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                           (Received Fed. 29, 1988) .

   The proportional hazards model has been widely applied for censored observations in the fields of
survival analysis and reliability theory, which was proposed by D. R. Cox. In the practical application,

it is essentially important for the mathematical model to have an assumption of proportionality of
hazards. The purpose of the present paper is to propose a Cramer-von Mises type test of th,e prop-
ortional hazards assumption for randomly censored data.

  1. Introduction

    The proportional hazard model is popular and widely available to survival analysis
with censored data. An important problem arising in applying this model is to assess the

proportionality of the hazards. However, the analitical results are mostly discussed on the
existence of the proportionality. 'In fact, Andersen [1] has mentioned that a number of

worked examples of analyses of survival data using this model have been published, but sur-

prisingly little attention has been paid to the problem of model checking. In view of such

a necessity of model checking, we propose a test of the proportionality of the hazards.
    The observations from sample i (i=1, 2) are (Xi•, di•) j'=1,''', ni, where Xi•=min IXOi•,

Ui-I , di•=I(Xi•=XOi•) , I( ' ) is the indicator function, XOi• is the true survival time of j-indi-

vidual of i-sample with a continuous distribution function Fi, and Ui• is the corresponding

censoring variable. We assume that Ui• are independent identically distributed random
variables with distribution function Li, and that the variables Ui• are independent of the
variables Xi-.

    Furthermore, we assume that ni/nin>ri, O<ri<1, as n.oo, where n==ni+n2. Let the
cumulative hazard function of Fi be denoted by Hi (t), that is Hi (t)=-log (1-Fi (t)).

Also let

     Ni (t)=# i7',' xi-;:slt and di•=II ,

      IYi (t)=# (j's ncij<-- tI,

     ", (t) == (1-F, (t)) (1-L, (t-)).

We assume that the supports ofli (t) are [O, oo].

    We intend to test the null hypothesis that Hi (t) =eH2 (t), for t2iO and some un-

known constant 0.

 'Department of Information System. Graduate Student



-68- A Cramer-von Mises Type Test of the Proportional Hazards, Assumption

    Now we can write the logarithm of the Cox's partial likelihood as follows,

      oo co     f, log 0 dNi (s) -- J, log IYi (s) 0 + Y2 (s)i d INi (s) + N2 (s )i,

and let

         '      C. (0;t)=f,tlog0dNi (s)-f,tlog IYi (s)0+Y2 (s)I dINi (s)+N2 (s)i.

The estimator 0is defined as the solution to the likelihood equation (O/O 0) C. (0;oo)=:

O. The asymptotic properties of this estimator havetbeen studied by many workers, for
example Tsiatis [4] and Wong [6].
    Furthermore let B. (0;t) be the product of the parameter 0 and the derivative of C.

(0;t) with respect to0. Then,

  B. (0;t)=f,tdNi (s)-J,tYi (s)0/IYi (s)0+Y2 (s)I d iNi (s)+N2 (s)I.

                                                             '
This can be interpreted as the residual at the time t. The first term of left hand side is

the observed number of deaths from sample 1 until time t. The second term is the corres-

ponding expected number under the null hypothesis.
    Because the parameter 0 is unknown, we replace 0 by 0in B. and let,

      P't!Tn (t)=n-i/2 Bn (0; t)•

It is clear by definition that W. (O) =va. (co) =O•

    In the next section, We propose a test by using Ml. (t).

  2. A newly proposed test

    At first we give two lemmas.

  Lemma 1
    Under Hi (t) =0oH2 (t) for any t.>=. O and some 0o, the estimator0is strongly con-

slstent.

  (proof)

   B. (0;t) is clearly anon-increasing function ofe. For fixed0,1/n B. (0;t).B
(0; oo) a. s., where,

   B (0;t) == J,' or,i,2i ((S,)) i';,2S S(),)d (Hi (s)d0H2 (s)l•

If Hi (t) = 0 oH2 (t) for any t => O, then B (0 o; oo) =O. B (0 ; t) is also a str ictly de-

creasing function on neighborhood of0o. Therefore, Pr (tim0= eo) =1.



HBliU62tEI! JfL d'I`l J< 'L{!irl' l".N•, A mp J[ ':!j!-`' 6Jf Pttil i;} W `IliiL ag log ag le -69-
   Let Vn (t)=l0Qn (oo)l-i/2 P'V.(t),

     Qn (t)=n-if,' {oyYi is'))+Yi,(i,))}2 diNi (S) N2 (S)i•

     2 (t)'== ri r2J,' o,,J!ii S, )) 1+2 ,,( i) (s) dH2 (S)'

     Gn (t)=Qn (t)/!2n (OO) and

     G (t)/2 (t)/2 (oo)•

Lemma 2

   Under Hi (t) == 0 oH2 (t) for any t > O and so me 0 o, the process IV. (t); O<= t <=
ool converges in law to the process IP4/O (G (t));O<= t;:$l ooi,where M/O (') is the tied-

down Brownian motion process.

  (proof) See Theorem 1 of Wei [5].

           oo   Let T.=f, V. (s)2 dG. (s). This is our propos'ed test statistic with the properties

which are represented by following two theorems.

   The above two lemmas yield the following theorem.

  Theorem. 1

   Under the null hypothesis, the asymptotic distribution of T. is same to the distribution

   iof J, wO (t)2 dt.

   The consistent property of this test is obtained by the next theorem.

  Theorem 2

   When the null hypothesis is not hold,

  for any c>O, lim Pr iT.>cl=1.
            n-oo

  (proof)

   From the proof of lemma 1, the estimator 0 converges to a constant 0A, even if the
assumption of proportionality of hazards is violated. On the other hand, for fixed t,

 n-/2Mi. (t),.-,'. f,' o.ril,3,(i,))r+2?3,7i`(),) dlHi (s)- 0AH2 (s)l•
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Clearly there exists some t* such that

   t" rLlyl (s) r2jv2 (s)
  Jo 0AriJvi (s)+r2y, (s) diHi,(s)-0AH2

Therefore M!r. (t*).oo in P for some t* and

(s)l IO.

T.-oo in P.

  3. Remarks
                                                 1,pape7sPefotrabelxeaSmOpflteh, esc6fiiutiinCaacl hPe/jn[t3S]9f the distribution of f, MiO (t)2 dt were given in some

    A general form of the integral-type test statistics of this problem can be represented as

follows, ..
rio:Z'Åëti,Ito,tq,tigti•2, :", (,2i',itl.G." .`fStL', W.h,9•geh,ÅëfX,li.W.ei2At `"Pgt;'Ogi,.,W,,9 Qa,",8b,kaS",g,?•I

mated variance function of V. (t) is selected asq (t)-i, the test statistic T.,ip is an Ander-

son-Darling type test statistic. The asymptotic distributions of these statistics were stu-
died in Durbin [2].
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