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ON CANONICAL CORRELATION AND REDUNDANCY
Hui-xin Ke" and Chooichiro Asano"'
      (Received September 28, 1987)

   Relationships between the original definition of redundancy iRdex first proposed by Stewart and
Love [1] and the modified definition developed by VaR Den Wollenberg [2] are presented, thereby sup-
porting Van Den Wollenberg's method [2] on redundancy analysis and Desarbo's method [3] on canoni-

cal/redundancy analysis and showing that redundancy index has both theoretical and practical use in
meeting the arguments between Nicewander and Wood [4] , [5] , and Miller [6] .

   The relative efficiencies of prediction of one set on the other using both canonical correlations and

redundancies are given so that similar points and differences between canonical correlations' and redun-

dancies are shown.

   A summary about two definitions of redundancy, canonical analysis and redundancy analysis is also
presented.

  1. Introduction

   Suppose there are two sets of variables

       x(i) = (xP), xS'), "', x6}))' and x(2) = (xf2) , xS2), "', x6;)) '.

Assume that

                '       E [x (i)] =o, E [x (2)] == O, k=min (pi, p2) ,

       v [x5')] =v [x}2)] == 1, i =1, 2, ••', pi; j == 1, 2, "'• p2•

The correlation.matrix of X=: (X(i)', x(2)')' is given as

       R =E(XX')= (RR,'l RR,i:), where Rij=E[X(i) X(j)'], i, j=1, 2.

                                 '          'In canonical correlation analysis, k pairs of canonical variables (ui, vi)

                                            '
       U = (ui "' ui ••• uk)' = a'X(i)=(a(i), •••, a(i), ..., or (k)), x(i)

       V = (vi ••• vi ••• v,)'== P'X(2) == (P(i), ..., P(i), ..., p(k)),x(2)

are derived so as to maximize the correlations between every pair of ui= a(i)' X(i)

}

}

(1)

(2)

(3)

(4)

and vi=

 'Department of Information Systems, Visiting Scholar

"Department of Information Systems
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        9, ==E(u, v,) == a(')'Ri2P(') (s)
under the constraints:

       V (ui) = E (u?• ) =E (a (i) 'x (i)x(')'a (`) ) = a (i) 'Rn a (i) =1,

       V(v,) =E(v?•) ==E(P(i)'X (2)X(2)'P(i))=P(i)'R2,P(i) == l, (6)

       E (u,+iu,) == E (ui+iv,) =E (v,+iv,) =E (v,+lu,) =O, i=1, 2, •••, k-1.

According to Anderson [7] , the solutions come from.the following eigenstructure equations:

       Ri-iiRi2R2-2iR2ia==aAi or Hia=aAi,                                                                     ] (7)

       R,-,iR,,RT,iR,,P=PAZ or H,P=PAZ,

where Al (i =1, 2) are diagonal matrices, whose diagonal elements are eigenvalues of Hi

and H2 respectively arranged in decreased order, and a and P are matrices with corres-

ponding eigenvectors as their column vectors. It can be shown that k diagonal elements of
A? and AZ are equaL They are A?-> A22.>•••-> Aft.>O.

    So in canoncal correlation analysis, it is usually to draw canonical variables or canonic-

al factors ui, "', uk and vi, "', vk, which have the highest correlations at the respective

stages and show the common characteristics of the two sets.

    In dealing with the relationships between two sets of variables, such canonical correla-
tions present some interpretive difficulties. Stewart and Love [1] pointed out that: `"'

canonical correlations cannot be interpreted as correlations between sets of variables. It

is important to note that a relatively strong canonical correlation may obtain between two
linear functions (composits) , even though these linear functions may not extract significant

portions of variance from their respective batteries'. In their article, a nonsymmetric in-

dex of redundancy was proposed, which may be represented as the intersection of two sets
of variables, that is, the proportion of one set which is in the intersection.
    Suppose ui and vi are the ith canonical variables of X(i) and X(2), i=1, 2, •••, k, as de-

scribed above:

        u=a'x(i), v=p'x(2),
                                                                      ] (8)

        E (U) =E (V) =O, V (u,) -V (yi) == 1, E (UV') =A.

                                      'Now we use canonical factors to present original variables in sets of X(i) and X(2) as fol-

lows,

        x(i)=Fu+E, x(2)==F*v+E*, (9)
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where F and F' are factor loading matrices of X(i) and X(2) on U and V, and E and E*

are error vectors with E[E]=E[E*] ==O. Stewart and Love's definition of redundancy
R (x(2)/x(i)) of x(2)-variables given X(i)-variables is an index of proportion of variance

ofX(2) predictable from X(i). J

       R(x(2)/X(i))- t/.;, A?•VXS•2)- t/.ll, Ri( ttifj?•/p2), k=min(pi, p2), (10)

where fji is the element of the jth row and the ith column in F', the Ioading of Xj(2) on vi

                               ,(the correlation between xj(2) and vi). so $Ii fj?• means the variance of the set of x(2) ex-

                                      j=1tractedbycanonicalfactorvi,andVXI•2)= ]!i)fj?•/p2 is the proportion of the variance.

                                    j=1
Multiplied by Ai, the squared canonical correlation between ui and vi, RF•VXi(2) shows the

variance proportion predictable from ui. Therefore S AiVXi(2) may be interpreted as the

proportion of variance proportion of one set of x(2) '= ei xplained by the other set of x(i).
The redundancy of the X(i)-variables given the X(2) -variables R (X(i)/X(2)) is completely

anologous to R(x(2)/x(i)).

    Van Den Wollenberg [2] rewrote the definition of redundancy and basing on it de-

veloped a method called redundandcy analysis. Also basing on Van Den Wollenberg's de-
finition, Desarbo [3] proposed a method called canonical/redundancy factoring analysis.

If we write Stewart and Love's redundancy as

                       k       Rl (X (2) /X (1))= ,2. ., ,A ?' fx (2) v; fx (2)v/P2, (11)

where f. (2). is the ith column vector of loading matrix F" and its components are correla-
tions betwe' en variables in the set of X(2) and the canonical factor vi of the same set.

Whereas Van Den Wollenberg's definition is given by use of vector f.(2)., whose components
are correlations between variables in the set of X(2) and the canonical factor ui of the other

set of X(i). It can be written as

                       k       R2 (X (2) /X (1))= l., fx (2) u,'fx (2) u/P2• (12)

                                                 '                       -It is clear that when ui and vi (i=1, 2, '", k; k== min,(pi, p2)) are pairs of canonical vari-
ables of sets X(i) and X(2), the two definitions Ri (X(2)/X(i)) and R2 (X(2)/X(i)) are equal

according to the derivation of the canonical correlation [7].

        Åëi=a(`)'Ri2P(i)---O.5A,(a(i)'Rna(i)-1)-O.5v,(P(`)'R22P(i)-1) }

            + IEi, ,ttja(i)'Riict(j)+ ]21 o,p(i)'R,,p(j), j (i3)

       enapÅë =O O R2ia(i)-AiR22P(i)==O, (note: Ai==vi, ,aj=ej=O), (14)

so
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                       k       Rl (X (2) /X (1))= i, ll..l, Al fx (2) v,' fx (2) v/ p2 ' (1 5)

                   = SA,P(i)'R22R22P(i) Ai/p2 (16)
                      i=1

                    =Sa(i)'Ri2R2ia<i)/p2 (17)
                      i:i

                   = l=i fx (2) u,'fx (2) u/p2

                    =R, (X <2) /x (!)). (18)
If we use RS and RS to represent the redundancies when ui and vi are any component vari-
ables of X(i), X(2) and canonical variables of X(i), X(2) respectively, we have Ri (X(2)
/x (') ) = Rs (x <2) /x (i) ) .

    In Van Den Wollenberg's redundancy analysis and Desarbo's canonical/redundancy
analysis, R2a (X(2)/X(i)) is maximized (in the order fx{2)u,'fx(2)u, }i fx(2}u,.,'fx(2)u,.i, i==1, "', k-1)

associated with other constraints and conditions so as to seek the component coefficient vec-
tors a(i) and P(i), and redundancy variables a(i)'X(i) and P(i)'X(2) are obtained as the

result. We represent the maximum of RS(x(2)/x(i)) as RE(x(2)/x(i)).

    But the component variables obtained according to the maximization described above,
that is redundancy variables, are Rot necessarily canonical variables. Therefore the ques-
tions arise that if the value RS (X(2) /X(i)) given by the redundancy variables is still equal

to the original Ri (X(2)/X(i)) given by the canonical variables. In Van Den Wollenberg's

redundancy analysis, the redundancies furnished by the main factors are of the importance.

Here we also want to know what information the total redundancies furnished by all factors
ui, that is the redundancy index R2 (X(2)/X(i)), will tell us and if it is possible to further

the meaning of redundancy index and redundancy analysis both in mathematical sense and
in practical sense.

  2. Therelationships

    Let or and P in (4) be any piÅ~k and p2Xk matrices to form new component variables
of sets x(i) and X(2) respectively.

       u= a'x(i), v= P'x(2), E(u) =E (v) = o,

       V(ui) =V (vi) =1, i= 1, 2, "', k, k= min (pi, p2), , (19)

        E (ui vi) = Ai, E'(UU') ==E (VV') =! I.

Now consider the regression of the original variables X(2) of one set on the component vari-

ables U (or X(i)) of other set. That is

        x(2)=Bu+E, (20)
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where B is the regression matrix of vector X(2) on vector U and E is the error vector.

From the regression theory we know '

       B==E (x (2) u') [E (uu')]'i=E (x (2)x(') ') a== R2i a. (21)
         '
So the regression variables X(2) predicted from another set component variables U or ori-
ginal variables X(i) may be presented as

       X(2)==Bu :R2ictU==R2iaor'x(i). (22)
The problem becomes to decide a so as to maximize the information in U (or X(i)) about
X(2) according to some criterion of adequacy. Let

       RIsK ==E[(x (2) ---• Xl (2))t (x (2) -Xl (2))]. (23)

Then the risk may be chosen as the criterion of adequacy. When it is minimized, the best
fit of X(2) to X(2) furnished by U will be obtained. By use of (22), we have

       RIsKa == E[ (x (2) -X(2))' (x (2) -X (2))] =tr [E (x (2) -51 (2)) (x (2) -X(2) ) ']
                                                                  ] (24)

            =tr (R22-R21 aa'R12-R21 aa'R12+ R21 aa'Rn aa'R12) .

Note that a'Rna=I, we have

       RISKa=tr (R22) -tr (R2i or a'Ri2)
                                                                  ] (25)

            = p2 [1 - R2a (x (2) /x (i) ) ] ,

where RISKa is the risk when X(2) is regressed on any component U of X(i). It shows

that the expected loss, or risk, is equal to the productiof variable-number p2 in the set of
X(2) and the difference between unit and Van Den Wollenberg's redundancy. When a is
chosen so as to maximize the redundancy RS (X(2)/X(i)), the risk is minimized and the best

representation of Sl (2) furnished by U will be obtained. That is, RISKr = p2 [1-R5 (X(2)
/X (i))].

    The problem now b6comes under what conditions or when the redundancy RS (X(2)
/X(i)) will be maximized. It can be shown that when U= or'X(i) and V= P'X(2) are
canonical variables, the redundancy R2 (X(2)/X(i)) will be maximized and the maximum is
just Ri (X(2) /X(i)) which equals to ASMC, the average squared multiple correlations for
each of the original X(2) variables regressed on all the variables of the set X(i) when pi->p2

=k, [6]. As described in (15) -- (18),when ui and vi are canonical factor pairs of X(i)
and x(2),

       RS (x (2) /x (i)) :R, (x (2) /x (i) ) .
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N

According to basic canonical equations (7), we have

        PA2=R2'2iR2iRii-iR12 P .

Premultiplying both sides of above equation by (P'R22R22) and then taking the traces of

them, it follows

       tr [ P'R22R22) ( PA 2) ]

           ="tr[P'R22 (R2iRi-iiRi2) P], (26)
Under the constraint P'R22P=I in (19), we have P'R22=P-i when p2==k (suppose P is
nonsingular) . So according to the cyclic permutation property of traces

       tr [( P'R22R22 P) A2] =tr (R2iRiliRi2). (27)
                         '
That is to say,

       Ri (X (2) /X (i)) = [tr (( P'R22R22 P) A2) ]/p2

                   == [tr(R2iRiliRi2)]/p2=ASMC. (28)

The diagonal elements of R2iRiiiRi2 are squared multiple correlations between each vari- .
able of X(2) and the vector X(i). It is well known that the multiple correlation between
xj (2) and x(i) is the maximum correlation between Xj (2) and any linear combination ui=

q' iX(i), so we have [7] '
       ASMC=:max( tP2, f. (2).,'f. (2) .,) /p2 -> RS (X (2) /X (i)). (2g)

That is

       Ri (X (2) /X (i) ) =max ( tP2, f. (2) .;f. (2) .,) /p2 -> RE (X (2) /x (i) ) -> RC2 (x (2) /x (i) )

                  =R, (x (2) /x (i)). (30)
Threrfore we have

       AsMc == RE (x (2) /x (i) ) = Rs (x (2) /x (i) ) =R, (x (2) /x (i) ) -> Rs (x (2) /x (i)) .

    When p2->pi=k,

       Rl (X (2) /X (l) ) == tpt., A ?' fx (2) v,'fx (2) v/P2,

       R2 (x (2) /X (i) ) = tP', fx (2) u,'fx (2) u,/P2'
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This time, Ri (X(2)/X(i)) is no longer equal to ASMC and we have

       ASMC -> R5 (X (2) /X (i)) -> RC, (x (2) /x (i) ) == R, (x (2) /x (i)) .

So when pi -> p2=k, the two definitions of redundancy are equivalent if U, V in R2 (X(2)
/X(i)) are either redundancy variables or canonical variables, but when p2->pi=:k, they are

no longer the same. Similarly we have

     AsMc=:Rs (x (i) /x (2)) =Rs (x (') /x (2)) =Ri (x (i)/x (2) ) -> Rs (x (')/x (2)), if p2 -> pi =k,

and

     AsMc m> RE (x (i)/x (2)) -> RE (x (i)/x (2)) =Ri (x (i)/X (2)), if pi -> p2=k.

   We have considered the expected loss of representing X(2) by X(i) via U, which is
p2 [1-R2 (X(2)/X(i))]. Now let us take a look at the regression of X(i) directiy on X(i)
without using u = a'x(i)

       Xl(2) =E(x(2)x(i)t) [E(x(i)x(i),)]-ix(i)=R,,R,,-ix(i), (33)

       RISKd == E [ (x (2) -X (2) ) ' (x (2) - 51 (2) ) ]

            =tr [E (X (2) -Sl (2)) (x (2) -X (2)) ']

            = tr (R22) -tr (R2iRii-iRi2)

            == p2 (1-ASMC), (34)
         or =p2 (l-Ri (X (2) /X (i))), if pi -> p2,

where RISKd is the risk, when X(2) is regressed directly on X(i). Therefore the difference

between the regression risks of X(2) via U on X(i) and x(2) directly on x(i) is

       (25)-(34) =RISKa-RISKd

                = Ri (x (2) /x (i)) - R2 (X (2)/X (i)) -> O, if pi -> p2. (35)

It is reasonable that the information in X(i) about X(2) is `more' than that in the components

u=a'x(i) about x(2). when the components U=a'X(i) and V= P'X(2) are canonical

correlated, the information furnished by both cases becomes the same. This fact shows
that the original Stewart and Love's redundancy index Ri (X(2)/X(i)) gives the extent of `fit'

from the set X(i) to the set X(2), which can be seen intuitively as the `intersection' of the

two sets. Similarly, by use of (22) to (25),we can also write
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       RISKC =p2 [1 -RC2 (X (2) /X ('))] and RISKr =p2 [1-RE (X (2) /X (i))] ,

where RISKC and RISKr are risks, when X(2) is regressed on redundancy variables of X(i)

and canonical variables of X(i), respectively.

    Now we sum up what we have shown foregoing in following theorem,
    THEOREM 1. Let the linear combinations of X(i) and X(2) be

       U= a'x ('), v= ptx (2)

with constraints as described in (2), (6),and (19). Let

                       k       R2 (X (2) /X (i) ) = i,Z=, f. (2) .,'f. (2) .,/p2, k= min (pi, p2) ,

where fx(2). is a column vector with correlations between variables Xj(2) in the set of X(2)

and ui. Lbt the `best' representations of X(2) furnished by X(i) and U be given by (33)

and (22) , respectively, and let RISKd, RISKa, RISKC, RISKr be expected losses or risks cor-
responding to regressions of X(2) directly on X(i) , any component variables ui, canonical
variables ui and redundancy variables ui, respectively, and RS (X(2) /x(i)) , RC2 (x(2) /x(i)) ,

R5(X(2)/X(i)) have the similar meaning. Then the risks of above cases are as follows:

        RISKd =p2 (1 -AsMc) , RIsKa=p2 [1 -Rs (x (2) /x (i)) ] ,

        RISKC =p2 [1 -RC2 (X (2) /X (i) ) ] == p2 [1 -Ri (x (2) /x (')) , RIsKr=p2 [1 -RE (x (2) /x (i)) ] ,

where Ri(X(2)/X(i)) is the Stewart and Love's redundancy given by (10),and the risks in

various cases satisfy as follows,

        RISKd=RISKr==RISKC<-RISKa, if pi->p2==k,

        RIsKd<.RISKr<-RISKC, if p2->pi=k.

    From theorem 1 and what is described above, we know that if pi ->p2, the variable num-
ber in regressing set X(i) larger than that in regressed set X(2), R2 (X(2)/X(i)) is maxi-
mized both in canonical analysis and redundancy analysis, and the maxirhum is just Ri (X(2)

/X(i)), which equals to ASMC. Although the size-order of redundancies furnished by ui
in both analyses may be different, the total effects in representing X(2) by regression are

the same. So in some sense the two definitions of redundancy are equivalent.
    But if pi <- p2, i.e. the variable number in regressing set X(i) is smaller than that in regres-

sed set X(2), the maximum of R2 (X(2)/X(i)) in redundancy analysis is no longer equal to
RC2 (X(2)/X(i)) obtained in canonical analysis, which is still the same as Ri (X(2)/X(i)). Of

course in this case the total effect in representing X(2) by regressing is different, and the

two definitions are not equivalent. It is interested to see that the risk when regressed on

redundancy variables is smaller than that when regressed on canonical variables. This
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shows that redundancy analysis not only gives the component variables furnishing the maxi-

mized redundancies in order, as in Dan Ven Wollenberg's article in 1977, but also provides
better representation of X(2) from component variables of X(i) than canonical analysis does.

Therefore the redundancy index proposed by Stewart and Love, the modified redundancy in-
dex by Van Den Wollenberg and his redundancy analysis, the canonacal/redundancy factor-
ing analysis by Desarbo are all of importance both in theoretical and practical sense.

  3. The relative efficiency of prediction

    Now let us make a further consideration of the meanings of canonical correlation and

redundancy in view of prediction. First let us consider two random variables u and v
which satisfy the following conditions [8] .

E (u) ==E (v) =O, V (u) = o.2, V (v) = o.2, (u, v) = P (correlation) . (36)

Now let us predict u from a linear predictor v as,

u!ibv or ij==bv. (37)

Then the variance of the error u-ti is given by

E[ (u-il) 2] =:E[ (u -- bv) 2] = o.2-2b P o. o.+b2 a.2

== (1 -- p2) o.2+ (b o.-- p o.) 2.
} (38)

To make the best prediction in which the variance of the error is the minimum we must let
the second term of the right side in (38) be zero. Then

b== Po./ o.. (39)

   Thereby predicting u from v by use of b, the variance of error of prediction is (1- P2) o3,

and the ratio of which to the variance of original u is

        (1- p2) o.2

             , =1- P2. (40)            Ou

It can be seen that the nearer to 1 the squared correlation between u and v is, the better the
effect of prediction of v on u will be. So we can define P2 as the relative efficiency of pre-

diction of v on u.

    Now consider the efficiencies of prediction in the following four cases by the use of

similar method given above. The notations represent the same meaning as that of the
above.

    1. The relative efficiency of prediction of V on U, or of U on V;
    2• The relative efficiency of prediction of X(i) on x(2).

    3. The relative efficiency of prediction of U on X(2), where ui is any component vari-
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able of x(i).

   4. The relative efficiency of prediction of U on X(2), where ui and vi are pairs of cano-

nical variables between X(i) and x(2).

    5. The relative efficiency of prediction of U on X(2), iovhere ui and vi are pairs of re-

dundancy variables between X(i) and x(2).

    The processes are almost the same. So we will not discuss every case in detail. The
corresponding results for the 5 cases are as following.
    1) Let O==BV, then by the usual mean squared regression formula,

      B=E (UV') [E (vv')]-i == AI-i= A, (41)
                ,      E[ (U-O) (U-O)]= tr [E (U-O) (U-O) '] ,= trl-tr A2 }

                                     -k(1- 2 Al/k),
                                             i=1
       E[(U-,V(l}l.(S['V)] -i- ].S=,Ai/k,

                        k      relative efficiency== 2 Al/k.
                        i=1

   2) According to (33) and (34),we have

      relative efficiency=ASMC.
      According to theorem 1, we have
   3) relative efficiency == RS (X (2) /x (') ) ,

   4) relative efficiency =Ri (X (2) /x (i)) = Rs (x (2) /x (i)) ,

    5) relative efficiency = RE (x (2) /x (i) ) .

If we use r.e. (X/Y) to show the relative efficiency of prediction of Y on X and

notations used forgoing, we have the following theorem.
    THEOREM 2. The relative efficiencies of prediction of V on U, X(i) on

on x(2) and so on are '

       r.e. (U/V) =r.e. (V/U) = il A?• /k,

                              i=1
       r.e. (X (2) /X (i) ) == ASMC,

       r.e. (X (2) /U) == RS (x (2) /x (i)) ,

       r.e. (X (2) /UC) = RS (X (2) /x (i) ) = Ri (x (2) /x (i) ) ,

       r.e. (X (2) /ur) == RE (x (2) /x(i) ) .

    From theorem 2 we can see more clearly that both c.anonical correlation and
cy are measures which represent the relationships between two sets of X(i)

While canonical correlations give more directly the links between the canonical

(42)

(43)

(44)

  the same

x(2) and U

(45)

r

redundan-
and x(2) .

factors, re-
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dundancy shows the relationships between original variables of X(i) and X(2) or between

original variables X(2) (or X(i)) and canonical factors U (or V) or any other component

factors, including redundancy factors. Another difference between them is that canonical

correlation is a symmetric index, while redundancy is a nonsymmetric one. Therefore
when we deal with two sets of variables, it would be better to consider both canonical cor-

relations and redundancies instead ofjust the former one as usual the case.

  4. Summary
    We have the following poirits about two definitions of redundancy, canonical analysis

and redundancy analysis.
    I. Canonical correlations show the highest correlations between canonical factors of
two sets, but they do not necessarily tell anything about the communality of the two sets of

variables, because a squared canonical correlation represents the variance shared by linear

composits of two sets of variables, and not the shared variance of the two sets. Therefore

canonical correlations can not be interpreted as correlations between sets of variables.
    2. Stewart and Love's rebundancy index Ri (X(2) /X(i)) shows the proportion of
variance of X(2) predictable from X(i), or the redundancy in X(2) given X(i), or the propor-

tion of the set X(2), which is in the intersection of sets X(i) and x(2).

    3. In canonical analysis, a relatively strong canonical correlation may be obtained for a

pair of canonical variables, but redundancy given by it may be very low. Van Den Wol-
lenberg developed a method called redundancy analysis in which the redundancies for the
redundancy variables are maximized in size-order. That is the first pair of redundancy
variables corresponds to the largest redundancy and the second pair the second largest, and

so forth.

    4. In order to perform redundancy analysis, Van Den Wollenberg rewrote the original
definition into R2 (X(2)/X(i)), which is equal to Ri (X(2)/X(i)), when the component vari-

ables are canonical correlated.

    5. The comparision between two definitions of redundancy are

        AsMc == Rs (x (2) /x (i)) =RS (x (2)/x (i)) =Ri (x (2) /x (i)) .> RS (x (2) /x (')) , if pi -> p2,

        AsMc .> Rs (x (2) /x (')) -> Rs (x (2) /x (i)) == Ri (x (2) /x (i)), if pi <- p2.

    6. In view of regression, we have following risks

        RISKd==RISKr=RISKC, ifPi->P2,
        RISKd<-RISKr<-RISKC, ifPl<-P2•
That means when pi <- p2, the total effect of regression of X(2) on redundancy variables

seems better than that on canonical variables.

    7. In point of prediction, we have following relative efficiency
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                                  k        r.e. (U/V) =r.e. (V/U) == 2 A?• /k, r.e. (X (2) /X (i)) =ASMc,
                                 i=1

        r.e. (X (2) /U) =RS (X (2) /X (i))', r.e. (X (2)/uC) =RS (x (2) /x (i)) =Ri (x (2) /x (')),

        r.e. (X (2) /Ur) = RE (x (2) /x (i) ) .

That means canonical analysis gives the relationship between component variables whereas
redundancy analysis shows more the relationship between component variables and the ori-
ginal variables.
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