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On Hashing Functions Using Associated Values
Yasushi TAMAKOSHI and Setsuo ARIKAWA

A new type of hashing functions which make use of associated values of keys is
introduced. Necessary and sufficient conditions of minimality and perfectness of such
functions are presented. A similar condition for Cichelli’s hashing functions' is also

presented. The time complexities of deciding the perfectness and the minimality are
discussed. The cost of our functions is numerically evaluated.
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2.1. HEsE

UT 0#HmTUERXFOBERESE, Z={ru1.
wurm) &L, I={wy, wy, -, w, )T BF—DEAS
&S 1 OBEHREF— LA

ER1)

I TBT 23T RNTCDF—DEENELVERELT
b—BiEELEDIZV. Zhid, REOBEI+—0D%
BICHLTD, ZOBREDF—DEX I XDEOF—
it (BHR) BEOXEREDT, Bx2likdsd
TEMTEEDLTHS.

[EE 1]

XF X, yEX IKHLT

0 (x=m»
d(x'y)z{l (x %,

Ce#k2)

F—y,vel KL T

Y= v(:jéd(u(k’, y®y =0

czic, w® iF, F—~w o i BRHOXFEETB.
CE#H3 )
;‘-___ WEI @5-5 p,fE@jc$; w(il)’w(m), -~-,w"p’
ALpLLs<tD1Lis < KD ohT, rEX
EELOXFEOERERD & 5 IcEL.

»
ity = p— S dw P, 7).

1]
w=ABCBC £33 (I=05).
lw]|$39 =1, |w|§39 =0, |w|Hs =2,

CE#4] :
h: I-NO 1IN 1EE: TichidT 358 Ny vy
B &M ES. T 2it, N B0l toBRoLKTH
5.
E#5)]
I icdd 2588y Y B b A
maxh()—mink() =n—1

Eald s, h & 112 BNBe Ny s
RA%K & I35

(&6

a: 2> 2Z: a =EE LN, a(r) BEXFE r &
BIELIESS. T Tk, ZRERDOLETH 3.

CEx&7]

aZERLTHEE,
() = a(w ) +-a(w 92 +---
+awP)wel)
TERSNZEM A >N %2, BEEEHOCEZ Ny
YYTRkEVL, 4%, fHBIC A~y ¥V TEE
EIFIT &ICT .
2]
F—DEALLT, EBLCLIBRALEELS.
Function: A(w) = a(w®)+a(w®)
Associated Values:
a(A)=4 a(B)=5 a(C)=2 a(D)=0
a(E)=0 a(F)=0 a(G)=3 a(H)=0
a(I)=0 a(J)=0 a(K)=0 a(L)=6
a(M)=0 a(N)=0 a(0)=5 a(P)=1
a(Q)=0 a(R)=6 a(S)=0 a(T)=6
a(U) =0 a(V)=6 a(W)=0 a(X)=0
a(Y)=5 a(Z)=0 a(_)=0

I (Set of keys) Hash Values

w; = JANUARY Aw, )= 4
w; = FEBRUARY _ h(wy, )= 5
wy; =MARCH h(w; ) =10
ws = APRIL hwy )= 7
ws = MAY h(ws) = 9
ws = JUNE h(wg )= 0
w, = JULY h(w,) = 6
wy = AUGUST __ h(ws )= 3
ws = SEPTEMBER h(ws) = 1
wyy = OCTOBER___ h(wy) = 8
w1 = NOVEMBER_ h(wyy) =11
w1, = DECEMBER __ h(wyp) = 2.

LOBEE, BNBEL ANy v STHBRE R -
T 3.

2.2. ReREROEERG

Ay vy TEETR, B2y v v S BRAEERE
IRBUOEIBF—DEA T b2 (F3).

B33

+—D#ESELT, I=(AA, AB, BA} (=2, w,
=AA,w,=AB,w; =BA) %2%3 3.

(GE#R)

iYp=1,iL=1p&x,

h(wi) = h(wz) = a(A) L5 5.
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i) p=1,4L=2 &k,
h(wy) = h(ws) = a(A) 13 5.
i) p=2,h=1i=2 0L &,
h(wz) = h(w;) = a(A)+a(B) &153.
BT, BRE ANy vy FBEBREELZV
Rz, BAohlz+—DESITFLT, A%ELn
v ¥V S BEBRDNEET 3 D OURETHREETT.
CE®E1]
F—DHEA T FLT, Tl Any v v I7BK
DEET 3.
D Hp iy, iyt 1) 1K p LI
i) s<tD1<i,<iy <l
i) FEED u,vel,uxxv il

Ms

Hulfg? — ol 1930,

2|
I

1
GERD
S aGR=@+DAZi=m) &5,
h(w) =|w| {19 X 14w {9 X (p+ 1D+
et lw et X(p+ D L s, 0
lwlfir—iP<p kb, hw) @&, m o (p+1) i
BELTERDENE Lad,

33 | ufgpip — o] 19 % 0

&b, 8D, I ORI Z2EHR u,v LT
h(w) 2 h()

&5 3.

D) TR ANy ¥V S EEMNEET B,

EHa(ry), -, a(ra): Vu,veluzev et L T
i) h(w) = a(w*)+a(w)+--+a(w?s)
(weD
i) hQuw) 3¢ h(v)
0B 5H»0

(E&E2]

BB pi, e, by KRLT, BRI ANy ¥y v 7
BN oEEE #ETEICE, Onlogn) DRI HM
B5. Thid, XFOBROUEL (1), v—t (nlog
n), &L THE (W) BT 2HHTHS. i, i D
BOHR2'—1BT, 2F0LKELT, 5o
Nizk—0 EAICHLTREN A~y vy SO
BEXRET ZiciE, 0@ -nlogn) Liss. Ll

BE, [RI0EBEXONSVOT, 2! BEREER
T, n OZFRRHETRETE S EVA 3.
2.3, BZ(COWT

EB1OIERTRL LI IEEEOR DU THT
&, BaENy Yy IEROBMENPLEDETT 2 L
FrEEXNE. coFkL, Cichelli® pRUIAX S
Ny by F v ik EEEO BN TO FiE
T, BMREHELTHB.

WE, m BORBAINENPOEREFLT » BE
WMOHT T RCOMARDEERDTXEFOES T
EEZ Bl4), ek m-p BEMES LIFEH.

(43

3—3fMEA T, X=(A,BC) t¥3L%
I={AAA, AAB, ABB, BBB, AAC, ABC, BBC,
ACC,BCC,CCC) T& 5.

(E&E3) .

m—p MRES | OBROE n ik

—1)!
Tdh 5.

m—p BFEA Tt LT, v s b5k i
Lo TREShZEEEOE D YT,
pit—1

p—1

A<p1<isEmC 3TEOETEER) T3 o
2ER, ROIH>CLTHATES. aGr) <a(r)
<<La(ra) ERET S, EBE, [ 0, XFEIHT S
SIFER S, i3] 351 alr) ¥ a@ry) TRIHE
3B,

WE, aGD=C &T5. RiZ, n& rnZo»s
B5F—TH LT, BelERED, oy vaF—
TNETRERRONS L TEDic a(r) =C+1 %
BOMETE. 22T, n & nd»rois+—~oh
T, Ny ValiARAIRENLDOR (CHDXp &5
. &5, 117 73 BSLEEF—ITHLT,
TEWERDL, poNy Y aF—TNERRERRO /M
&L FEedic aGG) =CH+1+p 2EYYTS.
LT alr) =C+x BEVYTEhhE atri) =
CtHx+p™t EDETHNhE (BIS5).

ED!

3—-3ffEAITT BNy 7 Iy F Ik B
HERBEOEID YT, RDOX ST 2.

+C

a(r;) =
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Function: A(w) = a(w®)+a(w®)+a(w®™) w, = BC h(wy) =3 a(C)=2
Associated Values: a(A) =0, a(B)=1,a(C) w3 = AC h(ws) =2
=4 Ex. 3 (n=4)

I (Set of keys) Hash Values w, = AB Mw) =0 a(A)=0,a(B)=0,
w; = AAA A(w, )= 0 w,=BC  ACwz) =1 a(C)=1,a(D)=2
wy; = AAB hQw, )= 1 w3 = CD h(ws) = 3
w; = ABB h(ws) = 2 wy=AD h(ws) =2
w, =BBB h(ws> = 3 Ex. 4 (n=5)
ws ii;‘i Z@”i i wi=AB  hGw) =0 a(A)=0,a(B)=0,
W :B - I(wﬁ): ; w,=BC  h(wp))=1 a(C)=1a(D)=2,
Wy = Aic ;Euh ; - 8 w3 = CD h(ws) =3 a(E)=2
Wy = wg ) =

w, = DE h(w,) =4
wye = BCC h(wg ) = 9 ws = AE hCws) =2
wy = CCC h(w,) =12,
) Ex. 5 (n=6)

IC,EH 1 OIEPTRLUICEBECE Y Talr;) —AB
=y BV mp WRRAICHT S A T
2y vy S RBOBMKE If &, ' v

wy;=CD
=_nHy =DE
V=G0 o
. w; = EF
EWRL. T, Ny s b F v KK S EDHET we — AF
o=
a(r) = (P =1/(p—1) ZRVIEE OKMERR,
Ex. 6 (n=7)
If=—_ _
G —1/(p—1D w; = AB hA(w)) =1 a(A)=0,a(B) =1,

E130, MREADE S BED BOEA TS wy=BC  hwp =2 a(C)=1,a(D>=2,

Aoy oy FEROBATE, WEED ED YT ws = gg Z“‘“) = 2 “((E;) =3,a(F) =3,

HC & BIRIEDEICE, +—F —15 BT bAES W= wo)=5 a(G)=4

i ws=EF  h(ws) =6

2.4, BARLEBEORETHEE e

218 Any vy 7 B BET A, BhEs wr= () =

(FE4)

ANy Y SBABEEELERVE IR -0
a1 »b3 (H6).
61
F—DEEELT, T={w, -, w,} EEZS. T

g, 2Znw,=reren(l Xk n—1), w, =r17a

&9 3.

Function: A(w)=a(w®)+a(w®)

Ex. 1 (n=2)
w; = AB
wy; = BA

Ex. 2 (n=3)
w; = AB

hw) =1 a(A)=0,a(B)=1,

FE6DL>NRF—DES I T, n=4'+2 (0 &
OLILED BE) L&, BINTELE Ay v/
BREELITL.
GERD
n=4n'42 DL &, BNTRIL ANy vy SHEEK
PEETZR5,
h(w1)+h(wz)‘|“"'+h(w4n'+z) =b+(b+1)
e+ (b+4n 1) = 2( (20’ +1)b+(4n’2+-3n")}
+1 (FFO
&3, —F, BRI A~y vy EERE, p=2,
h=10L=2 OFEEFFCLMIrBEELRTOCEETH
ShEDT,
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() +h(wo) 4 +h(Wap12) = 2{a(A)+a(B)
+-dalr )} (B0
&80, FEMBEL 3.

W-T, HEERID, n=4n'+2 O & EiCidR
INTEATS Ay v ) BB FETE LIS N T &3 EER
shd

RiC, B/NERIE A~y v v FBBO FEEK i B
TEAREMBEIZOWVWTEZ LS. E,

sen=|wg|iie
ETBE, BB pi, iy T, BRINTRIE ANy v
v BB OEER,

AXx=b D)

75 x ODEELFETHS. LTk,

H11 M1zttt Mam b

M2 Hop c Hom . b+1
= x = b =

Hnl Hnz2 ** HUam b+n'— 1

m

EL, Xy, X, BB, b X OLIEDORET, b i
ZOEROBHREF T dDETS. Fh, 4 KL
T,

st et tim = pat pee ot tom

= puitlprt ot tam =D
BERNS 5. 22T, bLOFERNLORE X1,
Xy, BEUT OB LTHERDLNE, X =x+1,x5=
Xp41, o, xp =Xp+ 1,0 =b+p LT, RELIOD
HRROBIDME x1, -, x{, BXT & ofEfEZ &
MHEET, > CEEBOEOEMNELET D LTS

5. ZoCERD, b, COLBROBIEETS

RO, 0Sb6<p LB BBB LT HFETS. D&
v, b EREICOVTEME X,
ST, (IR (BERR =R OIDOBETLE

#i3,

rank A4 = rank(A4d) 2
THE. oT, CORHRIRNERIRER DT
DHERETE 5. TOBERM)ERHT

rankA = rank(Ab) =r
2T,

i)rsm ok, B (FEEE) Z—RRk

D, TNNBERE T HEIDBEIIRETETD
5. :

i) r>mo & & WNTEL-RFAEABRE
05, 1D20—RREFER axita; X+ +anXn
= b PEHIREED 1D O BETHEEE,

(al’ as, -+, am) ]b (3)
Thb. cit, (a,a, 0, & Q1,85 ++,8n D

BNAERTH B, (1), n HO—RAEHERLYD
B> TWVT, ThERD XS IKERIBNTHL.

E9E 1 O—RFEFERAMZEE) ER Iz LT
i, EEOBED/ 5 4 — 2 —%&U—BREE 5.
L O—fBfRES 2 O—RREABRNCRAL T, Bk
IC—fRfRAR YD, TNERALICHE R D—RAEHFER
CETRDRER, (10, Bo—BRENELNED.
L, COBOELOBHT, £EQEMHLETH—
RAEFBRN S T icBHIRIZEEL L.

oz tyrb, ROEENBELNSD.

Ce®E2)]

F—EA it LT, B/NELRE ANy ¥ v
TEABMNELET 2 0BE0EM D MEL, WRETETSDH
3.

GEHR)

EX o3 —»omABFEOXFEROHBTRLEND
Madbeid 21 8o, HFRTHS. Zol-o
1oDEAIHLT, b kB3 bid p @D, ¥k
E#I n! FOT, WTFNLERTH 3.

A LTCHRERBEEW G E - e FER(Dico0»
T, BEROFEEESAIETH DT, LidoT
NTO BEEDLEE, F—-0&£4 I oL TR/
SERIS ANy VT BN EET A ELEVIH
BRERETH 50

3. Cichelli 054/ v T

AETI, Cichelli ASEHK Loy ¥ v /B
T, § 2 LEAKROBRRITEETHZC LEdY, &
Zbhtck—0ES I it LT Cichelli D5ELN v
¥V EBSEET 3 D OBETAREERT. &
7=, Cichelli OBI#E A~y ¥ v I B BERico
NWTEET 5.

3.1. EFH .

KETR, F—DESELT, I={w,ws, -, w,}

CX*F EEZS. Thbb, BAL+Fr—DEADTT,
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HFLEF—DEISRELLIBVWEDETSE. 41, wys = OR h(wss) =21
F— wel OEX%E Iw) LELTC LT 3. wzy = THAT h(ws) = 4
CEz8] was = THE hwys) = 3
aZEEELT R LS, wqee = THIS h(wq) = 10
hw)=Iw)+a(wD)+a(wt @ wel) TEH wz, = TO h(wy) = 9
SNBEM h: I— N % Cichelli d/y o v 7B was = WAS hwzs) = 23
L 5 Wrg — WHICH hCWQg) =29
w73 w3 = WITH B ws) = 28
W3 = YOU h(w;u) =27

F—DHRALLT, HEHEO BOREEE EX

32,

Function: A(w) = Iw)+aCw®)+aCw¢ @)

Associated Values:

a(A)= 3 a(B)=15 a(C)= 0
a(E)= 0 a(F)=15 a(G)= 0
a(ld)=0 a(J)=0 a(K)= 0
aM)=12 a(N)=13 a(0)= 17
a(Q)= 0 a(R)=12 a(S)= 6
a(U)=15 a(V)= 0 a(W)=14
a(Y)=9 a(Z)= 0

I (Set of keys) Hash Values
w; = A hlw, )= 17
w, = AND h(w, ) =13
w; = ARE hw; )= 6
wy = AS h(w, ) =11
ws = AT h(ws )= 5
ws = BE h(wg ) =17
w, =BUT h(w, ) =18
wy = BY h(wg ) = 26
wy = FOR h(ws ) = 30
wip = FROM h(wy) =31
wy = HAD h(wy) =20
wy; = HAVE h(wyp) = 14
wys = HE h(ws) =12
w1, = HER h(wi) = 25
wis = HIS h(wys) =19
wy=1 h(wie) = 1
wy; = IN h(wy;) =15
wig =15 h(wi) = 8
wie=1IT h(wi) = 2
wg = NOT h(ws) =16
w1 = OF h(wz) = 24
Wiz = ON h(wys) = 22

a(D)= 17
a(H) =10
a(L)= 0
a(P)= 0
a(T)= 0
a(X)= 0

COBAERB/NEEE Ny ¥ v BRI > T

3.2. I(w) OI/MNFICETEIEE
F—0%EE& I 0EZEDIB, BROF—-DRE%:
L =maxI(I)

EEDLT. VE, 15 LIEITLEBEHVOF—-DES
B9 21ERE LEOERR T Bl Bk
T, HEEE alw)) =l(w) BB TTNE LE
ZBCENTRETH B. €39 5&8 2 LEEAKBD
HRASHIRE & 7D B, '

Eoig, alw)) *HHIEVHETE C &2 FH
2, § 2keBiFs p=3,m=m+L DA LE-T
 FREDBHRASTEEL 12248, Cichelli AETIRC
NRF ST,

3.3. ReABROEERYE

I(w) % 3.2 TR IiEH &, § 2LEER
BOBHH/TEAN Cichelli O~y & v /BN B
TEIDDOHREFTRRBEEEZLEC ENTETH 5.

CEH3)

F—&ESE T kxfL T, Cichelli o5Ee Ny vV
T RBSEET 3.

&> EBO wveluxv LT,
DI XU ki,
11) [u(l), u(l(u))} # {U(l), U(””))}.

GERD)

O aGR=U+2YA=j=Em) £33,

h(w) =1w) +|w| &1 X (L+2) 4+ |w | G
XLAD" g, 1<Iw) L, 0 |w|Gten
<2 kb, h@w) & (m+D) Ko (L+2) EHEL
TRbEh3. Lid, ‘

D) =l /2,

11) (u‘“,u‘“")’}#(v(l),v(““)'}

kv, £50, I 0RI5 28R 0,0 KHLT,
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hQD = h() 153,

=) Cichelli D5E&~y ¥ v FBBMEET 5.
E2Ha(rD, -, alrad: vu,ve Luxv kLT
1) A(wd=I(wd+aCwP)+a(w* @)
i) hQw X h(vD
BRIV Nl

(EES)

+—DHEA I it L T Cichelli 054N v ¥ v
THEBOELEELIET Sicit, O(nlogn) OERIH
PinB.

3. 4. Cichelli o - ABBOBER

F—DEE I OFTRTOBEORSK I &LV
AT, Cichelli ORI

h(w) = L+a(w™)+aCw )
3. thid, p=2,h=1i=1 &L{Et&D
Ay v TR E, BuME, BAMEORTEMTH
3.

X5iC, § 2T ANy v/ BB TRE—DEX
MEINTIELOERE L, TZTZORER
WOBRE, I(w)<ip&tx awP)=a(_) LEH
T5. COEHRE, § 2THERLAATEASFER
9, &oiC filw) 2+~ wel OE->EE OIER
ElicdsE, filw)ed LEAT,

h(w) = a(fi(w))+a(folw))+-+
a(fiw)d(wel)

TEHZSNAERE Ay v Bk E R &I
T5. Ay YT A~y vV SRR IR
BRLILDDEER B ENTE B,

CEZE4)]

Cichelli OE#IZ A~y o v VB TH 3.

A'-hashing functions

Cichelli! .
hashings A-hasl:xrng
functions functions

Fig. 1 Relation of 3 types of hashing
functions.

GEH)
Cichelli EIHIE,
hCw)=aCl(w))~+aCw D) +a(w @)

EEbLTCENTES. 22T, lw) 1§ 3.2 TF
NIEEI—BOXFLERELTNT, alw)) OfE
i, w) Ttbs L9350

PlozEms, ANy vy B8, Ay vv s
B%%, Cichelli OBI¥ D & L C ORI Fig. 1 o
~YHTROEIN .

4. BRECHHICEYSIX

BRI ANy Y BEREROT, Ny vaF—
Tromhs LEOF —%2ERT 37D ORI R
P Tha BROXDIKEBRTZ20O08EZYTH 3.

Ty =p(htt)+ b+t

Fi, ThEhET 370, Jaeschke® AtEHL

T NTARN y ¥ v T

h(w) =|C/(Dw+E)] modn
OBAICETIHENaxr T, %

T) = tytt,ttgt+tstt e,
LEETS. TG,

P EAREEED HITCFOMEK

t,r BEORLE 1 EIicET 3K

tnt B OWMIE 1 [EICET 5 KR

ty: BHOBOE 1 [EICET 3R

tor - 1 EcE T 5 B

t 1 DOXFOEEELM S DICET 5E

Lt Ny YVaF—TuhbF—%1 DR ICE
EREL )

ty : BEOFEHRE 1 ERD 30 ICET 31D

C,D,E: &EHK
& 95 JuMKERBEHERE 2 -0 FACOM
M-200 ic%1} %2 FORTRAN-GE itk 3705 A
EEBTR, t,=1&Llt&, t,=1,t,=20,t;,=
L,t;=22 CThote. 2hoE Ti<T, ORicRA
T5E&,

p<22 pt& T,<T;
&3, BE, PRI~SEETHI MO, A%EL
Ny Y TRRBOF N TR ICGENENLB.

¥ 71, RABEOHE% Dividing %7 itk 3z, gy v
SRR LTH 78748, p<1lL50&%k, 4
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REETXHENRE

Hen ElE RFISTE 6 B

Sy vV FEROEFED LV IRRER.

5 8 b Y

BHREF—D EHiC T B AT~y YT B
O¥s#AR L, Cichelli BEHLIBEN Ny YV I H
BOEET OO RETLEEEE L. dic, B
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