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A Sequential Multiple Pattern Recognition Plan

       Based on Two-Sample Rank Test

Zhi Geng' and Chooichiro ASANO'"
          (1985, 9, 30)

   Several sequential multiple pattern recognition plans are proposed in this paper in view of rank test

for Lehmann alternatives. There exist two ways of ranking measurements (i) ranking measurements
within-group, and (ii).reranking measurements at each stage of the sequential process. Moreover,
there exist two sequential types (a) sequential observation vectors with p features, and (b) sequential
measurements for p features in a cyclic 6rder. Four plans are formulated on the basis of the possible

combinations of (i), (ii) and (a), (b). Numerical properties of the plans are concretely illustrated with va-

rious values of designing constants by simulations.

  1. Introduction

   The plans of pattern recognition system in a random environment have been developed
from the practical and theoretical point of view. .In this regard, there exist some preferen-

tial requirements as follows,

   (i) the plan is of a sequential type,

   (ii) the recognition is based on multiple features, if necessary,

   (iii) the assumption is minimal on the distribution law of features,

   (iv) the plan is of a powerful discrimination, and

   (v) the rule of the procedure i$ rather simple.

   Let the present sequential plan be a comparative sequential group sampling for two
populations, a test population T and the control C, with p features, i.e. so-called a statistical-

ly sequential pattern matching system. According to the sequential scheme with p fea-
tures, pJi2 2, there are two types, regarding what is sequential. The one is closely related

to p features, and p feature measurements are sequentially observed like Xi- X2-•"'- Xp
. Xi' X2."' cyclically, and each size of observations at a stage is specified effectively in

view of cost, The other type is related to three sequential sampling plans, i.e. one-by-one,

group and partial samplings. These are essentially considered on designing an optimal se-

quential plan under both costs of sampling and sample.

   In the universal situations without any prior information on the distribution laws of fea-

ture measurements, nonparametric tests are appropriate. Especially the most powerful
rank test for Lehmann alternatives may be.preferable to another nonparametric tests.
Naturally, there exist real questions to Lehmann alternatives, but some positive merits are

also theoretically pointed out, e.g. Wilcoxon-Rhodes-Bradley [11, Savage [2]. Also, practi-

cally Fu [3] has written as "Lehmann alternatives have been fouqd to provide the typical de-
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viations which usuaily prevail in many probability distributions describing various pattern

classes".

   In the present paper, from the viewpoint of the whole requirements (i)-(iv), several se-

quential multiple pattern recognition plans are proposed comparatively for testing whether

both populations C and T are equal or not , and may be called a set of sequential group

sampling multi-feature two-sample most powerful rank tests to Lehmann alternatives.
Since the present paper gives precisely their statistical properties, a certain optimal plan

may be given in practice.

  2. The pattern recognition plans

    Let us give a sequential pattern recognition plan with •multi-feature rank test and then
several modifications of the plan. Suppose that observation vector XSi2 -= lx(jili, xSi22, •••,
x(i) jt.,]' is obtained on j-th feature variable at t-th stage from i-th population, where the

elements are mutually independent and i= 1, 2. Then the pattern matching is now to test

a null hypothesis that two distributions are similar, against the Lehmann alternatives.
    Simply writing Xj, for X(i)jt from C, and Yjt for X(2)jt from T, let Fj (xjtk) and Gj (yjtk)

be the cumulative distribution functions Pr (Xj <-- xjtk) of Xj and Pr (Yj <= yjtk) of Yj,

respectively. Then a null hypothesis Ho and the alternatives Hi are

          Ho:Gj (Y)=Fj (X), Hi: Gj (Y) =Flj(X), rj>1, j=:1, 2,•••, P.
   This implies that Pr (X,sY,)=r,/(rj+1). The test is also equivalent for Ho : rj :1
and Hi: rj>1,j=1, 2, ''', P. Then the sequential test is given with Wald's [41 upper and
lower horizontal boundary values A and B, where A=(1-P)/a and B=:B/(1-a).
   According to the above procedure , if no decision, i.e. neither Ho nor Hi, is obtained,
successively two observation vectors X(i)2i with n2 elements, i =1, 2, are observed on the

second feature X2, and the similar testing hypothesis is continued. Thus so far as the de-

cision is reserved, p feature measuremens are subsequently observed in a cyclic order.
The numbers of mesurements are fixed for the respective features, say ni for Xi,i=1, 2, "',
p.

    Concerning the comparative situation of pattern recognition, there exist two cases on
the test procedure, i.e,
    (i) never combining X(i)j,i, X(i)j2, X(i)j3, •••

    (ii) always combining X(i)ji, X(i)j2, X(i)j3, ••'

fori=1, 2 andj= 1, 2, "', P.

    If such observation vectors are suffered environmental blockreffects like in simul-
taneous biological assay, the above case (i) is valid, and if observation vectors are obtained

in a well-controlled environment, the case (ii) is preferable in the sense of statistjcal
analysis.

    Moreover, there exist two sequential types, consisting of

    (a) sequential observation vectors with p features, and

    (b) sequential measurements for p features in a cyclic order,

where either (a) or (b) depends on the physical conditions in practice.
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  3. Numerical illustration of the procedure

    To clarify the above procedure, let us illustrate a simple pattern recognition plan•with

a group sampling rule for a feature.

   , The procedure is to test a hypothesis Ho: G=F against Hi: G=Fr with r=3 and a =
P =:O.1. The size m of group sampling at every stage of sequential sampling is now

three, Thus both boundaries, upper A and lower B, are given as A =9.0 and B=O.11.
Let the successive measurements be xi, x2, '" and yi, y2, "' for both populations C and T,
independently and respectively, as shown in Table 11

                          Table 1. Source data for illustrations

(X): O.31

(Y): O.49
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Table 2. An illustrative procedure at 1-- st stage
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Table 3 An illustration for type (i) at 2-nd stage
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Table 4. An illustration for type (i) at 4-th stage

k=24 iVii

rank IRil

score ISil

 O.25 O.31 O.36 'O:42
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    According to the sequential group sampling rule with the size three, we obtain three

samples from each population at the first stage and observe the measurements. Table 2
shows the ranks and scores of six observations at this stage, and the value of the likelihood

ratio is 2.250, which locates between A and B. Therefore, any decision has to be reserved.
Thus we have to continue the sequential sampling and take additional feature measurements.
    At the second stage, we observe three samples from' each population, with either situa-
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Table 5. An illustration for type (ii ) at 3-rd stage

k=18
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jRiIi

lsili

 O.21 O.22 O.25 O.28 O.30
 O.42 O.43 O.45 O.47 O.48

  12345 13 14 15 16 17
  1 1 1 r l  rlrlrA is = 9.909 > A (to accept Hi).
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tion described at (i) or (ii) in section 2. For (i), only the second six samples from both

populations are combined, ranked and scored for the respective groups. The value of the
likelihood ratio is 3.375 as shown in Table 3. Thus the next stage is needed. Such stages are

continued until a decision, Ho or Hi, is given. At the fourth stage, since the value of likeli-

hood ratio is larger than A, a decision Hi is accepted as shown in Table 4.

   On the other hand, for (ii) new observations are always combined to all of previous
observations, ranked and scored for the group measurements. At the second stage, we
obtain a value 3.938 as the likelihood ratio, which indicates the necessity of more stages.

Table 5 shows the result obtaining a decision Hi. Figures 1 and 2 show the summarized

paths for (i) and (ii), respectively, ,
  4. Mathematical Formulation of the Plans

   In this section, four plans are formulated on the basis of the possible combination of (i),

(ii) and (a), (b) in section 2. Namely the respective likelihood ratio functions, the operating

characteristic functions and the average sample numbers are given, under the condition that
all features of a pa'ttern are independent to test a hypothesis Ho: Gj=F, against the alterna-

tive Hi: Gj =FIJ, r,>1, j=1, 2, •••, p.

  4.1 The plan with (i) and (a)

    The first plan is not to combine measurements, i.e. only to rank measuements obtained
at each stage, and is to observe simultaneously all features at each stage.
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  4.1.1 Likelihood ratio function and decision

   Let p measurements be (xjki, "', xjk.,, yjki, "', yjk.,), j=1, 2,••', P, k=1, 2, •••, q, inde-

pendently observed from two populations C and T at k-th stage, and belong to Fj (X) and Gj

(Y), respectively, These measurements obtained at each stage till q-th stage are combined

and ordered increasingly. Then the joint probability to show the following p sequential
rank vectors is

         P(R)iP(vjki<"'<Vjk(2,,) , j=1, ''',

                 qp 2nj qp         -Jk••J ,I.l[, ,i[.ll, ,U,dyjfi,ki- ,U., ,[l,

                       '     where tFj(x),, vjk.eC,
              yjfi//ki= i Gj(x)=Frj(x), vjkmET,

   The Likelihood ratio is given as

                                qp             A q=P(RIHi)/P(RIHo) = H
                               k=1 i=1
and the boundaries are A=(1 -- B)/ a and B=

   Then the decision rule is to accept Ho, if Aq
continue sampling at the next stage, if B < A q

  4.1.2 OCfunction

P , k=1, •••, q)

 2nj i H (sjki / 2 sjk.),

i=1 m=1
and sjkm= I

" rP• i (2ni) !

1

rj,

'

2ni j
n(i /2sik.)
jrl m=1

vjk. e C,

vjk. e T..

B/(1- a ).

  <= B, and to accept Hi, if A,l

<A.
A, and to

   The operating characteristic function is approximately given by L i;i; (Ah-"1)/(Ah-Bh),
under E (eZh) =1, h \O, where h is essentially a function of an alternative ri and Ri for the

operating characteristic curved surface, i =1, 2, '", P through a random variable Z.
   To evaluate h actually, letting R be a set of all possible arrangements of ranks l vit, t

= 1, ''', 2ni,i=1, "', Pl and similarly R' be only for C, the following relation is to be ap-

plied to compute iteratively a convergent value of h.

           E (ezh) = :l,? l ,ti, jlll,(jrii/2/ ,2,sit)lh p(R)

     p 2ni=2 "(ni!)2 "
  R' i=1 j=1

where
s'

:t = ( k,

I(jr,ii2/ ,]IIi,s,t)h/(s'ij/ ,2),s'it)l =:i•

  yiteC, sit.,, I1 viteC,

 viteT, lri viteT.

4.1.3 ASNfunction

  The ASN function is approximately expressed by Wald's principle in the following way.

                   E (q) =; IL log B+(1-L) log AI/E(Z),
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   where E (Z) = ]ii,) I log ( ,ti, (2n,) ! rli"/ jilli, .2,sim) l P( R')

               = :i?liog( ,ti,(2n,)!rp,i/ ji="`, .ll.i,s,.)l tP.,l(n,!)2Rei/ ,i.li, .2,s'i.l

                       '                          '

  4.2 The plan with (i) and (b) .
   This plan is also not to combine measurements, but is sequentially and cyclically to
observe p features.

  4.2.1 Likelihood ratio function

   Let (xjml, •-, xjmn,, Yjml, ••• Yjmn,), j == 1, '", P, M=1, "', q'1, and (Xrql, -•, Xrqp,, Yrql,

•••, yrqn,), r =1, 2, "', k (<p), be sequential measurements from two populations till k-th fea-

ture at q-th stage, and let them be ordered increasingly as follows: R: vjmi <'"<vjm(2np, m

=1, 2, "' q, m<q:j= 1, 2, "', P, and m==q:j== 1, 2, "', k.

   Since the probability for R is

            p(R) == ,ti, q.if,`jllli,(jri'/2/ ,2;,si.t), where 6i=(9: 11//kk,

                                                     '
the present likelihood ratio is given by

             A- :[RRI:g] =: ,ij, q,il(6,`I(2n,)!rei/ ,ili, .2,siJml•

  4.2.2 OCfunction

   The operating characteristic function is given as follows,

            L= SIip(Av<--B), wherev=p(q-1)+k, 6.=O' ktfP

                v-i 1, k>p                                              '             = ,ii,Pl Bi. ,l.ll, q,tLi(dij--#i) -> i (cv-(q-6v) ,#, pti)l •

                                    '                                      2ni                                             t
            where ,ai=E(dij)= 2(ni!)2 n(s'ijt/ 2s'ij.)dij,
                                R t=1 m=1

                         2ni t                   diJ = 2 iog ( 2 s,j./t)-, s',j.= i , vi,m e C,

                        t==i m=i Ri, ,vij.eT,
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                   B.2 = ,S,(q- 6 v) I :IP (d,,- ,a ,)2 (ni!)2,ill,(s'ijt/ .IIIil,s'ijm)l ,

                                  p q-6, 2ni
                   C.2 =-logB+ 2 2 21og rii/2,
                                 i==1 j==1 t=1

and where R is a set of all possible arrangements of ranks, ri's are the alternatives, and

Ri 's are arbitrary parameters for the operating characteristic curved surface.

   Furthermore, according to Liapounoff theory, the above function has a property such
that

       !, Lm.P l ,2. ,(dk, - # k)/B. ;s;; al == La e.x p( - z2/2) dz/Vrii-ii' , where B.2 = ,E, o k2,

since Lindeberg-Feller condition is satisfied as follows,

        -it:lig -i+ 6 ,lll), (q- a v) I ]Ii (d,, - va ,)2' 6p (R)l -o, for H 6 >o, v -> oo.

  4.2.3 ASNfunction

   This plan is to observe sequentially and cyclically the measurements like xi.x2-"'
'xp.xi->x2'--> '", if no decision is obtained. For k-th feature at m-th stage, we can
obtain generally the ASN function as follows,

              E(k) p               2 E(m) E(zi) + 2 E(m d- 1) E(zi) =L log B+(1 -"' L) log A

              i=1 i=E(k)+1        where zi= ,illiliog (jriii2/,2is,t)l , and E(zi) =:I?zi(ni!)2 jilli(s'ij/ ,2)is'it),

                  '                 for siJ == ( ,i,,',\,'j,eT9' s',=( k' .llj ,eTC'

  4.3 The plan with (ii) and (a)

    This plan is to combine measurements for each feature till then, reranking all measure-

ments, and sampling is sequential to observe simultaneously all p features.

  4.3.1 Likelihood ratio function

    Let xjmi, •••, xjmn,, yjmi, ..,, yjmn, be measurements till q-th stage, and be ordered in-

creasingly for each feature as follows, R: vj*i<...<vj*2qn,,j==1, 2, "', p, m =1, 2, "', q,

where * means that the measurements of the j-th feature are reranked at every stage.

    Then the probability for the arrangement of R under the assumption C=T is shown as
follows,
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            p(R) = ,ti,(rp• ni/ i"",i ,]Ill),sit), where sit==',i,IV,il*.t, E, CT.

                             '
   Therefore, the likelihood ratio function can be shown by

             A== :((IilHHo'l = ,ti, l(2mn,)!rP"'/i":il' ,III),sitl•

 4.3.2 OCfunction

   The OC function can be similarly given as follows,

                                       p 2mni k
            L = 2P (Ri, i= 1,•••, P) = 2 fi fi (s'ik /2 s'it)

                 R* R* i=l k=1 t=1
       where s'it = I ll,i .V, `.*,t ,e TC] R* =: iRI A == P(RIHi)/P(RIHo) <= Bl .

 4.3.3 ASNfunction

   The ASN function is also approximately given by -

                    ASN !; 2L,* P(Ri, i=1, 2, •••, P)
                           R*
where R" = l RI A = P(RIHi)/P(RIHo) sB, or }ii Al, and L,* means the number of elements

in r" eR'.

 4.4 The plan with (ii) and (b)

   Since this plan is similar in section 4.3, excepting the sequential measurements on p fea-

tures, the properties of the plan are briefly shown in the following way.

 4.4.1 Likelihood ratio function

  A = ,ti, l(2mi)!rP'/ ,ir'`, .lll],siml,where 2m, is the total number of lx,l and ly,I .

  4.4.2 OCfunction

                             p 2rni 2mi k
                     L== 2 fl ( ns'ik/ H 2s'it)•
                          R i==1 k==1 k=l t=1
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 4.4.3 ASNfunction

                       ASN == 2 L,*P(RR e R'),
                              R*

 4.5 Generalized Likelihood Ratio Function for the PIans

   Let us show a generalization for four plans in the previous sections. Let an example
be shown at first to introduce the idea.

 (i) Anexample
   Suppose that ten feature v'ariables IXil are indePendently belonging to the respective

distribution law (Fii and alternatively to (Gil ,where Gi is assumed to be Gi=Fr•i, ri>1,

fori==1, 2, ••', 10. Let IXi, X2, X3, X4, Xsl, IX6, X7, Xsl and IXg, Xiol be assumed to be

comparable. Then the probability of an event A=<X3<X2, X4<X2, X2<Xi, Xs<Xi, Xs
<X6, X7<X6, Xio<Xg) under Hiis shown by

            Pr (A)= i ,tiir,/ [r3r4rs (r2+r3+r4) (rl+r2+r3+r4+r5)]l

                  '. j iti6ri/ [r7rs (r6+r7+rs)]l '1 rgrlo/ [rlo (rg+rlo)]l.

   This probability can be expressed by a tree expression in Figure 3. Basing on the
tree expression, we express the probability simply by P (A)=rir2"'rio/aia2"'aio, where
ai denotes a sum of the lower r, 's, i.e. al =rl+ r2+"'+rs, a2--r2+r3+r4, a3 =r3, "'.

 (ii) GeneralizedFormula

   Let us show the generalized likelihood ratio test of a hypothesis Ho against Hi, where

q3

r3

Tree l

q2

 r2

 a4

r4

 ql
r.1

qs

 rs

1'ree 2

 ct8

rs

a6
r6

Tree

q7

r7

3

   ag
  rg

   alo

rlo

Figure 3. An illustrative tree-expression
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            Ho: Gi=Fi,S', Hi: Gi=F I•' , ri >8i , i=1, 2, "', P.

                              ,
The generalized comparison tree is now shown as Figure 4. The probability of compari-

son tree for Ho is given as

                          n              PH,(Trees)= II [[ (0i/ai), for ai=2ePj.
                             i e Treek                          k=1
where aiis the sum of 0j 's under the branch aiin Figure 4. 0n the other hand, the
probability of comparison tree for Hi is given as

                               n                  PH, (Trees)= fi [[ (ri/ai),
                              k=1                                 i E Treek

where ai is the sum of rj 's under the branch a i. Thus the likelihood ratio function is
given by A ==PH,/PH,. Note that by replacing ri with cri, and e9i with ccPi, the likelihood

ratlo ls lnvarlant.

  5. Designingtheplans

   In order to design four plans in the previous section, numerical evaluation of their
properties is necessary, although the formulae are rather complicated, excepting some sim-

ple cases. For the sake of these realization, the following three methods are possible to

apply

   ( i ) computing the exact formula by a software program iteratively,

   (ii) basing on computer simulations,
   (iii) using asymptotic theories.

    The iterative method of computing (i) may be appropriate to OC functions and ASN for-

mulae given in section 4.3 and 4,4. The method of asymptotic theories (iii) may be
appropriate to those in section 4.1 and 4,2. In the following section, numerical properties

of the plans are concretely illustrated for various values of constants.

  6. Evaluation ofSequential Plans

    In order to evaluate perforrnances of these plans with constants to be considered, sever-

a4

Tree]

   a2

r2 e2

r4 e4

rl

   U5

rs es

Tree2
al

   a3
                as
  r3 e3
               rs es
       ct 6             ag

   r6 e6 rg eg
Figure 4. Generalization of tree
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al plans were precisely simulated 5000 times at each lattice point on an M-240H

computer.
   In Figures 5 and 6, OC and ASN surfaces are shown for plans in sections 4.1
It may be clear in Figure 5 (a) and Figure 6 (a) that both OC surfaces are alike

                                        ASN
                                        40
                                                           ,
                                                           ,
                                                           1
                                        35 It                                                        ll
                                                        lts
                                                        l eN N
 1.o tli 2 • 30 i l/l"NR2NIX.:Nx
             3ii,s• 2s 34 T

         12 341 1234          (a) OC curve (b) ASN curve
                    Figure 5. An illustrative plan with (i) and (a)
                            a=B=:O.2, ni =3, ri==3.0, i=1, 2.

                                         ASN

                           R2

(HITAC)

and 4.4.

in their

l
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   tt             l

 3 il

 2 34
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         Figure 6.
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 Rl lo                  1
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a=B=O.2, ni :3, ri=3.0, i=1

3

2

(b)

, 2.

l

4

1

       34
    ASN curve
and (b)
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locations and shapes, although the ASN surface of plan in section 4.4 is lower than in sec-

tion 4.1. This is because plans without combining measurements may be less infomation
than plans with combining measurements, and obviously plans of sequential sampling with
p'  simultaneous features come to more measurements than those of sequential feature sam-
pling.

   In order to design an optimal sequential group sampling plan with various types prop-
osed in the present paper, cost performances of plans are investigated with their statistical

properties. Namely, an illustrative interest is in how to determine the size of group sam-•
pling and the order of features on observation. In Figures 7, 8 and 9, it becomes clear

by comparing Figure 7 with Figure 8 that the ASN function with smaller group size is low-
er, but the cost function is .larger, and by comparing Figure 7 with Figure 9, that different

order of features comes to different values of ASN and COST surfaces. Therefore, in
view of cost performance under the general condition with sampling cost Ci and sample cost

C2, there exists an optimal group size and an optimal order Qf features observed. In prac-

tice, designing an optimal sequential plan is very impotant. It is our recommendation at
present that a computer simulation is easy to realize an optimal plan,
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