavelet with high order of vanish-
ing moments, its smoothness feature is very fine.

3. Identification Algorithm

At first, we know that the nonlinear part is a
sum of some known functions of the input, the in-
put is the finite sequence {u(t)}V, where N is the
sample number. Taking these known functions ex-
pand to the sum of some wavelet basis functions
$(t) and a scale function ¢(t), respectively, where
Y(t) = 29/2(27t — k) and ¢(t) = 27/%¢(27t — k).
Then we can obtain the wavelet expansion of one-
dimension function.

Filu) = ¢ pbni(u) + D di i (u) = DWT{fi(u)}
=0

Where {ci .} and {d’ ,} are the coefficients of the
discrete wavelet transform (DWT). The nonlinear
part is

F(u) = DWT{F ()} + oo+ pon DWT{ f (u) }

For the white noise sequence {e(t)}V, we utilize the

discrete wavelet transform (DWT) and can obtain
the follows.

E(W) = DWT{e(t)} = ¢ pbnilt) + >_dS jk(t)
j=0
The DWT of output can be showed as follows
Y(W) = DWT{y(t)} = ¢} ydnelt) + D df poju(t)
j=0

Where the wavelet and scale functions that we used,
are the same orthogonal wavelet and scale functions
with the compact support, the levels of expansion
are same. It makes that the length of data of in-
put is the same as output. For the following linear
system, it can be considered a multiple input sin-
gle output system. The input can be showed the
following vectors.

DWT{ f1(ui)}
DWT{psfo(ui)}
)}

U; = | DWT{psfs(ui (11)

DWT{p,;Lfm (u;)}

We will perform the subspace identification algo-
rithm. It always consists of two basic steps. The
first step is to utilize a projection of certain sub-
spaces of the data, the QR and singular value de-
compositions, so we can obtain an estimate of the
extended observability matrix. The second step re-
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covers the system matrices from the extended ob-
servability matrix.

From the equation (7), the following input-output
matrix equation can be obtained.

Y; =1X; + H{U; + HE; (12)

First the input and output block Hankel matrices
are defined as:

Uy Ui ... Uj_l
Uy, Us ... Uj
Uoji-1 1= A :
Ui_1 U; ... Ui+j_2
Yo Yi... Y,
Y, Ya... Y,
Y0|'i—1 = . ) (13)
Yia Y . Y0

Up = Ugjiz1, Up := Uyjai_y,

Y, = Yopiz1, Yy = Yy2i1-

The subscript p and f denote, respectively, the
past and the future. W, =: [YZUZ]T, The ex-
tended observability matrix I';:

C
CA
r,.= | CA’ (14)
The state sequence X; is denoted as
Xz‘ = (Xz Xi_|_1 Xi+2 e Xi+j—1) (15)

We give the definition of orthogonal projection with
the matrices A€ RP*J and B€ R?*J, The orthog-
onal projection of the row space of A into the row
space of B is denoted by .A/B = ABTB (et denote
the Moore-Penrose pseudo-inverse of the matrix o).
A/B* is the projection of the row space of A into
B+, the orthogonal complement of the row space of
B, and the projection A/B+ = A — A/B.

From the equation (12), the projection of the fu-
ture outputs Y onto the past data W, is

Y;/W,=1,X;/W, +H{U;/W, + HE; /W,
We know that U;/W, = 0 and E;/W, = 0, the

equation can be obtained as follow.
Y; /W, =1,X;/W, =X,

Where the X; can be shown to correspond to an

estimate for the state X;. In order to calculate

the projection of the row space of the input-output
data, we performing the following L.QQ factorization:

Uojio L, 0 0 0 0 0
Uy LyyLy 0 0 0 0
Uii2i—1 | _ | st L2 Lz 0 0 0
Yoji-1 | Ly Lyz Lys Lyy 0 0
Y Ls1 Lss Lss Lsg Lss 0
Yit1)2i-1 L1 L2 Lgs Lea Les Les

From the above equation, we can obtain

Y /W, = Ly, LuQ: + Ly, (L1 Laz Luz Lua)

We denote O; = Y /W, and obtain the projection
for past input data LU,, and the projection for past
output data LY,, from the following equation
Li; 0 0 O
(LU” lu, LY”) L3y Lz Las 0
L4y Ly Lus Luy
_ <L51 L2 Lss L54)
~ \ Lgy Lo Lgs Lgy
We can also calculate the O;41 in the samily way,
where Woj; = (Ug; Y01,), Oip1 = Yigi2io1/Woys.

L 0 Q
om=19, (12 1) (o)
i Loy Lo Q,

U,
Q
Q.
L4 Lys Lysz Lyy O

+LY ( ) 16
Y, \ Ls; Lss Lss Lss Lss Qs (16)

Q,

Qs

Ly 0 0 O

0
(LU;r LU;r LY:) L3; Lso Lz 0 O
Lay Lys Lyg Lag 0
Lsy Lss Lss Lsa Lss
= (Le1 Lg2 Les Les Les )
We calculate the singular value decomposition of
the matrix O;, and determine the order by inspect-
ing the singular values.

S, 0 vT
0,=UxsVvT ~ (U, U ( ! )( 1) 17

By means of the singular value decomposition of
matrix O;, the extended observability matrix I'; and
I';_1 can be obtained.

Q
Q,
Qs
Q4
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T, =USY2 Ty =T5(1: (i — 1)) (18)

The state sequence can be estimated as follows

X; =070;, Xy =TF,0i (19)

By minimizing the least-squares errors e, and e,,
we can obtain the extract estimates of the system
matrices A, B, C and D from the following equa-
tion

Xi_|_1 A B Xi (S0}

(Yiu)_(C D)<Ui|i)+<6v) (20)
The Kalman gain matrix K = e,,/e,. Then we can
derive the ARMAX model from the estimated sys-
tem matrices. Finally, we can obtain all parameters
of the ARMAX model by the model transformation.

In the process of identification, we know the pa-
rameter p; = 1, the parameters of linear part of
Hammerstein systems can be estimated directly.
There 1s a large amount of redundancy in estimat-
ing the parameters of the nonlinear part of system.

By means of the average method®, we can figure
out the parameters p; as follows

| .
b= — j=2,3,...,m (21)

4. Simulation Examples

The linear dynamic part is described by an AR-
MAX model as follows.

alz7h) =1-1.50z"1 4+ 0.60272 4+ 0.10273
Bz = 0.80271 — 0.6827% + 0.22:73
y(z7l) =1—1.64271 +0.75272 4+ 0.12273

The nonlinear static part is represented a sum of
some known functions of the input.

h(t) = prfi(u(t)) + p2f2(u(t)) + pafs(u(t))
= u(t) — 0.6 sin(u?(t)) + 0.2u(t)e ™"
We will estimate all coefficients, which includes two
parts of the linear and nonlinear. These coefficients
can be expressed as a vector form

6 =[o1 g az B1 B2 B3 pa ps 1 Y2 ¥3)

In order to estimate the parameters, the input sig-
nal must be a persistent excitation signal”. We
select the standard Gaussian white noise as input

Select model order in command window.

Log of Singular values

Z IHHUHDHU I

4 16

Model order

Fig. 2 The singular value decompositions map (crg1 =
0.36).

u(t) and the data length N = 2500. The horizon
is chosen as n = 10, 20 Monte Carlo simulations
will be run. The disturbance e(t) is also a white
noise with zero mean and finite variance o2. The
e(t) is independent of input wu(t). For the linear
part of the system, there are the three input se-
quences u(t),sin(u?(t)), u(t)e=*") and one output
y(t). Tt is a 3-inputs and 1-output system. The or-
thogonal compactly supported wavelet that we se-
lect is the Daubechies wavelet db3, and the level
of wavelet is 3. We will identify the MISO system
by means of MATLAB in two different noise cases.
At first, we take the three input signals to expand to
the sum of wavelet basis function with the wavelet
db3. The approximation and detail quantities can
be obtained. The total length of the data after the
wavelet decomposition is the same as the original
data. We apply the subspace identification method
to estimate it.

The order of the system is recommended n = 3
from the singular value decomposition map shown
as Fig.2. Based on the order, we obtain the esti-
mated state space model of the MISO systems, fur-
thermore, the model 1s a canonical form. By means
of the model transform from the state space model
to the polynomial model, we can obtain all coeffi-
cients of the system. When the variance of noise
is 02, = 0.36, The estimated coefficients 0, can be
given, and we can obtain the estimated coefficients
05 under the noise’s variance o2, = 4. The final es-
timated parameters él and éz are in Table 1. The
estimated nonlinear part and linear part are shown
as Fig.3 and Fig.4. Finally, we cz;‘lrculate the mean

square error (MSE). exsp = + Z(éz — 0;)*, and

=1
K is the total number of parameters. Put the MSEs
into the Table 1. According to the MSEs, the pro-
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Table 1 The parameter estimates with the db3 wavelet
(61 :02, =0.36, 62 : 02, = 4).

0 aq an a3 B1
true  -1.50000 0.60000 0.10000 0.80000
6, -1.49605 0.59508 0.10207 0.79849
0, -1.43270 0.48753 0.15176  0.80370
0 B2 B3 P2 P3
true  -0.68000 0.22000 -0.60000 0.20000
6, -0.67315 0.21603 -0.57784 0.20672
6,  -0.63501 0.17767 -0.43863 0.16415
6 Y1 a2 Y3 MSFE
true -1.64000 0.75000 0.12000 0.00000
6, -1.58840 0.69428 0.12010  0.00058
0,  -1.52920 0.58708 0.17439  0.00840

f(u(k))

u(k)

Fig. 3 Nonlinear function with the db3 wavelet: actual
(solid), estimated (*:¢2, = 0.36) and estimated
(+:02, = 4.00).

posed algorithm can be proved to be effective.

5. Conclusion

In this paper, a method for identification of Ham-
merstein nonlinear ARMAX model was proposed.
When the nonlinear part of Hammerstein systems is
described as a sum of some known functions. With
wavelet expansion, we can take every known func-
tion expand to the sum of the orthogonal wavelet
The Daubechies
wavelets are selected as the basis function. The ap-

basis function with many levels.

proximation and detail of those known functions can
be obtained by means of the wavelet decomposition.
In other words, the data of signals in wavelet do-
main are given. For the multi-input single-output
system, We can obtain the state space model in in-
novation form of the system by the N4SID method,
and then use the model transformation, all parame-
ters of Hammerstein nonlinear ARMAX model can
be estimated. The simulation indicates the effec-
tiveness of the proposed method.

Transfer function

e
QR FF KA

Vagnitude (dB)

10 10 10 10 10°
Frequency (rad/sec)
Noise model

St
——*******%***1$$¥#***
*.
*x

Vagnitude (dB)

0 10 10 10 10°
Frequency  (rad/sec)

Fig. 4 Frequency response of linear part with the db3

10)

11)

12)

wavelet: actual (solid), estimated (*:02, = 0.36)
and estimated (+:02, = 4.00).
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