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ESTIMATING THE LARGEST MEAN OF THREE
NORMAL POPULATIONS

Hong-Jie SUN* and Chooichiro ASANO**
(February 17, 1988)

Let 7, be a normal population N ( z;, ¢2) with an unknown mean g, and a common known variance
stfor i=1,2,3. We consider the problem of estimating % =max (g1, #2 g3), based on the sample
means X, ¥, Z drawn from 7, for i=1, 2, 3.  This paper presents two estimators for %, namely, the
Pitman estimator z,, which has never been derived and suspected by Blumenthal (1984) to be very com-

. plex so that Monte Carlo simulation is only a possible way to investigate its performances, and the esti-
mator #, which is derived by considering the class of linear combination of X, ¥, and Z.  Numerical
comparisons of #,, £ and an ordinal estimator %,=max(X, ¥, Z) are made on the criteria of the bias
(BIAS) and mean square error (MSE).

1. Introduction

Let 7, be a normal population N ( #;, ¢? with an unknown mean #; and a common
known variance 07 for i=1, 2, 3, and let

fr=max( s, pz, p3), (1)

which denotes the largest mean. Let X, ¥, Z be the sample means drawn from 7 ; for i=1,
2, 3. The problem in the present paper is to estimate }"z based on X, ¥, Z. " For two nor-
mal populations, the similar problem has been considered by Blumenthal and Cohen (1968a,
b), Dudewicz (1971), Dhariyal, Dudewicz and Blumenthal (1982), Sun and Asano (1987).
For more than three populations, this problem becomes very complex. Blumenthal (1984)
stated that the Pitman estimator and the maximum likelihood estimator have never been de-
rived for three populations, and suspécted that Monte Carlo simulation is only a possible
way to investigate their performances for estimating /ft In fact, if one follows the lines of
Blumenthal and Cohen (1968b) to derive the Pitman estimator, it is almost impossible.
This is the reason that max (X3, X2) can be simply represented for two independent normal
populations as (X1 + X2)/2+| X1 —Xz|/2, and the distributions of (X;+X2)/2 and | Xz— Xz |
/2 can be simply obtained. For more than three populations, although the estimator
max(Xi,***, X,) can be sin}ply represented as a sum of the summation of X;'s and the absolute
differences of X;’s and Xj's, but it is very hard to obtain the correspondent distributions.
In this paper, we derive the Pitman estimator in a general way and show that the Pitman
estimator can be simply obtained in section 2. In section 3, we derive another estimator
by considering the class of linear combination of X, ¥, and Z. In section 4, numerical com-
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parisons among f,, £t and an ordinal estimator ft,=max(X, ¥, Z) are made on BIAS and
MSE. In section 5, we make some concluding remarks.

2. Derivation of the Pitman estimator [,

The largest mean ,ft defined by (1) has symmetric and location translation invariant
properties, i. e.

P, o, pa)= Fe( pro, p1, p3)=-"+= J( 3, pt2, 1), (2a)
E(pita, pata, pata)= fi(p, p2 p3)+a, o ER (2b)
It is natural for us to consider estimators which are of the above properties. It is well
known that Pitman estimator is suitable to solve this kind of problem. Here we derive the
Pitman estimator 4, for 2. The idea is that we first obtain the cumulative distribution
function of

T=max( X, Y, Z), 3)

and then calculate its expectation, because Pitman estimator is unbiased for the location pa-

rameter, so is to E(7). By substituting the sufficient statistics X, ¥, Z to u1, #2, #3in

E(#), we can then obtain the Pitman estimator £,  The following are some calculations.
The cumulative distribution function of 7, F(¢), is given by

FO=PriT=t| =Primax(X, Y, Z)=t| =PriX=t, Y=t Z=1t|

,Uz

=PriX=t|PriY=tiPriz=t} = ch( ), (4a)
where ®(x 1/ \/Z_ﬂf exp(——tz The density function of 7 is
d 3 t ; -
f(t)=~5¥= S fmecFEhed Y, @by

i?‘ j#k

where f(¢ #;) is the density function of X, Y, Z for :=1, 2, 3, respectively.  The expecta-
tion of 7T is

En=[ goa={t 3 fEmec e

—e0ij, k=1
ik

A(#l,#z,,us)ff tf(t;,ul)q,(t—#z)(p(t —6#3 \dt

! v,
_I tﬂt,ulf jznaz ot ) ——<x+t By dy dt

— z___.(+__ PRI
f j Je szt x= ) zuzty #o Zdz(t #‘)dxd)’a’t

=\/2:r—o_
_J jz:taz\f

———kx Mot PP —(x— ot Y= Bat ) +o— Mt ta)
dx dy
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Y T - M

'xz—UU t dy dx

it S A et S 1 -t gy 1T M2
= ¢ 2 : a2 17 72 @ L - o Y
“PCVEe Ve o Ve
c + 2
—2(#1 #3f M1 M3 o M2
+2‘\/7€ 4o @( '\/60‘ y
where '
Ok k)= 27 \/1_:773[ fe - Pz)u “20u D .
Therefore, the expectation of 7"is obtained as
E(T)=A(p1, p2, p3) T A #2, 1, p3)+ A p3, 1, p12)
—p2 pm—p3 1 H2— 1 pe—ps 1

_ #1 2 o
= pu19( \/56 ' \/50' ,2)+;12<I>( \/50, ) \/50' ’2)

M3—p1 p3—pz 1 c ___z(,,l pt e, M1 H2—2 p3
+4u3©( VQU ’ _\/éo' ’ 2)+\/—{€ 40 ¢( .\/60, ) .
d + p3—2 o + p3—2

- gy Mt #3200 LSV s g M2t H3T L
tyEe s VTV *T Ve

®)
By substituting X; to #; in (5), we obtain the Pitman estimator as follows,

=X X-Y X—Z 1 170 Y—X Y—Z 1 70 Z—X Z-Y 1
Hp= (\/EO"\/_ ) (\/50_ \/é ) (\/Eo"\/éo"z)
c X+Y—2Z o , X+Z-2Y

T Su-ap XHZ72Y
+_\/—E-e 4o (D( '\/EG )+ ‘\/;L’ 4 ( Véo'

o -7 Y+Z—-2X

+ \/—;e 4a2 (_Véo ): (6)

Remark 2.1. The above method can be applied to obtain the Pitman estimator for the
general n(=3) normal populations, but the estimator itself is a function of n—1, n—2,-*-, 1
variates normal cumulalative functions.  Since it is inconvenient to calculate normal prob-
abilities, the Pitman estimator for »(=3) becomes hard for practical use.

3. The estimator based on the linear combination of X, Y,and Z

We now consider a class of estimators
f=a X+ a, ¥+ a3z, for O=a,=l, > a.=1 Q)

In order to determine an optimal @; so as to minimize
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MSE(jt)=E(jt — Ly=E|{[ @1 X+ a, Y+ a3Z] — }?, ®)
by the use of Lagrange multiplier method, we can get

ai=Aai/A, z:1,2,3

A=307+ {(p1— paf +(p1— paf+(pa— w3t

A a1= 04 py( pp— p0)+ pg( p3— p)+2 p1— po— p3)

A ay= 0+ py(p— po)t pa(pz— pa) 2 pa— p1— p3) ft,

A ag=0"+ p(p— pa)t pa( pe— pa)+ (2 ps— p1— p2) bt 9)

Substituting the statistics X, ¥, Z and max(X, Y, Z) of 1, m2, p3 and /’5 respectively, we
obtain
. 0 X+Y+2)+ (X—YP4+(X—2Zp+(Y— 2 max(X, ¥, Z)
o 30+ (X— P +(X—2¢+(Y 2y
Remark 3.1. F;)r the general k(=2) normal populations, i. e. N( ¢;, ¢?) for i=1,2, -+,

k, on .the basis of the above lines of consideration, the estimator of the largest mean is equal
to

(10)

k

0 Y X+ max(Xyi . Xp) 2 (Xi— X))
=" : (11
kot 2 (Xi—x)

i<j=1

4. Comparisons among fip,, 4 and [,

In this section, we compare the performances of f#,, i with the ordinal estimator
tp=max(X, Y, Z), (12)

on BIAS and MSE.  We note that all the estimators are of symmetric and location transla-
tion invariant properties, i. ¢. the BIAS and MSE can be represented as

BIAS(§)=E(§ — a)=jé TINO,— 8, 0%)dx,
MSE(@)zE(@—0)2=ff92]'[N(0,v—0,62)dx, (13)

for the estimator & of 6.
Comparisons are made in both cases of

M= p21= pq3) and gy = ()= (s, (14)

where g ;1 denotes the order statistics of g3, #2, #3, and the two cases are referred to as



IRAI634 AMRKEREGBIZHEHRRE £10% £25 —219—
Table 1  BIAS and MSE of #,, # and #n for Huy=Ha =< Ky
i, i 7
21 BIAS MSE BIAS MSE BIAS MSE
0.00 1.19683 1.86184 0.55009 0.85546 0.83186 1.26633
0.20 1.06754 1.57115 0.42716 0.73721 0.71772 1.07880
0.40 0.94655 1.33390 0.31273 0.66378 0.60357 0.93694
0.60 0.83409 1.14474 0.20600 0.62981 0.48942 0.84073
0.80 0.73030 0.99816 0.11872 0.62717 0.40716 0.78082
1.00 0.63522 0.88869 0.04225 0.64803 0.33197 '0.75068
1.20 0.54876 0.81096 —0.02713 0.68864 0.25678 0.75062
1.40 0.47077 0.75982 —0.08143 0.73712 0.20270 0.75917
1.60 0.40098 0.73044 —0.12404 0.78917 0.16080 0.77518
1.80 0.33903 0.71839 —0.16117 0.84685 0.11891 0.80795
2.00 0.28451 0.71966 —0.18922 0.90134 0.08698 0.84025
2.20 0.23694 0.73076 —0.20699 0.94596 0.06757 0.86192
2.40 0.19580 0.74868 —0.22125 0.98916 0.04816 0.89136
2.60 0.16052 0.77090 —0.23138 1.02784 0.03167 0.92145
2.80 0.13054 0.79539 —0.23437 1.05253 0.02428 0.93482
3.00 0.10530 0.82056 —0.23556 1.07413 0.01689 0.95114
3.20 0.08424 0.84522 —0.23539 1.09326 0.00971 0.96978
3.40 0.06684 0.86851 —0.23148 1.10144 0.00736 0.97558
3.60 0.05258 0.88988 —0.22688 1.10730 0.00507 0.98214
3.80 0.04101 0.90902 —0.22191 1.11167 0.00278 0.98962
4.00 0.03172 0.92580 —0.21589 1.11160 0.00185 0.99268
4.20 0.02432 0.94023 —0.20960 1.10968 0.00128 0.99468
4.40 0.01848 0.95243 —0.20338 1.10717 0.00071 0.99691
4.60 0.01392 0.96258 —0.19714 1.10356 0.00038 0.99824
4.80 0.01040 0.97089 —0.19094 1.09911 0.00027 0.99872
5.00 0.00770 0.97761 —0.18498 1.09461 0.00015 0.99923
5.20 0.00565 0.98297 —0.17925 1.09011 0.00006 0.99966
5.40 0.00410 0.98718 —0.17372 1.08548 0.00005 0.99975
5.60 0.00296 0.99046 —0.16845 1.08104 0.00003 0.99984
5.80 0.00211 0.99297 —0.16343 1.07683 0.00001 0.99994
6.00 0.00149 0.99487 —0.15865 1.07278 0.00001 0.99996
6.20 0.00105 0.99630 —0.15410 1.06897 0.00000 0.99997
6.40 0.00073 0.99735 —1.14977 1.06539 0.00000 0.99999
6.60 0.00050 0.99813 - —0.14566 1.06204 0.00000 1.00000
6.80 0.00034 0.99869 —0.14174 1.05890 0.00000 1.00000
7.00 0.00023 0.99909 —0.13802 1.05597 0.00000 1.00000
7.20 0.00015 0.99938 —0.13447 1.05323 0.00000 1.00000
7.40 0.00010 0.99958 —0.13109 1.05067 0.00000 1.00000
7.60 0.00007 0.99971 —0.12786 1.04827 0.00000 1.00000
7.80 0.00004 0.99981 —0.12478 1.04603 0.00000 1.00000
8.00 0.00003 0.99987 —0.12184 1.04394 0.00000 1.00000
8.20 0.00002 0.99992 —0.11903 - 1.04197 0.00000 1.00000
8.40 0.00001 0.99995 —0.11634 1.04013 0.00000 1.00000
3.60 0.00001 0.99997 —0.11376 1.03841 0.00000 1.00000
8.80 0.00000 0.99998 —0.11130 1.03678 0.00000 1.00000
9.00 0.00000 0.99999 —0.10893 1.03526 0.00000 1.00000
9.20 0.00000 0.99999 —0.10663 1.03382 0.00000 1.00000
9.40 0.00000 0.99999 —0.10448 1.03247 0.00000 1.00000
9.60 0.00000 1.00000 —0.10238 1.03120 0.00000 1.00000
9.80 0.00000 1.00000 —0.10037 1.02999 0.00000 1.00000
10.00 0.00000 1.00000 —0.09843 1.02886 0.00000 1.00000
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Table 2  BIAS and MSE of #,, # and #a for My = Hp= Ky
#y
% BIAS MSE BIAS MSE BIAS MSE
0.00 1.19683 1.86184 0.55009 0.85546 0.83186 1.26633
0.20 1.13408 1.71749 0.49280 0.79744 0.78191 1.17688
0.40 1.07891 1.60069 0.44261 0.75986 0.73195 1.10742
0.60 1.03084 1.50733 0.39994 0.73932 0.68199 1.05794
0.80 0.98933 1.43365 0.37029 0.73271 0.65326 0.02760
1.00 0.95385 1.37628 0.34769 0.73505 0.62927 1.00796
1.20 0.92381 1.33224 0.33066 0.74359 0.60527 0.99791
1.40 0.89863 1.29893 0.32088 0.75540 0.59052 0.99263
1.60 0.87774 1.27414 0.31627 0.76891 0.58119 0.98988
1.80 0.86058 1.25601 0.31502 0.78301 0.57189 0.99087
2.00 0.84663 1.24300 0.31716 0.79692 0.56533 0.99270.
2.20 0.83542 1.23386 0.32209 0.80944 0.56245 0.99326
2.40 0.82650 1.22759 0.32853 0.82099 0.55956 0.99498
2.60 0.81948 1.22341 0.33615 0.83127 0.55717 0.99704
2.80 0.81401 1.22072 0.34475 0.84007 0.55647 0.99750
~3.00 0.80981 1.21906 0.35365 0.84785 0.55577 0.99823
3.20 0.80661 1.21810 0.36264 0.85469 0.55509 0.99921
3.40 0.80420 1.21759 0.37159 0.86060 0.55494 0.99935
3.60 0.80241 1.21737 0.38028 0.86587 0.55481 0.99955
3.80 0.80109 1.21732 0.38860 0.87062 0.55468 0.99980
4.00 0.80013 1.21737 0.39652 0.87492 0.55463 0.99988
4.20 0.79944 1.21745 0.40398 0.87889 0.55461 0.99991
4.40 0.79895 1.21755 0.41098 0.88259 0.55459 0.99996
4.60 0.79861 1.21764 0.41752 0.88608 0.55458 0.99998
4.80 0.79837 1.21773 0.42362 0.88939 0.55458 0.99999
5.00 0.79820 1.21780 0.42930 0.89225 0.55458 0.99999
5.20 0.79809 1.21785 0.43458 0.89557 0.55458 1.00000
5.40 0.79802 1.21789 0.43949 0.89847 0.55457 1.00000
5.60 0.79797 1.21792 0.44407 0.90126 0.55457 1.00000
5.80 0.79794 1.21795 0.44839 0.90394 0.55457 1.00000
6.00° 0.79792 1.21796 0.45230 0.90652 0.55457 1.00000
6.20 0.79791 1.21797 0.45602 0.90900 0.55457 1.00000
6.40 0.79790 1.21798 0.45949 0.91138 0.55457 1.00000
6.60 0.79789 1.21799 0.46274 0.91367 0.55457 1.00000
6.80 0.79789 1.21799 0.46579 0.91587 0.55457 1.00000
7.00 0.79789 1.21799 0.46865 0.91798 0.55457 1.00000
7.20 0.79789 1.21799 0.47135 0.92000 0.55457 1.00000
7.40 0.79788 1.21799 0.47389 0.92195 - 0.55457 1.00000
7.60 0.79788 1.21799 0.47628 0.92382 0.55457 1.00000
7.80 0.79788 1.21799 0.47854 0.92561 0.55457 1.00000
8.00 0.79788 1.21799 0.48069 0.92733 0.55457 1.00000
8.20 0.79788 1.21799 0.48271 0.92899 0.55457 1.00000
8.40 0.79788 1.21799 0.48464 0.93058 0.55457 1.00000
8.60 0.79788 1.21799 0.48647 0.93211 0.55457 1.00000
8.80 0.79788 1.21799 0.48820 0.93358 0.55457 1.00000
9.00° 0.79788 1.21799 0.48986 0.93499 0.55457 1.00000
9.20 0.79788 1.21799 0.49143 0.93635 0.55457 1.00000
9.40 0.79788 1.21799 0.49293 0.93766 0.55457 1.00000
9.60 0.79788 1.21799 0.49437 0.93893 0.55457 1.00000
9.80 0.79788 1.21799 0.49574 0.94014 0.55457 1.00000
10.00 0.79788 1 0.49705 0.94132 0.55457 1.00000

.21799
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Fig. 1. BIASof f, ptnfor pp= p= uis). Fig. 3. BIASof y, p and p, for pm= pp1= pa.
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Fig. 2. MSE of i, g and u, for upn= pp = p). Fig. 4. MSE of g, f¢ and je, for ppi= pp= ps-

least favorable constructions (LFC). Tables 1 and 2 present the computing results of
BIAS and MSE for (6), (10) and (12) in the cases of (14), and figures 1, 2, 3 and 4 the cor-
respondent curves. Facing to these computations, we applied Gauss-Hermite 24-point
formula (see, Stroud and Secret (1966)), algorithm AS 66 (Hill (1973)), algorithm 462 (Donnel-
ly (1973)).  From these tables, we make the following comments.

(1). With regard to MSE in the case of #[1]= #[2]= (3], [, has a larger risk than /,
and £ when g[3) is near to #1] and g[g), but has a relative smaller risk than f, and #
when (3] is far away from (1) and p[z). While in the case of pp)= m[21= p(3, £ is
better than £, and jointly #,, is better than f,.

(i1). With regard to BIAS in the case of s#[1]= s[2]= (3], £, has a larger BIAS than
£, and £, where the BIAS of ft, and f#,, is definitely positive. =~ While in the case of x
[11= #[2)= #[3], £ has a smaller BIAS than 4, and £, and jointly /&, is smaller than
2y ‘
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5. Concluding remarks

In this paper, we derived the Pitman estimator f , for estimating the largest mean for
three normal populations. This method can applied to derive the Pitman estimator for
more than three normal populations as noted in remark 2. 1.  Besides this, we proposed an
estimator # which is derived by considering the class of linear combination of sample
means.  Comparisons are made under the LFC cases among f,, # and f, which is equal
to the largest sample mean. As Blumenthal (1984) pointed out, the maximum likelihood
estimator is hard to derive even by using the method in section 2, since there involve trans-
cendental equations which are hard to solve.
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