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    A nonparametric method of pattern recognition is proposed for directional observati-
 ons, or for observations on a cyclic time series. Such observations, like birds migration,
 pollens' movement, bio-rhythm of living et al, can be rearranged directionally from an
 origin on a circumference of a unit circle. Then the authors suggest a possibility to ap-
 ply a multiple circular rans test whether several sets of observations on a circle are dra-
 wn from the same distribution as a methodology of pattern recognition. Thus the present
 paper gives firstly the well-explained mathematical formulation of the generalized'pro-
 blem on the basis of combinatorial theory, secondly the numerical tables of critical num-
 bers of runs bvith upper and lower significance levels and finally a compact FORTRAN
 program of proto-type for further cases of practical application of the present rnethod
 proposed.

  1. Introduction

  In some cases, observational subjects
may be at first recognized on their dir-
ections, locating in a space with a cer-

tain number of dimensions. These ob-
servations for distributing locations of
subjects are only limited in their orien-
tations or angular data, as seen in birds

migration, pollens' movement and so on.
Even if such observations may be obta-
ined with the coordinates on the dimen- ,
sional axes, it may be possible to say
that multivariate observations may be
also regarded as a kind of di•rectional
data, although there exist further in-
ference problems on locations and dis-
persions of the observations.
  It occurs also that a nurnber of events
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is observed on a cyclic time series, like
a bio-rhythm of living things, an ecolo-

gy of insects and so on. That is to
say, these observations are arranged di-
rectionally from an origin' on a circum-
ference of a unit circle.

  In 'such situations on a cyclic circums-

tance, there exist some statistical theo-
ries for the circular distributions, e.g.

Mardia [6], and for the circular runs
tests, e.g. Whitworth [10], Jablonski
[5], Barton and David [3, 4], Asano [1],

Stephens [8] and also Mardia[6]. How-
ever, these papers have not realized
immediately the availability for practi-
cal applications, because of the shortage
of numerical tables of probabilities with

the number of sets of observations and
the respective sizes.

  The purpose of the present paper is
firstly to show well-explained mathema-
tical formulation for circular runstest
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with multi-sample case, secondly to give
extensively the numerical table of criti-

cal number of runs for upper and lower
significance levels of critical probabilities

for the sake of instant applications, and

finally to present the compact FORTRAN
program for more general cases in prac-
tice.

 2. Jablonski runs test with multiple

   colors j
  The present paper is suggested in pat-
tern recognition of circular distributions

for testing whether several sets of ob-
servations on a circle are drawn from
the same distribution. This concerns
itself with a randomization test for an
arrangement of several observation sets,
belonging to an identical population.
  The fundamental theories of runs test
were originally studied by Whitworth
[10] and Jablonski [5], and from the
viewpoint of pattern recognition, Jablon-

ski runs are proposed in the present
paper.
 Let several sets of observations, say le

sets, be given on a circumference, and
let the respective size of observations
                                kbe ri, where i=1, 2,•••, le, and r=-Xri.
                               i=1Then, basing on all the common divisors
{di} of ri, r2, ..., rk such that diiii!1<d2<

...<d.=-h, the number N of total circular

arrangements, omitted identical arrange-
ments by (di/r)-rotation, is given by

     n  N-Xe.,/(r/d,), (1)     i=1

where ed,/(r/di) is the number of cir-
cular orderings, any one of which con-
sists of the juxtaposition of just di simi-

lar orderings of (r/d,) samples, and
where ed, is obtained by solving the
following linear simultaneous equations,

,

                le  Z Qd=(r/di)!/n(rj/di)!,
  {dldi,h} j'--1
                 for i=1, ...,n (2)

where the sum is over all ed for which
di i's a factor of d, and d is a factor of

h. Then the total number (1) of circu-
lar orderings is rewritten as

  N---ili-i.#,.lto(di)•(r/di)!/tR.,(rj/di)! '(3)

where Åë(di) is Euler's totient function
of d• .
   t
  In order to obtain the probability func-

tion of observing an arbitrary t runs,
where le ffg tg r, let Jk (ri, r2, ... rk l t) be

the number of the linear orderings
of {ri} observations with just truns,
when the line is bent untill the two
ends of the line join. Then the number
N(t) of observing t circular runs under
the present condition is

       n  N(t) -Z e..(t)/(r/d,) (4)           t       i=1

where ed,(t)/(r/di) is the number of
circular orderings, any one of which
consists of the juxtaposition of just di
similar orderings of (r/di) samples and
has just t runs, and where Cd,(t) is
also obtained by solving the following
linear simlutanuous equations.

  Ze.(t)-J, (-r,-l-.,..., a/ a.) (5)

where the sum follows the rule as de-
scribed above, and where

  Jk (ri, ..., r, 1 t) =

   `'i•II'l)'tle){tR'i(;l:ii),,g-tlSi'l,J(ti+Xx-t')

           'Jk -i (ti, ..., tk -iI x) ' r/ t'] } (6)

where the outer sum is over all possible
le-partitions of t, say, (ti, t2, ..., tk), and
   k-1t'==Zti. Since
   i=1
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             s- 1) ( s- 1) /S, (7)  J2 (ri, r2 I t) .,.r(ri -1 r2-1

where s==t/2 for le==2in (6), J3 (ri, r2,
r3It) is obtained by using (7) and (6).
Therefore, for an arbitrary integer le,
Jle(ri,...,rle]t) is successively obtained on

the basis of (6). Then the total number
(4) is rewritten as

  N(t)--il-i.II.,l,Åë(di)Jk(tt-,•••••a/-E,) (8)

                           .
  Thus the distribution function for t
circular runs, say F(tlri, r2, ..., rle), is

given by

  F(t[ri, r2, ,.., rk)-P.{Ts{llt} (9)

                 t               -=ZN(T)/N. (10)
                 T==le
  3. Completecomputerprogramforprob-
   abilities on multiple circular runs

  To obtain values of a distribution func-

tion of multiple circular runs, and to see

the critical values for testing hypothesis

whether K sets of observations on a
circle belong to a similar distribution
function, a FORTRAN program is com-
pleted with a simple specification to app-

ly by using a minimum equipment of
FAC(]uv[ U-400.

  The inputs are only the number K of
colors and the respective sizes IR(I) of
samples on a circle, where I=1, 2,•••, K,

andK/>3, because of the existence of
the wide table for K==2 in Asano [1].
The outputs are the cumulative proba-
bilities of the distribution function of the

respective numbers T's of circular runs,
                     Kwhere T-K, K+1, ..., ZIR(I). Figure
                     l=11 gives an example of the output.
  The program, however, is shown as a
proto-type, and therefore the program
may be more improved on the comput-
ing time. About ten steps from the top
-are to store values of combinations and
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  T'OTAL CIRCULAR

  Fig. An example ofa         computer program proposed.

to use at the subsequent steps. The
sizes of the dimensions must be expand-
ed for the use of further cases, not in-
cluding in the Table. For the sake of
saving computing time, an intermediate
result, if any, is available by a small
change in view of formula (7) in section 2.

 4. Table of critical numbers ef runs

   and an illustration

 A pattern recognition proposed here
for a circular arrangement of several
sets of samples, observed directly or
after adjusting the observations, is sta-
tistically to test whether several sets of

observations are drawn from the same
population, e.g. an infortmation source.

Such a testing hypothesis depends upon
a probability to obtain such an observed
number of circular runs caused randomly

from the same population. That is to
say, this means that the proposed me-
thod is concerned with a randomness
test under a null hypothesis of belonging
to the similar distribution.

  From (10) of section 2, critical num-
bers of circular runs for the respective
sizes of le sample sets are tabulated at
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LIST OFPROGRAM
STNO.

c
c
c
c
c
c
c
c
c
c
c
c
c

SOURCE STATEMENT

 A PATTERN RECOGNIT!ON FOR CrRCULAR D!STRIBUTIONS
     --- CrRCULAR MULTrPLE RUNS TEsT ---

 K -.-
IR -....

NO. OF COLORS
S.AMPLE SrZE FOR EACH COLOR .
  WHERE IR(1).LE.TR(2).LE. ... .

SUBROUTINEREQU1RED--- KAIJO ANDJKT

LE.IR(K)

   DIMENSION IR(10).IRT(10).ID(10>.ITRT(10)
   D!MENSIONQKAr(10),QJUNK(30.10).REN(30).RJUN(30),COMB(i27S)
   DO 1 KAZ=1,127S
 1 COMB(KAZ)ml..O
   DO 4 Il=2.SO
   DO 4 12=2.Il
   Jl=11-1
   J2=r2-1
   KAZ :I1-l2+1
   DO 2 M=2.12
 2 KAZ=KAZ+52-M
   DO 3 1=1.J2
 3 COMB(KAZ)=COMB(KAZ)ceFLOAT(Jl-I+1)IFLOAT(I)
 4 CONTrNUE
 5 READC5.100.END=99) K.(IR(1).l=1,10)
   ITR=O
   DO 6 I=l,K
 6 !TR=ITR+!R(I)
   11!=IR(i)
   NO=O
   DO 8 T=1,Il!
   IAA=O
   DO 7 J=1.K
 7 IAA=IAA+MOD(!R(J),l)
   IF(IAA.NE.O) GO TO 8
   NO=NO+1
   TD(NO)=!
 B CONTINUE
   DO 14 1;ei,NO
   NNO=NO-,1+1
   DO 9 KK=1,K
 9 IRT(KK)=:R(KK)IID(NNO)
   ITRT(NNO)=ITR/ID(NNO)
   CALL KAIJO(K.ITRT(NNO).IRT.QKAI(NNO))
   DO 10 IT=1,ITR
   JO=MOD(1T.1DCNNO))
   QJUNK(lT,NNO)=O.O
   RJUN(IT)FO.O
   REN(IT)=O.O
   rF(JO.NE.O) GO TO 10
   IREN=IT/rD<NNO)
 10 CALL JKT(K,ITRT(NNO),IRT.IREN.QJVNK<IT.NNO).COMB)
   IF(I.EQ,1) GO TO 14
   NNN=NNO+1
   QI=O.O
   DO 12 Kl=NNN.NO
   NI=MOD(ID(Kl).IDCNNO))
   IF(Nl.NE.O) GO TO 12
   Qr=Ql+QKAI(Kl)
   DO 11 !T#1.ITR
 11 REN(!T) :REN(IT)+QJUNK(IT.KO
 12 CONT!NUE
   QKAI(NNO)=QKAr(NNO)•-Qr
   DO 13 tT=1,rTR
 13 QJUNK(IT,NNO)=QJUNK(IT,NNO).REN(TT)
 14 CONTrNUE
   TOQ=O.O
   DO 15 I=1.NO
   Q=ITRT(1).
   QKAr(I)=QKA1(I)/Q
   TOQ=TOQ+QKAI(1)
   DO 15 IT=1.ITR
 IS RJUN(IT)sRJUN(IT)+QJUNK(IT.I)/Q
   CHEK=O.O
   DO 16 IT=1,ITR
   CHEK=CHEK+RJUN(TT)
 16 REN(IT)=CHEK/TOQ
   WRITE(6,200) K.((IR(I),I).I=1,K)
   WRITE(6.201)
   DO 17 1=1.rTR
 17 WRITE(6.202) 1.REN(r)
   WRITE(6,203) TOQ
   WRITEC6.204)
   GO TO 5
 99 STOP
100 FORMAT(11!5)
200 FORMAT(/,16X.,A PATTERN REC06NrTrON FOR CIRCULAR DISTRIBUTIONS
  IH,.r3., COLORS,.11,27X.10(I2,, = R,.!2.3X).//)
20Z FORMATCIHO.25X,,NO. OF RUNS,,7X,,CUMULAT!VE PROBABILIT!ES,.It)
202 FORMAT(IH .28X.13,13X,E14.7)
203 FORMAT(/,20X.,TOTAL NO. OF CIRCULAR ORDERINGS = ,.E16.7./)
204 FORMAT(IHI)
   END

WIT
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                LIST OF PROGRAM (continued) •
     SUBROUTINE JKT(K,ITR.IR.IJ,SJUN.COMB) ,    DIFIENSION KIR(10.10).KITR(10>,KIJCIO).!TLES(10).{SUMT(10)
    1.IXCIO),:T(10.10).IR(10) •-     DIMENSIONQ(10),RJUN(lo),SEKC(10),RJACIO),RJB(10),COMB(1275)
     DO 1 T=!,K
   1 KIR(I.K)=IR(I)
     KIJCK)•=IJ 1 SUBROUTTNE KAIJO(K.ITOTAL.IT.Q)     KlrR(K)---ITR 2 DrFtENStON Ir(10),R(10)     NSP=K 3 JO=O   2RJUN(K) :O.O ' 4 li :K-1     IF(KTJ(K).LT.K) GO T0 2S S DOII=1.Il
     IT(1.K)#O 6 IJO=JO.ITCr)   31T(1.K)=IT(1,r.).1 7. Q=1.0     IT(2.K)=O . 8 D02I=1.JO   4 1T(2.K)=IT<2,K>+1 9 2 Q=Q"FLOATCITC TAL-1+1)
     IT(3.K)=O 10 SEKR=i.O   5 IT(3.K)=TT(3.K)+1 11 D0 4 T=1.11     IF(K.EQ.3) GO T09 12 R(I)=1.0     IT(4.K)#O 13 KlsrT(r)   6 IT(4.K)=IT(4,X)+1 14 D0 3 L=:.Kl     rF(K.fO.4) GO T09 15 3R(r)=R(l)"FLOAT(L)   ' 'IT(5,K)=O 16 4SEKR=SEKR-R(I>   7IT(5.K)=IT(5,K)+1 17 O=Q/SEKR     IF(K.EQ.S) GO T09 18 RETURN     IT(6.K)=O' 19 END   8 IT(6.K):ITC6.K)+1
  ' IF(K.EQ.6)•GO TO 9
   9 ITLES(K)=O
     LLnK-1
     DO 10 I=1',LL
  10 ITLES(K)=ITLES(K)+IT(:.K)
     ISUMT(K)=ITLES(K)+IT(k.K)
     IF(ISUMT(K>.NE.K!J(K)) GO TO 21
     SE;1.0
     DO 12 T=1.K
     I1tKIR(I.K)

     Jl=IT(I.K) .     'IFC(11-1)lt(Jl-1).EO.O) GO TO 12
     KAZ=I1-Jl+1
     DO 11 M#2tJl
  11 KAZ=KAZ+52rM
     SE=SE-CONIB(KAZ)
  12 CONTINUE
     SEKC(K)=SE
     RJA(K)=O.O
     IX(K)=LL"1
  13 Ix(K)=IX(K).1
     IFclT(KtK).LT.ITLES(K)-IX(K)) 60 To 20
     Il=IX(K)+1 .     J1=IT(K.K)+I1-•ITLES(K)
     IFCII.LT,Jl) GO TO 20
     O(K) :1.0
     IF((Tl-1}-(Jl•-1).EQ.O) GO TO 15
     KAZ=11-Jl+1
     DO 14 M=2,Jl
  14 KAZ=KAZ+52.M
     Q(K)=COMB(KAZ)
  15 IF(K.EQ.3) GO TO 17
     MM=K-1
     DO 16 l=1.MM
  16 KIR(I.MM)=ITcr,K)
     KITR(MM)=ITLES(K)
     KIJ(r"tM)=1X(K)
     K=K•-1
     GO TO 2
  17 RJB(K)=O.O
     IJ=IX(K)
     1AnMOD(rJ.2)
     IF(IA.NE.O) GO TO 19
     II=O.5-!J
     II=IT(1,K)
     12=IT(2.K)
     IF(ll.Lr.(r) GO TO 19
     IF(12.LT.II) GO TO 19
    RJB(K)=FLOAT(TTLESCK))/FLOAT(II)
     IF(II.EQ.1) GO TO 19
     KAZI=rl-rr+1
     KAZ2=T2-11+1
    DO 18 M=2.Il
    KAZI=KAZI+52-Nt
  i8 KAZ2=KAZ2+52-M
    RJB(K)=RJB(K)-COMB(KAZI)-COMB(KAZ2)
  19 RJB(K)=Q(K).RJB(K).FLOAT(KITR<K))/FLOAT(!TLE5(K))
    RJA(K)=RJA(K)+RJB(K) •
  20 IF(IX(K).LT.ITLES(K)) GO TO IS
    RJUN(K)=RJUN(K)+5EKC(K)-RJA(K>
  21 iF(K.LT.6) GO TO 22
     rFCIT(6'.K).LT.KIR(6.K)) GO TO 8
  22 IF(K.LT.5) GO TO ?3
     IFCITC5.rt>.LT.KIRC5.K)) 60 TO 7
  23 IFCK.LT.4) GO TO 24
     rF(IT(4.K).LT.KIR(4.K)) GO TO 6
  24 IF(IT(3.K).LT.KIR(3.K>) GO TO 5
     IF(IT(-2,K).LT.KIR(2.K)) GO TO 4
     IF(ITCI.K).LT.KIR(1,K)) GO TO 3
  25 IE(K.EQ.NSP) GO TO 26
    MM=K
    K=K+1
    RJe(K)=RJUN(NM)
    GO TO 19
  26 SJUN=RJUN(K)
1000 RETURN
    END

73
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six critical probabilities from both tails

of the distribution of runs, in the cases
th at r, ---1(1) 10 for le == 3, 4 and ri ---= 1(1)5

for le == 5, 6, where i --- 1, 2, •••, le.

 To illustrate the use of the Table of
critical values in testing for randomness

of an arrangement under the null hypo-
thesis that four distributions are identi-

cal, where le=4, ri==6, r2==6, r3=:8 and
r,t ==8. The observations are presented
by degrees of angles as follows:
   n,: 4, 90, 102, 189, 277, 284
   fi,: 71, 133, 145, 163, 174, 253

   ll,: 16, 23, 52, 113, 122, 265, 338, 351

   n,: 37, 207, 218, 231, 244, 303, 315,

      324,
and the arrangement is shown in Fi-
gure 2.

 Fig. 2. An illustration of multiple circular
       runs test, in case of le == 4, ri ==6,
       r2= 6, r3=8 and r4=8.

 In this illustration, the number of cir-

cular runs may be easily counted as fif-
teen by Figure 2. Thus, from the Table
of critical numbers for ri=r2--6 and r3=
r4 - 8, it is shown for a == O. 05 that

 Pr{16 :ii!t:-E{l 26) ll; 1-O. 05 (11)

or

 Pr {tg25} ll-O. 05 (12)
  The difference between (11) and (12)
depends only upon an alternative hypo-
thesis, which should be given a Priori by
the physical situation of research. There-

fore, in the present illustration, the
observed arrangement is significant in
(11) for current two-sided test. If the
test is concerned with a one-sided test,
the observed difference of arrangements
is non-significant in the situation of
(12).
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Table I. Critical Values for the Numberof Circular Runs Test, k==3
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Table [ (continued). Critical Values for the Number of Circu!ar Runs Test, k==4
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6- E'M8-

101]1212•131'4
11121213la14
1112131314IS
10•11-1212!314
11r?12!314IS
1:1?131414IS
121313•i41516i1-T?Ti3--:qLlkM'1'S-

2021?12?2223
212122?2?)?)
21222223?)?q
202121222223712122222323
?12?23?3242a
2?2323?4242S-2rL7i2S2'S-2C'2-4-

3689•' 12131314ISj6 22232)242425
368105-6'g'r9- 12131415IS16f2-1S1-V1-5-15-rl6' 2J?326?525262S-zC'i4'-'2-s-is-'16-

36910 131414151617 2324?52S2627361010'"'3"7M7-i

3?76J77937710b'-'-7"-s--'E'

378937S10379937910

13i4151616i7i1-ii-12-1S-14"1S-''
111213la14J5
1213131"15161213141515r6-----m--L---t

1213]31415:6
121314IS1616
13X4141516)7!31414151617
i3141•S161718

2425?6262727'?1'-

?i-'2'i'2`3'?-3-2-)"J

2222232324?4
22?323?424?5
2324?42S25?62-?-2-3-2-4"-74'74M?M5--

?324-?42S?526
?"24252626?T
?"24?5?62627
24252626272T]71010-3-'

8-" a-8-

38e938elO-S'-B"T9-9-

14-15..!6L19E!7r1-8:121314i516lb

i3!4ISi51617
!3lg151617lelb'1-4-C5-1-6-1-7'iS-

252626272S2ei3'i4-24-2-5-2S-?g
242e2S262627
7.42s26?627?e'2's'2-s-?-6'i7'i7-2-e

38910 14i5]6171718 25262727?S2e
3elolo IS161617le19 2627272e2e•?9

"' 3'-g'-'9"9ny 14' r5"1'6-1fi7M-1e 25'2-6'2T'277e-2'e't
151616171819 26?727?82929.3'91010 15'1617181920 2T2S28?92930.31010iO ]6.i717le19•20 272S29303031'4'-4-`'CH4-

444544-6
'7HL 7-'8-'if-9"rO-

1eeglolo889iO10it
1-5- 1'S-1' 6- 1"6- 1' 6' 1-6'

161617IT1717lbi717lelele
4447444844494.4q10

89910'11118910101.112
9:O10111212
91010111213

1717lelele19
17lelg1919?O
IS1819192020
le191920?O21-" 4--4-" 5-3-

4456 •--.-8bg10-lb-11 16'7!T1Tlg18'1"e
i7iAISle1919

44•S•7445e4459'

•91010il1112
9101011121391011121213

lelei919t920IS1919?O20?r19192020?1?1
44S10 101111121313 1920?O'21?1??
4--4--6--ff

44b7446e44694•4610

-grO-1"O'11-11'i'2-
91011111213101111121313

10111?121314
101112IS13:4

ieie-lb-1'9'2of2o'
1919202020?1
19?O2021212?
2070212122?2
2021212??22J"of'S+7'-7- 10-ll"li-12-1')-1'S 'lg-2-O-?d21-21->.?"

A47eg479A4710
tO1112121314•
11i2121)1414
)11?'131314IS

2021?12?2222
212122?2?323
2122?22323?"t

-' 4" 4'-8'- e-

a4e944A104499449•10

il'i2-i2-1jr4"'1---
11i?131)1415
171313141515
12131314IS16
1?IJ141-i516

il-7I"22-?2-2J-2-J-'
?:2?2?23?3?4
22?323?4242S
2223?32424?5
?3?3?lt25?S26

g4lo•lo t31414IS1617 ?3?4252S?626
-4- S'S'''5-

"5564557
"8-' 9J l6-1'OVII"1)'-

91010111212
91011111?13

i7"1'e--1-S1-9--1-9--1-q'

leie19192020
191920202021

.455845b945510-4--5--6-6-

10111112IJ10
1011121?1314
1111121313149'10-1I•1?'Vl-?-'1S-

192e?O212122
202021212222
?O212!22222Slf1'9-20-2'e-20'21'

4S6r 10!11112!314 192020'212122
456e

.t

101112131314 20?121??2223
4S694S610'i'-5-'7V'i'

rl12121).14IS
!.-!-1-?-H13.-1..Hi.-;1

1011)2IJIJ14
212j222223?3
a!.27-22.23-23-2..-
20?12122??2J

4s7e4S.7945710
111?i2-131"15
1112ISi41415
r2IS13141.S15

2i22222J2j23
2122?32S24?-
2223232-?42S

'--- S-S--8- -11- I2'- 1-3' 1-4- lirS' 22-22'")3-24-24'

a5e9 Z2IJIS' 14ISt6. 22237J2-2425
45e104S99

12IJ14IS'16,16
12131-IS]6:6

2}2q?42S?S26212-24?S2S26
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Table ll (continued). Critical Values for the Numberof Circular Runs Test, le == 4

-X=4
'San,plesize

PERCENTPOiNTS
Lowerside Upperside

RlR2R3R4 O.1O.51.02.55.010. lo.sp2.slpo,sql

4510451010--"--6--

6"'6'

"667466eg669"66)O-T-'

6-- 7-'- 7--

4b7e

1)4igi]AlISi4151617IBfO'!1"1-1''1-2't'3'1-4'

101:1?13Z314
1112121314IS
11121314IS15
12i313141516il'1'2-1-3-15'li-1-s'

i213IJ14i5IS

24?452662242S262627?7'?O--

2O-'- 2ff1- 2S"'2'1-?-?"

?O?121?2?2?3
21?22223?323
??22?J?)2424
?223?)24•?42S?i7'i?V?-2S-?3-'?-+4-

2?2223?4?g24u67946•710"4't'

6'- e'Me`-

q6e946S10

i?1314la1516
i21)16IS1617i.?-iS'i4'-tS-1'5-1H6'

1)14laIS16IT
1.'3•1-1,S16lb17

22?3242a2S?5
2324?a2S?S2622-23-?-4''2of25-2S

21?424252S2S
242425?6?627

46994b910k61010-"-'-

?"''7--" 7-

4778

1314IS161617
14IS1516i718
141516171718-ii'13-'13-1'4-i5'16'

12131415IS16

24?575262627
2S?5?6?r?72e
2S26?727282e?" 2' ?2" ?j24-2-4-2a-
?3?3?4?4?5?5a779k7T10-4--7-'e-'-

e'

"7e9k7e10

131414151617
1}14IS1616171-r ]' 14' i4-15l6'1-6'
1314IS16i717
IAISIS1,617le

2374?4252S?6
242S2S76?6272S-24-2}-2S?6-26'
24?5?S26?627
?5257627272e"•79947910a7le!O'"g--'e-'s--S'

kee9aeelO

i415IS1617le
14IS16iT16i9
15161717IS191' 3k 1-4' 1'- s-B-1-7-1i-
!eIS16161718
14IS1617IS19

252St262T272e
?5?6?727?R29
26?7?B2S29?92Åë2s'?f2-6-?-6"27
?526?62??728
?6?6?7?B?B29"e994e9104elolo'i'-

g"b'9'
49910

i4'1516171619
tS161718IB19
IS17171819?O15-" 1'6- lt"ldTii"19
r617171819?a

26?627?e2629
26?7?828?929
272e?e293030?8'?7'?B2-e"'2gSo
?72e?829)O30

-91010-10)O10'5'-

5-' S'' S'

161?181920?1
1718IS1920?9'5HiO-

1-O-li-li1-2-
?e292930JOJI
29JOJI3132S2ie-1-9-19'1-9-2d'"2o-e

5J56S5S7ssse
910111?1213

101111121314'
101112IS1)14

19t9?O?O?121
?O2021212122
20?1?12?2?23

5SS9'SS10-S"'

S'- 6-
111212131415
111?131414iSiO-1'1'1'2lii3'i'4-
111?12131414
111213i31-i5
1213131415IS
12IJi414IS16il'i2-1-3'1'3-1'"'IS-

12i3IS14IS16

?121?222232)
21??22232324-20rio-?'1-2-121'-?'2'

20?121222223
?12??2232)?4
222223?3?424
2??3?32"?42S?Jl- 2i>2-2-3-2S24-
2?2??324?4?4

5S79SS710-s"-"

s- e'- s'

sseg55elO

121314ISIS16
t31414ISle17i- 2- i3-' i4'15--1J'1'6-

IJ1-14IS16IT
1314]5161617

22?32a2"2s2S?3-24?4?5?5?6
23'?3?q'2'a'`25-25'
?32a2425?526
?4?S?S26?6?7

5S99)S9'10551010'5--

6-- 5'- 6"

5667s66e566956610'bMH6--V-f-

s67e

1314IS1616lr
14IS151617le
14:S1617le18'il'1"?-12-!3'la'14-'
1112131414IS
1?IJ1314iS16
121314IS1516
131414IS161712ISS)-I4''1'5'1-6'
121314ISIS16

?4252526•?627
2S25?6?7272S
252627?7•?e.28iO-?1'?2'2?-?72S"
21?222232324
2?737)?4?"?4
23?3?4?"?5?5?)?"2a25?s2622-2"-3-7r3-24''?4-'2S

2)?324?4?S2S
S679b6110-sJ--

6-- g-'g"

S6e956e10

IS1414IS1617
1114IS16)71713-15-IS-t5'1-6-1'1-'

1314IS1617le
14iS161617le

23242S2S2626
242S25262627i3"25r2s--?S'26?6-
242S?S2626272526?6?7272e

569956910S61010--5--ff1'1'7''

577e

14IS161717le
IAISIJ1617IS)51617' 181•e19
1' 2' i.S'i4'IS'i6'1'6'

ISi415IS1617

2526,2b272T2e
2b?9?7?82e29
?62778?e292923'2'3'2S?S-2S2S'
2a2425?S2626

571957T:O-'s'"'-7-LeT-e-

57e9s7elo

1314IS16:Tle
1-lb1617ITIS
1- --'1SIS-1'6-IP7'1'-S"

1415161117le
ISi616ir)S19

?42S2S262627?S?6?62T27287S'?5-'i6-26-r2'7"2r

2S26?627277S
26762?7s2e29

5799 15i616171819 2626272e2S29

K=4

Samplesize
PERCENTPO:NTS
Lo"erside Upper'side

RlR2R3R4 .----- ------
S71010H-5-'-e--B-"e''

seegsseloseggsegio

161iS19?Or61717ie192e-14'-

13'1-6-1'74frrif

151616171819
151617iB1920IS16;7le1920
161718191920

6?7?e?e29JO2T282929303025'-26H?6-27?rle-
292727282B29
27?7?e?9?9SO
2T2??S29293Q272S2929]O)1S81010-LS''f-g'-9-'M9-

S9910S91010..s..;.o-lq-lo

1617le1920?1i6-'-t7"i6Tg-i-q'-2'o"

16lelei9?O?i
17le1920?122

2e2929OO)13127''?g'2'9"2'9'-3O'31

2e29SO•30Sl31
293030Jl31•32
3030313?)?33666- 6'

666T666e
t1'- 1' 2'- 1'-3' 1a-14-1-5-

1?1313:41516
l?1314151616

21'?22123-2S-24L
22?32324?425
232]2425?S25

666966610'-6-'-

6'' 7-' 7'

6678667966710''6`"

6-- E--s-'

r31415IS1611
1)1415l6i7le1'2't3''i'g'-1-s-i6'1-7-

131415:61617
lgISIS16t7le
lg1516171718(g-1S"i5-1'6'Ll'i'-1-s'

2324252S2626
2425?5•262627'-2S-?4-?4-2f25-26"

2-242S2S26?6
2"2S?6262727
252626???72e-2'"'-'2-s"2'6-

i76-2-7-2'7

66B966e1066996691066iO10

lq151617ls.Ie
tS1616171619
1516r61?IB19
15161718!9•2e
!617lele1920

2S26?627272e
2626272e2e29
?6.??2T282e29
?7?7?e292930
272e•?929303o

-"- 6-' T''?'"'lr''

677e677967710-s--..-.-"..---•

1'3'14''1'5-16-i-6"1?-

t415IS1617le1415161?lele
151616171819------.--

?C?4-'?5-?5'?6--2-6'
2"2S2626?727'
2S262627?72B
2621?12e2e29

678e67896781067996791067iO10"6--S'-trMf

6eeg6e8106899689106S10;O'--6--9-D-9''

69910

141' 5'- 1-b- lile'19
IJ1617:7IS19
15161718'1920
151617le1920
1617le19t920171818192021t5r6'i-?-'rB-1'-19
IS1717le1920
1617iS:92020
;6i7le192021•
17ISle1.9'2021
1118192021?21)-11-lgi9'20Tf
171819202122

251876-2r-2?'2BH'
2627272e2e29
27?72S2?2930
21?728?929SO
272e2929)OJI
2S293030)13176-fi?T?rn-2cr
212S2S292930
2T2e29JO}O31
282e?9JO10112e2930303i3:29SO30Slj232?e-?g3'O-30-)'1-32-
29•30]O31J232

69;O106101010
le192021????
IS20?O?12223

30)13132J233
Sl113233S)34'- 7- )-7-r'

7778777977710

1-4=Slfr6")71or
i4IS1617iR!9
ISi61718lg19
2J1617le1920

f23-S26-27?f
2S2627272e2e
2627?12e2e29
2T?7?S?9?9JO

77ee77S977elO--'7''7--Z}-of

7791077iO107eee7e897S810'"-7-'-

e-'9-- 9-

7e9107S10107999799tO7910107101010

IS1617ISIS19
161717ie1920
r617le1920711e'Ir1-e-1)-26l1-
1718le19202r
17'le1920'el22
]62717Ze1920
1'6171819202;
1:r' IB19192021
T'le"19?U7cr21-

Z7IB1920?17?
IS1920212223'

r71919202122
le19?O?122?31920702122?3
192021??23?q

26?7?T2e?e?9
27?e2e?9?930
2S282930OO3121-'?E193crSO-31
2e2g3ojo3zs?
2930303132S2
272e?e2929)O
2S2a2930)O31
2B293030)132?S?930-3!)r32"
?93031)13232303131323JSJ
293031313?33303131i)?OJ3)
3i3232JJ)334
32323334J435'-' e'- s'" 8-'-e'

ssegessloeeggeegloeslolo-8"-

9-" lj-9-

e9910

1-6' 17i'e"19-?o-2r
17le19202021
U1919202122
17191929212?
le192e?1??23
1920?1222223reT9-2b?1-.2?'2J'
19?O212?22?3

?f2'e?g)ffso3r
29?930313132
?9303131)?03
29)O3131323?
)Oll31S2J3)J
31)23233S3)4or")r.9)3B3"
31323233J-34

S91010elololo--9-'

9-' i'9H

99910

1921212223?4
20212223242Si' g' ?b-'2'1.'27>s'24

19212!2??J24

)2323)34)43S
323DS4•)SJSS6.•--f
"3Z'"3S3434
32333J34S4S5

99:O10910iO10
?O21??23?4?S
?12??]?4?S?6

)2J3343S3536
)J)43516J631

10101010 21222324?S?633343S36)6)7
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Table M. C:itical values for the Numberof the Circular Runs Test, le == 5, 6

Ka6

Samplesize

.PERCENTPOrNTS

Loverside UPperside
RlR2R3R4' RS R6 qlq51.02.55.01,O 10. 5.0251.0O.5O.1

2222222?2??22?22222?

677BS977Beg97Be9910aBg91olo7A89910S99101011

12
13
1-
14
14
IS

12121?121?
1313131313
14141414la
i515151515
ia1414i414
15ISISIS16

K=5

Sample'slze

PERCENT
Lo"er

POINTS
side Upperside

22?2??222..2-.-2--?.2223

45-5-3 891010il11910.10111112
910il1!1212'-B'-

9-' 9' iO-1'O"1-1

15
16
17'1--5

16i616i616
1717171?17

.1-7-Le-1-e-1.8-ie-

ISi5151515Rl R2R3R4 R5 qlo.s1.o 2.55.01.0 1.05.02.51.0O.5O. ?223 3 q 9q101011li 16 1616161616
222??72???2??2????.g..?.?]

?3?3?32323?42g2A?s')"

s'

33333)3333]A)4J435'a'`4-

44gA45ss)))JJJ33)3']"

s'

J434

.ss556566667S6666767767777e-7ee""d"7''.7

67e7887eele9S99eege999910.-?.IO.-10-7Te

78Seegeege99991089991010
91011

101111'-9"

16-1'o

91011
10111•1
11i212
11121)
7eee99egloeglo.-9.
91011
91010

101011

667617778Te877e7eee898e98999•910"g''i"-g'

8q-999!O991091010
101011
91010

101011
101112

.1-1.;?.12-e99

991091010
91011

101111
111112
101111
11!1T2
U1213121313'il-'1i')-2

111713
121313
131314
i31415
9910101011

101111
10illi

iO..IP-1;.11.M.
111213
111?12
1?1213

1010.1010iO:O
1111]1111111
1?1?121?1212
121?131]131]
1?121?121212
131313131313
131314lg1414
13141414i414
141415ISIS15
15IS161616!6'-li-i3--13"iS-i3''iS'

13141414141"
1"1415ISISIS
1615ISISISIS
IS1516161616i61617171717
151616161616
161617171717
171717lelele
;7..1.8.1-e-1-9.-19..:.9.

IqT414i414lqlaIS15ls15:s
1515161616i6
1516161616:6
161617171717
1717leISle18
16161717i71?
1717le18le18
ie18:e1919i9

7' 1'7- is'ia'-1-sbIE'

181819191919
191919?O2020
192020212121
?O?121??2222
14ISISIS1515
15161616lh16
161617171717
161717i71717

.L7..17-le-1-S.IA-1.e.

IeIS19191919
17ITle18lele
lele19191919

22?J22?322?J222S222422242224-22?5>''2"3'-3'

2?3)223322332233223J223-2)3"22342235'2"2-4'4-

2•24"2244224522552333233323332J'33.23332333-2--3"3-n-

2334233A233b234a23442344234523552'-4-4"4
24442444264S24SS255S

9iO1011111?910101111i2
101011li1213
1011111213i3
1010111212:3
101111121313
111?1213ISla111213131415--9--b'1-O"'

1-O' 1-1- tl-

9101011121210111112:213
10liU1?12i31011121?1313
11121213.i314
1011121?1314
111212131414
121213141415
17IJ14i415:6'h-1?-?'1)'f4-f4

121313141"IS
12131414IS16
1314!4151616
141515161617
91011111212

101111121213
1111121?1314
ll1112121314
111?12131414
1213il1414IS-11-1?'13i3'1414'-

1?i313141415
12:314161516
1314141516i6
1?131314IS15
1313141515i6
131415IS1617
14IS15161717
15151617171813-f4-14IS15r6
131415151617
14i51516i717
IS16161717le
151617lele19
161717le1920

).6

16
17
le
17
18
19

i7171717IT
i711171717
IB1818IBIS
le19191919
lelelelele
le19191919
1920?O2020
20202121211-6-6-'16-15'-16-lg'
1717!71717
lelslelele
leleISIBIS
le19191919
1920202020
1919191919192020' 2020
202121212i
2121222?2?'?b-2b-2b'2-O-2'O"'

20212121?1
21?222222?
22222323?3
2S242"2424
1717171717
le18lelele
1919191919
1919191919
1920202020
20?1?12121?o?a?o2a26-
?O212i212r2i??22222?
2?222)2323
2021?12121
2122222222
22?3232323
2323242424
242425252521-2'2'2?le222-
?223232323
2323242424
2-242S2S25
2S25262626
262627272734)s4444-44Sss.4..of

"44A4Sss}5

:O1111
111212
101111
1011•12
11:?12
12,:?1]
12IJ1-'1`O'11'Hl?

111212
i2131)
121)i4
131414
14IS15

121313
ISIJ1"
121213
12IJ14
131414
141415
14:S16'1-2-

1]"1-4

131414
141415
14IS16
IS1617
161717

19191920?O20
19?O20212121
181919191919,
191920202020
?O2020?12121
2021212?222?212222232S23"1-g-'tg'fo-io-26?O'

202020?1712:
2t?121222222
212222232S2')
22?J2)242424
232424252S2S

333333J33S33b-3-3-3-
3333S33333oa33J433S4')33S33.443)44'3-'3'-4-'4'

3S45

10111112t?131112121313141112' 1313lb14"il-1'2'•i)'I3-14'r5-

i213tPla1515
13131415IS16
12131)1415IS
1314141515:61314!SIS1617
14IS151617i7131414IJ.1516
1314IS151617'1a'Ll5'15'1ts-1?-1'8

IS161617lele

IS
le

lelelelele1919191919
2020202020!9'2D'2-O-2O2o'-26`
20212121•21
2122222222
2121212121
2122222222
?2232S23?3
2323242424
?122222222222323232323-23-?a?4-2"-24-
24242S2S'25

]3S)3•444344"
5.4 S,s 151617lale19

14i4t5161617
14IS161617le

24
2?
23

?s?52626?6
?2?)?3?3?)
2324242426

J444344S345S3SS5-"-1'C-4

-444A4444445445S4S5S55S5

15161617le18
161617leIS1916ITle18192017lale1920?1'"r4-15'16r6-17[•e

1516161718'le
1617i7IS1819
16lrle19r920ITle!9192021
181919207122
:9?O20212222

24
25
2S
26

24
25
25
?6
27
2e

2"242S252S
2S2S262626
?6262T2727
2727282e?e?S.23?4'24T2E?4-
?42S2525?52S?S2626?6
26262r2727
?7?72S2e2S
2S2e292929
2929303030


