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Abstract

A nonparametric method of pattern recognition is proposed for directional observati-
ons, or for observations on a cyclic time series. Such observations, like birds migration,
pollens’ movement, bio-rhythm of living et al, can be rearranged directionally from an
origin on a circumference of a unit circle. Then the authors suggest a possibility to ap-
ply a multiple circular runs test whether several sets of observations on a circle are dra-
wn from the same distribution as a methodology of pattern recognition. Thus the present
paper gives firstly the well-explained mathematical formulation of the generalized pro-
blem on the basis of combinatorial theory, secondly the numerical tables of critical num-
bers of runs with upper and lower significance levels and finally a compact FORTRAN
program of proto-type for further cases of practical application of the present method
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proposed.

1. Introduction

In some cases, observational subjects
may be at first recognized on their dir-
ections, locating in a space with a cer-
tain number of dimensions. ‘
servations for distributing locations of
subjects are only limited in their orien-
tations or angular data, as seen in birds
migration, pollens’ movement and so on.
Even if such observations may be obta-
ined with the coordinates on the dimen-
sional axes, it may be possible to say
that multivariate observations may be
also regarded as a kind of directional
data, although there exist further
ference problems on locations and dis-

in-

persions of the observations.
It occurs also that a number of events
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These ob-

is observed on a cyclic time series, like
a bio-rhythm of living things, an ecolo-
gy of insects and so on. That is to
say, these observations are arranged di-
rectionally from an origin on a circum-
ference of a unit circle.

In 'such situations on a cyclic circums-
tance, there exist some statistical theo-
ries for the circular distributions, e.g.
Mardia [6], and for the circular runs
tests, e.g. Whitworth [10], Jablonski
[5], Barton and David [3, 4], Asano [1],
Stephens [8] and also Mardia [6]. How-
ever, these papers have not realized
immediately the availability for practi-
cal applications, because of the shortage
of numerical tables of probabilities with
the number of sets of observations and
the respective sizes.

The purpose of the present paper is
firstly to show well-explained mathema-
tical formulation for circular runs test
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with multi-sample case, secondly to give
extensively the numerical table of criti-
cal number of runs for upper and lower
significance levels of critical probabilities
for the sake of instant applications, and
finally to present the compact FORTRAN
program for more general cases in prac-
tice.

2. Jablonski
colors

runs test with multiple

The present paper is suggested in pat-
tern recognition of circular distributions
for testing whether several sets of ob-
servations on a circle are drawn from
the same distribution. This concerns
itself with a randomization test for an
arrangement of several observation sets,
belonging to an identical population.

The fundamental theories of runs test
were originally studied by Whitworth
[10] and Jablonski [5], and from the
viewpoint of pattern recognition, Jablon-
ski runs are proposed in the present
paper.

Let several sets of observations, say &
sets, be given on a circumference, and
let the respective size of observations
be r,, where i=1, 2,---, k, and rzir,..
Then, basing on all the common di\;;éors
{d;} of r, r,, ..., r. such that d,=1<d,<
...<d,=h, the number N of total circular
arrangements, omitted identical arrange-
ments by (d,/r)-rotation, is given by

N=330./(r/d), @

where Q,,/(r/d;) is the number of cir-
cular orderings, any one of which con-
sists of the juxtaposition of just d, simi-
lar orderings of (r/d) samples,
where Q,, is obtained by solving the

and

following linear simultaneous equations,

1 Q.= (/)Y 1 (r/d),

(didz.m

for i=1,...,n

@
where the sum is over all Q, for which
d; is a factor of d, and d is a factor of
k. Then the total number (1) of circu-
lar orderings is rewritten as

N=L326(d) (r/d)VI (r/d)! ~ (3)

where ¢(d;)) is Euler’s totient function
of d;.

In order to obtain the probability func-
tion of observing an arbitrary ¢ runs,
where E<i<r, let J.(r,r,.., r]f) be
the number of the linear orderings
of (r;} observations with just ¢ runs,
when the line is bent untill the two
ends of the line join. Then the number
N(t) of observing ¢ circular runs under
the present condition is

N® =33 0.,/ (r/d) @

where Q. (©)/(r/d;) is the number of
circular orderings, any one of which
consists of the juxtaposition of just d,
similar orderings of (r/d;) samples and
has and where Q. (9 is
also obtained by solving the following
linear simlutanuous equations.

z)

where the sum follows the rule as de-
scribed above, and where

just ¢ runs,

0.0 =, (f, i (5)

Jk(rh---srklt):
Eor—1 U [( Cx
<t1.~»-2.tk) {Ex (ti“l)tkgzge_—; 1:,,+x—t’)
o1 (B oy tet | X) 0 1/0]) (6)

where the outer sum is over all possible

k-partitions of ¢, say, (4, %, ..., 1), and
-1

k
t’=2 t;, Since
&
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nerln=r(321) (521) /s @

where s=t/2 for k=2 in (6), Js (r, I,
r:|£) is obtained by using (7) and (6).
Therefore, for an arbitrary integer &,
Jo (11, ..., 1e|®) is successively obtained on
the basis of (6). Then the total number
(4) is rewritten as

NO=E30@ (G FT) ®

Thus the distribution function for ¢

circular runs, say F(t|ry, s ..., Fe), 1S
given by
F(t|r, ray ..y r.) =P, (T<¢) €©))

=Tt2=kN(T)/N. (10)

3. Complete computer program fer prob-
abilities on multiple circular runs

To obtain values of a distribution func-
tion of multiple circular runs, and to see
the critical values for testing hypothesis
whether K sets of observations on a
circle belong to a similar distribution
function, a FORTRAN program is com-
pleted with a simple specification to app-
ly by using a minimum equipment of
FACOM U-400.

The inputs are only the number K of
colors and the respective sizes IR(I) of
samples on a circle, where I=1, 2,---, K,
and K >3, because of the existence of
the wide table for K=2 in Asano [1].
The outputs are the cumulative proba-
bilities of the distribution function of the
respective numbers T’s of circular runs,
where T=K, K+1, .., éIR(I). Figure
1 gives an example of t}11=e1 output.

The program, however, is shown as a
proto-type, and therefore the program
may be more improved on the comput-
ing time. About ten steps from the top
-are to store values of combinations and

A PAYTERN RFCOGNITION FOR CIRCULAR OISTRIAUTIONS WITH 6 COLORS
4 e N1 4 = N2 5 = N3 § = N4 5 aNS S «Ng

NO, OF RUNS CUMULATIVE PROBABILITIES

1 0,0000000F 00
2 0,0000000E 00
3 0.0000000E 00
& 0.0000000E 00
H 0,0000000E 00
6 0.131627BE=14
7 0.5923251E~13
8

0.6192033E-07
13 0,5432704E=-06
14 0,4061969€-0%
15 0,2604305E-04
16 0,1437688£-03
11 0,6847701E-03
i8 0,2815159E~02
19 0.9982683E-02
20 0,3046366E-01
21 0,7976535E+~01
22 0.31784058E 00
23 0,3398724E 00
24 0,5505167€ 00
25 0.7613694E 0D
26 0.9135765€ 00
27 0.9841735E 00
28 0,9999879E 00

TOTAL NO. OF CIRCULAR ORDFRINGS = 0.9116614E 17

Fig. 1. An example of the output of a
computer program proposed.

to use at the subsequent steps. The
sizes of the dimensions must be expand-
ed for the use of further cases, not in-
cluding in the Table. For the sake of
saving computing time, an intermediate
result, if any, is available by a small
change in view of formula (7) in section 2.

4. Table of critical numbers of runs
and an illustration

A pattern recognition proposed here
for a circular arrangement of several
sets of samples, observed directly or
after adjusting the observations, is sta-
tistically to test whether several sets of
observations are drawn from the same
population, e.g. an information source.
Such a testing hypothesis depends upon
a probability to obtain such an observed
number of circular runs caused randomly
from the same population. That is to
say, this means that the proposed me-
thod is concerned with a randomness
test under a null hypothesis of belonging
to the similar distribution.

From (10) of section 2, critical num-
bers of circular runs for the respective
sizes of k£ sample sets are tabulated at
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LIST OF PROGRAM

SOURCE STATEMENT

A PATTERN RECOGNITION FOR CIRCULAR DISTRIBUTIONS
=== CIRCULAR MULTIPLE RUNS TEST ===

K === NO. OF COLORS
IR === SAMPLE SIZE FOR EACH COLOR ,
WHERE IR(1),LE.IR(2).LEs 4. JLE.IR(K)

SUBROUTINE REQUIRED === KAIJO AND JKT

DIMENSION IR(€10),IRT(10),1D(10), ITRT(10)
DIMENSION @KAT(10),Q@JUNK(30,10),REN(30),RJUNC30),COMB(1275)
DO 1 KAZ=1,1275

COMB (KAZ)31.0

DO 4 11=2,50

DO 4 12=2,11

Jl=11-1

J2=12-1

KAZ=11-12+1

DO 2 M=2,12

KAZ=KAZ+52-M

DO 3 1=1,J2

COMB (KAZ)=COMB (KAZ) *FLOAT (J1=1+1) /FLOAT(1)
CONTINUE

READ(5,100,END=99) K, (IR(1),151,10)
1TR=0

DO 6 {=1,K

ITR=1TR+IRCI)

111=1RC1)

NO=0

DO 8 1=1,111

1AA=0

DO 7 J=1,K

TAA=TAA+MOD CIR(J), 1)

IFCIAALNE,0) GO TO 8

NO=NO+1

1D(NOY=1

CONTINUE

DO 14 1=1,NO

NNO=NO-1+1

DO 9 KK=1,K

TRT(KK)=TRCKK) / 1D (NNO)

ITRT (NNO)=1TR/ 1D (NNO)

CALL KAIJOCK, [TRT(NNO) , IRT,@KAT (NNOY)
DO 10 I1T=1,ITR

JO=MOD (1T, 1D (NNO))

QJUNK (1T,NNOY=0,0

RJUNCIT)=0,0

RENCIT)=0.0

IF (J0,NE.O) GO TO 10

IREN=IT/ID(NNO) -

CALL JKT (K, ITRT(NNO) , IRT,IREN, QJUNK (1T ,NNO) ,COMB)
IF(1,EQ,1) GO TO 14

NNN=NNO+1

@1=0.0

DO 12 K1=NNN,NO
N1=MOD (1D (K1), ID(NNOY)

IF(N1.NE.O) GO TO 12

Ql=Q1+GKAT (K1)

DO 11 IT=1,I1TR
RENCIT)=RENCIT)+@JUNK (IT,K1)

CONT INUE

QKA T (NNO)=@KAT (NNO) =@

DO 13 1T=1,1TR

@JUNK (1T,NNO) =@JUNK (1T, NNO) =RENCIT)
CONTINUE

T0@=0.0

DO 15 [=1,NO

e=1TRT(1).

QKAT(1)=GKAT (1)/@

TOQ=TOR+QKAI (1)

DO 15 IT=1,1TR

RJUNCIT)=RIUNCITY +QJUNKCIT, 1)/@
CHEK=0,0

DO 16 1T=1,1TR

CHEK=CHEK+RJUN(IT)

REN(IT)=CHEK/TOQ@

WRITE(6,200) K, (CIRCD),1),1=1,K)
WRITE(6,201)

DO 17 1=1,1TR

WRITE(6,202) 1,RENCD)

WRITE(6,203) TOQ

WRITE (6,204)

GO TO S

STOP

FORMAT (1115)

FORMAT(/,16X,'A PATTERN RECOGNITION FOR CIRCULAR DISTRIBUTIONS WIT
1H', 13, COLORS',//,27%,10(12," = R',12,3X),7/)
FORMAT (1HO, 25X, "NO. OF RUNS',7X,'CUMULATIVE PROBABILITIES',//)
FORMAT (1H ,28X,13,13X,E14.7)

FORMAT (/,20X, 'TOTAL NO, OF CIRCULAR ORDERINGS = ',E16.7,/)
FORMAT (1H1)

END
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LIST OF PROGRAM (continued)

SUBROUTINE JUKT(K,ITR,IR,1J,SJUN,COMB)

DIMENSION KIR(10,10),K]ITR(10),K14€10),ITLES(10), [SUMT(10)

1,1X(103,1T(€10,10),IRC10)

DIMENSION @(10) ,RJUNC10),SEKC(10) ,RJAC10),RIB(10),COMB(1275)

00 1 1=1.,K
KIRCILKY=IRCD)

K1J(K)=TJ

KITR(K)=ITR

NSP=K

RJUN(K)=0.0
IF(KTJ(K) LT, K) GO TO 25
I1T(1,K)=0
1TC1,K)=1T(1,K)+1

T(2,K)+1

1T(3,K)=1T(3,K)+1
IF(K.EQ, 3) GO TO 9
1T(4,K
1TC4,K —]T(4 K)+1
IF(K.E@.4) GO TO 9
TT(5,K)=0
IT(5,K)=1T(5,K)+1
1F(K,EQ@.5) GO TO 9
1T(6,K)=0 -
IT(6,KI=IT(6,K)+1
IF(K.EQ.6) GO TO 9

ITLES(K)=0

LL=K-1

00 10 I=1,LL
ITLESCK)=ITLES(K)+IT(1,K)

ISUMTCK)=ITLES(K)+IT(K,K)
IFCISUMT(K) (NE.K1J(K)) GO TO 21
SE=1.0

DO 12 I=1.K

11=KIR(1,K)

J1=1TCI,K)

IFCCI1-1)%(J1=1) LER.0) GO TO 12
KAZ=11-J1+1

DO 11 M=2,J1

KAZ=KAZ+52+M

SE=SE#COMB (KAZ)

CONTINUE

SEKC(K)=SE

RJA(K)>=0.0

IX(K)=LL=1

IX(K)=1X(K)+1

IFCITCKAK) LLT.ITLES(K) =IX(K)) GO TO 20

11=1X(K)+1
J1=1T(K,K)+11=[TLES(K)
1F(11,LT,J1) 60 TO 20
@(K)=1.0
IF((11-1)#(J1-1) ,EQ,0) GO TO 15
KAZ=11-J1%1

DO 14 M=2,J1
KAZZKAZ+52=M

QCK)=COMB (KAZ)
1F(K,EQ,3) GO TO 17
MM=K -1

00 16 [=1,MM
KIRCT,MMY=1T(,K)
KITR(MM) = I TLES (KD
KIJ(MM) =1X (K)

K=K~1

60 TO 2

RJB(K)=0.,0

1J=1X(K)

TA=MOD(1J,2)
IF(1A.NE.O) GO TO 19
1120,541J

[1=1T(1,K)

12=17(2,%)
[FCIL,LT. 1) GO TO 19
IF(12,LT.11) 6O TO 19
RJB(K)=FLOAT(ITLES(K))/FLOAT(1 1)
IFCL1LEQ. D) GO TO 19

DO 18 M=2,1]
KAZ1=KAZ1+52-M
KAZ2=KAZ2+52-~M

RJB(K)=RJB (K) #COMB(KAZ1) «COMB (KAZ22)
RUB(K)= O(K)'RJB(K)“FLOAT(KITR(K))/FLOAT(lTLES(K))

RJA(K)I=RJA(K)+RJIB (KD

TFCIX(KY LT, ITLES(K)) GO TO 13
RJUN (K) =RJUN (K +SEKC (K) #RJA (KD
IF(K.LT.6) GO TO 22
IFCIT(6,K).LT.KIR(6-,K)) GO TO 8
IF(K.,LT.5) GO TO 23

IFCIT(5.,K) ,LT.KIR(5,K)) GO TO 7
IF(K.LT+4) GO TO 24
IFCITC4,K),LT.KIRC4,K)) GO TO
TFCIT(3,K)LT.KIR(3,K)) GO TO
TFCIT(2,K) ,LT.KIR(2,K)) GO TO
IFCIT(1,K) LT, KIR(1,K)) GO TO
1F(K.EQ.NSP) GO TO 26

MM=K

K=K+1

RJB (K)=RJUN(MM)

GO TO 19

SUUN=RIUN(K)

RETURN

END

[FENCY-N

[

)

&0

SUBROUTINE KAIJO(K,ITOTAL,IT,®)
OIMENSION I1T(10),R(10)
Jo=0

11=K-1

00 1 I=1,I1
JO=JO+1T()

@=1,0

00 2 [=1,J0

@=Q«FLOAT (1TOTAL~-1+1)
SEKR=1.0

DO 4 1=1,11

R(1)=1,0

K1=1T¢D)

00 3 L=1,K1
REII=RCI)#FLOAT(L)
SEXR=SEKR*R ()
@=Q/SEKR

RETURN

END
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six critical probabilities from both tails Pr{16 <r<26} =1-0.05 an
of the distribution of runs, in the cases or
that r,=1()10 for k=3, 4 and r,=1(1)5
for k=5, 6, where i=1, 2,---, k. Pr(t <25} =1—-0.05 a2

To illustrate the use of the Table of
critical values in testing for randomness
of an arrangement under the null hypo-
thesis that four distributions are identi-
cal, where k=4, r,=6, r,=6, r;=8 and
r,=8. The observations are presented
by degrees of angles as follows:

I,: 4, 90, 102, 189, 277, 284
I,: 71, 133, 145, 163, 174, 253
II;: 16, 23, 52, 113, 122, 265, 338, 351
II,: 37, 207, 218, 231, 244, 303, 315,
324,
and the arrangement is shown in Fi-
gure 2.

Fig. 2. An illustration of multiple circular
runs test, in case of k=4, r, =86,
r,=6, r3;=8 and r,=8.

In this illustration, the number of cir-
cular runs may be easily counted as fif-
teen by Figure 2. Thus, from the Table
of critical numbers for r,=r,=6 and r;=
r,=8, it is shown for a=0.05 that

The difference between (11) and (12)
depends only upon an alternative hypo-
thesis, which should be given a priori by
the physical situation of research. There-
fore, in the present illustration, the
observed arrangement is significant in
(11) for current two-sided test. If the
test is concerned with a one-sided test,
the observed difference of arrangements
is non-significant in the situation of
12).
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Table . Critical Values for the Number of Circular Runs Test, 2=3
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Table. T. Critical Values for the Number of Circular Runs Test, k=4 -
x=4 PERCENT  POINTS K=4 PERCENT  POINTS
Sample size Lower side Upper side Sample size Lower side Upper side
R1 R2 R3 R4 |01 05 10 25 50 10 10,50 25 10 05 01 R1 RZ R3 R4 |01 05 10 25 50 V0. |10, 50 25 10 05 4l
2 2 & 2] % ® » 4 & 51 8 8 & 8 8 8 2 & & 6| 6 T 1 8 9 9 J1a 15 15 16 16 16
2 2 2 3| o 4 &4 5 5! 9.9 9 9 9 9 2 4 A 7] 6 7T 8 8 910 [1% 1516 16 16 17
2 2 2 Ale 4 & %5 35 5| 91010101010 2 4 A4 8] 7 8 8 9 910 |15 16 16 17 17 17
2 2 2 5|/ &4 4 35 5 6{1010 1011 11 11 2 4 4 9] 7T 8 8 91010 |16 16 17 17 17 18
2 2 2 6|4 &4 5 5 6 6101111111112 L2 4 _ 4101 T 8_9_9.10_11 |16 17 17 17 18 18
2 2 2 7|4 5% %5 5 6 6}1011 11 11 12 12 TTATBETRTITETI TN TR 9T 913713713 1 {6 16
2 2 2 Aal4a % 5 6 6 701111111212 12 2 4 5 6| 7T 7 8 9 910 {1916 16 16 17 17
2 2 2 914 5 5 8 6 7]1111121212 12 2 4 5 1|17 8 8 91010 |16 16 17 17 17 18
122 210 | & 5 5 6 6 _7|1111 121212 12 2 a4 % 8| T 8 9 91011 |16.17 17 18 18 18
27T 3T ETE T TS TS TE[ 10710710717 107107 2 4 5 918 9 9101011 |17 17 18 18 18 19
2.2 3 44 &4 5 5 6 611011111111 11 2 4 510 8 9 91011 11 |17 18 18 19 19 19
2 2 3 514 % 5 6 6 7111112121212 TTTTETETEITYT8T BT 910710 116 1671717 10 1)
2 2 3 6|4 % 5 6 6 T{11 46242421313 2 4 6 T8 8 91010 11 |16 17 17 18 18 19
2.2 3 15 % 6 6 T 7011212121313 13 2 4 6 8| 8 9 9101111 [17 14 18 19 19 19
2 2 3 8 (5% 5 6 6 T 7[121213131314 2 4 6 9] 8 9101011 12 |18 1519 19 19 20
2 2 3 9|5 6 6 T T 81213131314 18 .2 '4_610[ 91010 1111 12 |18 19 19 20 20 21
2.2 3105 6 6 7 1 8[12:1313 13 14 14 [T2 477 7778757 ¢ 10 T 117 [i77 18718713 19 207
2T A TATYTN T TE T IN12 151717 18 2 4 7 A| 8 910111112 |18 18 19 19 20 20
2 2 s 515 5 6 6 T T{12 1212131313 2 4 7 91 9101011 12 12 {18 19 19 20 20 21
2 2 4 615 6 6 6 7 81213131314 18 2.4 7101910 11 11 12 13 |19 20 20 21 21 22
2 2 4 7T}19% 6 6 T T 81313 14 14 14 15 TRTETRTBYI0710711 17 {2718 T9 20720 2L 217
2 2 4 81% 6 7 T 8 8[1314 14 14 15°1% 2 4 8 9191011111213 |19 20 20 21 21 22
2 2 & 916 67 7T 8 913 1a 14 15 1% 15 2 4 810 {10 11 11 12 13 13 |20 20 21 21 22 23
2.2 4101 6_7_7_ 8 8 9|14 14 15 15 15 16 2 4 9 971011 11712 13 13 120 20 21 22 24 23
2T Y TS T3T R T T T T A [T Iy I3TraT 1ATIY ©2 4 910 {10 11 12 12 13 1& |20 21 22 22 23 23
2 25 615 6 6 7 8 8}131a 1a 151515 [ _2_°4°10.10 111 12 12 13 1a 1s |21 22 22 23 23 24
2 2 % 116 6 7T 7T 8 9114 14131515 16 2T TS ST TTTATR 97916 |15 161671771117
2 2 5 8)6 7 7 8 8 9[14a15191% 16 16 2'5 % 67T 8 9 91010 [16 16 17 17 18 18
2 2 5 96 7 7 8 9 9[1a1515 16 16 17 2.5 % 7|18 9 9101011 |17 17 18 18 18 19
2_2_510 1 6._7_8_8_9_911%1% 16 16_ 7_ ;2.5 5 8l 8 9 9101111 |17 18 18 19 19 19
27276 616 67T 778 91418 15 {5 15716 2.5 5 918 91011 11 12 [18 18 19 19 20 20
2 2.6 71]6 7 7 8 8 9141415 16 16 17 | ..2.5510 | 910 10 11 12 12 |18 19 19 20 20 21
2 26 816 7 a8 8 9 9[1515 16 16 17 17 T27STTETE W T 9 Lo 10 11T 1T IR T8I 19
2 2 6 917 7 8 9 910j1% 16 16 17 17 18 2 5 6 T{ 8 91010 11 12 {17 18 18 19 19 20
2_2.610 | 7_8_8_9_910[16 16 17 17 18 18 2 5 6 819 910111112 {18 19 19 20 20 20
272 e AT T9 10 i%T16 16 17717 1T 2 5 6 91 910101112 13 {19 19 20 20 21 21
2 2 7 817 8 8 9 910116 1617 17 13 18 | .2_5_610} 91010 11 11 12 {19 20 20_21 21 22
2 2 7-917 8 8 910101617 17 18 18 19 727577 T 179710710711 11 127 [187197 19720 26 21 7]
2 2 710]7 8°9 9101117 17 18 18 19 19 2 5 7 8] 91011111213 [19 19 20 20 21 21
2 2 8 a7 8 8 91010/)16 17 17 18 18 19 2 57 9 {1010 11 12 12 12 {19 20 21 21 2 22
2 2 8 9|8 8 91010 11}17 15 18 19 19 20 | _2.5_7.10]10 11 11 12 13 14 |20 21 21 22 22 23
2 2 810 ] 0 9-9101111}17 18 19 19 20 20 2758 BTm AL 11 1271 137 [19° 307 20 21 27 277
2 2 9 9|8 9 91011 1i |17 18 19 19 20 20 2 5 8°9 (10 11 12 12 13 16 J20 21 21 22 22 23
2 2 910 |8 9101011 12|18 19 19 20 20 21 2 3 810 |10 11 12 13 13 14 j21 21 22 23 23 24
221010 191010 11 12 12 |19 19 20 21 21 22 2 5 9 9110 11 12 13 1a 14 [21 21 22 23 23 24
27Ty AT RTATST T e e [N1ITI1ITNTIIT N1 ©2°%5 910 |11 12 12 13 14 15 {21 22 23 23 24 24
2 3 3 4|4 535 6 6 T[1112121212.12 .2..%510.10 |11 12 13 14_15_ 1% {22 23 23 24 24 23
2 33 5|{% 5 6 6 T 7121213131313 227676 67 [ 87 9710710712712 {17710 19 1919 20
2 33 613 6 6 T T 81213131314 14 2 6 6 T | 91010111212 (18 19 19 20 20 21
2 33 7)6 6 6 T T 8[1313 14 14 1415 2 6 6 8] 91011311213 [19.19 20 21 21 21
2 3 3 84{6 6 7T T 8 8|1314141415%15% 2 6 6 91011 11 12 13 13 {19 20 21 21 22 22
2 3 3 916 7 7 8 8 9131414131515 _2._6.6_10 110 11 11 12 13 16 |20 21 21 22 22 23
2 3 31016 7 7 8 8 9)1a-14 15 15 15 16 T2767 77T 910710 11 12713 19 20 20721 21 22
2" 3TATE Y3TITETE Y M| IZ IS DTDTI3T 2 6 7 8 |10 11 11 12 13 13 |20 20 21 21 22 22
2 ) 518 6 6 7 7 8[1313 14 14 14 14 c2 6 7 9|10 1112 12 13 14 |20 21 21 22 22 2
2 3 616 6 1T T 8 81314 18 14 1515 L2060 710 111 12 12 13 14 14 121 23 22 23 23 2
2 3 716 7 7 8 8 914 141513 1% 16 "27 6 T8 8 1101171271y 13 147120 2172272272872
2 8 ]6 7 7T 8 9 914151516 16 16 2 6 8 9 |11 12 12 13 14 15 |21 22 22 23 23 24
2 3 9|16 7 8 8 9 9|151515 16 16 17 2 6 810 |11 12 13 14 14 15 |22 22 23 24 24 25
2 3 410 |7 7 8 9 910151516 16 17 17 2 6 9 9 |11 12 13 14 14 1% (22 22 23 24 24 2%
33" 3 3 16T e T I T e 9 1318 RT3 1IN 2 6 9°10 |12 13 13 14 15 16 |22 23 24 24 25 29
2 3 6|6 7 7 8 8 9141515 1% 16 1+ _2_.6.10 10 ]12 13 14 1% 15 16_ {23 24 _24_25 25 26
2 3 7|6 7 8 8 9 9|19 15 16 16 16 17 2777 7T J10711711.12713 718720 20721721 22 22
2 3 8 |7 8 8 9 91015 16 16 17 17 17 .2 7 7 8 [10 11 1213 13 14 {20 21 22 22 23 23
2 3 9 {7 8 8 91010 |16 1617 17 17 18 2 77 9 |11 12 12 13 14 15 |21 22 22 23 23 24
2 3 017 8.9 91011161717 17 18 18 2 7 9 9 [1213 13 14 15 16 |23 23 24 25 25 26
277y 6167179 8 91601313 161617 1T _2_7..7.10 |11 12 13 14 14 15 |22 22 23 24 24 29 |
2 36 7|7 8 & 9 910 |1% 16 16 17 17 18 277N TETIT 270271318 15 |81 22782723723 24
2 3 6 8|7 8 8 9101016 1717 18 18 18 2 7 8 9 |11 12 13 14 14 15 |22 23.23 24 25 29
2 3 6 9 /8 8 9101011 |16 17 1A.18 18 19 2 7 810 [12 13 13 14 15 16 [22 23 24 24 25 26
2 3 610 |8 9 9101111117 18 18 19 19 19 2 7 910 {12 13 14 1% 16 16 |23 24 25 25 26 26
"2 Y YT YTITETY Ty 01116 17 17167 18710 .2 71010 13 14 14 15°16 17 [24_29 25 26 28 27
2°3 7 s |8 9 9101011 |17 17 18 18 19 19 278787 8|11 12713714 15 15 227872y ZaT 2N 20
2 37 918 9 91011121 |17°18 1819 19 20 2 6 8 9 |12 1) 13 14 15 16 23 23 26 25 25 28
2 3 7106 9101011 12|18 18 19 20 20 20 2 8 810 {12 13 14 14 15 16 |23 24 25 23 26 26
2 3 8 8|8 9 9101112 |17 18 19 19 19 20 2 8 9 9 {12 13 14 15 16 17 |23 24 23 25 26 27
2 38 9|8 910111112 }18 19 19 20 20 21 2.8 910 {13 14 15 15 16 17 [24 28 23 26 26 27
2 3. 83019101031 1212 [19.19 20 20 21 21 02..8.10.10 |13 1415 16 17 18 |25_26_26 27 27 28
‘2 3 979 "9 101071y T271% |19716720 21721 207 27797797 97|13 14715 16716 17 24725726 26721727
2 ) 910} 91011 11 12 1> |19 20 21 21 22 22 2 9 910 13 14 18 16 17 18 |23 26 26 27 27 29
2310 10 [10.11 11 12 1313 |20 21 21 22 22 23 2 910 10 |14 1% 16 17 17 18 |26 26 27 20 28 29
2TaTa A 8T e 67T e BT[13 1371418717147 210 10 10 J15 16 16 17 18 19 (26 27 26 29 29 30
2 4 4 5]6 6 7T 8 8 9]1a 14 18151519 T3y STeTSTSTe T T N1z e




A CIRCULAR PATTERN RECOGNITION — 77 —

Table T[ (continued), Critical Values for the Number of Circular Runs Test, k=4

K=4 PERCENT  POINTS K=4 PERCENT  POINTS
Sample size ‘Louer side Upper side Sampole size Lower side Upper side
RI R2 R3 R4 01 05710 25 50 10, {10,560 25 16 05 01 R)_R2 R3 R4 Y01 05 10 25 50 10. |10, 50 25 10 05 01
33 3 o5 6 6 7 1 8 f12:13 13 13 13 13 3 5 10 10 12 13 14 15 16 16 |23 24 25 25 26 26
33 3 5195 6 6 7 8 8 (13131414 18 18 3 6 61 91011 11 12 13 |39 19 20 20 20 21
3 3 3 6]6 6 7 7 8 9l1314 161215 1519 36671011111213!3 19 20 20 21 21 22
303 3 7T 16 7 7 8 8 9 {1416 15 1% 15 16 3 6 6 8 110 11 12 12:13 14 [20 21 21 22 22 23
303 3 816 7 1T 8 9 91415 15 16 16 16 16 6 9 (1112 12 13 1a 16 121 21 22 22 23 23
3 3 3 917 7 8 8 910151516 16 16 17 3 6 610 [11 12 13 1) 14 1% [21 22 22 23 23 24
3.3 310 {7 8 8_9 9130 [1% 15 16 16 17 17 3 6 7 7 11011 12 12 13 14 {20 21 21 22 22 23
37T3CATE TS TeT YT TaTW (1315 TeT1a 1 14 3 6 7 8 111 12 12 13 ta 1% {21 21 22 22 23 2%
303 8 516 7 1 8 8 924181515 1% 15 3 6 7 9 (111213 14 1a 19 |21 22 23 23 24 24
303 4 616 7 7 8 9 9 (15151516 16 16 | 36710 |12 13 1314 15 16 |22 23 23 24 24 25
3 3 4 717 7 8 9 910 [1% 15 16 16 16 17 37678 TR IN T27I3181@° 1057|2027 25 25 25 26
3 3 4 8317 0 8 9 910 |15 1A 16 17 17 17 3 6 8 9|12 1313 14 15 16 |22 23 23 24 24 2%
3 3 4 917 8 9 91010 |16 16 17 17 17 18 36810 |12 13 16_15 15 16 |23 23 24 25 25 26
(3_3_a10_ |8 8 910310 11 [16 17 17 18 18 18 F37 69 797112713 1415719 16 |25 26 26725 257 26~
3 3 %5 & 7 8 8 9 9 |15 15715 16 16716 3 6 910 13 14 14 15 16 17 [23 24 25 25 26 27
3 3 %5 6|7 8 8 9 910 {15 16 16 16 17 17 3 61010 [13 14 15 16 16 17 |24 25 26 26 27 27
3 3 %5 7({7 8 8 91010 |16 16 17 17 17 18 TYTTTIT TN 1212 13 14 15 (el 21 22 23 237237
3 3 5 8 (s & 9101011 (16 17 17 18 18 18 3 07 7 8 |11 12 13 14 14 15 [22 22 23 23 24 24
3 3 %5 9 08 9 9101111 {17 17 18 18 19 19 3 7 7 9 112 13 13 1a 15 16 |22 23 23 24 28 25
4 3_23_ 51018 9.10 10 11 12 17 18 18 19 19 19 | 3..7.7.10 412 13 14 15 15 16 123 24 _24_23 25 26
3 36 6 [T 8 9 91011 |16 16 1717718718 (3777 ¢ § (12 13713 Ta 15 16 |22 23 28 24728775
3 3 6 78 9 9101011 {1/ 17-186 18 18 19 3 7 8 9 |12 13 14 15 16 16 {23 24 .24 25 25 26
33 6 A |8 9 5101111 [17 18 18 19 19 19 3 7 810 (13 24 18 1% 16 17 {24 24 25 26 26 27
3 3 6 9|6 91011 1112 18 18 19 19 20 20 3 7 9 9 {13 14 14 15 16 17 |24 24 25 26 26 27
| 3.3 610 | 9101011 12 12 |18 1919 20 20 21 3 7 910 |13 1a 15 16 17 18 |28 25 26 26 27 27
3377 78T 9710710 11 12 (17718718 19 19 20 3 71010 |14 15 1616 17 18.{2% 26_26 27 28_28 |
3 3 7 8 |9 910 111112 {18 18 19 19 20 20 [ 37 878 "87{12 13 14715 16716 |23 24 24 25 25 26
33 7 9 {91010 11 12 13 {18 19 20 20 20 21 38 8 9 |13 14 15 15 16 17 |24 26 25 26 26 27
3 3 710 |9 1011 11 12 13 |19 20 20 21 21 22 3 8 810 13 16 16_17_18 {28 25_26_26 2_7_2_5‘1
3 3 & 8 [91010 11 1213 {19 19 20 20 21 21 5787979 114 15 16717718 |257257 26" 37 27728
3 3 8 9 |91011 121213 (19 20 20 21 21 22 3 8 910 [14 15 16 17 17 18 (2% 26 27 27 28 28
3.3 810 1011 11 12 13 14_[20_ 20 21 22 22 23 3 810 10 {15 16 16 17 18 19 {26 27 27 28 28 29
3773 97 97100711 11 12713 147 |20720°21 22722 237 I T9TYTTIATISTI6 17 AT 1B | 75726 27 27 28 38
3 3 910 (10 11 12 13 13 18 |20 21 22 22 23 23 3 9 910115 16 16 17 18 19 |26 27 27 28 29 29
3 31C 10 11 12 12 13 14 15 [2] 22 22 23 23 24 3910 10 {15 16 17 18 19 20 |27 28 28 29 29 30
TYTETAT & 16 TT YT 6 78T 9 1A 14 15715 157137 1.3 10 10 10 |16 17 17 18 19-20_ {27 28 29 30 30 31_|
3 4 &4 5 16 7 8 8 910 {1515 15 16 16 16 4T TA TATITT T BT W 9107 (15715716 16 16716
3 4 &4 6 (7 8 8 9 910 [13 16 16 17 17 17 4 4 4 51|17 8 & 910 10 {16 16 17 17 17 17
3 4 &4 7 |7 8 9 91011 |16 16 17 17 17 18 4 a4 & 618 8 91010 11 {1617 17 18 18 18
3 4 4 8 |8 9 9101011 [16 17 17 18 18 18 4 4 4 718 9 91071111 |17 17 18 18 18 19
3 4 6 9 [8 9 9101111 |17 17 18 18 19 19 4 4 & 8| 8 9101011 12 |17 18 19 19 19 20
3 & 410 |8 9101011 12 |17 18 18 19 19 20 4 4 4 9| 91010 11 12 12 {18 18 19 19 20 20
TATRTSTS LT T8 BT 9710 107415716 1671717177 4 410 1910 10 11 12 13 (18 19 19 20 20 21
3 4 5 6 |7 & 9 91011 16 17 17717 18 18 4 5T 37178797 3160710 117 16 1777 16 18 18
3 84 5 T |8 9 9101111 (17 17 18 18 18 19 4 5 6|8 9101011 12 |17 1A 18 18 19 19
3 4 5 8 {8 910101112 [17 1818 19 19 20 }' 45 7 ['910 1021 11 12 J18 18 19 19 19 20
3 a 5 9-191010 11 11 12" {18 18 19 19 20 20 4 5 8| 9101011 12 13 {18 19 19 20 20 21
3 4 510 191010 11 12 12 |18 19 19 20 20 21 .4 5 9191011121213 {19 19 20 20 21 21
"5 TAT 8T 879 T9I0TIIT1Y {17717 18 18 119 197 ] 4 510 |10 11 11 32 13 1) {19 20 _20°21 21 22
3 4 6 7 [8 91011 1112 (18 18 19 19 19 20 477277 76779 I07107117117127 |18 18719 19720 207
3 4 6 8 {91010 11 12 12 |12 19 19 20 20 21 4 4 6 T | 91011111213 |19 19 20 20 20 21
3 a 6 9 | 91011 1112 13.[19 19 20 20 21 21 4 4 6 8 /10 11 11 12 13 13 119 20 20 21 21 22
3 4 610 10 11 11 12 12 13 [19 20 20 21 21 22 | 4 4 6 9 11011 12 12 13 14 20 20 21 21 22 22
"3 74T 7 7719 10710 11 127127118719 119 Z0 2021 | &4 610 |10 11 12 13 13 14 120 21 21 22 22 23 |
3 &4 7 8 }|91011 121213 |15 20 20 21 21 21 T TR TP 171010 1112 1371y 1197207207 21 20 22
3 4 7 9 101111 12 1313 {19 20 21 21 22 22 4 4 7 8 11011 12 12 13 184 {20 21 21 22 22 22
3 4 710 [10 31 12 12 13 1a |20 21 21 22 22 23 4 & 7 9 |11 12 12 13 14 14 |21 21 22 22 23 23
"3 AT 8T 8T 1011 T1f 12 1y 14 7[20 20721 21 227 27 1 a4 710 |31 12713 13 18 15 {21 22 22 23 23 24 |
3 &4 8 9 [10 11712 13 13 1s (20 21 21 22 22 23 4 T4 T8 T JI1TTI2 12713 TA1 T 21721 22 22723
3 8 810 {11 1212 13 14 18 J21 21 22 23 23 24 4 4 8 9 |11 12 13 13 1a 1% 121 22 22 23 23 24
T3 "4 79 9" 11712712713 14 15 21 22722 23 23728 ] 4 4 A 10 |12 13 13 14 15 1% [22 23 2% 24 26 25
3 4 910 11 12 13 1a 16 15 {21 22 23 23 24 24 4 & 9 9 J12 13 13 14 15 16 }22 23 23 24 26 25
3 41010 12 13 13 14 1% 16 [22 23 23 248 25 2% 4 4 9°10 }12 13 14 14 1% 16 |23 23 24 2% 25 26
"3" %5 7875 {7878 "9 3010 117 [I6 17 J77187 18 L8 4_ 4 10-10 {13 14 14 15 16 17 123 24 25 25 26 26
3% 5 6 vs 9 910 11 11 |17 18 18 18 19 19 7575757 8 9716710 117 127|117 18718 1919 197
3% % 719 9101111 12 |18 18 19 19 19 20 4 5 5 6 | 910 10 11 12 12 |15 18 19 19 20 20
3 5 5 8 | 9101011 12 12 J18 19 19 20 20 21 e 5 5 T | 91011 11 12 13 [19 19 20 20 20 21
13 s 5 9 }91011 121213 J19 19 20 20 21 21 4 5 9 8 10 11 11 12 13 13 {19 20 20 21 21 22
3 5 510 [10 11 11 12 13 13 {19 20 20 21 23 22 a4 5 5 9 110 11 12 12 13 18 {20 20 21 21 22 22
P37 75 6776 [ 97 97107 1F 11127 {18718°19 19719 207 A5 510 |11 11 12 13 13 14 20 21 21 22 22 23,
3 % 6 7 {91010 11 12°13 {18 19 19 20 20 21 % 75776 8] 97161112 12713719719 20720 207 21°
3 % 6 8 10 10 11 12 12 13 }i% 20 20 21 21 22 4 % 6 7 |10 11 11 12 13 14 [19 20 20 21 21 22
3 5 6 9 [10 11 11 12 1) 14 [20 20 21 21 22 22 4 5 6 8 {10 11 12 13 13 14 [20 21 21 22 22 23
3 5 610 (10 31 1213 13 16 J20 21 21 22 22 23 a4 5% 6 9 f11 12 12 13 14 15 {21 21 22 22 23 23J
378777777 110731111712 1371y {39720 20 21721722 4.5 610 11 12 13 14 34 1% §21.27 22 23.23 2%
3 5 7 A |10 11 12 12 13 14 {20 20 21 22 22 22 4 "8 "1 7 |IoT11732 13 13 14 20 21 21 22 22 23
3 05 7T 9 {11 11 312 1) 13 18 [20 21 22 22 23 23 4 5 T 8 |11 12 12 13 14 15 |21 22 22 23 23 22
3 08 710 (i1 12 12 13 16 1% |21 22 22 2) 23 28 a 3 7 9 |11 12 13 14 14 1% {21 22 23 23 24 2+
-3 %" -8~ 3~ AT 2712 1§ 718 721721 227 22723 23 _4_5_ 710 112 13 13 14 1% 15 |22 23 23 24 24 25
3 0% 8 9 J1112 13 13 115 |21 22 22 23 23 24 §73 7§ T8 11 127137187138 [87[22 22 D224 24
3 5 810 11 1213 14 1313 |22 22 23 26 24 23 | 8 % 8 9 11213 13 14 15 16122 23 23 24 24 25
3= 39" 37|10 11711712712 13 22723 23724723 25, 4 5 810 [12 13 14 1516 16 |23 2a 24 25 2% 26
3 0% 910 (12 13 18 1a 19 16 {23 23 24 24 25 26 a 5 9 9 12 13 24 15 16 16 |23 24 24 25 23 26
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Table I (continued). Critical Values for the Number of Circular Runs Test, k=4

k=4 PERCENT  POINTS K=4 PERCENT  POINTS
Lower side Upper side Sample size Lower side Upper side
) 01 05 10 25 50 10, [10.50 25 10 05 QI Rl R2 R3 R4 |0V U5 TU 25 50 V0. |10, 50 25 10 05 01
4« 5 9 10 {13 1a 14 I3 1A 17 |24 74 25 26 26 27 57 9 10 J15 16 17 18 19 20 |26 27
_4_ 51010 {13 14 1% 16 17 18 |24 25 26 26 27 27 %710 10 J16 17 37 18 19 20 |27 3 7 ;: 30 %
B 6776 110" 1 11 127137187 |26 20 21 217 21722° 578 8 818137161717 16 125726 26727 2T 73
« 6 & 711011 17 13 13 14 {20 2] 21 22 22 23 5 8 8 9 115 16 16 17 18 19 [29 27 27 28 28 29
4 6 6 8 J11 12 12 13 14 1% |21 22 22 23 23 23 S 8 810 [15 16 17 18 19 20 |27 27 28 29 29 30
4 6 & 9 111 12 13 14 15 19 {22 22 23 23 24 28 3 8 9 9 [1% 16 17 18 19 20 |27 27 28 29 29 3Q
J4_6 630 112 13 13 1a 15 16 )22 23 23 2426 25 5 8 910 |16 17 18 19 19 20 |27 28 29 29 30 31
“ 8 TTTITN 12713713 18 18 [ 21 22722723 27 2 _.5_8.10 10 {16 17 18 19 20 21 {28 29 29 30 31 31
4 6 7 8 1121313 14 1% 15 |22 22 23 24 24 24 579 7979 |16717°18 7197197 20 | 27 28 297 29 3031
¢ .6 7 9 11213 14 18 1% 16 {22 23 24 28 25 2% 5 9 910 |16 18 18 19 20 21 |28 29 30 30 31 31
_4 .6 710 112 13 14 15 16 17 |23 24 24 25 25 26 5 91010 |17 18 19 20 21 22 |29 30 30 31 31 32
476N T8 T I faTI9TI5 18 22723728 28 29728 ._5.10_10 10 118 19 19 20 21 22 {30 30 31 32 32 33
4 6 8 911314 18 15 16 17 |23 24 28 25 25 23 66 76 6 (111271317 1718 121727 27 23 23 24
4 6 810 {1314 15 16 16 17 |24 24 25 26 26 27 6 6 6 7 (121313 14 15 16 |22 23 23 24 24 25
“ 6 9 9 {1314 15 16 16 17 |24 25 25 26 26 27 6 6 6 B (12 13 14 15 16 16 [23 23 24 25 2% 2%
“ 6 910 (14 15 1% 16 37 18 |25 25 26 27 27 28 6 6 6 9 |13 14 1515 16 17 |23 24 25 2% 26 26
_4_ 61010 14 15 16 1717 18 (25 26_21 27_28 28 6. 6 _610 24 25 25 26 26 27
« T TTTTITIIZ2 13 13 18708 16 |22 22723 26728 287 66 TTTT 23724 24 25 1% 28"
© 7T 7 8 121314 15 15 16 |23 23 248 28 25 25 6 6 T 8 {1314 15 16 16 17 |24 24 25 25 26 26
4 7 7 9 11314 1a 1% 16 17 {23 24 24 2% 25 26 6 6 7 9 |18 1515 16 17 18 |28 25 26 26 27 27
7 710 [13 14 15 16 16 17 124 25 25 26 26 27 J6. 6710 116 15 16_17 17 18 |25 26 26_27 27 28
777 78T BT 113714 18713 N6 Y6 (23 24725725 26 267 6' 76 T8 T8 (1471571516 17 18 1| 2%729 7267 67 27727
« T 8 9 |13 18 15 16 17 17 |24 25 25 26 26 27 6 6 8 9 |1s 1516 17 18 18 {25 26 26 27 27 28
@ 7 810 }1a 15 19 16 17 18 |25 25 26 27 27 28 6 6 810 (15 16 16 17 18 19 {26 26 27 28 28 29
“ 7 9 9 11a 15 1% 16 17 18 {29 25+26 27 27 28 6 6 9 9 |15 16 16 17 18 19 |26.27 27 28 28 29
4 7 910 {14 15 16 17 18 19 |25 26 27 27 2R 29 6 6 910 [15 16 17 18 19-20 {27 27 28 29 29 30
L «_7.10.10 |15 16_17_17 18 19 26 27 28 28_29 29 6_6 10 10 |16 17 18 18 19 20 |27 28 29 29 30 30
778 T I I3 717 17 T 24 25 2% 26726 27 TTRTTT TIT T4 1571671871 7| 24 24 25 25 26 2%
4 8 8 9 |14 1% 16 16 17 18 [25 26 26 27 27 28 6 7 7 8 |14 1515 16 17 18 |28 25 26 26 27 27
¢ 8 810 14 15 16 17 18 19 |26 26 27 28 28 29 6 7 7 9 [18 1% 16 17 18 18 |25 26 26 27 27 28
4 8 9 9 |14 15 16 17 18 19 |26 26 27 28 28 29 6_7._710_(15 16 16 17 18 19 {26 27 27 28 28 29
4 8 910 J15 16 17 18 18 19 |26 27 28 28 29 29 "6 T 7B TR T{18719716 1T 18 19728 26 76727727 78]
4 _ 81010 (1517 17 18 19 20 |27 28_ 28 29 30 30 6 7 8 9 {1516 17 17 18 19 {26 27 27 28 28 29
§79739 79 115716 117 18 16 19 |28 27 28728 29 30 6 7 810 |1% 16 17 18 19 20 [27 27 28 27 29 30
4 9 910 (16 17 17 18 19 20 {27 28 28 29 30 30 6 7 9 9 [15 16 17 18 19 20 |27 27 28 29 29 30
4 910 10 {16 17 18 19 20 21 |28 29 29 30 30 31 6 7 910 |16 17 18 19 19 20 [27 28 29 29 30 31
4.10.20 20 {17 1818 19 20 29 }29_30 31 31 32 32 | 6 _7.10 10 j17 18 18 19 20 21 {28 29 30 30 31 31
5757 578718 10 1011 12 127 {18719 19 19 20 20 7 €TETETE NS 16 17 I8 T1Y |76 72T 228 29
5 5 3 6 | 91011121213 J19 19 20 20 21 21 6 8 8 9 {1517 17 18 19 20 |27 28 28 29 29 30
S 5 % 7 ]10 11 11 12 13 18" |20 20 21 21 21 22 6 8 8 10 {16 17 18 19 20 20 {27 28 29 30 %0 31
s 5 5 & [10 11 12 13 13 16 20 21 21 22 22 23 6 8 9 9 [16 17 18 19 20 21 |28 22 29 30 30 31
5 % 5 9 {11 12 12 13 13 15 {21 21 22 22 23 23 6 8 9 10 (17 18 18 19°20 21 {28 29 30 30 31 31
L %5510 11 12 13 14 14 15 |21 22 22 23 2) 24 6 B.10 10 {17 18 19 20_21 22 |29 30 30 31 32 32
575767 6 11071171212 13 187207 70721 21 217227 TTET9T T YT IB IS 19728 20 |26 29 30 307317327
S % 6 7 [11 12 12 13 14 18 |20 21 21 22 22 23 6 9 910 |17 18 19 20 21 22 [29 30 30 31 32 32
S S 6 8 [11 12 1313 14 15 j21 22 22 23 23 24 6 91010 [18 19 20 21 22 22 {30 31 31 32 32 3}
5 % 6 9 |12 13 13 1a 15 1% [22 22 23 23 24 28 6_10 10 10 [18 20 20 21 22 23 {31 31 32 33 33 34
_5_5_ 610 |12 1314 14 13 16 22 23 23 24 24 25 TN ITT PNRLS 15 16T 16 25 3 26 Z6T21 27
5797 77 771V 12713 1371819 [21 722 22723 23 Za” 7 7 7 8 {18 1% 16 17 18 19 [2% 26 27 27 28 28
5 % 7 8 {12 1313 14 15 16 {22 22 23 24 24 24 7 7 7T 9 {15 16 17 18 14 19 |26 27 27 28 28 29
5 5 7 9 |12 13 14 1% 1% 16 (22 23 2a 24 25 2% 7 7T T 10 {13 16 17 18 19 20 }27 27 28 29 29 30
23 _5_710 |13 18 14 1% 16 17 {23 24 26 25 25 26 7 7 8 8 |15 16 17 1A 18 19 |26 27 27 28 28 29
57578 T8 |12713 14715 15 1% 2323 24722725725° 7 7 8 9 |16 17 17 18 19 20 [27 28 28 29 29 30
5 % 8 9 |13 14 14 15 16 17 [23 24 24 25 25 26 7.7 810 16 17 18 19 20 21 |28 28 29 30
5 S 8 10 J13 14 3% 16 16 17 |28 25 25 26 26 27 TTY Y 3T e 17T 18719 2671 720 '29‘30'50 3‘1
5 % 9 9 |13 14 15 16 16 17 |24 25 25 26726 27 7 7 910 {17 18 18 19 20 21 |28 29 30 30 31 32
5 5 9710 |14 1% 15 16 17 18 |25 25 26 27 27 28 7 71010 [17°18 19 20 21 22 |29 30 30 31 32 32
551010 |14 13 16 17 18 18 (25 26 27 27:28.28 7T 8 8 8 {16 17 17 18 19 20 (27 28 28 29 29 30
7676 "6 °|11712 12 1318 14 T[S0 o1 22722727 257 7T 8 8 9 |16 17 18 19 20 21 |28 28 29 30 30 31
5 6 6 7 [11 12 13 14 1a 15 (21 22 22 23 23 24 .18 810 [17°18 19 19 20 21 |28 29 30 30 31 32
9 6 6 8 [12 13 13 18 15 16 |22 23 23 23 24 28 T 78779 79T UT 1819 20 20 21728 29 30731 3T 32
5 6 6 9 [12 13 14 19 1% 16 123 23 28 24 25 25 7 8 910 j17 18 19 20 21 22 (29 30 31 31 32 32
56610 |13 14 18 15 16 17 |23 24 _2a8 25 25 26 | 7 810 10 (18 19 20 21 22 23 {30 31 31 32 33 33
STETYT T 1215 13 4715 16722733723 24 24728 7 9 9 9 |17 19 19 20 21 22 |29 30 31 31 32 33
5 6 7 8 |12 13 14 15 15 16 [23 23 24 24 2% 25 7 9 910 (18 19 20 21 22 23 {30 3 31 32 33 3
§ 6 7 9 13 1a 1a 15 16 17 {23 28 25 25 26 26 7 9 10 10 19 20 20 21 22 23 {31 32 32 33 33 3
5 6 110 [13 14 15 16 37 _17 |24 23 25 26 26 21 -.7.10.10.10_f19_20 21 22 23 24 32 32 33 38 34 35
T5TeTETE |13 18 15 5 16TIT {23 28 25 25726 26 6 8 87 8716717 18719 20721 |26 28 297307 30 3L
5 6 8 9 |13 14 15 16 17 18 |24 2% 2% 26 26 27 8 8 8 9 17 18 19 20 20 21 (29 29 30 31 31 32
5 6 810 |18 15 16 16 17 18 {2% 26 26 27 27 28 8 8 8 10 [L7 19 19 20 21 22 [29 30 31 31 32 3}
S 6 9 9 11s 15 16 17 17 18 ]2% 26 .26 27 27 28 8 8 9 9 |17 19 19 29 21 22 |29 j0 31 31 32 32
9 & 9 10 {14 1% 1% 16 17 18 [26 29 27 28 28 29 8 8 9 10 |18 19 20 21 22 23 |30 31 31 32 3) 33
5 610 10 |15 16 17 18 18 19 {26 27 28 28 29 29 _8 810 10 [19 20 21 22 22 23 31 32 32 33 33 34
T3 77 TT J2TIN 1IN 18 16716 (23 23728 29725 237 § 797 T9T|fa I9720 21 22723 PO NTIT 2 I3TY
5 7 7 8 {1314 15 13 16 17 |28 24 25 2% 26 26 8 9 9 10 |19 20 21 22 22 23 {31 32 32 33 3a 3
5 7 7 9 {13 14 15 16 17 18 (24 25 25 26 26 27 8 9 10 10 {19 21 23 22 23 24 32 32 33 34 34 35
5 7 730 |18 15 16 17 17 18 |23 26 26 27 27 28 _.8.10 10 10 |20 21 22 23 2s_25 [32 33 34 35 35 38,
TR 1IN 1S 19718y 708 |2 25 T e 21 2T 97979 79 119720 21722 2V £} IT N2 IT 34T
5 7 8 9 [184 1% 16 17 17 18 [2% 26 26 27 27 28 9 9 9 310 [19 21 21 22 23 24 {32 33 33 34 34 39
S 7 810 115 16 16 17 38 19 [26 26 27 28 28 29 9 910 10 20 21 22 23 74 25 32 33 36 33 33 36
5 7 9 9 h1s 16 16 17 18 19 |26 26 27 28 28 29 910 10 10 {21 22 23 24 2% 26 |33 34 35 36 36 37
10 10 10 10 }21 22 23 2a 2% 26 |33 3a 33 36 36 37




A CIRCULAR PATTERN RECOGNITION — 79 —
Table I[. Critical values for the Number of the Circular Runs Test, #=5, 6
Ke6 PERCENT POINTS
Sample size Lower side Upper side
R1 RZ R3 R4 R5 R6| G1 G5 10 25 50 10| 10 50 25 10 05 01
T T T 7 I 6 7 7 8 8 9] 121212 131717
2 2 2 2 2 3 77 8 8 o 9|13%1313131313
2 2 2 2 2 4| 7T 8 8 9 9 10| 14 1a 1a 14 14 1a
2 2 2 2 2 5| 8 8 9 91010] 14 15 15 15 15 15
2 2 2 2 3 3] 7 8 8 9 9 1o| 1414 1a 14 1a 1a
2 2 2 2 3 a|l & 9 91010 11] 1515 15 15 15 16
2 2 2 2 & 4| 8 9101011 11| 15 16 16 16 16 16
X5 PERCENT  POINTS 2 2 2 2 a4 S| 910.1011 11 12| 16 17 17 17 17 17
Sample size Lower side Upper side ..g..g g.g ._g. _2. . _:_1_ RS
R1 R2 R3 R4 R5| Q) 05 10 25 S0 10] 10 50 25 10 05 0 2 2 2 33 a| 9 a0
22 2 2 2] » 5 5 6 6 7]1010. 1010 10 10 2.2 2 3 3 5/ 91010
2 22 2 3] 5% 66 7 7|11 LT G IO e
2 2 2 2 8 % 5 6 7 7 8|121212121212 L B S v R M
2 2 2 2 5| 6 6 71 7 8 8121213131313 FEE A S B
2 2.2 3 3] % & 6 7 7 8{121212 1212 12 2 % 3 a a slisin
2 2 2 3 a] & 6 7 7T 8 8]151313131313 - - R TR T
2 2 2 3 5 & T T 8 8 9|13 13 1s 14 14 14 2 2 2 5 5 5| 111213
22 2 4 a0 677 5 8 9(131a1s181a2s| 22023 2111213
232 R B Rt R TRt 2 2 3 3 3 4| 910101112 12| 16 17 17 17 17 17
T2 YTy N T T T T e e e[ 1371313713 13137 2 2 3 3 3 501011 11 12 12 13| 17 18 18 18 18 18
23 33 4] e v s 8 4 eldmidiaians 2 2 3 3 & 41011111212 13} 17 13 18 18 18 18
A B A e Tt TR T 2 2 3 3 « 5| 10111212 13 13] 18 18 19 19 19 19
A M B R 2 2 3 3 5 5| 1112121313 14] 19 19 20 20 20 20
FESE AP IS AN S I i o T 2 2 3 & & a|1011 121213 1a| 18 19 19 19 19 19
HE Y R S Rt Bt 2 2 3 & & 5|11121213 14 18] 19 19 20 20720 20
3 e dl s s oS tal st e 16 16 16 2 2 3 a 5 5|1212 1316 14 15} 20 20 21 21 21 21
I by e e s L2 3 5 s 31121318 18 15 16] 21 21 21 22 22 22
SO 4 : Rt RY 277 TET AR 11712 12713 1 e 19 20726720 20730
9 10 10 11 2 2 4 4 4 5]1213 1314 14 15| 20 20 21 21 21 21
L4222 34-2.0. 20000202037 18180 9 004 12 2 4 4 5 301213 18 14 s 1s| 21 21 22 22 22 22
SO A A A A I SO P S 2 2 4 5 5 5|13 1a 1415 16 16] 22 22 22 23 23 23
A N o B T H O 2 2 5 5 5 5[1a 1515 16 16 17| 23 23 24 24 24 24
2 . 9 15 e e e 2 3 3 3 3 3| 910111112 12|17 17171717 17
222 i IR 5381315 233 3 3 a|101111 1212 13|17 18 18 18 18 18
2.3 3 4 51 4 9 91031 111616 17 17 171 2 3 3 3 3 5|11111212131af 18 19 19 19 19 19
2033 5 50 % 21011112 17 17 18 18 18 18 2 33 3 4 al11111212131a]18 19191919 19
2 3 h e dp 8 9 21011 e 1610 T AT LT} 12 3 3 3 & 5[ 11121213 14 1af 19 19 20 20 20 20
2 3 4 4 5] 91010 11 11 12117 17 18 18 18 18 2 3 3 3 5 5[1213131s 18 15| 20 20 21 21 21 21
2.3 4 5 3] 91011 11 12 13, 18 18 18 19 19 19 T'z"r‘:‘z'r:‘n'n'xs 1314 Y& ["1D 206 26 20 20 36 °
22052200011 11 12,13 13,1815 19.2020.20.0 12 3 3 4 & 5|1213131a 14 15] 20 20 21 21 21 21
2787w TATAT9 10710711711 92117717 18718107 ] 2 3 3 & 5 512131414 15 16| 21 21 22 22 22 22
2 8 4 4 5] 91011 11 12 13} 18 18 19 19 19 19 2 3 3 5 5 5| 13141415 16 16| 22 22 22 23 23 23
2 4 4 5 5110111112 1313119 19 19 20 20 20 2 3 & a a a|3121313181515| 20 20 21 21 21 21
2.4 5 5 5111121213 131419 20 20 21 21 21 2 3 & a a4 S[13131a1515 1&] 21 21 22 22 22 22
2 5 5 3 5011121313 1a15] 20 21 21 22 22 22 [P S VAR S S I ST S S I L
3033 3 3/ 7 8 8 9 910141515 15 15 13 2 3 4 5 5 5|14 15151617 17) 23 23 23 25 28 24
3.3 3 3 41 8 9 9101011711516 16 16 1» 16 2 3 5 5 5 5| 1515 16 17 17 18] 23 24 2a 25 25 25
303 3 3 50 8 9101011 11116 1617 17 1717 | lep- 3 -5 -5 -4~ a1y 14713 15 15 e 20 21772722 27 27 ]
303 3 & 41 8 9101013 11116 17 17 17 1717 2 4 4 & 4 5|13 1a 151516 17| 22 22 23 23 23 23
2 3-2.0- 202000 AR AL AT A0 e M B 12 4 4 4 3 518151516 1717 23 23 23 28 23 28
3 37378 e 10 1171112 181819191919 |} 5 4 4 5 5 5|15 16 16 17 17 18| 24 28 28 25 25 23
303 a4 sl 91010 11 12 12{ 1717 10 18 18 1o 2 a5 5 3 501516171018 19] 26 23 25 26 26 26
303 4 & 311010111212 13118 18 19 19 19 19 2 5 5 5 5 50161717 18 19 20| 25 26 26 27 27 27
303 0403 311011 11121313119 1919202020 | | 5 3 3 3 3 310111112 12 13|19 18 18 15 18 18
33 s 3 s|11121213151s[19 20 20 21 21 21 3333 ) i e1910 19 19 10
304 6 8 411011 1112121318 12 19 19 19 19 3 3.3.3 3 5111121313 1a 18| 19 20 20 20 20_20
3 4 a4 4 502011121213 1a]1919 202020 20 | L3-3-5-3 - -e|-13-13-1> 13 {4~ 157" 19207020 20726 1|
3 a4 & 5 3[111212131a 18] 20202021 21 21 3 3 3 3 & 5|12 1313 1a 1% 13/ 20 30 21 21 21 21
3 & 5 5 5]121213 1a 18 15] 20 21 21 22 22 22 33338 ks
L2.3.3 3. 51213181815 16121 22 22 2323 234 |3 3 3 & & «|121313141515|2021 2121 21 21
4T Te AT W10 1112712713 14 |T19719 20720726 20 3 3 3 a4 4 5|13 1a1a1s 15 16} 21 21 22 22 22 22
o« & & a 8|11121213 1a 18] 20 20 20 21 21 21 33 3 a % i is i3 e 17] %2 35 25 33 23 25
“« &4 4 5 51121313 14 14 15| 21 21 21 22 22 22 3 03 3 5 5 SI1a 1515 16 17 17] 23 23 23 24 24 24
s a 5 3 5[12131a 18 13 16] 21 22 22 23 23 23 3 3 & a4 a alisianeis.is 6| 21 21 32 22 22 22
45 5 5 5113 1a 181516 1722 2323 24 22 24 3 3 4 a & 51131a 151516 17) 22 22 23 23 23 23
5 35 5 5 5)]141315 1617 17 23 24 24 25 25 25 33 W7 T ST ¥Y1A 1835713 17TI8| 23723 28 24 26 7a”
3 3 4 5 5 3|15 16 16 17 18 18| 26 26 24 25 25 25
33 5 s 5 5|151s17 18 18 19| 24 23 23 26 26 26
3 4 &4 a4 & 4141381516 26 1722222323232
3 a4 & 4 6 5|14 15 16 16 17 18§ 23 23 24 24 24 2a
3 4 4 a 5 5[15 161617 18 18] 24 28 24 23 23 25
3 4 o 5 5 5|16 16 17 18 18 19| 23 25 25 26 26 26
3 a4 5 5 5 5|36 171838 19 20| 25 26 26 27 27 27
3 s 8 5 5 3|17 18 18 19 20 21| 26 27 27 28 28 28
F4- 2" 84 o M[fa"15 18 16717 T 23 23 24 Za 23 24
A 4 & 4 4 5|1%516 16 17 18 18| 24 2a 23 23 25 23
a 4 & & 5 5|161717 1818 19| 25 25 23 26 26 26
4« & & 5 5 5|16 17 18 19 19 20| 25 26 26 27 27 27
a a 5 5 S5 5]17 18 19 19 20 21| 26 27 27 28 28 28
a4 5 5 5 5 5|18 19 19 20 21 22| 27 28 28 29 29 29
s 5 5 5 5 5|19 20 20 21 22 22 28 29 29 30 30 30




