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On a Normal Form of Non-singular Quartic Surfaces
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A normal form of homogeneous polynomials which provides definitions for non-singular quartic sur-
faces in the three dimensional complex projective space is given. The parameter-space of the polyno-
mials is C' and which corresponds the K3 surfaces as discussed in Kodaira (1963). Computer algebra
has shown its utility in this research field and promises a breakthrough.

1. Introduction and Preliminaries

Let P" ' be a (n—1)-dimensional complex projective space with the coordinate [xl, X,
x,) and let "H, be the set of homogeneous polynomials of degree m in P"~'.  For any je
"H,, we define the analytic set

Vo= 1{(x, %, x,) | =0}

which is called a complex projective surface of degree n.  In this article, we call V; a quar-
tic surface in P® (see Hartshore (1977)).
The following proposition is most fundamental:

Proposition 1.1. Let g(x, x,**, x,) be a polynomial in C™ and let U be an analytic set such that

U= {(x, x,"", x,) | g(xl, x,, x,) =01,

P

Then for any singular point (bcl, X%, x,) of U, there exists a linear coordinate transformation

¢ lry xpn xd = Doyt ol
such that

($9) G2y, 2a) =0

and

0 (¢8) Burp s n)
ay,»
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Hence, we can assume, without loss of generality, that for each singular point (xl, X, x,)
of U satisfies

glx, 2, x)=0

n

and
ag(‘xlY xz'...Y xn>

ox;

=0' i=1,"', 71_].

This assumption will be present throughout the article.  Clearly, if these equations hold
simultaneously then U has a singularity at that point.

The following propositions are also fundamental and are required in obtaining the main
results as well as in designing an algorithm to get the normal forms of polynomials in ™H,,

Proposition 1.2, Let U be the same set defined in Proposition 1.1.  If U has an isolated singu-
lar point at the origin 0= (0,-++, 0) in C " then, for any i i=1, 2,+, n),
(i)  the defining polynomial g contains a monomial of the form cix; where ¢; is a constant coeffi-
cient and a;=2;
or

(ii) g contains a monomial of the form c;j x“x; where c; is a constant, i #j and a;=1.

Proposition 1.3. If the defining polynomial g is homogeneous with degree n, then the analytic set U
defined in Proposition 1.1 has a singularity at O.

Remark 1.1. When ¥, has an isolated singular point (or points), these propositions en-
able us to assume, without loss of generality, that it {or one of them) is the point (I, 0,-*,
0). If not so, a suitable linear transformation is the only need. In that case, we can

write f&"H, as

TGy, w3 (e, ) a5 e (e, )
where f; denotes a homogeneous polynomial of degree iG=2,,n).

A K3 surface is characterized with K=0 and ¢=0 and satisfies p,=p, =1 (see, e. g.,
Hartshone (1977)), where K, p,, p. ¢ are the canonical divisor, the geometric genus, the
arithmetic genus and the irregularity for an algebraic surface, respectively.  Each K3 sur-
face is simply connected and can be obtained by deformation of some non-singular quartic
surface in P*. K3 surfaces compose families of 19 dimensions (see Kodaira (1963)).

2. Main Results

Theorem 2.1. There exist non-singular quartic surfaces in P* having the normal form

x’x + (e)x,Fx’tax >+ (a2x2+a3x3) x42+a4x43) x,t/f (xg, x, x,)
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where f, (xz, x, x,) is a homogeneous polynomial of variables x, x,, x, of degree 4.
The proof is straightforward and is omitted.

Theorem 2.2. If fE*H, provides a non-singular quartic surface, then f is linearly equivalent to
the normal form in Theorem 2.1.

The proof is lengthy and is given in Takahashi (1991).

Remark 2.1. The parameter-space of the defining equation given in Theorem 2.1 is C*,
since the parameter-space of the equation f (x, x, x) =0 is C®.  All K3 surfaces compose
families of 20 dimensions but if expressing them as algebraic ones the number of dimensions
is reduced to 19 (see Kodaira (1963)). Theorem 2.1 gives the normal form of defining
polynomials of K3 surfaces as an explicit expression.

Remark 2.2. Conversely, from Remark 1.1, the polynomial given in Theorem 2.1 does
not have any isolated singular point other than O in C'.

Remark 2.3. In the most general expression, the parameter-space of the defining equa-
tion in Theorem 2.2 is nominally C*. Theorem 2.2 implies that this parameter-space can
be reduced to C* by applying series of linear transformations.

3. Use of Computer Algebra

During the research a huge amount of algebraic calculation is needed, including linear
transformation, modular arithmetic modulo a polynomial and resultant calculus.  Each com-
prises various kinds of polynomial arithmetics covering differentiation, simplification, solu-
tion of algebraic equations (or systems of equations) and manipulation of structures.

For example, the following program written in Mathematica language (Wolfram (1988))
is to confirm that the parameter-space of the defining equation given in Theorem 2.1 is C” as
stated in Remark 2.1.

(*the defining equation™)
f=X4 X173+ (X3 X2°2+al X4°2 X2+ X33+ a2 X32 X4+a3 X3 X4°2+ a4 X4°3) X1+
ab X2~4+
(a6 X3+a7 X4) X273+
(a8 X3"2+2a9 X3 X4+al0 X4°2) X224+
(all X3"3+al2 X3°2 X4+al3 X3 X4~2+ald X4°3) X2+
alb X374+al6 X16 X3°3 X4+al7 X372 X4°2+al8 X3 X4~3+al9 X4°4;

(*linear transformation for finding singularity if exists*)
fl=Expand [{/.{X1—>ul x1+u2 x2+u3 x3+x4,
X2—>u4 x1+ub x2+x3,
X3—>ub x1+x2, X4—>x1}];
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(*variables and works*)
x= {x1, x2, x3, x4} ; u= {ul, u2, u3, u4, u5, ub};
Array [c, 4]; Array [g, 4];
Array [ch, 10]; Array [cgl, 10]; Array [cg2, 10];

(*extract and print the coefficlients of the transformed polynomial*)
Do [c[i] =Coefficient [f1, x1°3 x[[i]]1], fi, 4} ];
Do [Print [c[i]], {i, 4}]; i

(*transform fl again forcing the leading coefficient to be unity*)
h=c[4] —1;
Do [g[i] =PolynomialRemainder [c[i], h, ul], {i, 4} ];
Do [Print [gl[i], {i, 4}]]:

(*reparametrize®)
u3=—(q[3] —u3);
Do [Expand [g[i]], f, 4] 1;
Do [Print [gli]], i, 4t ];

(*extract the coefficients of the reparametrized polynomials*)
ch=CoefficientList [h, ull;
cgl =CoefficientList [g[1], ul];
ca2=CoefficientList [g[2], ull;

(*resultants modulo u3 and h*)
g[1]=Expand [(ch[[2]] cgl[[2]]—2 ch[[3]] cgl[[1]])~2
—(ch[[2]]"2—4 ch[[3]] ch[[1]]) cgll[2]]-2];
gl2]=Expand [(ch[[2]] cg2[[2]]1—2 ch[[3]] cg2[[1]])~2
—(ch[[2]]~2—4 ch[[3]] ch[[1]]) cg2[[2]]-2];

(*print the results*)
Do [Print [CoefficientList [g[i], u[[§]]1], #, 2, §, 2t ];
Do [Print [CoefficientList [gli], ull]111], § 2}, i, 4, 6} 1;

After execution of the above program we have obtained the fact that Coefficient [g[2], u2-2]
=236 and this term does not contain any parameter. Therefore, the number of parameters
remains 19 as the former.

References

1) Hartshone, R. (1977): Algebraic Geometry, GTM 52, Springer-Verlag.

2) Kodaira, K. (1963): On Compact Complex Analytic Surface I, Ann. of Math., 78, pp. 1—40.

3) Takahashi, T. (1991): Normal Form of Non-singular Quartic Surface and it's Moduli, 7o appear.

4) Wolfram, S. (1988): Mathematica™, A System for Doing Mathematics by Computer, Addison-Wesley, California.



