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Derivation of the distribution of sample regression coefficient

by using computer algebra

Shigekazu Nakagawa® and Naoto Niki**
(Received Aug. 31, 1989)

The purpose of this article is to give a higher order asymptotic expansion of the distribution of sam-
ple regression coefficient for nonnormal populations.  The order of expansion is 1/0Vn. In deriving
higher order terms, a symbolic algorithm for obtaining moments of symmetric statistics has been used.

1. Introduction

Sample regression coefficient is one the most important statistics, which is also one of
the symmetric statistics. Regression coefficient b, based on a random sample X;= (x, yl), Xo
= (x2, 92) oy X, = (x,, . from a population, whose distribution function is F, is designated
by

Srot{ 8] B

b= n
S

i=1

St

i=1
Concerning the distribution of 4, Cook ? ¥ calculated approximate moments using -
statisitcs.  From his results, we have the asymptotic expansion only up to order 1/\/—n

To obtain a higher order asymptotic expansion, we require more approximate cumulants or
moments, having further high order terms.

The need of huge computation, however, have prevented us from getting them. To
overcome this, computer algera which is powerful tool for these kinds of calculation helps
us. In fact, simple algorithms appropriate to computer algebra can be seen in Niki® .
They have been implemented as LISP functions with interface to REDUCE", a computer
algebra system used worldwide. A library of formulae required in obtaining asymptotic
expansions has been also prepared.

The purpose of this article is to obtain the asymptotic expansion for the distribution of
b up to order 1/ n\/? for nonnormal populations.

2. Higher order cumulants of sample regression coefficient

It is assume that F has finite moments of requisite order. Let 19, ¥ 01, K20, K11, Kgg, ***
denote the cumulants of F.
In order to obtain approximate moments of 4, we use auxiliary variables as follows:

*Department of Information Systems, Graduate Student
**Department of Information Systems




— 358 — Derivation of the distribution of sample regression coefficient by using computer algebra

Il

X » Sx

Ky n

Vi (&= ky) 2”1_‘"'2 1 ’

Vi (sy— fy) | 1, & :
Wy =T 5;9:-7{ ;}xiyi“I( 2x3) ( glyi)‘.
Note that w, and wy, have the limiting normal distributions in law as n—c0. Clearly, s,z
and s,, are polynomials of power sums, and so w, are and w,,, We can expand b as power
series in terms of 1/V n whose coefficients are polynomials of w, and Wiy

b=— (1+v_)(1+\/“’:)—1
{1“*‘\/— (wxy w)+ (— wxywx+wx)

1 3
+_r—z—\/—7— (wx]wxz—wx) +? (—wvwf-{-wf)

"zo

( 1

+0 oy )

Then the first approximate moment of 4 is calculated from the apove expression by taking
expectation term by term.  The r-th ore is similarly given from #".

On taking expectation E[w]wk] (j=0, k=0, j+£=6), we have used the package due to
Niki® and obtained the first four approximate moments of 4 up to order 1/n%.  Our results
coincide with Cook’s results up to order 1/7%

The approximate cumulants A ;(i=1, ..., 4) of 4 are given from the relations between
moments and cumulants. The lower order parts of them are as follows:

J_l—"‘zo(’caxo’cu ~ kg kg) + O(— = '['—

A= ’C;g(’%o"fl = 2K5,K0kq t Kzz’cgo + "go’coz - "zo"fl)
+ ',11_";2( - 2Kgokaokty + 4KgyK30Ky; — 2K4gKko0 + BrGoKGy — 16K,okg Kaokyy
+ 3"40"22"20 + ”40‘::0”02 - 5”40”20”?1 + 5’5:251”20 + 8”31"20‘711
= 8":0’520’531 + 16’530"321’520"11 - 4”30“720’512 - 4”22’520 - 4"3:1”20
+ 3"20’502 - 3’530’531>

+0(#)
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1 -7 3 2 2 3 2 3
Ag = m’czo( ~ Kgokaokyy + Bkg Kok — BKypkpokyy + Bkyokyy

1 -10

Ay =37k

2 2 a 2 3
18k 40kg1kg0ky t+ Blyokapkaokyy + Bk aokzok1kos — BEyokaoky;

4 2 2 3 4 3 2
Kagkgo + 12K5, K50k, — By KppKag — 3K Kp0kop + 12K91Kp0ky;

+

2 3 2 2 4 3
~ dkgokaokyy + 12K50k 5 ka0K 11 + Kgokgokoa — 6”30"20"12"11_

4 2 3 4 5 1
= Okpakpokyy ~ BKy Kpokyy + Bk kpok a + koK a) + O(n’—n)

(KBOK:O’C:I - 4"71"20"?1 + 6"52"20"?1 - 24"60"40"20":1

+ 36"60"31"30"7?1 - 12"60"22"20"?1 - 6"60";0"?!"02 + 12”60"20”?1

- 4"53"20"11 + 60‘751‘740“7:0"?1 - 84”51"31"20"?1 + 24"51"22"20"11

+ 12"51"20'511'502 - 36"-‘51"30“?1 + 32"50’530’520'5‘:1 - 48’550’521’520"7?1

- 4"50“20”11"03 + 24"’50"20"12’5?1 + "44"::0 - 48"42"40"20"’?1

+ 60“42"31"20"711 - 12"42"22"20 - 6"42"20"02 + 42’“42"20"’31

- 80"41"30"20"?1 + 96"41"21"20"?1 + 4"41"20"703 - 36"41"20"12"11

+ 72"720":1 - 288’530’531"20"?1 + 84“30"22"20"?1 + 36"§o'¢20"fl'¢02

- 76"«30’520":1 + 12"’40”33"20"11 + 348"40"21"20”?1 - 168"40’531’522’520"311

- 72’“40"’31"20"’11"302 + 232"’40"’31’520":?1 - 96"340":230"320":1 + 240"40’530"321":0”?1

+ 12"40"30"3;0"11"03 - 96"40"30"20"12”?1 + 12"40":22’520 + 12"40"22“’20”02

- 108”40"22"30"?1 - 96"40"21"20’551 * 36"40”21"330"12"311 + ”40"20"04

+ 3"40”20"(2)2 + 16"40"20"13"11 - 12"40'“20"?1"02 + 12'“40"20":1

- 12x33x31x20 - 24’533’530":11 + 72”32”30"20”?1 - 60"32"21"20"11 + 12"32";0"12

- 120k5, K50k, + B0KG; Kak30 + 24K5, Kookos — 168K3, 50k,

+ 144k, k30k50k7; — 386K01Kaokpi Kaokty — 12K5,KaoKa0kog + 120 kg, Kagkok 5Ky,
5 2 4 5 6

+ 144Kk, ko5k 90k, + 120k, k5, K50k, — BBkg ky Kp0k, — 20k, k50K 5

+ 12"31"::0"11"02 - 24"31’520’5?1 - 48’530"22"320”?1 - 24"20”20”?1’602 + 48’“20"30"3:1

- 28’630’523’520’511 + 96"30’522’521"320’511 - 24"30’522’520"12 + 48’530"21’520"11’502

- 144"30"21”20"?1 + 4"30’520’514 - 12'530"20’512"02 - 12’530"20"11"03

+ 72"30"20"12’531 + 6’524’520 + 12’523’521’520 - 21’532’520

- 24"22"21"20 - 6"22"3;0"02 + 24"322"3:0"?1 - 12"3:1'320":02

+ 96“:1’520’531 + 12"21"20"03 - 84"21"20”12"11 + 3'520'504 + 6’530’532

7 7 2 7 2 ‘a6 4
- 12k50k 5K,y + 12kp0Kk15 = 12K50k71k0p + BKpokyy)

+ 0(=3)

1
n
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3. Asymptotic expansion

Now we derive the asymptotic expansion for the distribution of the standardized variate
B of b, given by

o Vr (:—ﬂ)

’

where

K11
ﬁ:

K20

7 7 .3 7.2
- — VK G—2K31 Kpo K11+ Kop KD+ KdKep— KHK ]

K5

From the choice of ¢, approximate cumulants of B calculated from above Ajs satisfy
the Cornish-Fisher assumption.  Therefore, we can obtain the asymptotic expansion, name-
ly Edgeworth expansion, for the distribution of B, where so-called Delta method, is used.
We note that the validity of Delta method is proved by Bhattacharya and Ghosh".
Requisite formulae of the higher order Edgeworth expansion have already derived by Niki
and Konishi”. Substituting of them to formulae, we get the asymptotic expansion up to
order 1/n\/7 . A Cornish-Fisher inverse expansion for percentiles has been also obtained
up to the same order.

Let ® (x) and ¢ (x) be the standard normal distribution and its density function, res-
pectively.  The Edgeworth expansion is shown in the following:

PrB<s]=® (x) —  (x) {7_1;1—01+%cz} +o<ﬁ).

Cr and C; are polynomials which consist of j-th Hermite polynomial H; (x) and population
cumulants « ,,; for detail, as below: ’

Hy(x)

- 1 3 1 2 2 1 3 2 3 2
C = P (- Bkeokaokis + Zks1K20K11 ~ T hazkpoks + Kaokyy — BKyoka Kaoky,
20

2 3 2 3 1 1 2 2
* KaoKa2ka0k1y t+ G Ka0k20K11K02 ~ Kaoka0K11 + Ghaakao + 25 Kpokyy
3 1 4 3 2 2 2 3 2 2
T Ka1Kaakao ~ GKa1kaokos + 2Kg1 K50k 1 = FKaokaokiy + 2Egokakagky,
1 4 3 3 4 2 3 1 4 1 s
+ Graok20808 = Kaoka0k12K11 ~ D haaka0k 1 ~ Ka1Kp0Kyy + 5K Ka0K iy + TEa0K3)

1
+ g (kyokyy — Kaykgg)
Okgg
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_Hs(x) 1

2 2

6 1 3 5 1 4 4 2 6
Cy,= P (7 keokz0k11 ~ Toke0ks1£20811 + ToKe0Ka2K20511 ~ GKe0K20K20511

+

+

+

20
%’Ceo"?w”al":o"fl - %’Ceo’ho’czz”go"‘:x - '117’560":40":;0":1502 + %"so’%o":o":?l
'31—6'560'533”20”?1 - @"so":zn":o":l + %’560’531’622’520’6?1 + "112"560"31"7:0’5?1”02
fla"‘:eo’cm’c;o”?l + %’Cso’cgo”:o’cfl - ~;13"%0’“:30"21":o"i’x —‘3—16_'560’:80"::0":::1‘:03
‘é"ceo"ao":o’clz’ctl + %’Ceo’czz’cgo’c‘:l .+ %’560’521’530":1

1%"60'521”20”12”?1 - ‘1’2‘"50"20"19"?1 + %’521’520’5:1 - %’551’542’520’531
_”51’Cio”:o’cfx - %”51"40"31"20"?1 + %"%1"40"22"30"?1 + }11"‘51"40'520"?1"02

4 .5 1 6 2 2 4 3 5 2
K51K40K20K11 * T F61533K20811 * K51K31K20K11 — 9 Kp1£31K22K20% 11

PN TS S

Ks1K31K20K 1Koz + K51ka1Kookyy ~ §"51"’§o"’20’571 + Kg3Kaokay Kok
11_2'551'530":0’5?1”03 - %Kalxao"go’clz’cfl - %”51"22"20"?1 - %’%1"21"20"?1
%‘551”21":0’“12’“?1 + 211"‘:51";0"13"?1 t %"iz":o"fl - 7'542'530"’20""111
%":42":40’531’520"?1 - %”42"40”22”20"?1 - %"42"40"20”?1”02 + '%’%2"40”20"‘111
%"42"93’520’511 - Kagkgikgokey + '%’%2"31"22“20"11 + 2%"42"31";0"11"02

6 3 2 4 4 5 .8 1 7
K42Ka1K20K11 * FFa2K 30020811 ~ Ky2K30K21%20K11 ~ ToK42K30520%11K 00 -
%"42”30”20”12”?1 + %”42”22”30”?1 + %x42x:lxgoxfl - 211"542’521":;0’512’511
%I"u"go’cla'cu + %’C:Okgl - 3’530’531’520’5?1 M ”20"22"20’5:1 + %’Cgox:ox?lxoz
Ki0K30kDy + 'é”‘io'caa’c;o’cfl + %”io"gl’c:o’c:l - 4’5240’531’522"320’5?1

2 4 .3 2 3 5 2.2 2 6 2 2 5
2k40K51 K20k 11502 + DEgoKa1Kz0K11 ~ TR0k 20K 1 + 2K 40Kg0K 01 KoK s

1.2 4 .38 2 a 4 1l 2 2 4 2 1 2 5 2
BFa0X3020K11F03 ~ Ka0k30K20K 12811 + P Ka0K22K20F11 + G Ka0K22K20K11 K02
5 2 4 4 z 2 3 4 1 2 4 3 1.2 6 2 2

T Ke0K22K20K11 ~ Kg0X21K20K11 + 5 K40K21 820812811 t §K40F20F11K02

1.2 5 3 1.2 5 4 1.2 4 6 1 5 2

D K40K20%13811 — 5 K40K20K11%02 ¥ T K40K20K11 T T X40K33831 20511

—

6 1 7 1 6 .3 _ g 3 3 3
B 40K33K02K20K11 + T Ks0ka3k20K11K02 ~ GKa0Ka3k20 11 — OKy0K31 K201

2 4 2 5] 2 6 2 2 4 4 2 2 6
5k40ka1K22K20K11 + 5 Ka0Ka1K20K11 K02 — BEyokg K0k + 2K 40K K50k 20K 1)

3 4 1 5 2 4 3 2 6
- Bk40kg1ka0k21820K11 ~ TK40K51K30K20K 11K03 + SKaoka1Ka0K20K 12811 — Kaoka1K2akzokyy
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+

K40Ka1 Ka2kz0k 1 Koz + _125"540'531"22'520’5::1 + 3"40"31"21"‘;0’531 - %"40’“31’521”20”12’551
%"40"31"20”11’532 - %‘40"31’530’513‘7?1 + %”40”31’530’5?1’502 - 2'540531‘7:0"?1
%'540’530’522‘720‘7:1 - %“40’5:0‘7;0"‘1‘1"02 t %’540’520‘720‘731 + 2"40"30”22”21"30“?1
%"40”30”22"20’511”03 - ”40"30”22"30”12‘?1 + "40"30"‘21”20”?1“302 - 2"40":30"21”;0”?1
Tlf'cmxao”;o"u"oa"oz - 'é_"ko’cao"go"lz’cfl"oz - %"340‘730":0“?1“03 + ’540’530”20"12":1

3

2 6 2 2 6 2 1 6 1 7
T K40K22K20K11 ~ Kg0K22X821K20%11 + T Xs0F22K21 820812511 F 2 K40K22%20K18K11

V]

7T 2 3 6 4 1 2 6 2 2 65 4
4Fa0k22K20% 11 02 + G40k 22K20811 ~ D K40K21820811802 T K0k 21820811

N

7 1 6 3 1 8 7 3
ZF40k21K20812K11K02 = T h40K21K20K 12811 + fF40K20K13K11 02 — T K40k 20813511

—

2 8 1 2 8 1 7 1 8
7o Kaskao T FLaaka1K20%11 ~ Gha3ha1K22K20 - ToK33K31K20802

[N

7 2 1 2 65 3 6 2 1 8
JKa3ka1K20811 ~ GKaskaokz0k11 + TKaaksok21K20%11 + JEXaakaokz0%0s

—

7 1 8 1 2 7 1 8

6 F33%30K20F12F11 ~ fKa3k22K20%11 ~ GKaaka1X20811 + TG Faak21K20812

1 9 4 4 2 3 5 3 6

{9 Kaakz0k13 + 2Kg1Ka0k 1y ~ 2K Ka2Kp0K1, ~ KayKgokyyKop
4r2 k5 k3 4.2 2 3 4 42 4 3 1 2 6

K31K20K11 ~ ZFa1Ka0X20%11 + 4K31K50K21X20%11 + ZX31K30820%11 03
2k2 [ 2 1.2 2 6 1.2 7 5r2 6 2

K31K30K208 12811 + 5 K31 K22K20 T 9 L31K52K20 02 ~ Ok31K22K20% 11

2 2 6 2 2 6 1.2 8 2 2z 7

2kq K1 K20k ) + Kg1Kg1Kpk 2Ky + Gha1K20Kez t+ kg1 K2ok1ak1y

2 7 2 2kl k8 ot 2 2 4 3 1 2 5 8

K31K20K11K02 + 4Kg k20811 + FK31K30K22820811 T FK31530K20%11 %02

4 2 4 6 5 2 1 7 6
Jka1Kaokzok1s — 2631830k 22K21 K208 11 — §Ea1Ka0k 22820808 + Koy Kgokaakaokyzky,

6 2 4 6§ 4 1 8 1 7

Kg1ka0kg1K20k 1 02 + 2Kg1K30%21 520811 ~ TG Xa1530F20 08802 + 5 X31K30K20F 12811 K02
1 7 2 6 3 3 2 7 2 6
Gha1kaokaok 1Koa ~ 2Ka1ka0Kz0k12K 1 + T Ea1kaekaokyy T Ko Kapka Kaokyy

1 7 1 8 3 8 7 .8
TKa1K22K31K20k12 = TK31K22K208 13 + [ Ka1K32K20K11 Koz = Skgy Kaakz0ky,

1 2 7 2 6 3 1 8
TKa1K21K20K11 02 ~ 2631851 K20k 11 ~ FKa1K21K20812K02

7 2 1 8 8 2 2.4 2 6
+ kg1K21 K08 12811 ~ fK31K20K13K02 t K31K20813K11 + GF30K20%11

+

(

o oo o

3 3 6 138 5 3 2.3 4 4 2 6 4
Kg0K21K20K11 — gKa0Xk20%11%08 ¥ Thaokz0k12F11 T K3ohaakz0kyy
2 2 4 4 1.2 6 2 T 2 5 3 1l 2 8 2
K30K21K20K11 t §K30K21520%11K03 ~ FKa0F21520%12511 T 75 X30K20 08

2 7 1 .2 6 3 1l 2 8 2 2 6 3
K30K20%12K11K03 ~ TKa0kz0K13K11 T ZK30820%12F11 ~ BkgokazKa Kook
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-+

1 8 3 7 2 3 5 3 1 2 7
Ak30K22K20k 11 03 t T K30k 22 20812811 ~ 2hagkg Kggkyy ~ BFa0X21K20811K03

2 6 2 1 8 7 2 1 7 2
2kgokz Kook 2k + 12 Ka0k21820K 12803 + K3oK21K20K13K11 ~ §Kg0Ka1K20K12K

1 9 1 8 9.2 8 2 3 2 7 2
12%80%20 13%08 = JEa0F 20K 10K12811 + GK22K20K11 + TH22K21 K20k,
3 8 3 9 1 4 6 2 a 7 ‘
4F22F21K20F 12K 1 ~ gK22820K 10811 + §Ka1K20K11 ~ G K21 K50k 12k,
1l 2 8 1.2 8 2 1 9 1 10 2

2k21k20k 18811 + Gha1Kz0K12 t fE21Kp0k 13K 12 + G20k 3)

Hy(x) 1

3 3 3 1 4 2 7 4

"k (24‘330‘320"311 ~ Gknka0kn t LEe2k20k11 T Ghe0k 0K 20811
20

5 2 8 1 3 2 1 4 2 1 3 4
Fkeoka1£20%11 ~ FKeok22K20%11 ~ ZKe0F20F 11502 T T Xe0X20511

1 5 2 8 3 2 4
Bhoakzoksy + BKe1Kaokzohyy — 4K kg Koy + Ke1KaaKzoky,

1 5 3 4 3 4 2 4 3 8
Tks1K20K11%02 ~ TE51K20K 1 + Fhsoka0k20K11 ~ 250K ka0k )

—

E’Cso’cgo’cu":oa + Kgokgokyakiy + ’2’121"344"320 - '2"“42"40"20”?1
BK 42k K0k, %"342"’22”20 - 211”42"7:0‘302 t %‘342‘720‘3?1
3 3 4 2 1 6 5
g K41Ka0kz0k 1 T 4K Ky Kook ) ¥ Ghakz0ken ~ TEa1Kz0k 12k
4rfory - 16"’20"31’620’5?1 + %":o’czz"zo’cfl + 2"3:0"320’5121’“02
'2‘65"::0’5:0”:1 + %”40"33"20"11 + %’%o”gl":o"fl ~ Ok 4okgiKaakpok s
4K 40Kg kg0 Koz + '33-8"40"31 'Czo’cfx - i3—":40"‘:z;o""ao"c‘:‘x + 12K,40kg0k 31 KoKy
%"40"30"-‘;0’511":03 - 5"340"330"20”12”?1 + %"40"3:2’520 + %"40"22’“20”02
BKs0k22K20K 11 — D sok31 KooK, + 2K 40Ka Kook okyy + 7141’640"20"’04

6 2 5 1 5 2 1 4 4
Ka0Kz0k02 + GKa0K20K13K11 — T Ka0Kz0F11K02 + T K40K20K11

L
8
2
3

5 6 4 2 5 5
EagkarKzo ~ Kagkpokyy + 3Kagkaokpokyy — Thazka Kzokqy

Ted 2 T 2 4 3.2 5
'532’520’512 = kg Kok, T GharKazkao t GK31K20K02

[\3»—-

Orgikg0ksy + ZTO”al’C:Zao'Cgo’cin - 16”31"30”21"’20"%1 - %”31"30":20’503
BKa1ka0ka0K 2K, + %”al’czz’cgo"u + Bk kg1 K20k, — 2KgyKayKzokyg
%"ax"go’cls t é—’cax’cgo"u"foz - ”ax”:o’cfx - z‘c:oxzzxgo”fx
K30K20K11k0z + 2K30K 50K,

7 5 1 5 5
BFaokaakaok1y + 4haokaaka  Kagkyy — Kgokaakaokis + 2Kg0K 5 K0k Koy

1 3 1 6 1 6 1 6
Brgok21ka0k s + Ghaokzok1a ~ T Ea0k20K12K02 = ZK30K20811 K03
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2 6

] 2 1 7 1 6 7
+ BKgokpokizkyy t ZKaakao * TKaakz Ko — Ghazkzo

2 6 1 7 6 2 1.2 6
T K22K21K20 ~ fK22K20K02 T Ka2Kz0k11 ~ H K21 820802
42 k% g2 4 1 7 1 6 1.8
t 4K31K20K11 * T K21K20K08 ~ T K21 K20K12K11 t Gh20K04
1 8 1.7 1 7 2 1 7 2 16 4
+ AK20K02 ~ T K20€13611 + Tha0K12 ~ TK20K11K03 + gha0K1)

H (x)

2 2
+ —g 5 - Kgokgokyy + 2Kg k50K, —
0 Kyo

3 9.2 2
Kagkzo + Fhaok1y = Ik40ka Kook
3 2 1 3 5 2 2 2 2 3
* Gha0kaaka0 + TKha0kz0 02 ~ G ha0kz0k ) t Bkg Koo + kg Kpokyy
2 2 2 3 4
— 4kgokaokyy + Bhgokp Kaokyy ~ 2K50K 50K 5 = 2K35K50
2 3 3.5 3.4 2
= 2k51K30 + Thpokoz ~ Th20k11)
4. Normal case

Now we apply above results to the case that F is the normal distribution, that is,

= 1 1 2 2
¢(x,y)—“2n_\/1_p2 exp’ 20=0% (x*—=2P xy+5°) .
Since population cumulants are '
K10= K1 =0,K30= Kop=1,k11= ©, &, =0 (for p+¢>2),

the standardized variate is

gV (6= P)
Vi-p?

Therefore cumulants ¥ ; of B is reduced as follows;

v1=0,
3 1
Vz:1+—+0(_2),
n n
v 3=0,
6

1
v 4=7+O (;2—)

The Edgeworth expansion is also much simpler than in the general case;

$ () (1

Pris<d=a ()~ a0 +%H1 (W}+o <n——\lﬁ—>.




FRTCE AMREREBIZHAHRBKE H11% %£35 —365—

References

1) Bhattacharya and Ghosh (1978) : On the validity of the formal Edgeworth expansion, Ann. Statist., 6, 434-451.

2) Cook, M. B. (1951): Bi-variate £-statistics and cumulants of their joint sampling distribution., Biometorika, 38,
179-195.

3) Cook, M. B. (1951): Two applications of bi-variate £-statistics, Biometorika, 38, 368-376.

4) Hearn, A. C. (ed.) (1984): REDUCE User’s Manual, Version 3.1, Rand Corp., Santa Monica.

5) Niki, N. (1989): Algorithms on the Representation of Multi-system Symmetric Polynomials and their Applica-
tions in Statistcs, Proc. 11-th Int. Symp.  Computer at the University (V. Ceric, V. Lauzar, V. Mildner ed.)

6) Niki, N. and Konishi, S. (1986) : Effects of transformations in higher order asymptotic expansions., Ann. Inst.
Statist. Math., 38, 371-383.



