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TPS

TPS

1.3

binary scaling

[24]
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(Steven F. Udvar-Hazy Center)

1.4

- 10 -



1.4

forward facing cavity

MHD flow control[86]

[87]

forward facing cavity cavity

nose-tip

cavity 1920

1990

[88, 89]

1

[90]

1.7(b)

[91] [92] Trident

M-3SII Huebner [93]

5◦

1.4.2

[94]

[95]
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Bow shock wave
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Shear surface

Free stagnation point
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Recirculating region Reattachment ring
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Rong [131]

CFD

Lu [132–134] Wei [135, 136] forward facing cavity

Marley [137]

cold hypersonic

Huang [138]

extended nozzle CFD

Recirculation region

Jet

Jet layer

Mach disk

Free stream

Detached shock wave

Contact surface

Recompression shock wave

Free stream

Recirculation region

Dividing streamline

Oblique shock wave

Separation shock wave

Recompression shock wave

Jet
Free stream

Recirculation region

Dividing streamline

Contact surface

Detached
shock wave

Mach disk

Recompression shock wave

(a) Opposing jet (b) Spike (c) Oppsing jet from extended nozzle

1.7 extended nozzle

1.4.3

ΔV

−ΔV
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1.5
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exntended nozzle

3. extended nozzle CFD
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CFD

4 extended nozzle

CFD
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CFD
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2.1

2.2

2.3

2.4

2.5 2

2.2

5

2.1

678 mm φ136.6 mm

10 5.76 MPa 11 5 6.87 MPa

SUS304 3,040 mm,φ70 mm 15 mm

5 52.1 MPa

1 25 mm

1 2.2 1 2 mm (A5052)

0.5 mm 4

STKM13C 3,000 mm φ60 mm 10 mm

5 25.3 MPa

150 mm 2 PCB,112A02

1 p4

φ15 mm φ20 mm



2

(a)

(b)

Test section

Shock tube Compression tube High pressure tube

700 3000 3300 862

Compression tubeHigh pressure tube Shock tube Nozzle

Test section

Free-piston
1st diaphragm 2nd diaphragm

2.1

(a) Before rupture (b) After rupture

2.2 1

SS400 10°

8 15 mm 270 mm

φ1,000 mm 1,200 mm BK-7

2.3 JIS-VG-150

BNC

- 18 -



2.2

4 E 10

2.3
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2 SKD6

NOK,SPGO70 NOK, RYT101M

2.4

B

driver gas 1

driven gas
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compression 
tube

1st diaphragmpiston

shock wave

contact su
rfaceexpansion wave

shock tube

2nd diaphragm test model

nozzle
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to

ry
pi

st
on

2.5

contamination

[34, 52]

1

1

over drive[31, 39] over drive

tune piston condition[31, 35]

tuned operation[55] tuned operation

1

1 110%
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2.3

2.3

2.3.1

tuned operation

tuned operation 2.6

Initial p in 

HT

Initial p in 

CT

Length
Piston 

mass

Molecular 

weight

Rupture 

pressure

Exit

diameter

2.6 tuned operation

2.3.2

[76, 140]

pfront

nc

<Before diaphragm rupture> pfront = pc0

(
L

L− x

)nc

(2.1)

<After diaphragm rupture> pfront = pr

(mc

x

)nc
(
xr
mr

)nc

(2.2)

CFD

CFD

1

CFD HIEST[56, 57] T2[141]
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2

2.3.3

2.7

(2.3) 1

1 CFD

CFD

Mp
d2x

dt2
= Frear + Ffront + Ffriction (2.3)

dorificedCT

Piston Orifice plate

Diaphragm

FfrontFrear

x

2.7

CFD

1 CFD

CFD

[142] CFD

Flux Vector Splling (FVS) [143] Advection Upstream

Splitting Method(AUSM) [144] AUSM

[145]

AUSM

CFD moving grid [146]

FVS

[142] FVS

Flux Difference Splitting(FDS) [147] FDS

1
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2.3

[148] 1 Euler

1 Euler Chakravarthy-Osher TVD [149]

TVD [150] FDS Chakravarthy-Osher TVD

Roe Riemann [151]

1 3

[152]

Navier-Stokes

1

1 Euler 1 Euler

∂Q

∂t
+
∂F

∂x
= 0 (2.4)

Q F

Q =

⎡⎣ ρρu
e

⎤⎦ (2.5)

F =

⎡⎢⎣ ρu
ρu2 + p

γ(
e+ ρ

γ

)
u

⎤⎥⎦ (2.6)

p = ρRT ε e p

ε =
p

ρ (γ − 1)
(2.7)

e = ρ

(
ε+

1

2
u2
)

(2.8)

p = (γ − 1)

(
e− 1

2
ρu2

)
(2.9)

j + 1/2

1 2

f̃nj+1/2 = fn(qj) +
m∑
i=1

(
δf in−j+1/2

)
f̃nj+1/2 = fn(qj+1)−

m∑
i=1

(
δf in+j+1/2

) (2.10)

(2.10) i (2.10)

f̃nj+1/2 =
1

2

{
fn(qj) + fn(qj+1)−

m∑
i=1

δf in+j+1/2 +
m∑
i=1

δf in−j+1/2

}
(2.11)

xj−1/2 xj+1/2 qj

qj+1 Riemann j + 1/2

Riemann
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2

(2.11)

Euler

∂qj
∂t

+
1

Δx

(
f̃j+1/2 + f̃j−1/2

)
= 0 (2.12)

(2.12) 1 2 f̂j+1/2

TVD

(flux difference)

Jacobian J λ L R D

3 λ H

H =

⎡⎣λ1 0 0
0 λ2 0
0 0 λ2

⎤⎦ (2.13)

LAR = H
A = RHL. (2.14)

δFj+1/2

δFj+1/2 =

(
∂F

∂Q

)
j+1/2

δQj+1/2 = Aj+1/2dQj+1/2

= Rj+1/2Hj+1/2Lj+1/2 (Qj+1 −Qj)

(2.15)

(Qj+1 −Qj) =

⎡⎣ ej+1 − ej
ρj+1 − ρj

ρj+1uj+1 − ρjuj

⎤⎦ (2.16)

(2.15)

δFj+1/2 =

⎡⎢⎣δf
1
j+1/2

δf2j+1/2

δf3j+1/2

⎤⎥⎦ = Rj+1/2Hj+1/2

⎡⎢⎣l
1
j+1/2δQj+1/2

l2j+1/2δQj+1/2

l3j+1/2δQj+1/2

⎤⎥⎦ = Rj+1/2Hj+1/2

⎡⎢⎣α
1
j+1/2

α2
j+1/2

α3
j+1/2

⎤⎥⎦ (2.17)

αi (2.18)

αi
j+1/2 =

(
li
)
j+1/2

δQj+1/2 (2.18)

(2.17) ⎡⎢⎣δf
1
j+1/2

δf2j+1/2

δf3j+1/2

⎤⎥⎦ =

⎡⎣δf11 + δf21 + δf31

δf12 + δf22 + δf32

δf13 + δf23 + δf33

⎤⎦
j+1/2

=

⎡⎣λ1α1r11 + λ2α2r21 + λ3α3r31

λ1α1r12 + λ2α2r22 + λ3α3r32

λ1α1r13 + λ2α2r23 + λ3α3r33

⎤⎦
j+1/2

(2.19)

δf i 3

3

λ

u c

λ

λi+ =
1

2

(
λi +

∣∣λi∣∣)
λi− =

1

2

(
λi − ∣∣λi∣∣) (2.20)
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2.3

λi > 0 λi+ = λi λi− = 0 (2.20)

flux difference split (2.20)

(2.19) 2⎡⎢⎣δf
1+
j+1/2

δf2+j+1/2

δf3+j+1/2

⎤⎥⎦ =

⎡⎣δf11+ + δf21+ + δf31+

δf12+ + δf22+ + δf32+

δf13+ + δf23+ + δf33+

⎤⎦
j+1/2

=

⎡⎣λ1+α1r11 + λ2+α2r21 + λ3+α3r31

λ1+α1r12 + λ2+α2r22 + λ3+α3r32

λ1+α1r13 + λ2+α2r23 + λ3+α3r33

⎤⎦
j+1/2

(2.21)

⎡⎢⎣δf
1−
j+1/2

δf2−j+1/2

δf3−j+1/2

⎤⎥⎦ =

⎡⎣δf11− + δf21− + δf31−

δf12− + δf22− + δf32−

δf13− + δf23− + δf33−

⎤⎦
j+1/2

=

⎡⎣λ1−α1r11 + λ2−α2r21 + λ3−α3r31

λ1−α1r12 + λ2−α2r22 + λ3−α3r32

λ1−α1r13 + λ2−α2r23 + λ3−α3r33

⎤⎦
j+1/2

(2.22)

(2.21)

(2.22)

qj x = xj

qj+1 x = xj+1 Riemann

qj+1/2 Riemann [153]

Roe [154, 155]

ρi+1/2 =
ρi
√
ρi + ρi+1

√
ρi+1√

ρi +
√
ρi+1

(2.23)

ui+1/2 =
ui
√
ρi + ui+1

√
ρi+1√

ρi +
√
ρi+1

(2.24)

hi+1/2 =
hi
√
ρi + hi+1

√
ρi+1√

ρi +
√
ρi+1

(2.25)

ci+1/2 =

√√√√(hi+1/2 −
u2i+1/2

2

)(
γi+1/2 − 1

)
(2.26)

ρi+1/2 =
ρi + ρi+1

√
ρi+1/ρi

1 +
√
ρi+1/ρi

(2.27)

ui+1/2 =
ui + ui+1

√
ρi+1/ρi

1 +
√
ρi+1/ρi

(2.28)

hi+1/2 =
hi + hi+1

√
ρi+1/ρi

1 +
√
ρi+1/ρi

(2.29)

Roe R 3

λ1, λ2, λ3 α1, α2, α3 (2.21)

(2.22)

1

λ α σ 2

σi+ = λi+αi

σi− = λi−αi
(2.30)
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2

σ minmod

σ̃i−
j+3/2 = minmod

{
σi−
j+3/2, βσ

i−
j+1/2

}
˜̃σi−
j+1/2 = minmod

{
σi−
j+1/2, βσ

i−
j+3/2

}
σ̃i+
j+1/2 = minmod

{
σi+
j+1/2, βσ

i+
j−1/2

}
˜̃σi+

j−1/2 = minmod
{
σi+
j−1/2, βσ

i+
j+1/2

}
(2.31)

minmod

minmod (a, b) =

⎧⎪⎨⎪⎩
a if ab ≥ 0, |a| < |b|
b if ab ≥ 0, |a| > |b|
0 if ab < 0

(2.32)

(2.31) β

1 ≤ β ≤ 3− φ

1− φ
(2.33)

3

d̃f
in−
j+3/2 = σ̃i−

j+3/2r
in
j+3/2˜̃

df
in−
j+1/2 = ˜̃σi−

j+1/2r
in
j+1/2

d̃f
in+

j+1/2 = σ̃i+
j+1/2r

in
j+1/2˜̃

df
in+

j−1/2 = ˜̃σi+

j−1/2r
in
j−1/2

(2.34)

(2.11) 1 (2.34) 2

f̂nj+1/2 = f̃nj+1/2 −
1− φ

4

m∑
i=1

d̃f
in−
j+3/2 −

1 + φ

4

m∑
i=1

˜̃
df

in−
j+1/2 +

1 + φ

4

m∑
ß=1

d̃f
in+

j+1/2 +
1− φ

4

m∑
i=1

˜̃
df

in+

j−1/2 (2.35)

(2.11) TVD

1 CFD Sod 1 [156]

[157, 158] 2.8

x = 1 m 2m

300K 1.0MPa 50kPa

1

1

2 1

Chakravarthy-Osher TVD

2.8 TVD w/o entropy fitting

expansion shock glitch [159]

[160] u± c = 0
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2.3

Expansion wave

(Unnatural discontinuous expansion)

High pressure room

(N2, 1.0MPa, 300K)

Low pressure room

(N2, 50kPa, 300K)

Diaphragm

Contact surface

Shock wave

 0

 2

 4

 6

 8

 10

 12

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6  1.8  2

ρ
, 

k
g

/m
3

x, m

1st order
2nd order (non TVD)

TVD w/o  entropy fitting
TVD with entropy fitting

t

t = 1.274 ms

(5,000 iterations)

t = 0

(Initial condition)

2.8 0.3

5,000 P41 = 20.0 a41 = 1.00 γ1 = γ4 = 1.40 M1 = M4 = 28.0

Jacobian A λ

λ

|λ| → ψ (λ) =

{
|λ| , |λ| > ε
λ2+ε2

2ε , |λ| ≤ ε
(2.36)

λ1+ λ3− ε

1 [160] ε

5% 50%

ε 5%

ε 10

[160] ε
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2

10%

β 2.9 2.8

β (2.33) φ
[149] 2.9(c) φ = 1/3 β = 4

Q(1) = ρ

Q(2) = ρu Q(3) = e

2.9(b)

β 2.9 β = 3

β β = 2

β = 1

β = 2

(a) Density (b) Pressure (c) Temperature

 50

 100

 150

 200

 1.1  1.2  1.3  1.4

p
, 

k
P

a

x, m

(undershoot)
 1

 2

 3

 4

 1.1  1.2  1.3  1.4

ρ
, 
k
g
/m

3

x, m

β=4
β=3
β=2
β=1

 200

 300

 400

 500

 1.1  1.2  1.3  1.4

T
, 
K

x, m

(undershoot)

(overshoot)

2.9 β

2.10

2.8 CFD

Ms = 1.824 p2 = 186.4kPa

u2 = 376.7m/s M2 = 0.8562 [161]

Ms = 1.827 p2 = 186.4kPa u2 = 376.8m/s M2 = 0.8562 CFD

0.2% 1

CFD

CFD overset grid [162]

moving grid [146] [163] overset grid

overset grid
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2.3

(a) Density contour (unit: kg/m3) (b) Velocity contour (unit: m/s)

(c) Pressure contour (unit: Pa) (d) Temperature contour (unit: K)

(e) Mach number contour

2.10

overset grid over set moving grid

Moving grid

Moving grid 2.11 moving grid

2.12

n

Δxn n+ 1

Δxn+1 n + 1

2.12

- 29 -



2

n+ 1

n+ 1

moving grid

T
u
b
e
 e

n
d

n

n+1

n+2

T
u
b
e
 e

n
d

2.11 Moving grid

x

t

n

n+1

n+2

T
u
b
e 

en
d

⊿xn ⊿xn ⊿xn ⊿xn

⊿xn+1 ⊿xn+1 ⊿xn+1 ⊿xn+1

⊿xn+2 ⊿xn+2 ⊿xn+2 ⊿xn+2

Linear interpolation

Extrapolation

Note: Data flow

Pi
st

on
 tr

aj
ec

to

ry

2.12 Moving grid

Riemann

P

P =
2ah
γh − 1

= up +
2ah
γh − 1

(2.37)

prear = ph

(
1− γh − 1

2

up
ah

) 2γh
γh−1

(2.38)

(2.38)
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2.3

(1) (2)

(3) (4) (5)

5

2.13

ψ = 0.612 (2.38)

prear = ψph0

(
1− γh − 1

2

up
ah0

) 2γh
γh−1

(2.39)

Ffriction

35.2 kPa

136 N 2.3

[164] Nusselt Nu Grashof Gr Prandtl Pr

αW/m2s

Nu = 0.58 (Gr × Pr)
1/4

(2.40)

dm g m/s2 β 1/K θ − t,K ν m2/s

Grashof

Gr =
d2gβ (θ − t)

ν2
(2.41)

λW/mK

α =
Nuλ

d
(2.42)

Qn+1
(i,3) = Qn

(i,3) −
dt× αi × (Tfluid,i − Twall,i)× wetted area

control volume
(2.43)

1

2.14 Outa [165]

(
dr
dd

)2

= 1− cos

{
π

2

(
t

topen

)2
}

(2.44)

(2.44) topen 90 μs

3%
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2

Friction

Driver gas 

leakage

Heat loss

Outflow loss

Pressure loss 

coefficient

ψ=0.627

Outa’s

model(1975)
Polytropic index

nc=1.55

Diaphragm 

opening time

Opening time 

of valve

Pressure loss 

at valve

Remained Actual value

(35.2 kPa)

Empirical formula

on convective heat 

transfer in 

circular tube

3% loss Remained

Neglected
Previous

Present

7 losses

2.13

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

t/t open

d
 r
/d

 d

2.14 Outa

CFD

dt

x-t

dt

CFD 1

CFD 4 2
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2.3

Runge-Kutta

1 dt
[166] Runge-Kutta CFD

1

1

[142, 151]

CFD dt

CFD dt

dt

dt dt

2.1 dt 1 CFD

moving grid

dt

0.05 2.1

0.65

up 3.1% 0.85

dt

0.6

1%

0.6

0.5

2.15

HIEST

• 1 31.4MPa

• 40MPa

• 500 μs

• 25 m/s

10 μm

2.3.4

2.16 moving grid

100

4.4 MPa 0.1 MPa

φ15 mm
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2

2.1

Courant Number hold time, μs ppeak, MPa up,term, m/s

0.05 491.393 ( 0.0000%) 39.954 ( 0.0000%) 26.121 ( 0.0000%)

0.10 491.383 (-0.0019%) 39.954 (+0.0002%) 26.119 (-0.011%)

0.15 491.366 (-0.0054%) 39.955 (+0.0031%) 26.114 (-0.027%)

0.20 491.337 (-0.011%) 39.960 (+0.015%) 26.108 (-0.051%)

0.25 491.310 (-0.017%) 39.966 (+0.030%) 26.099 (-0.085%)

0.30 491.264 (-0.026%) 39.974 (+0.051%) 26.089 (-0.13%)

0.35 491.210 (-0.037%) 39.987 (+0.084%) 26.078 (-0.17%)

0.40 491.150 (-0.049%) 40.002 (+0.12%) 26.063 (-0.23%)

0.45 491.103 (-0.059%) 40.021 (+0.17%) 26.046 (-0.29%)

0.50 491.010 (-0.078%) 40.049 (+0.24%) 26.030 (-0.35%)

0.55 491.021 (-0.076%) 40.081 (+0.32%) 26.010 (-0.43%)

0.60 490.913 (-0.098%) 40.052 (+0.25%) 26.028 (-0.36%)

0.65 487.865 (-0.72%) 39.878 (-0.19%) 26.955 (+3.1%)

0.70 470.458 (-4.5%) 39.530 (-1.1%) 29.614 (+12%)

0.75 447.042 (-9.9%) 38.441 (-3.9%) 32.965 (+21%)

0.80 390.893 (-26%) 37.471 (-6.6%) 34.159 (+24%)

0.85 0.534 (—) 37.561 (-6.4%) 23.930 (-9.2%)

0.90 1.330 (—) 55.084 (+27%) 53.176 (+51%)

Hold time

Peak pressure

Terminal 

velocity

tr

pr

2.15

CFD

2.17

log (p− 0.1)

2.18

30.72 ms
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2.3

overdrive

2.19

CFD

2.16 Moving grid

2.3.5

1

1

[44]

γc

2.2

2.20 2
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2

2.17 log (p− 0.1)

Diaphragm 

ruptured

@30.72ms

2.18

2.20 × 4

tuned operation 4 2.3

- 36 -



2.3

2.19

2.2

Helium Argon Molecular weight Orifice diameter

%-mole %-mole kg/kmol mm

Case 1 100 0 4.003 15

Case 2 90 10 7.595 15

Case 3 80 20 11.19 20

Case 4 50 50 21.97 20

2.3 tuned operation

High pressure tube,MPa Compression tube, kPa Orifice diameter, mm

Case 1 4.4 100 15

Case 2 3.0 55 15

Case 3 4.4 100 20

Case 4 3.3 65 20
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2

(a
) 

C
as

e 
1

(b
) 

C
as

e 
2

(c
) 

C
as

e 
3

(d
) 

C
as

e 
4

(Peak pressure)

M
P

a

(Piston terminal speed) (Pressure hold time)

μ
s

m
/s

2
.2

0
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2.3

2.3 4

2.22

2.22

CFD

2.21

140 m/s

25 m/s 5 mm

[167]

 0

 20

 40

 60

 80

 100

 120

 140

 160

 0  0.5  1  1.5  2  2.5  3

P
is

to
n

 s
p

ee
d

, 
m

/s

Position, m

Case 1
Case 2
Case 3
Case 4

2.21
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2

(a
) 

C
as

e 
1

(b
) 

C
as

e 
2

(c
) 

C
as

e 
3

(d
) 

C
as

e 
4

2
.2

2
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2.3

2.4

2.4

Compression ratio Temperature, K Speed of sound, m/s

Case 1 313 2229 2778

Case 2 570 2756 2242

Case 3 313 2229 1661

Case 4 482 2598 1279

1

tailoring

1

2.5

2.5

Condition #1 Condition #2 Condition #3 Condition #4

Total temperature, K 7900 6400 4000 3600

Total enthalpy, MJ/kg 22 12 5.8 4.8

Mach number 8.3 8.3 8.2 8.6

Velocity, m/s 5400 4300 3200 2800

Static pressure, Pa 100 100 210 130

Static temperature, K 800 560 370 270

Density, kg/m3 3.5× 10−4 5.7× 10−4 1.9× 10−3 1.7× 10−3

Pitot pressure, kPa 27 28 52 36
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2

2.4

2.4.1

[168, 169] [170–172]

[173] [174] [25]

[175–178]

[179, 180]

2.4.2

3

1 impulse

2

3

1

2

Gladstone-Dale

εmax = 2

(
n

n∞
− 1

)
(2.45)

n n∞ Gladstone-Dale

ρ

n

n∞
=

1

n
+

ρ

ρ∞

(
n∞ − 1

n∞

)
(2.46)

arcsecond

εmax = 206265× 2

{
1

n∞
+

ρ

ρ∞

(
n∞ − 1

n∞
− 1

)}
[arcsecond] (2.47)

(2.47) 2.6

70 1
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2.4

1.4

6

2.6

Wind tunnel Mach number of test flow Maximum refraction angle

[arcsecond]

Kyushu U. supersonic W.T. 3.50 247

ISAS/JAXA supersonic W.T. 3.97 57.9

Kyushu U. free-piston shock tunnel 8.2 0.81

16 arcsecond

4 arcsecond [168]

(1) (2)

(3)

[181, 182]

2 Pitot Pitot

Si PIN

S2506-02 2.77 mm

320nm 1100nm 960nm

25MHz Noise equivalent power(NEP) 1.0× 10−14 W/Hz−1/2

HiFi NJM4560DD

GB 10 MHz 4 V/μs

2.23 S2506-02 15pF

33pF

12 V

2 μs

recoil motion

2.24 2.24 Pitot

190 μs 300 μs

t = −280 μs Pitot

2

t = −280 μs 2
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2

－
NJM4560DD

＋
S2506-2

12V 33pF

33pF

10kΩ

-15V

+15V

output

2.23

2

700 mm

t = −180 μs

t = 50 μs

t = 250 μs

t = 450 μs

contaminated gas

1,000 1

2.4.3

(1) (2)

2 (1)

2016 2,000

50 μs 10

(2)

2.24
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2.4

2.24

HID

[168]

[183]

LED light emitting diode
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2

LED LED

2014

LED [184]

PIV [185] [186–190]

LED LED

•

•

• 10 ns

•

•

•

• 1 kV

LED V

•

•

•

LED LED

LED 525nm

2.25 3W LED OptoSupply

Xeon Power OSG5XNE3C1S LED

2015 12 380

LED 525 nm LED

20 nm LED

3.8 V

LED If = 1, 000 mA

8, 000 mA overdrive

LED

100 μs LED

LED

PB0037 530 nm

40 nm 2.26

LED LED
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2.4

2.25 LED OptoSupply, Xeon Power OSG5XNE3C1S

LED ±5 nm

Wave length, nm

T
ra

n
s
m

it
ta

n
c
e
, 

%

525 5 nm: Green LED dominant

2.26 LED PB0037

2.4.4 LED

LED LED

100 μs

• TTL
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2

• TTL high low 1 μs

• 1,000 mA If

FET field effect transistor

FET

FET FET

MOS FET[191]

N-ch MOS FET 2SK4017 FET FET

4 V TTL 12 V MOS FET

2 FET

LED 2.27 LED 2.7

R1

R3

R2

R4

R5

R6

LED 

C1 C2

C6

C7

 

Mode Switch

C4 C5

C3

TRG

(TTL)

+12V

+BATT

2SC1815

2SA1015

2SK4017

Schottky-Barrier

Diode

-on : CW

-off: Pulse

2.27 LED

LED 2.28 FET

LED If 2.23

LED

TTL 10 μs

LED If 1,000 mA 4.9 V FET

100 ns 12V

LED If FET TTL

2 μs LED

TTL 2 μs

1 μs 1, 000 mA

- 48 -



2.4

2.7 LED

Parts number Value

R1 1.0 Ω

R2 0.47 Ω

R3,R4,R5 10 kΩ

R6 100 Ω

C1 1470 μF

C2 10 μF

C3 1 μF

C4 220 μF

C5 0.5 μF

C6,C7 0.01 μF

0

4

DG535 trigger

0

12

FET gate input

0

500

1000

0 1 2 3 4 5 6 7 8 9 10 11 12

 0

 1

 2

 3

time, μs

Forward Current
Photo diode

T
ri

g
g
er

, 
V

F
E

T
in

p
u

t,
 V

I f
, m

A

 P
h
h
o
to

 d
et

ec
ti

o
n
,V

2.28 LED 10MHz

LED 2.29

TTL 50 kHz 0.5 duty cycle LED

If 1,000 mA 2.28 4.9 V

LED

LED
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2

0

4
DG535 trigger

0

12 FET gate input

0

500

1000

0 20 40 60 80

time, μs

Forward Current

T
ri

g
g
er

, 
V

F
E

T
in

p
u
t,
 V

I f
, 
m

A

2.29 LED

2.4.5

LED LED

120◦

f/10

LED

LED

f/10

LED LED

LED 761843 40 NA = 0.65

0.17

2.30 2.30

LED LED

LED 2.30

1

A
+

1

a
=

1

B
+

1

b
=

1

F
(2.48)

LED
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2.4

LED

LED

LED 12 mm

2.31(a)

AB

Real image of A

Real image of B

b

a

B

A

F

2.30 A B

(a) LED light source (b) Camera with band-pass filter and knife edge

band-pass filter

Knife edge

2.31

2.32 Toepler [168]

2

“Z”

f/10 300 mm 3, 000 mm

310 mm

3, 475 mm 6m950 mm 2.31(b)
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2

2.33

100 mm

200 mm

Nikon, D750

150-600mm, F5-6.3 DG OS HSM Contemporary

600 mm F/6.3

ISO 6,400 12,800

Concave mirror

(f=3,475mm, d=310mm)

Plane mirror
(d=300mm)

Knife edge

Plane mirror
(200*155mm)

Test section

T
es

t 
fl

o
w

Concave mirror

(f=3,475mm, d=310mm)

Nikon D750

(150-600mm zoom lens)

Band-pass filter

Condenser lens

S
h
o
c
k
 t

u
b
e

LED light source

2.32

2.4.6

Smith

[192] Smith

LED

100 μs 100 μs
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2.4

Original focal point 

Shifted focal point
due to thick glass insertionTransparent thick glass

2.33

Pitot Pitot

3 mm PCB,113B27 Pitot

DL-750

0.8 μs

Stanford, DG535 100 μs TTL LED

LED 2.34

1 3

 0

 2

 4

 6

 0

 20

 40

 60

0 100 200 300 400 500 600

 0

 2
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 8

Time, μs

F
o

rw
ar

d
 c

u
rr

en
t,

 A

P
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o
t 

p
re

ss
u

re
, 

k
P

a
S

u
p

p
ly

 p
re

ss
u

re
,

M
P

a

Starting process Test time

2.34 LED
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2

2.4.7

2.35

2.5

W = 200 mmL = 55 mm

30 degree

2.35

2.36 condition#4

525 nm LED 2.36(a)

2.36(b)

Adobe Photoshop CS 6

[183]

2.37 condition#1 #3 #4

2.37

condition#1 #3 #4 43.0◦ 39.0◦ 39.2◦

CEA[193] NENZF[194]

40.6◦ 39.8◦ 39.7◦

2.37(b) (c) condition#3 #4 1◦

condition#3 #4 CEA NENZF γ

2.37(a) condition#1

2.4◦ 2

2 (1) (2)

(1) condition#3 #4

CEA NENZF condition#1
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2.4

(a) Original image (b) White and black image

2.36

(2)

γ M

1.66

Pitot

(a) Flow condition 1 (b) Flow condition 3 (c) Flow condition 4

2.37
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2

2.4.8

2.38

d = 60 mm

2.38

2.39 condition#2 #3 #4

2.39(a) condition#2

2.39(b) (c) condition#3 #4

condition#2 condition#3

Pitot Pitot

(a) Flow condition 2 (b) Flow condition 3 (c) Flow condition 4

2.39
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2.4

2.4.9 CFD

CFD

Park 2 [195]

JAXA OREX [196]

Navier-Stokes 7 N2, O2, N, O, NO, NO+,

e− 24

MUSCL 2 AUSM+ 2

LU-ADI 2.40

i j 230 100 1 μm

2.40

CFD 2.41 2.43

CFD

2.44 condition#3 #4

2.44

CFD

CFD
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2

(a) Mach number contour and streamline (b) Temperature contour

2.41 CFD Condition#2

(a) Mach number contour and streamline (b) Temperature contour

2.42 CFD Condition#3

CFD

2.45 2.45

condition#3 #4

80 kg/m3/m

condition#2 10 kg/m3/m

60 mm

10 mm 10 mm
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2.4

(a) Mach number contour and streamline (b) Temperature contour

2.43 CFD Condition#4

(a) Flow condition 3 (b) Flow condition 4

2.44 CFD

2.32 80 kg/m3/m
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2

 0

 20

 40

 60

 80

 0.002  0.0025  0.003  0.0035  0.004  0.0045  0.005

Flow condition #2
Flow condition #3
Flow condition #4

Distance from nose tip, m

D
en
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2.45
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2.5

2.5

2

1.

2.

3. CFD

4.

5. CFD

1. LED

2. impulse

3. CFD

4.

CFD
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3

3.1

1 3.2

3.3 CFD

3.4 3

3.2

3.2.1

2.2

3.1

3.1

20 MJ/kg 4.8 MJ/kg

7,500 K 3,700 K

5,100 m/s 2,700 m/s

7.5 7.9

14 kPa 20 kPa

910 K 300 K

6.8× 104 m−1 4.1× 105 m−1

A2024 60 mm

3.1 3 mm

30◦ 90◦ 10◦ 7 MEDTHERM TCS-E-10370

3.1(b) 250 mm



3

30°

50°

70°
90°

40°

60°
80°

3 6

60

Stagnation heat flux probe

Pitot pressure probe

Test model

Nozzle exit plane

of shock tunnel

(b) 

(a) mm

3.1

20 ms

PCB 102A05

Pitot

15 mm Pitot

3 mm PCB 113B27

1 μs

10 MHz FET

NF CA-451F4 1 MHz

- 64 -



3.2

DL-750 tn qW (tn)

Tw (tn) (3.1) Schultz [197]

(3.1) C

qw (tn) = 2

√
ρck

π

n∑
i=1

Tw (ti)− Tw (ti−1)√
tn − ti +

√
tn − ti−1

(3.1)

√
ρck wall material value[198]

8.9× 103 J/(m2s0.5K)

6%

(3.2) qw(ti)

qref(ti) 100 μs

2 (2σ)

[199]

Cq,w =
1

n

n∑
i=1

qw (ti)

qref (ti)
(3.2)

3.2.2

3.2

jet pressure ratio pj,0/pPitot,∞
[118, 119] 3.2

jet pressure ratio 3.2

3.2

kPa

40, 60, 80,100

50,100,150,200

3.2.3

3.3 3.3 Pitot

Smith[192]

3.1 180 μs
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3

Total pressure of opposing jet pj,0, kPa

Je
t 

p
re

ss
u
re

 r
at

io
 p

j,
0
/p

P
it

o
t

 2

 4

 6

 8

 10

 0  200  400  600  800  1000  1200

High enthalpy

Moderate enthalpy

Hayashi et al., M∞=3.98

3.2 Jet pressure ratio

260 μs 3.3

190 μs 300 μs

350 μs 410 μs

1

270 μs 550 μs

80 μs

110 μs

3.1 2

5.7 MJ/kg

8.2

500 mm

200 kPa 2 Z

Toepler [168]

1

310 mm 3, 475 mm

2.32 640 nm

CAVITAR, CAVILUX Smart Vision Research PHANTOM v2511

650, 000 fps 128 × 80

150-600mm F5-6.3 DG OS HSM Contemporary

200 mm F5.3 1 1 μs

30 ns

ND

3.4
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3.2

Pitot φ60 mm

50 mm 3.4

t = 0 t = −14 μs

2

t = 114 μs t = 165 μs

t = 350 μs

t = 500 μs

t = 500 μs

t = 700μs

3.2.4

3.5

5.2 MW/m2

1.8 MW/m2 3.5

90◦

80◦ 90◦

[118]

3.6 3.6

20◦

2.5× 105

80◦ 1.7× 104

Lees[200]

qw
∣∣
θ

qw
∣∣
0◦

=
2θ sin θ

{[
1−

(
1

γ∞M2∞

)]
cos2 θ +

(
1

γ∞M2∞

)}
D (θ)

1/2
(3.3)

D (θ) =

(
1− 1

γ∞M2∞

)(
θ2 − θ sin 4θ

2
+

1− cos 4θ

8

)
+

4

γ∞M2∞

(
θ2 − θ sin 2θ +

1− cos 2θ

2

)
. (3.4)
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3

(3.3) (3.2) r−1/2

[13]

qw
∣∣
0◦ =

√
rref
rw

qref (3.5)

3.5 Lees

Lees Lees

Lees

Lees

3.7(a)

30◦

1.6 30◦

cold hypersonic

70◦

60 kPa

40◦ 60◦

100 kPa

[10]

[201]

3.7(b)

30◦
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3.2

150 kPa 40◦ 40◦

10◦

50 kPa

[105, 106]

[202]

50 kPa 40◦

100 kPa

90◦

r sin θ

200 kPa

150 kPa

TPS

TPS

5

[105, 107, 108, 118, 119, 203] RPA
[204] Pitot

jet pressure ratio [115, 121, 122, 205] [109] [121, 122]

RPA jet pressure ratio 7

3.3

30◦ 7
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3

3.3

pj,0

p∞,0

RPA
pj,0Aj

p∞,0Abase

Jet pressure ratio
pj,0

pPitot

ρjujAj

ρ∞u∞Abase

ρjuj
2Aj

ρ∞u∞2Abase

ρjujAj{RjTj/(γj−1)+uj
2/2}

ρ∞u∞Abase{R∞T∞/(γ∞−1)+u∞2/2}

Jet pressure ratio
pj,0Aj

pPitotAbase

3.8

[118]

3.98 0.40 MJ/kg 0.50 MJ/kg 50 mm

4 mm

3.8

3.8(e)

3.8(g) jet pressure ratio

TPS

Q

Q = 2πr2
∫ 90◦

30◦
qw sin θdθ (3.6)

3.9

7

3.8 30◦

3.9(e) 3.9(g) jet pressure ratio

jet pressure ratio

2 jet pressure ratio

Pitot
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3.2

N
o
zz

le
 s

u
p
p
ly

p
re

ss
u
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, 
M
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a

H
ea

t 
fl

u
x
, 
M

W
/m

2

Time, μs

Time, μs

N
o
zz

le
 s

u
p
p
ly

p
re

ss
u
re

, 
M

P
a

H
ea

t 
fl

u
x
, 
M

W
/m

2

(a) 

(b) 

Starting process Test time
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3.3

3.3

3.3.1

3.2 CFD

Navier-Stokes Navier-Stokes

(x, y)

(3.7) (ξ, η)
[206]

∂Q̂

∂t
+
∂Ê

∂ξ
+
∂F̂

∂η
+ Ĥ =

∂ÊV

∂ξ
+
∂F̂v

∂η
+ Ĥv (3.7)

Jacobian J
1

J
=
∂x

∂ξ

∂y

∂η
+
∂x

∂η

∂y

∂ξ
xξyη + xηyξ (3.8)

Q̂ =
1

J

⎡⎢⎢⎣
ρ
ρu
ρv
e

⎤⎥⎥⎦ , Ê =
1

J

⎡⎢⎢⎣
ρU

ρuU + ξxp
ρvU + ξyp
U (e+ p)

⎤⎥⎥⎦ , R̂ =
1

J

⎡⎢⎢⎣
ρV

ρuV + ηxp
ρvV + ηyp
V (e+ p)

⎤⎥⎥⎦

Êv =
1

J

⎡⎢⎢⎣
0

ξxτxx + ξyτxy
ξxτxy + ξyτyy
ξxβx + ξyβy

⎤⎥⎥⎦ , F̂v =
1

J

⎡⎢⎢⎣
0

ηxτxx + ηyτxy
ηxτxy + ηyτyy
ηxβx + ηyβy

⎤⎥⎥⎦

Ĥ =
1

J

1

y

⎡⎢⎢⎣
ρv
ρuc
ρv2

v (e+ p)

⎤⎥⎥⎦ , Ĥv =
1

J

1

y

⎡⎢⎢⎢⎣
0
τxy

2μ
(
ξyμξ + ηyμη − v

y

)
βy

⎤⎥⎥⎥⎦

(3.9)

βx = τxxu+ τxyv (3.10)

βx = τyxu+ τyyv (3.11)

U V

U = ξxu+ ξyv

V = ηxu+ ηyv
(3.12)

(3.7) MUSCL [207, 208] 2

AUSM-DV [144] 2

LU-ADI [209]

1.1× 105 1/m 60 mm

- 77 -



3

3.3.2

3.10 C

Gridgen i j 600

400 24 10 μm

3.10 CFD

3.3.3

φ3 mm

3.3.4

nojet 40 kPa 50kPa 60 kPa 70

kPa 80 kPa 6

3.3.5

3.4

3.3.6

CFD

3.11(a)

- 78 -



3.3

3.4

Mach number 6.6

Static temperature 1300 K

Static pressure 440 Pa

Unit Reynolds number 1.1× 105 1/m
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)
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3.3

(a) Nojet (b) 40 kPa

(c) 50 kPa (d) 60 kPa

(e) 70 kPa (f) 80 kPa
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TPS

Q

Q = 2π

∫
wall

qwrds (3.14)

Q 3.14 3.14

[90] D

D = Fpressure + Fshear stress + Fjet thrust (3.15)
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4 Extended nozzle
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extended nozzle

Extended nozzle 1

4.2 extended nozzle
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4 Extended nozzle
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4.2 Extended nozzle

4.2

3

14.1 29.1

44.1

53 3 5

3 5

(a) LD0/4 (b) LD1/4 (c) LD2/4

(d) LD3/4

60

3 5

(e) LD4/4

4.3 mm

4.2.4 Extended nozzle

extended nozzle 4.4

1.7(b)

4.4(a) (b) LD0/4

LD1/4 30◦

1.7(b)

extended nozzle

- 87 -



4 Extended nozzle
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4.2 Extended nozzle
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4 Extended nozzle
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Sampling point θ, degree

N
o
rm

al
iz

ed
 h

ea
t 

fl
u
x
 C

q
,w

Sampling point θ, degree

N
o
rm

al
iz

ed
 h

ea
t 

fl
u
x
 C

q
,w

(a) 50 kPa (b) 100 kPa

Sampling point θ, degree

N
o
rm

al
iz

ed
 h

ea
t 

fl
u
x
 C

q
,w

Sampling point θ, degree

N
o
rm

al
iz

ed
 h

ea
t 

fl
u
x
 C

q
,w

(c) 150 kPa (d) 200 kPa

 0

 0.5

 1

 30  40  50  60  70  80  90

LD0/4, Nojet
LD0/4   
LD2/4   
LD4/4   

 0

 0.5

 1

 30  40  50  60  70  80  90

 0

 0.5

 1

 30  40  50  60  70  80  90
 0

 0.5

 1

 30  40  50  60  70  80  90

4.8

- 93 -



4 Extended nozzle

4.3 Extended nozzle
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4.3 Extended nozzle
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4 Extended nozzle

4.4 CFD

jet LD0/4 LD1/4 LD2/4 LD3/4

Nojet - 33.6◦ 38.5◦ 42.6◦

40kPa 30.7◦ 41.1◦ 47.8◦ 51.6◦

50kPa 32.5◦ 42.0◦ 49.2◦ 52.9◦

60kPa 33.0◦ 42.4◦ 50.6◦ 54.0◦

70kPa 33.8◦ 41.8◦ 50.8◦ 54.1◦

80kPa 33.6◦ 38.0◦ 50.8◦ 53.1◦
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4.3 Extended nozzle
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4.3 Extended nozzle
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4 Extended nozzle
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4.3 Extended nozzle

4.3.5

extended nozzle

TPS Q r ds

Q = 2π

∫
wall

qwrds (4.1)

4.14 4.14

(4.1)

TPS

LD3/4 80 kPa

extended nozzle 92%

extended nozzle

[90]

Drag = Fpressure + Fshear stress + Fjet thrust (4.2)

Fpressure = 2π

∫
wall

pwall sin θrds (4.3)

Fshear stress = 2π

∫
wall

τwall cos θrds (4.4)

Fjet thrust = 2ρj,exitu
2
j,exit + (pj,exit − p0,2)Aj,exit (4.5)

τwall μ Sutherland [211]

4.15 extended nozzle 4.15
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%

extended nozzle TPS
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4 Extended nozzle
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4.4

4.4

4

1. Extended nozzle

2. extended nozzle

3. CFD extended nozzle extended nozzle

4. extended nozzle

5. CFD extended nozzle
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5 Extended nozzle

5.1

4

extended nozzle TPS

CFD
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Apollo [109] [213]
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Mach number 6.6

Static temperature 1300 K

Static pressure 440 Pa

Unit Reynolds number 1.1× 105 1/m
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2

40 kPa 80 kPa

2 7 3 21



5 Extended nozzle
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5.3

[mm]
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5 Extended nozzle

(a) LD1/4 (483 x 300 points) (b) LD2/4 (513 x 300 points)

(c) LD3/4 (533 x 300 points) (d) LD4/4 (563 x 300 points)

(e) LD6/4 (623 x 300 points) (f) LD8/4 (683 x 300 points)
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5.3

5.4 CFD
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5 Extended nozzle
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5.3

5.3.2

5.5

5.5(a) (b)

20 mm extended nozzle

(1)

(2)

5.4(a),

(d), (g), (j), (m), (p), (s)
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(3) Reynolds
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LD1/4 80 kPa

LD0/4 80 kPa 5.4(f)

LD1/4 80 kPa

Edney [202] “Type IV”

LD1/4 80 kPa

LD0/4 80 kPa

LD1/4 80 kPa

- 111 -



5 Extended nozzle

extended nozzle

extended nozzle

extended nozzle

5.3.3

Extended nozzle TPS

Q D

W = 2π

∫
wall

qw,iridsi (5.1)

D = Fpressure + Fshear stress + Fjet thrust (5.2)

Fpressure = 2π

∫
wall

pw,i sin θiridsi (5.3)

Fshear stress = 2π

∫
wall

τw,i cos θiridsi (5.4)

Fjet thrust = ρj,exitu
2
j,exitAj,exit + (pj,exit − p0,2)Aj,exit (5.5)
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5.3
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5 Extended nozzle

(a) Heat flux distributions without opposing jet (b) Pressure distributions without opposing jet

(c) Heat flux distributions with 40kPa jet (d) Pressure distributions with 40kPa jet

(e) Heat flux distributions with 80kPa jet (f) Pressure distributions with 80kPa jet
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5 Extended nozzle

5.4

5

1. Extended nozzle

2. Extended nozzle

3. Extended nozzle

TPS

4.

5. extended nozzle
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T3 HEK T4 T5 HEG HIEST

m 6 16 25 30 33 42

mm 300 210 228 300 550 600

m 6 6.5 10 12 17 17

mm 75 72 75 90 150 180

mm 390 300 300 880 1200

kg 90 30 50 90 730 895
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C

• ρ c k T

• 1

•

1
∂T

∂t
= α

∂2T

∂x2
(C.1)

α =
k

ρc
(C.2)

qw(t)

qw(t)

∣∣∣∣∣
x=0

= −k∂T
∂x

T

∣∣∣∣∣
x=∞

= 0

(C.3)

T → θ q → Q L(f ′) = s(f)− f(0) f(0) = 0

∂2θ

∂x2
=
s

α
θ (C.4)

(C.4) 2

θ = Ae
√

s
αx +Be−

√
s
αx (C.5)

−k ∂θ
∂x

∣∣∣∣∣
x=0

= Qs

θ

∣∣∣∣∣
x=∞

= 0

(C.6)

x = 0
lim
x→∞ e−x = 0 (C.7)

A = 0

∂θ

∂x
=

∂

∂x
(Be−

√
s
αx) = −B

√
s

α
e
√

s
αx (C.8)



C

x = 0

B =
Qs

k

√
α

s
=
Qs

k

√
k
ρc

s
=

Qs√
ρck

√
s

(C.9)

1

θ =
Qs√
ρck

√
s
e−

√
s
αx (C.10)

(C.10) x = 0

θs =
Qs√
ρck

1√
s

(C.11)

tα =
Γ(α+ 1)

sα+1
(C.12)

α = 1/2 Γ(1/2) = π

1

t1/2
= L−1

[ √π
s1/2

]
(C.13)

L−1
[
F1(s)F2(s)

]
=

∫ t

0

f1(τ)f2(t− τ)dτ (C.14)

(C.14) (C.11)

L−1
[
θs
]
= Tw =

1√
ρck

L−1
[ 1√

s
Qs

]
=

1√
ρck

1√
π

∫ t

0

qw(τ)√
(t− τ)

dτ (C.15)

(C.11)

Qs = θs
√
s
√
ρck = sθs

1√
s

√
ρck (C.16)

(C.16)

L−1
[
Qs

]
= qw(t) =

√
ρck

π

∫ t

0

dTw(τ)
dt

(t− τ)1/2
dτ (C.17)

[214] a ≤ x ≤ b f(x, t) ∂f(x,t)
∂t

d

dt

∫ b

a

f(x, t)dx =

∫ b

a

∂f(x, t)

∂t
dx (C.18)

d

dt

∫ B(t)

A(t)

f(x, t)dx =

∫ B(t)

A(t)

∂f(x, t)

∂t
dx+ f(B(t), t)B′(t)− f(A(t), t)A′(t) (C.19)

(C.17)

qw(t) =

√
ρck

π

d

dt

∫ t

0

Tw(τ)

(t− τ)1/2
dτ (C.20)

(C.19)

d

dt

∫ t

0

Tw(τ)

(t− τ)1/2
= −

∫ t

0

Tw(τ)

2(t− τ)3/2
+

[
Tw(τ)

(t− τ)1/2

]
τ→t

−
[

Tw(τ)

(t− τ)1/2

]
τ→0

= −
∫ t

0

Tw(τ)

2(t− τ)3/2
dτ +

[
Tw(τ)

(t− τ)1/2

]
− Tw(0)√

t
(C.21)
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(C.21) 2

∫ t

0

Tw(t)

(t− τ)3/2
dτ =

[
2Tw(t)

(t− τ)1/2

]t
0

= 2

[
Tw(t)

(t− τ)1/2

]
τ→t

− 2
Tw(t)√

t
(C.22)

[
Tw(t)

(t− τ)1/2

]
τ→t

=
1

2

∫ t

0

Tw(t)

(t− τ)3/2
dτ +

Tw(t)√
t

(C.23)

(C.19) (C.23)

qw(t) =

√
ρck

π

[
1

2

∫ t

0

Tw(t)− Tw(τ)

(t− τ)3/2
dτ +

Tw(t)− Tw(0)√
t

]
(C.24)

Tw(0) = 0

qw(t) =

√
ρck

π

[
Tw(t)√

t
+

1

2

∫ t

0

Ts(t)− Tw(τ)

(t− τ)3/2
dτ

]
(C.25)

(C.25) Cook [215]

T ′
w(τ) = Tw(ti−1) +

Tw(ti)− Tw(ti−1)

Δt
(τ − ti−1) (C.26)

ti−1 < τ < ti (C.25) R(tn)

R(tn) =
1

2

∫ tn

0

Tw(tn)− T ′
w(τ)

(tn − τ)3/2
dτ =

1

2

n∑
i=1

∫ ti

ti−1

Tw(tn)− T ′
w(τ)

(tn − τ)3/2
dτ (C.27)

(tn − ti)
1/2 − (tn − ti−1)

1/2 =
−Δt

(tn − ti)1/2 + (tn − ti−1)1/2
(C.28)

R(tn) =

n∑
i=1

[
Tw(tn)− Tw(ti)

(tn − ti)1/2
− Tw(tn)− Tw(ti−1)

(tn − ti−1)1/2
+

2{Tw(ti)− Tw(ti−1)}
(tn − ti)1/2 + (tn − ti−1)1/2

]
(C.29)

(C.29) i = n 1

lim
t→tn

f(tn − τ)

(tn − τ)1/2
= 0 (C.30)

,

R(tn) =

n−1∑
i=1

[
Tw(tn)− Tw(ti)

(tn − ti)
1
2

− Tw(tn)− Tw(ti−1)

(tn − ti−1)
1
2

+
2{Tw(ti)− Tw(ti−1)}

(tn − ti)
1
2

]

+

[
− Tw(tn)− Tw(tn−1)

(tn − tN−1)
1
2

+ 2
Tw(tn)− Tw(tn−1)

(tn − tn−1)
1
2

]

=
n−1∑
i=1

[
Tw(tn)− Tw(ti)

(tn − ti)
1
2

− Tw(tn)− Tw(ti−1)

(tn − ti−1)
1
2

+
2{Tw(ti)− Tw(ti−1)}

(tn − ti)
1
2

]

+
Tw(tn)− Tw(tn−1)√

Δt
(C.31)
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C

(C.25)

qw(tn) =

√
ρck

π

[
Tw(tn)− Tw(t0)√

tn

+

n−1∑
i=1

[
Tw(tn)− Tw(ti)

(tn − ti)
1
2

− Tw(tn)− Tw(ti−1)

(tn − ti−1)
1
2

+
2{Tw(ti)− Tw(ti−1)}

(tn − ti)
1
2 − (tn − ti−1)

1
2

]

+
Tw(tn)− Tw(ti−1)√

Δt

]
(C.32)

qw(tn) =

√
ρck

π

[
Tw(tn)− Tw(t0)√

nΔt

+
Tw(tn)− Tw(t1)√

tn − t1
− Tw(tn)− Tw(t0)√

tn − t0

+
Tw(tn)− Tw(t2)√

tn − t2
− Tw(tn)− Tw(t1)√

tn − t1

+
Tw(tn)− Tw(t3)√

tn − t3
− Tw(tn)− Tw(t2)√

tn − t2
+ . . .

+
Tw(tn)− Tw(tn−1)√

tn − tn−1
− Tw(tn)− Tw(tn−2)√

tn − tn−2

+
n−1∑
i=1

2{Tw(ti)− Tw(ti−1)}√
tn − ti +

√
tn − ti−1

+
Tw(tn)− Tw(ti−1)√

Δt

]
(C.33)

qw(tn) = 2

√
ρck

π

n∑
i=1

Tw(ti)− Tw(ti−1)√
tn − ti +

√
tn − ti−1

(C.34)

tn qw(tn) Tw(tn) i = 1 ∼ n

ρ c k
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D 1

D.1

1

∂ (ρA)

∂t
+
∂ (ρAu)

∂x
= 0 (D.1)

∂ (ρAu)

∂t
+
∂
(
ρAu2

)
∂x

= −A∂p
∂x

(D.2)

∂ (eA)

∂t
+
∂ (eAu)

∂x
= −∂ (ρAu)

∂x
(D.3)

∂ (ρAu)

∂t
+

∂

∂x

(
ρAu2 + pA

)
= p

∂A

∂x
(D.4)

∂ (eA)

∂t
+

∂

∂x
(e+ p)Au = 0 (D.5)

∂Q

∂t
+
∂E

∂x
= J (D.6)

Q =

⎡⎣ ρAρAu
eA

⎤⎦ , E =

⎡⎣ ρAu
ρAu2 + pA
(e+ p)Au

⎤⎦ , J =

⎡⎢⎣ 0

p
∂A

∂x
0

⎤⎥⎦ (D.7)

Q

Q1 = ρA, Q2 = ρAu, Q3 = eA = ρ

(
ε+

u2

2

)
A (D.8)

E

E1 = Q2, E2 =
Q2

2

Q1
+ pA, E3 = Q3

Q2

Q1
+ pA

Q2

Q1
(D.9)

p = ρRT = ρ
R

(γ − 1)
T (γ − 1) = ρ (CvT ) (γ − 1) = ρε (γ − 1) (D.10)

ε =
p

ρ (γ − 1)
=
Q3

Q1
− 1

2
u2 (D.11)



D 1

e = ρ

(
ε+

1

2
u2
)

= ρ

(
1

γ − 1
RT

)
+

1

2
ρu2 = ρ

1

γ − 1

(
p

ρ

)
+

1

2
ρu2 =

1

2
ρu2 +

p

γ − 1
(D.12)

u = Q2/Q1 (D.13)

p = ρε (γ − 1) =
Q1

A

(
Q3

Q1
− 1

2
u2
)
(γ − 1) (D.14)

D.2 Jacobian

Jacobian A

A =
∂E

∂Q
=
∂
[
ρuA, ρAu2 + pA, (e+ p)Au

]
∂ [ρA, ρAu, eA]

(D.15)

A D.7

∂Q

∂t
+A

∂Q

∂x
= J (D.16)

D.16 Jacobian D.7 Q

Jacobian

A =

⎡⎢⎢⎢⎢⎢⎢⎣

∂ (ρAu)

∂ (ρA)

∂ (ρAu)

∂ (ρAu)

∂ (ρAu)

∂ (eA)
∂
(
ρAu2 + pA

)
∂ (ρA)

∂
(
ρAu2 + pA

)
∂ (ρAu)

∂
(
ρAu2 + pA

)
∂ (eA)

∂ (e+ p)Au

∂ (ρA)

∂ (e+ p)Au

∂ (ρAu)

∂ (e+ p)Au

∂ (eA)

⎤⎥⎥⎥⎥⎥⎥⎦ (D.17)

E

E2 = ρAu2 + pA = ρAu2 + ρε (γ − 1)A

= ρAu2 + ρ

(
e

ρ
− 1

2
u2
)
(γ − 1)A

= ρAu2 + (γ − 1) eA− 1

2
(γ − 1) ρAu2

=
(ρAu)

2

(ρA)
+ (γ − 1) eA− 1

2
(γ − 1)

(ρAu)
2

(ρA)
(D.18)

E3 = (e+ p)Au = {e+ ρε (γ − 1)}Au

=

{
e+ ρ

(
e

ρ
− 1

2
u2
)
(γ − 1)

}
Au

=

{
e+ (γ − 1) e− 1

2
(γ − 1) ρu2

}
Au

= γeAu− 1

2
(γ − 1) ρAu3

=
γeA (ρAu)

(ρA)
− 1

2
(γ − 1)

(ρAu)
3

(ρA)
2 (D.19)
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D.3 Jacobian

Jacobian A (ρA) (ρAu) (eA)

A11 =
∂ (ρAu)

∂ (ρA)
= 0 (D.20)

A12 =
∂ (ρAu)

∂ (ρAu)
= 1 (D.21)

A13 =
∂ (ρAu)

∂ (eA)
= 0 (D.22)

A21 =
∂

∂ (ρA)

{
(ρAh)

2

(ρA)
+ (γ − 1) eA− 1

2
(γ − 1)

(ρAu)
2

(ρA)

}
= − (ρAu)

2

(ρA)
2 +

1

2
(γ − 1)

(ρAu)
2

(ρA)
2

= −u2 + 1

2
(γ − 1)u2 =

γ − 3

2
u2 (D.23)

A22 =
∂

∂ (ρAu)

{
(ρAh)

2

(ρA)
+ (γ − 1) eA− 1

2
(γ − 1)

(ρAu)
2

(ρA)

}
=

2 (ρAu)

(ρA)
− (γ − 1)

(ρAu)

(ρA)

= 2u− (γ − 1)u = (3− γ)u (D.24)

A23 =
∂

∂ (eA)

{
(ρAh)

2

(ρA)
+ (γ − 1) eA− 1

2
(γ − 1)

(ρAu)
2

(ρA)

}
= γ − 1 (D.25)

A31 =
∂

∂ (ρA)

{
γeA (ρAu)

(ρA)
− 1

2
(γ − 1)

(ρAu)
3

(ρA)
2

}
= −γeA (ρAu)

(ρA)
2 − 1

2
(γ − 1) (−2)

(ρAu)
3

(ρA)
3

= −γeu
ρ

+ (γ − 1)u3 = −γu
ρ

(
1

2
ρu2 +

p

γ − 1

)
+ (γ − 1)u3 = −1

2
γu3 − u

γ − 1

γp

ρ
+ (γ − 1)u3

= −1

2
γu3 − a2u

γ − 1
+ (γ − 1)u3 =

γ − 2

2
u3 − a2u

γ − 1
(D.26)

A32 =
∂

∂ (ρAu)

{
γeA (ρAu)

(ρA)
− 1

2
(γ − 1)

(ρAu)
3

(ρA)
2

}
=
γeA

ρA
− 1

2
(γ − 1) (3)

(ρAu)
2

(ρA)
2

=
γe

ρ
− 3

2
(γ − 1)u2 =

γ

ρ

(
1

2
ρu2 +

p

γ − 1

)
− 3

2
(γ − 1)u2

=
1

2
γu2 +

1

γ − 1

γp

p
− 3

2
(γ − 1)u2 =

a2

γ − 1
+

3− 2γ

2
u2 (D.27)

A33 =
∂

∂ (eA)

{
γeA (ρAu)

(ρA)
− 1

2
(γ − 1)

(ρAu)
3

(ρA)
2

}
=
γ (ρAu)

(ρA)
= γu (D.28)

A =

⎡⎢⎢⎢⎣
0 1 0

γ − 3

2
u2 (3− γ)u γ − 1

γ − 2

2
u3 − a2u

γ − 1

a2

γ − 1
+

3− 2γ

2
u2 γu

⎤⎥⎥⎥⎦ . (D.29)

1 A Jacobian A 1 Euler

Jacobian 1 Euler

D.3 Jacobian

Jacobian A λ 3× 3 I λ∣∣∣A− λI
∣∣∣ = 0 (D.30)
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D 1

∣∣∣∣∣∣∣∣∣
−λ 1 0

γ − 3

2
u2 (3− γ)u− λ γ − 1

γ − 2

2
u3 − a2u

γ − 1

a2

γ − 1
+

3− 2γ

2
u2 γu− λ

∣∣∣∣∣∣∣∣∣ = 0. (D.31)

(λ− u)
{
λ− (u− a)

}{
λ− (u+ a)

}
= 0. (D.32)

λ =

⎧⎨⎩
u− a
u
u+ a

(D.33)

λ1 λ2 λ3

D.4

A l l lA = λl

1 1 λ 3 l 3[
l11, l12, l13

]
A = (u− a)

[
l11, l12, l13

]
(D.34)[

l21, l22, l23
]
A = (u)

[
l21, l22, l23

]
(D.35)[

l31, l32, l33
]
A = (u+ a)

[
l31, l32, l33

]
(D.36)

(D.37)

D.34 (
γ − 3

2
u2
)
l12 +

(
γ − 2

2
u3 − a2u

γ − 1

)
l13 = (u− a) l11 (D.38)

l11 + {(3− γ)u} l12 +
(

a2

γ − 1
+

3− 2γ

2
u2
)
l13 = (u− a) l11 (D.39)

(γ − 1) l12 + (γu) l13 = (u− a) l11. (D.40)

D.40

(γ − 1) l12 = (u− a) l13 − (γu) l13 = {−a− u (γ − 1)} l13
∴ l12 =

(
− a

γ − 1
− u

)
l13. (D.41)

D.39

l11 = (u− a)− {(3− γ)u} l12 −
(

a2

γ − 1
+

3− 2γ

2
u2
)
l13

= {u− a+ (γ − 3)u} l12 −
(

a2

γ − 1
+

3− 2γ

2
u2
)
l13

= (γu− 2u− a) l12 −
(

a2

γ − 1
+

3− 2γ

2
u2
)
l13 (D.42)
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D.4

D.41

l11 =

{
(γu− 2u− a)

(
− a2

γ − 1
− u

)}
l13 −

(
a2

γ − 1
+

3− 2γ

2
u2
)
l13

=

{
−γ − 2

γ − 1
au− (γ − 2)u+

a2

γ − 1
+ au− a2

γ − 1
+

2γ − 3

2
u2
}
l13

=

(
−γ − 2

γ − 1
au+

1

2
u2 +

γ − 1

γ − 1
au

)
l13

=

(
a

γ − 1
u+

1

2
u2
)
l13 (D.43)

k1 l1

l1 = k1

[
a

γ − 1
u+

1

2
u2, − a

γ − 1
− u, 1

]
(D.44)

l2 D.35(
γ − 3

2
u2
)
l22 +

(
γ − 2

2
u3 − a2u

γ − 1

)
l23 = (u) l21 (D.45)

l21 + {(3− γ)u} l22 +
(

a2

γ − 1
+

3− 2γ

2
u2
)
l23 = (u) l22 (D.46)

(γ − 1) l22 + (γu) l23 = (u) l23. (D.47)

k2 l2

l2 = k2

[
1

2
u2 − a2

γ − 1
, −u, 1

]
(D.48)

l3

l3 = k3

[
1

2
u2 − au

γ − 1
,

a

γ − 1
− u, 1

]
(D.49)

k1 k2 k3 0

k1 =
γ − 1

a
, k2 = −γ − 1

a
, k3 =

γ − 1

a
(D.50)

L

L =

⎡⎣l1l2
l3

⎤⎦ =

⎡⎢⎢⎢⎢⎣
γ − 1

a

1

2
u2 + u −γ − 1

a
u− 1

γ − 1

a

−γ − 1

a

1

2
u2 + a

γ − 1

a
u −γ − 1

a
γ − 1

a

1

2
u2 − u −γ − 1

a
u+ 1

γ − 1

a

⎤⎥⎥⎥⎥⎦ (D.51)
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D 1

D.5

Jacobian A r r Ar = λr 1

1 λ 3 r 3

A

⎡⎣ r11
r12
r13

⎤⎦ = (u− a)

⎡⎣ r11
r12
r13

⎤⎦ (D.52)

A

⎡⎣ r21
r22
r23

⎤⎦ = (u)

⎡⎣ r21
r22
r23

⎤⎦ (D.53)

A

⎡⎣ r31
r32
r33

⎤⎦ = (u+ a)

⎡⎣ r31
r32
r33

⎤⎦ (D.54)

(D.55)

D.52 ⎡⎢⎢⎢⎢⎣
r12(

γ − 3

2
u2
)
r11 + {(3− γ)} r12 + (γ − 1) r13(

γ − 2

2
u2 − a2u

γ − 1

)
r11 +

(
a2

γ − 1
+

3− 2γ

2
u2
)
r12 + (γu) r13

⎤⎥⎥⎥⎥⎦ =

⎡⎣(u− a) r11
(u− a) r12
(u− a) r13

⎤⎦ (D.56)

D.56 1

r12 = (u− a) r11 (D.57)

D.56 2

(γ − 1) r13 =

{
(u− 1)

2 − γ − 3

2
u2 + (γ − 3)u (u− a)

}
r11

=

(
u2 − 2au+ a2 − 1

2
γu2 +

3

2
u2 + γu2 − γau− 3u2 + 3au

)
r11

=

{
1

2
u2 (γ − 1)− au (γ − 1) + a2

}
r11

∴ r13 =

(
1

2
u2 − au+

a2

γ − 1

)
r11 (D.58)

m1

r2 = m1

⎡⎢⎢⎣
1

u− a
1

2
u2 − au+

a2

γ − 1

⎤⎥⎥⎦ (D.59)

r2 r3

r2 = m2

⎡⎢⎣ 1
u
u2

2

⎤⎥⎦ (D.60)

r3 = m3

⎡⎢⎢⎣
1

u+ a
1

2
u2 + au+

a2

γ − 1

⎤⎥⎥⎦ (D.61)
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D.6

m1 = 1
2a , m2 = 1

a , m3 = 1
2a Jacobian A

R

R =
[
r1 r2 r3

]
=

1

2

⎡⎢⎢⎢⎢⎢⎣
1

a

2

a

1

a
u

a
− a

2u

a

u

a
+ a

u2

2a
− u+

a

γ − 1

u2

a

u2

a
+ u+

a

γ − 1

⎤⎥⎥⎥⎥⎥⎦ (D.62)

D.6

L R 3 λ1 λ2 λ3 H

H = LAR A = RHL Jacobian

D.15 dE dE = A · dQ = RHL · dQ FDS

flux difference splitting scheme dE

dQ
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E CFD

E.1

.E.1

CFD

α
−→
AE

−→
AG γ ε η

A 1© 2© 3© 4©
4 A

E.2

E.2.1

1 1

1© 1

−→
N 1© =

−→
AE×−→

AG∣∣∣−→AE×−→
AG

∣∣∣ (E.1)

A B

D
C

G

E

F
H

(AB AD)/4

(AD AE)/4

(AG AB)/4

AG AB

AB AD

AE AG

AD AE

E.1



E CFD

−→
N 2© =

−→
AG×−→

AB∣∣∣−→AG×−→
AB
∣∣∣ (E.2)

−→
N 3© =

−→
AB×−→

AD∣∣∣−→AB×−→
AD

∣∣∣ (E.3)

−→
N 4© =

−→
AD×−→

AE∣∣∣−→AD×−→
AE
∣∣∣ . (E.4)

.E.2

2 0 90

90

2
−→
A = (a1, a2, a3)

−→
B = (b1, b2, b3)

θ

cos θ =

−→
A · −→B∣∣∣−→A ∣∣∣ ∣∣∣−→B ∣∣∣ = a1b1 + a2b2 + a3b3√

a21 + a22 + a23
√
b21 + b22 + b23

(E.5)

cos θ 2 90

6

1 4 1

4

E.2.2

2 2

1© 2© 3© 4©

S 1© =
∣∣∣−→Aθ ×−→

Aβ
∣∣∣ = ∣∣∣∣12−→AE× 1

2

−→
AG

∣∣∣∣ = 1

4

∣∣∣−→AE×−→
AG

∣∣∣ (E.6)

A1 B1

D1
C1

(A1 A2)

(A1 B1) A1 D1)

A2

D2
C2

B2

E.2
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E.3

S 2© =
∣∣∣−→Aβ ×−→

Aδ
∣∣∣ = ∣∣∣∣12−→AG× 1

2

−→
AB

∣∣∣∣ = 1

4

∣∣∣−→AG×−→
AB
∣∣∣ (E.7)

S 3© =
∣∣∣−→Aδ ×−→

Aζ
∣∣∣ = ∣∣∣∣12−→AB× 1

2

−→
AD

∣∣∣∣ = 1

4

∣∣∣−→AB×−→
AD

∣∣∣ (E.8)

S 4© =
∣∣∣−→Aζ ×−→

Aθ
∣∣∣ = ∣∣∣∣12−→AD× 1

2

−→
AE

∣∣∣∣ = 1

4

∣∣∣−→AD×−→
AE
∣∣∣ (E.9)

E.3

1©
−−→
F 1© = − pAS 1©−→

N 1© = −pA
4

−→
AE×−→

AG (E.10)

3 2

CFD

1/4

3 2© 3© 4©
A

−→
FA = −pA

4

(−→
AE×−→

AG+
−→
AG×−→

AB+
−→
AB×−→

AD+
−→
AD×−→

AE
)

(E.11)

.(E.11) ΣiΣj

E.4

(1) (2)

E.4.1

2 1

8 .E.3

•

•

•

•

•

•

•

•
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E CFD

i

j

E.3

E.4.2

1

4

.E.4 A 3©
−→
AB

−→
AC .E.4

−→
AB

−→
AC 1

2
1
2

1
4

1
16

A

B

C

(AB AC) / 16

AB AC

E.4 A
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E.4

( x1i,j+1, y1i,j+1 z1i,j+1)

( x1i,j, y1i,j z1i,j) ( x1i+1,j, y1i+1,j z1i+1,j)

( x1i+1,j+1, y1i+1,j+1, z1i+1,j+1)

( x1i,j+1, y1i,j+1 z1i,j+1)

( x1i,j, y1i,j z1i,j)

( x1i+1,j, y1i+1,j z1i+1,j)

( x1i+1,j+1, y1i+1,j+1, z1i+1,j+1)

E.5
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