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Derivation of the distribution of sample regression coefficient

                   by using computer algebra

                Shigekazu Nakagawa" and Naoto Niki*"

                         (Received Aug. 31, 1989)

   The purpose of this article is to give a higher order asymptotic expansion of the distribution of sam-
ple regression coefficient for nonnormal populations. The order of expansion is 1/nVn. In deriving

higher order terms, a symbolic algorithm for obtaining moments of symmetric statistics has been used.

  1. Introduction

    Sample regression' coefficient is one the most important statistics, which is also one of

the symmetric statistics. Regression coefficient b, based on a random sample Xi == (xi,"i), X2

= (x2,y2),..., jX.= (x.,2.) from a population, whose distribution function is F, is designated

by

            te.,x,,i-t(te,xi)(te,,i)

        b=
            te.,xi--}( l=,x,)2

   Concerning the distribution of b, Cook 2) '3) calculated approximate moments using k-
statisitcs. From his results, we have the asymptotic expansion only up to order 1/V-ii

 To obtain a higher order asymptotic expansion, we require more approximate cumulants or

moments, having further high order terms.

   The need of huge computation, however, have prevented us from getting them. To
overcome this, compuler algera which is powerful tool for these kinds of calculation helps

us. In fact, simple algorithms appropriate to computer algebra can be seen in Niki5).
They have been implemented as LISP functions with interface to REDUCE`', a computer
algebra system used wotldwide. A library of formulae required in obtaining asymptotic
expansions has been also prepared.
   The purpose of this article is to obtain the asymptotic expansion for the distribution of
b up to order 1/nN/il- for nonnormal populations.

  2. Higher order cumulants of sample regression coefficient

   It is assume that Fhas finite moments of requisite order. Let rcio, rc oi, rc2o, Kii, Ko2,"'

denote the cumulants of F.

   In order to obtain approximate moments of b, we use auxiliary variables as follows:
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                                       /

       ...= V-iT ('?x'"20) , ,.2------!1 :ll x;. -!( Sxi)2),

                K2o n{i-1 n i--1 J
       ..... N/Ji- (Sili "'i) , s..=t( Åí.,xt2t'-t( Åí.,Xi) ( 2-iliX)]

Note that w. and w.y have the limiting normal distributions in law as n-oo Clearly, s.2

and s.2 are polynomials of power sums, and so w. are and w.i. We can expandbas power
series in terms of 1/'V I whose coefficients are polynomials of w. and way:

       b= :',i (1+ fl:I ) (1+ VSii= )-i

        = :;i(i+ Vir (zv..-zv.)+t(--w..w.+w.2)

                 + ntil (waywx2--wx3)+ i2 (-"-wayw.3+w.4)]

                 +O(n2i)= l= )'

Then the first approximate mpment of b is calculated from the apove expression by taking
expectation term by term. The r-th ore is similarly given from b'.
    On taking expectation E[wti/ w.k.] (j'-'O, k)O, j'+kS6) , we have used the package due to

Niki5' and obtained the first four approximate moments of b up to order 1/n3. 0ur results
coincide with Cook's results up to order 1/n2.

    The approximate cumulants Ai(i=1, ..., 4) of b are given from the relations between

moments and cumulants. The lower order parts of them are as follows:

x, = 711 rc5o3( rc4o rcn - rc3iK2o) + O( nil;il )

A2 = re - 2 4o ( M4o rck '- 2 rc 3i it 2o rc n + rc 22 rc 22o + rc :o rc o2 - rc 22o rck )

  + ;i rc -2 6o ( - 2 rc 6o rc 2o rck + 4rc si rc :o rcn - 2 rc 42 rc :o + 8 rc Eo rck - 16 rc 4o rc 3i rc 2o rc n

        + 3rc4oic22re:o + rc4orc:orco2 - 5x4ox:orck + 5rcZtrc:o + 8rcsirc23orcii

        '- 8 rc go it 2o rc ?i + 16 rc so rc 2i rc :o rcn -' 4rc so rc :o rc i2 - 4rc 22 rcto - 4rc 22i rc :o

        + 3K52orco2 - 3rc42orck)

  . o(-l,)
      n
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z3 = 71IT rci5( - rc,,rc,,rc?, + 3rcs,rc:,rc?, - 3rc,,rc:,rc,, + 6rcZ,rc?i

        - 18rc4orc3irc2orck + 6rc4orc22rc:orcn + 3rc4orc:orcnrco2 - 6rc4orc:orc?i

        + rc ss rc 42o + 12 rc gi rc :o rc ti - 6 rc 3i rc 22 rc :o - 3 rc si rc 42o rc o2 + 12 rc 3i K:o rc k

        - zircgorc2orc?i + i2re3orc2irc:orck + rc3orc:orco3 - 6rc3orc:oKi2rcn

        - 9rc22rctorcn ' 6rc:irc:orcii +' 3rc2irctorci2 + 3rc:orci3) + O(nh)

Z4 == ;ir rc i60 ( rc so rc :o Mfi - 4 rc7i rc 23o rc ?i + 6 rc62 rc :o re ?i - 24 rc 6o rc 4o rc 2o rc fi

        + 36 rc 6o rc si re :o rc ?i - 12 rc 6o rc 22 rc 23o rc ?i - 6 rc 6o rc So rck rc o2 + 12 rc 6o re go rcfi

        - 4rcs3rc:orc11 + 60resl rc4ore:orc?1 .- 84resl rc31 rc23orc121 + 24rcslK22rcgorcn

        + 12 rc si rc 52o rc n rc o2 - 36 rc si rc 42o rc ?i + 32 rc so rc 3o rc :o Kfi '- 48 rc so rc 2i rc :o rc ?i

        - 4rcsorc:orciirco3 + 24rcsorc:orci2rck + rc44rc:o - 48rc42rc4orc:orcri

        + 60rc42rc3irc:orcii - 12rc42rc22rc:o - 6rc42re:orco2 + 42rc42rcgorck

        - 80 re 4i rc 3o rc :o rc ?i + 96 rc" rc 2i re :o rc k + 4 rc" rc :o rc o3 - 36 rc" rc 62o rc i2 rc n

        + 72 rc ,3, mf, - 288 rc Z, rc ,, rc ,, rc ?, + 84 rc Z, rc ,, rc :, rc ?, + 36 rc Z, rc :o rc ii rco2

        - 76rcZore:orcfi + 12rc4ore33rctorcn + 348rc4orc:irc:orck - 168rc4orc3irc22rc:oKii

        - 72 rc 4o rc 31 rc So rc n Ko2 + 232 rc 4o rc 31 rc 2o rc ?1 - 96 rc 4o rc go rc 2o rcfl + 240 rc4o rc 3o rc 21 rc :o rc ?1

        + 12 rc 4o rc 3o rc to rc " rc o3 - 96 rc 4o rc 3o rc :o rc i2 rc ?i + 12 rc 4o rc :2K:o + 12K4o rc 22K52o rc og

        - los re 4o rc 22 rc :o rck - g6 rc 4o rc :1 rc 23o rc k + 36 rc 4o rc 21 rc So rc 12 rc11 + rc 4o rc :o rc o4

        + 3rc4orc:orcg2 + 16rc4orc:orci3rcn ' 12re4orc:orckrco2 + 12rc4orcSorcfi

        - 12 rc 33 rc 3i x52o - 24 rc 33 rc :o rc n + 72 rc 32 rc 3o rc 42o rc ;i - 60 rc 32 rc 2i rc :o rc ii + 12 rc 32 rc 62o rc i2

        - 120K:, rc,3,rc,, + 60reg, re,,rcg, + 24rcg, rc:,rc,, - 168rc:, rc:,rc?,

        + 144rc3i rcgorc:orc?i - 336rc3i it3orc2irc:orcii - 12rc3irc3orc:orco3 + 120rc3i rc3orctorci2rc"

        + 144rc31 rc22rc52orc11 + 120rc31 rc:1rc:orc11 -- 36rc31 rc21rc52orc12 - 20rcBl rc62orc13

        + 12 rc ,, rc :, rc,, rc ,, - 24 rc ,, rc :, rc ?, - 48 rc g, re ,, rc ;, rc ,2, - 24K:, rc S, rck rc,, + 48 rc :, rc g, rc f,

        - 28 rc 3o rc 2B rc :o rc n 'i" 96 rc so rc 22 rc 2i rc :o rc n - 24rc 3o rc 22 rc :o rc i2 + 48 rc 3o rc 2i rc :o rc n rc o2

        nt 144K3orc2i rctorc?i + 4rc3orc:orci4 - 12rc3oK:oKi2rco2 - 12rcBorc:orcnrco3

        + 72 re 3o rc 52o rc 12 rc k + 6 rc 24 rc 72o + 12 rc 23 rc 21 rc 62o - 21 re :2 rc 62o

        - 24 rc 22 rc :1 rc :o - 6 rc 22 rc go rco2 + 24 rc 22 rc 62o rc k - 1 2 rc :1 rc go rc o2

        + 96rc:irc:orci2i + 12rc2i rc;oKo3 - 84rc2irc:orci2rcii + 3rc:oreo4 + 6rc82orcg2

        - 12rcZorci3rcn + 12rc'2orc?2 - 12rc72orckrco2 +6rc62orcfi)

  + o(-L)
      n
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  3. Asymptoticexpansion

    Now we derive the asymptotic expansion for the distribution of the standardized variate

B of b, given by

           Vfii- (b-B)
       B=                      '                o

where
           p= rc 11 ,

                rc 20

              rc4o rc i2i-2 rc3i rc2o rcn+ rc22 rc 22o+ K23oKo2' K22o rc i2i

        6 ==                                "22o .
    From the choice of O , approximate citmulants of B calculated from above A]•s satisfy

the Cornish-Fisher assumption. Therefore, we can obtain the asymptotic expansion, name-
ly Edgeworth expansion, for the distribution of B, where so-called Delta method, is used.

We note that the validity of Delta method is proved by Bhattacharya and Ghoshi'.
Requisite formulae of the higher order Edgeworth expansion have already derived by Niki
and Konishi6'. Substituting of them to formulae, we get the asymptotic expansion up to
order 1/nN/- ii . A Cornish-Fisher inverse expansion for percentiles has been also obtained

up to the same order.
    Let Åë (x) and Åë (x) be the standard normal distribution and its density function, res-

pectively. The Edgeworth expansion is shown in the following:

                               11                                                 1       Pr [B<x] =Åë (x) -- Åë (x) i                                  Ci+-C21 +O(                                                     )•                              VMii n                                               nV-iiM

Ci and C2 are polynomials which consist of7'-th Hermite polynomial H,• (x) and population

cumulants rcp4; for detail, as below: '
                                                               '                                                                      '
                                   '
c, = llii23(rc Z::o) ( - -li- re 6o rc 2o rc ?i + -lt rc s, rc :o rc i2i - arc .2 rc :o rc n + rc Zo rc ?i - 3 rc 4o rc 3i rc 2o rc li

                                                              '      + rc4orc22rc:orc" + Src4orc:orcnrco2 - rc4orc:orc?t + 'l}rcs3rc;o + 2rc:i rc:orcii

      - re3irc22rc;o - Src3ircSorco2 + 2rc3irc:orc?i - grc:orc2orc?i + 2rc3orc2irc:orck

      + grc3orc:orco3 - rc3orc:orc12rc11 - grc22rc;orc11 - rc:1rc:orc11 + Src21rc;orclz + Src:orcla)

  + -1-3 ( rc4o rc11 - rc 31 re 2o )

   Urc2o
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C2 =
Hu56(rc i i: g) ( 7i2 rc ko rc :o rc gi - i2 rc 6o rc si rc :o rc?i + i2 rc eo rc 42 rc :o rc ?i - 'l}' rc 6o rc Zo rc 2o Kk -

                                              '            2sl 34 1 44 1 36  1 + 2rc60rc40reSl rc20rc11 - grc60rc40rc22re20rc11 - 12 rc60rc40rc20rc11rc02 + erc60rc40rc20rc11

          631 2341 43 1 ss - 316 rc 6o rc 33 rc 2o rc n - Brc 6o rc 3i rc 2o rc n + grc 6o rc 3i rc 22 rc 2o rc n + 12 rc 6o rc 3i rc 2o rc n rc o2

 - grc 6, rc 3, rc t, rc ?, + g rc 6, rc g, rc :, rc ?, - grc 6, rc so rc 2, rc #, rc ?1 '- • i6 rc 6, rc 3, rc:, rc ?1 rc ,,

  1 4 41 s41 244                                  60 rc 21 rc 20 rc11 + '6'rc6ore3oM2orc12rc11 + 4rc6orc22rc2orcn + erc

           s 31 6 3 1244 1 ss   1                                            4rc                                               51 rc42 rc 20 rc 11 - 12rc60re21rc20rc12rc11 - 12rc60rc20K13rc11 + grcslrc20rc11 -

                                                      '       22s3 341 431 s3 + 'ili'rc51 rc4orc20rc11 - 2rc61 rc4orc31 rc2orc11 + 2rcslrc4orc22rc2orcn + qXsl rc4orc2oKllrco2

         4s l 62 2'431 s2 - Src51 rc4orc2orc11 + 12 rc51 rc33rc2orc11 + rc51 rcsl rc2orc11 - 2rcslt31 rc22rc2orc11

  1 62 s41 23s 44 - 4rcsirc3iK2orciiKo2 + rcsirc3irc2orc" - '3'rc6irc3orc2orcn + rcsircsorc2irc2orcn

   1 62 1 s 33 6sl 2s3                                                   51 rc 21 rc 20 rc 11 + 12 rc 51 rc 30 rc 20 rc 11 rc 03 d 2 rc 51 rc 30 rc 20 rc 12 rc 11 - ZI rc 51 rc 22 rc 20 rc 11 - 2 rc

  1 6 21 7 2 1262 1 234                                             42rc40rc20rc11 + 4rcsl rc21 rc2orc12rc11 + 4rcsl rc2orc13rcn + grc42rc2orcn - 2rc

  3 4sl 621 62 1 s4                                                    42rc40rc20rc11 + 2rc42rc4orc31 rc2orc" ' 2rc42rc4orc22rc20rc11 - 4rc42rc4ore2orc11rco2 + 2rc

   1 7 2s21 61 7 - 12rc42rc33rc20rc11 - rc42rc31 rc20rc11 + 2rc42rc31re22rc20rc11 + 4rc42rc31 rc20rc11rc02

        631 244 s3 1 7 - rc42 rc Sl rc 20 rc11 + Src42 rc 30 rc 20 rc 11 - rc 42 rc 30 rc 21 rc 20 rc 11 - 12 rc42 rc 30 rc 20 rc11 rc 03

                                                      .

  1 623 721 2621 7 + 2rc42rc30rc20rc12rc11 + 4rc42rc22rc20rc11 + 2rc42rc21 rc20rc11 ' Z[rc42rc21 re20rc12rc11

 ' llL rc42 rc :o re i3 rc n + :S- rc to k?i - 3 rc 2o rc si rc 2o rc ?i + rc 2o rc 22K:o rc fi + ';i' it 2o rc :o rcfi Ko2

 - rc2,rc:,rcg, + -l}-rcZ,rc,,rca,rc?, + 123 rcZ,K2,,rc2,,rcf, - 4rc2,rc,,ic,,lt:,rc?,

 - 2rcZ,k,, rcS,rc?,rc,, + srcZ,rc,,rc:,rc?, - grcX,rc:,rc,,rcg, + 2rc2,rc,,rc,,rc:,rc?,

  12 43 2 3 4 12242 12 s2                                                  rc 22 rc 20 rc 11 rc 02 + ere40rcSOrc20rc11rc03 - rc40rc30rc20rc12rc11 + 2rc40rc22rc20rc11 +                                              2rc4o

  52 44 2234 12 4 3 12622                                           grc                                              40 rc 20 rc11 rc02 - 2rc40rc22rc20re11 - rc40rc21rc20rc11 + 2rc40rc21rc20rc12rc11 +

  12s 3 12s4 1246 1 s2 + 2rc4orc2orc13rc11 - 2rc4orc2orc11rco2 + 2rc4oK2orc11 - 2rc4ore33rc31 rc2orc11

 + gK4o K33 rc 22 rc :o rc n + i2 rc 4o rc 33 rc :o rc n rco2 - '2i rc 4o K33 rc 62o rc ?i - 6 rc4o rc & rc :o rc ?i

 + s rc ,, rc :, rc ,, rc a, rc k + g it ., rc g, rc :, rc k rc,, - 8 rc,o rc :, rc :, xf, + 2 rc ,, rc ,, rc g, rc :, rc ?,

 - 6 rc 4o ic 3i rc 3o rc 2i rc :o rcfi - E rc 4o rc 3i rc 3o x52o rc k xo3 + 3 rc 4o rc 3i rc 3o rc :o rc i2 rc ?i -       25K4o rc 31 rc 22X20 rc 11
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    ' rc 4o rc si rc 22 rc :o rc ii rco2 + 125 rc 4o rc 3i rc 22 re :o rc ?i + 3 rc 4o rc 3i rc :i rc to it ?i - g rc 4o rc 3i rc 2i rc :o rc i2 rc k

    - lli;rc4orc31 rc72orc11rcg2 - grc4orc31 rc62orclsrc;1 + grc4orcBl rc62orc?i rco2 -- 2re4orcsl rc:orcX

    - grc,orc23orc2,rc:orcfi - grc4,rc2,orc42orcf, rco2 t grc4orc2,,rc:orcgi + 2rc,orc,,rc22rc,i rct,rc?i

    + 'ly rc 4o rc 3o rc 22 rc 62o rc n rc o3 - rc 4o rc 3o rc 22 rc 62o rc i2 rc?i + rc 4o K3o rc 2i rc 52o rc ?i rc o2 d 2 rc 4o rc so rc 2i rc 42o rc?i

                                                                    '    + 112 rc 4o rc 3o rc :o rc ii re o3 rc o2 - ';i re 4o rc 3o rc :o rc i2 rc k rc o2 - '2} rc 4o rc so rc 62o rc ?i rc o3 + re4o rc 3o rc :o rc i2 rc fi

    - grc4orc:2x:orck - rc4oM22rc:irc:orci2i + ili'rc4orc22rc2its:orci2rcn + ';i'rc4ore22rc:orci3rcn

             72 3 641 262 2s4      3    - 4rc4orc22rc2orcnrco2 + 2rc4orc22rc2orc11 -                                     40 rc21 rc 20 rc11 rc02 +                                   2rc                                                   rc 40 rc 21 rc 20 rc 11

             7 1631s 173      1
    + 4rc4orc21rc2orc12rc11rco2 - 2rc4orc21rc2orc12rc11 + 4rc4orc2orc13rc11rco2 ' 2rc4oM2orc13rc11

         2s1 26 1 71 s    + 712 rc33rc2o + grc33rc31 rc2orc11 - erc33rc31 rc22rc2o - 12 rc33rc31 rc20rc02

             721 2s31 62 1 s    + grc33rc31 rc2orc11 -' 9rc33rc3orc2orc11 + grc33rc3oM21 rc2oKll + 36 rc33rc3orc2orcos

      17 1s127 1s    - erc33rc30rc20rc12rc11 - 4rc33rc22rc20rc11 - erc3Src21rc20rc11 +                                                12 rc 33 rc                                                      21 rc 20 rc12

    + i2 rc ,, rc 9,, te ,. + 2 rc 4,, s:b Kk - 2 it g, it ,, rc 5,. rc ,, - Kg, rc 6,, rc ,,M,,

    + 4rc ,3, rc:, rc ?, - grcg, rc:, rc ,3, e.f, + 4rc& rc,, rc,, rc :, re ,3, + grcg, rc,, rc:, rc,, rco3

    - 2K:, rc,,rc:,rc,,rci2, + Srcg, rc:,rc6,, + -;i-rcg, rc,,rc7,,rc,, - 5rc:, rc,,rc:,rc;,

    - 2rc:i rc:i rc:Oifi + rcgi rc2i rc:Orei2rcii + grcgi rc:Orcg2 + rcgi rcZOrci3rcii

    - rc :, rc ',, rc l, rc ,, + 2 rc :, rc :, ref, + grc s, rc :, rc 22 rc :o rc ?i + g rc Bi rc :o rc :o rc ?i rco2

    - g rc 3i rc 2so it to rc?i. ' 2 rc 3i rc 3o rc 22 rc 2i rc :p rc ?i - 5 rc 3i k3o rc 22 rc :o rc o3 + rc 3i rc 3o rc 22 rc :o rc i2 rcn

    - x3i rc 3o rc 2i re 62o rc ?i rc o2 + 4 rc 3i rc ao rc 2i rc 52o refi - i2 rc 3i rc 3o rc 82o rco3 rc o2 + S rc 3i rc 3o rc 72oxi2 rc n rc o2

    + grc 31 rc 3o rc 72o rc ?1 rc o3 - 2 rc 31 rc 3o rc :o rc 12 rc ?1 + g rc 31 rc :2 rc 72o rc 11 + rc sl rc 22 rc :l kgo rc n

    - zli-rc31 rc22rc21 rc;orc12 - -S-resl rc22rc:o rc13 + {lllrcsl rc22rc:ore11rco2 - 3rc31 rc22rcZorc?1

    + S rc 31 rc :1 rc ;o re 11 rc o2 - 2 rc 31 rc :1 rc 62o rc ?1 - llil rc 31 rc 21 rc :o rc 12 rc o2

       7 21g s2 24 26+ rc31 rc21 rc2orc12rcn - 4rc31 rc2oMlerco2 + rc31 rc2orc13rcn + grc3orc2oXn

     43 3s 13s3 234 4 2 s4    - 5rc30rc21rc20rc11 - grc30rc20rc11rc03 + SrcSOrc20rc12rc11 + rc30rc22rc20rc11

      82244 12 62 72 s 3 12s2                 + 'iiii rc30 rc21 rc20 rc11 rcOB - grc 30 rc21 rc20 rc12rc11 + 72 rc 30 rc20 rc03    + 3rcso rc21 rc2oKll

    - -2i-rc23,rc',,rci2rc.rco3 - grc2sorc2orci3•rc?•i + 'li'rc23ox:orc?2rck - 3rc3orc22rc2irc62orc?i
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- i rc 3o rc 22 rc :o rc ii rco3 + g rc 3o rc 22 rc ;oxi2 rc k - 2 rc 3o rc 23i rc :o rc i3i - isi rc 3o ic :i rc ;o re n rc o3

+ 2 rc 3o rc :i rc 62o rc i2 rc ri + i2 rc 3o rc 2i K82o rc i2 rc o3 + rc 3o rc 2i rc 72o rc i3rc ?i - ';i- rc 3o rc 2i rc 72oK;2 te n

+ i2 rc3orc:orc13rco3 - Src3orc:orc13re12rc11 + grc:2rc:orc-121 + grc22rc:1rc:orcrl

                                                     '- 2rc 22 rc 2i rc :o rci2 rcii -" {l rc 22 rc :o rc is rcn + S' rc :i rc :o rc ?i - 'E' rc 23i rc :o rci2 rcii

  12s 12s2 1 g- 2rc21 rc2orc13rc11 + grc21 rc2o rc12 + 4rc21 rc2o rc13rct2 + grc5g rc;3)

                          '+ Hcr3
, ( rc n> o,) ( 214 rc ,, x ,2, rc f, - g rc 7, rc ,3, rc ,s, + ilt; rc ,2 rc g, rc ,21 - -ili- rc ,, it ,, rc ,o Kf,

         '         23 1 s2 1 42 1 34+ grc6orc31 rc2orc11 - 2rc6orc22rc2orcn ' 4rc6orc2orc11reo2
                                        + 2rc6o rc 2o rcn
    '- -2i- rc s3K:o rc 11 + 3x61 rc4o rc :o rc 131 - 4rcsl rc sl rc 23o rc 121 + rcsl rc 22 rc So rc 11

+ Sresl rc:o rc11 rco2 - grcsl rc:o rc?1 + grcso rcso rc :o rcfl - 2rcso rc21 rc:o re?1

      s 421 65 s2- 'li' rc so rc 2o rc 11 rc o3 + rc so rc 2o re 12 rc 11 + 24 rc 44 rc 2o - 2rc 42 te 4o rc 2o rc 11

+ 3 rc 42 rc 3i rc So rc n - 'S' rc42 rc 22 rc 52o - 2i; rc 42 rc :o rco2 + IZ; rc 42 rc 52o rc ?i

- 1 30 rc" rc 3o rc 23o rc ?,1 + 4 rc" rc 21 rc :o rc k + " rc" rc :o rc o3 - grc41 rc :o rc 12 rc n

                                               '+ 4rc 2o rc fi - 16 re Zo rc 3i rc 2o rc ?i + g rc Zo K22 rc :o rck + 2 rc Zo rc :o rc i2i rc o2

- 2 65 rc :o rc :, rc f, + grc,, rc ,3 rc g, rc,, + 329 rc 4, rc g, rc :oK,2, - g rc ., rc ,, K,, rc :, re,,

- 4rc 4o Jg 3z rc to rc ii rco2 + 338 rc4o rc 3i rc 23o rc i3i - 134 rc4o rc :o rc 2o' rc fi + 1 2 rc 4o rc 3o rc 2i K:o rc i3i

+ grc4orc3orcSorc11rco3 - 5rc4orc3orc:orc12rcrl + Src4orc:2rcSo + Src4orc22rc:orco2

             '- 6 rc 4o rc 22 rc 42o rc ?i - 5 rc 4o rc 22i rc :o rck + 2 rc 4o rc 2i rcto rc i2 rc n + i4 rc 4o rc 62o rc o4

  1 627s 1 s2 1 44+ grc40 rc20 rc02 + erc40 rc 20 rc13rc11 - 2rc40 rc 2o rc11 rc02 + 2rc40 rc20 rc11

- grc33rc31 rc:o ' rc33rc:orc11 + 3rc32rcsorc:oitrl - grc32rc21 rc:orc11

+ Src ,, rc 6,, rc ,, - 7 rc g, rc :, rc ,, + grc :, rc ,, rc :, + gre& rc 5,, ic ,,

L 9 rc :i rc So rc k + 230 rc 3i rc :o rc :o rc ?i - 16 rc 3i it so rc 2i rc :o rck - grc 3i rc 3o rc 52o rc o3

+ 6 rc 31 rc so rc :o rc 12 rc 11 + 125 rc sl rc 22 rc :o rc11 + 6 rc sl rc Zl rc So rc 11 - 2 rc 31 rc 21 rc :o rc 12

- grc si rc :o rc i3 + Src 3i rc :o rc il rco2 - rc 3, rc :o rc ?, - 2 rc go rc 22 rc 23o rc k

- rc Zo rc 42o rc ?i rc o2 '2rc go rc :o Kfi '

'-
 grc3orc23rc:ore11 + 4rc3orc22rc21rcaore11 - resorc22re:orc12 + 2rc3orc21rc:orc11rco2

- 6rc3orc2i rctorc?i + grc3orc:orci4 - Srcsorc:orci2rco2 - Srcsorc:orciirco3

-363-
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      + 3 rc 3o rc 52o rc i2 rc k + lli; rc 24 rc '2o + ';i' re 23 rc 2i rc :o - il} rc :2 rc 62o

           2s 17 62 126      - rc22rc21rc20 - 4rc22it2erc02 + rc22rc2erc11 -                                    2rc 2i rc 2o rco2

      + 4rc:,rc5,,rck + il}-rc2,rc:orco3 - -ilM2ix:orci2rcii + grc:orco4

      + ;IL rc :o Ko22 " S' rc :o rc i3 rc n + Src ;o rc ?2 - ili- rc :o rc i2i rc o2 ' li; re go rck )

  + Ho12 (rcX: o) ( - rc 6o rc 2o rc k + 2 rc sl rc :o rc 11 - rc 42 rc :o + g rc Zo rc k - g rc 4o rc 31 rc 2o rc n

      + 2rc4orc22rc22o + ili-rc4orc23oreo2 '" 8te4ore22oxi2i + 3rcgi rc22o + 4rc3irc23orcii

      - 4rc go rc 2o rc ?i + 8 rc so rc 2i re :o rc u H 2 rc 3o rc 23o rc i2 - 2 rc 22 rc So

      - 2rc2,,rc3,, + grc5,,rc,, - grc4,,rc?,)

 4. Normalcase
   Now we apply above results to the case that F is the normal distribution,

        Åë (x,7) -- 2.de exp(-2(ilp2) cy i.                                          (x2-2Px + 2)].

                              'Since population cumulants are

       rc io == rc oi =O, K2o = rc o2 -- 1, rc ii =: iO , rcpg=O (for P+g>2) ,

the standardized variate is

           V"ii- (b--- P)
       B= vT=is:i- •

   Therefore cumulants Vj• of B is reduced as follows;

                 '
        V 1=O,
                  '        v,=1+!+o( 1,),

               nn
        V 3=O,

            61        V4=:-+O( 2)•
            nn

The Edgeworth expansion is also much simpler than in the general case;

       pr[B<x] =Åë (x) ' Åë .(X) (t-H3 (x) +gHi (x))+6(.vli; )•

that is,
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