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1 Introduction

We analyze the system of theN semi-relativistic particles coupled to a scalar bose field. We are interested
in the asymptotic behavior of the renormalized Hamiltonian which is defined by subtracting a renormal-
ization term from the total Hamiltonian for the system. The scaling limit of the total Hamiltonian with
fixed ultraviolet cutoffs is considered in [22]. In this paper, we take the scaling limit and remove the
ultraviolet cutoffs simultaneously for the renormalized Hamiltonian. In the main theorem, we derive the
semi-relativistic Schr̈odinger operator with the Yukawa potential. To prove the main theorem, we apply
an extension of the abstract scaling limit theory on self-adjoint operators obtained by Arai [2].

The state space for the system ofN semi-relativistic particles coupled to a scalar bose field is defined by
H = L2(R3N

x )⊗Fb(L2(R3
k)) whereFb(L2(R3

k)) is the boson Fock space onL2(R3
k). Here we assume

N≥ 2. The free Hamiltonian of the semi-relativistic particle is defined byHp =
N
∑
j=1

√−4 j +M2 where

M > 0 denotes the fixed mass of the particles. Then the total Hamiltonian for the interacting system

H = Hp⊗ I + I ⊗Hb + κHI(Λ0), κ ∈ R.

whereHb is the free Hamiltonian of the bose field, andHI(Λ0) =
N
∑
j=1

φΛ0(x j). HereφΛ0(x) denotes the

field operator with the fixed parameterΛ0 > 0 of the ultraviolet cutoff.
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Let us introduce the scaled total HamiltonianH(Λ) defined by

H(Λ) = Hp⊗ I + Λ2 I ⊗Hb + κΛHI(Λα), α > 0. (1)

We are interested in taking the scaling limit and removing the ultraviolet cutoff simultaneously for
the renormalized HamiltonianH(Λ)−EN(Λ) whereEN(Λ) is the divergent term defined byEN(Λ) =

N
(2π)3

(∫
R3

χΛα (k)
k2+m2 dk

)1/2
.

Historically Davies [3] investigates a scaled Hamiltonian of the form (1) with replacing the semi-relativistic
Schr̈odinger operator with the standard Shcrödinger operator. Then he derives the Schrödinger operators
with effective potentials by taking the scaling limit asΛ→ ∞. In [2], Arai investigates an abstract scal-
ing limit theory, and apply it to a spin-boson model and the non-relativistic QED models in the dipole
approximation. In [11, 12], the scaling limit of theN-body Schr̈odinger operator coupled to a scalar
bose field with removing ultraviolet cutoff is considered. As is mentioned above, the scaling limit of the
Hamiltonian of (1) with the fixed ultraviolet is considered in [22] . For other results on this subject, refer
to [9, 10, 13, 14, 18, 19, 17, 21].

Now we state the main theorem. Assume that0< α < 1
2 and0< |κ|<

√
4π√
N−1

follows. Then it follows

that forz∈ C\R,

s− lim
Λ→∞

(H(Λ)−EN(Λ)−z)−1 =

(
N

∑
j=1

√
−4 j +M2 + κ2Veff − z

)−1

PΩb, (2)

where

Veff(x1, · · · ,xN) = − 1
16π ∑

j < l

1
|x j −xl |e

−m |x j−xl |,

andPΩb is the projection onto the closed subspace spanned by the Fock vacuumΩb.

We prove the main theorem by the following strategy. We consider an extension of the abstract scaling
limit theory on self-adjoint operators obtained in [2]. Then we investigate its applition to the Hamiltonian
U(Λ)−1

(
H(Λ)−EN(Λ)

)
U(Λ) where U(Λ) is a unitary transformation, calledthe dressing transforma-

tion.

This paper is organized as follows. In Section 2, we consider an abstract scaling limit theory on a self-
adjoint operators. In section 3, we define the system ofN semi-relativistic particles interacting with a
scalar bose field and the main results are stated. In Section 3, we prove the main theorem by applying
the dressing transformation and the abstract scaling limit theory.
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2 Abstract Scaling Limit

In this section we consider a generalized scaling limit on self-adjoint operators. LetA andB are operators
onX andY, respectively. We analyze the operatorX(Λ) onZ = X⊗Y, which is defined by

X(Λ) = X0(Λ) + CI(Λ) + CII (Λ)⊗ I , Λ > 0,

whereX0(Λ) = A⊗ I + Λ I ⊗B. It is note thatD(X0(Λ)) = D(A⊗ I)∩D(I ⊗B). We assume the
following conditions.

(A.1) A andB are non-negative and self-adjoint. KerB 6= {0}.
(A.2) For all ε > 0 there exists a constantΛ(ε) > 0 such that for allΛ > Λ(ε),
D(A⊗ I)∩D(I ⊗B)⊂D(CI(Λ)) follows, and forΦ ∈D(A⊗ I)∩D(I ⊗B),

‖CI(Λ)Φ‖ ≤ ε‖X0(Λ)Φ‖ +b(ε)‖Φ‖

follows, whereb(ε)≥ 0 is a constant independent ofΛ > Λ(ε). There exists operatorCI on
X such thatD(A⊗ I)∩D(I ⊗B)⊂D(CI), and forΦ ∈D(A⊗ I)∩D(I ⊗B),

s− lim
Λ→∞

CI(Λ)Φ = CIΦ.

(A.3) For allΛ > 0, D(A)⊂D(CII (Λ)) follows. There exist0< c< 1
2 andd≥ 0, which are

independent ofΛ > Λ0 with someΛ0, such that forΦ ∈D(A),

‖CII (Λ)Φ‖ ≤ c‖AΦ‖ +d‖Φ‖.

There exists operatorCII onX satisfyingD(A)⊂D(CII ), and forΦ ∈D(A),

‖CII Φ‖ ≤ c‖AΦ‖ +d‖Φ‖,

and
s− lim

Λ→∞
CII (Λ)Φ = CII Φ.

Proposition 2.1 Assume (A.1) - (A.3). Then(i)-(iii) follows.
(i) X(Λ) is self-adjoint and essentially self-adjoint on any core of A⊗ I + I ⊗B.
(ii) The operator

X∞ = A⊗ I + (I ⊗PkerB)CI(I ⊗PkerB) + CII ⊗PkerB

is self-adjoint and essentially self-adjoint on any core of A⊗ I where PkerB is the projection onto kerB.
(iii) For all z∈ C\R,

s− lim
Λ→∞

(
X(Λ)−z

)−1
= (X∞ − z)−1(I ⊗PkerB).

Remark 2.1
Proposition 2.1 with the condition CII = 0 is investigated in ([2], Theorem 2.1 ).
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(Proof)
(i) Let Φ ∈D(A⊗ I)∩D(I ⊗B). By (A.2),(A.3) and‖(A⊗ I)Φ‖ ≤ ‖X0(Λ)Φ‖, it is seen that for suffi-
ciently largeΛ > 0,

∥∥∥
(

CI(Λ)+CII (Λ)⊗ I
)

Φ
∥∥∥≤ (ε +c)

∥∥∥ X0(Λ)Φ
∥∥∥+(b(ε)+d)‖Φ‖. (3)

Then for sufficiently smallε > 0, ε +c< 1 follows, and hence(i) follows from the Kato-Rellich theorem.

(ii) From(A.2) and(A.3) we see that

‖CI(Λ)(X0(Λ)−z)−1‖ ≤ ε‖X0(Λ)(X0(Λ)−z)−1‖ + b(ε)‖(X0(Λ)−z)−1‖, (4)

‖(CII (Λ)⊗ I)(X0(Λ)−z)−1‖ ≤ c‖(A⊗ I)(X0(Λ)−z)−1‖ + d‖(X0(Λ)−z)−1‖. (5)

Then we have
∥∥∥∥
(

CI(Λ)+CII (Λ)⊗ I
)(

X0(Λ)−z
)−1

Ψ
∥∥∥∥

≤
(

ε|z|+b(ε)+d
)
‖(X0(Λ)−z)−1Ψ‖+ c‖(A⊗ I)(X0(Λ)−z)−1‖ + ε‖Ψ‖. (6)

We see that

s− lim
Λ→∞

(X0(Λ)−z)−1 = (A−z)−1⊗PkerB, s− lim
Λ→∞

(A⊗ I)(X0(Λ)−z)−1 = A(A−z)−1⊗PkerB.

Then we have
∥∥∥
(

CI +CII ⊗ I
)(

(A−z)−1⊗PkerB

)
Ψ

∥∥∥≤
(

(ε +c)|z|+b(ε)+d
)
‖((A−z)−1⊗PkerB)Ψ‖+(ε +c)‖Ψ‖.

(7)
Then we obtain forΦ ∈D(A),

∥∥∥(I ⊗PkerB)
(

CI +CII ⊗ I
)

(I ⊗PkerB)Φ
∥∥∥≤ (ε +c)‖(A⊗ I)Φ‖+

(
2(ε +c)|z|+b(ε)+d

)
‖Φ‖. (8)

Sinceε +c < 1 follows for sufficiently smallε > 0, then we obtain(ii) from the Kato-Rellich theorem.

(iii) Let z∈ C\R satisfying Rez= 0. We see that

CI(Λ)
(

X0(Λ)−z
)−1

= CI(Λ)(A−z)−1⊗PkerB + CI(Λ)
(

X0(Λ)−z
)−1

(I − I ⊗PkerB). (9)

By (4), we have forε > 0,
∥∥∥∥CI(Λ)

(
X0(Λ)−z

)−1
(I − I ⊗PkerB)Ψ

∥∥∥∥
≤

(
ε|z|+b(ε)

)
‖(X0(Λ)−z)−1(I − I ⊗PkerB)Ψ‖ + ε ‖(I − I ⊗PkerB)Ψ‖. (10)

Then for sufficiently smallε > 0, we obtain

s− lim
Λ→∞

CI(Λ)
(

X0(Λ)−z
)−1

(I − I ⊗PkerB) = 0. (11)
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Hence by (9), (11) and(A.2) , we have

CI(Λ)
(

X0(Λ)−z
)−1

= CI (A−z)−1⊗PkerB. (12)

We also see that

lim
Λ→∞

∥∥∥∥(CII (Λ)⊗ I)
(

X0(Λ)−z
)−1

(I − I ⊗PkerB)Ψ
∥∥∥∥

≤ lim
Λ→∞

(
c

∥∥∥∥
(

X0(Λ)−z
)−1

(I − I ⊗PkerB)(A⊗ I)Ψ
∥∥∥∥+d

∥∥∥∥
(

X0(Λ)−z
)−1

(I − I ⊗PkerB)Ψ
∥∥∥∥
)

= 0. (13)

Hence by (13), we have

s- lim
Λ→∞

(CII (Λ)⊗ I)
(

X0(Λ)−z
)−1

= CII (A−z)−1⊗PkerB. (14)

By (3) and‖(X0−z)−1‖ ≤ 1
|z| , we have

∥∥∥∥
(

CI(Λ)+CII (Λ)⊗ I
)(

X0(Λ)−z
)−1

∥∥∥∥≤ 2(ε +c)+
b(ε)+d
|z| . (15)

Note that0 < c < 1
2. Then‖(CI(Λ)+CII (Λ)⊗ I)(X0(Λ)−z)−1‖ < 1 follows for sufficiently smallε > 0

and sufficiently large|z|. Hence by (12) and (14), we have

s- lim
Λ→∞

(X0(Λ)−z)−1 = s- lim
Λ→∞

∞

∑
n=0

(X0(Λ)−z)−1
{ (

CI(Λ)+CII (Λ)⊗ I
)(

X0(Λ)−z
)−1

}n

=
∞

∑
n=0

(
(A−z)−1⊗PkerB

){ (
CI +CII ⊗ I

)(
(A−z)−1⊗PkerB

)}n

= (X∞−z)−1(I ⊗PkerB).

Thus we obtain(iii) . ¥

3 Interacting System and Main Result

In this section, we define the Hamiltonian for theN semi-relaivistic particles system coupled to bose
field, and state the main results. The total Hilbert space for the system is given by

H = L2(R3N
x )⊗Fb(L2(R3

k)),

whereFb(L2(R3
k)) = ⊕∞

n=0(⊗n
sL2(R3

k)) and ⊗n
sL2(R3

k) denotes then-fold symmetric tenser product of
L2(R3

k) with ⊗0
sL2(R3

k) := C. The free particle Hamiltonian is given by

Hp =
N

∑
j=1

√
−4 j +M2,

whereM > 0 denotes the fixed mass. The free Hamiltonian of the scalar bose field is given by

Hb =
∞⊕

n=0




n

∑
j=1

(I ⊗·· · I ⊗ ω︸︷︷︸
jth

⊗I · · ·⊗ I)


 ,
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whereω(k) =
√

k2 + m2, m> 0, is the energy of the boson with momentumk ∈R3. For f ,g∈ L2(R3),
a( f ) anda∗(g) denote the annihilation operator and the creation operator, respectively. The field operator
with the cutoff parameterΛ > 0 is given by

φΛ(x) =
1√
2

(
a(

ρΛ,x√
ω

) +a∗(
ρΛ,x√

ω
)
)

.

Here we setρΛ,x(k) = ρΛ(k)e−ik·x and ρΛ(k) = χΛ(|k|) whereχΛ(|k|) is the characteristic function
on [−Λ ,Λ] ⊂ R.

The total Hamiltonian is defined by

H = Hp⊗ I + I ⊗Hb +κHI(Λ0),

whereκ > 0 is the coupling constant, andHI(Λ0) =
N
∑
j=1

φΛ0(x j) with the fixed parameterΛ0 ≥ 0

Let us consider the self-adjointness ofH. For f ∈D(ω−1/2), it is seen thata( f ) anda∗( f ) are relatively

bounded with respect toH1/2
b with

‖a( f )Ψ‖ ≤ ‖ f√
ω
‖‖H1/2

b Ψ‖, Ψ ∈D(H1/2
b ), (16)

‖a∗( f )Ψ‖ ≤ ‖ f√
ω
‖‖H1/2

b Ψ‖+‖ f‖‖Ψ‖, Ψ ∈D(H1/2
b ). (17)

By (16) and (17), it is seen thatHI(Λ0) is relatively bounded with respect toI ⊗H1/2
b . ThenHI(Λ0) is

relatively bounded with respect toH0 with infinitely small bound. From the Kato-Rellich theorem, it
is proven thatH is self-adjoint and essentially self-adjoint on any core ofH0. Then in particular,H is
essentially self-adjoint onD0 = C∞

0 (R3N)⊗̂Ffin
b (D(ω)), where⊗̂ denotes the algebraic tensor product,

andFfin
b (D(ω)) denotes the finite particle subspace onD(ω). In this paper, the finite particle subspace

F fin
b (M) on the subspaceM⊂ L2(R3) is defined by the set ofΨ = {Ψ(n)}∞

n=0 satisfying thatΨ(n) ∈⊗n
sM,

n≥ 0, andΨ(n′) = 0 for all n′ > N with someN≥ 0.

Now we introduce the scaled total Hamiltonian defined by

H(Λ) = Hp⊗ I +Λ2I ⊗Hb + κΛ HI(Λα).

Let us consider the renormalization termEN(Λ) defined by

EN(Λ) =
N

(2π)3

(∫

R3

χΛα (k)
k2 +m2dk

)1/2

.

We consider the asymptotic behavior of the renormalized HamiltonianH(Λ)−EN(Λ) asΛ → ∞ with
removing the ultraviolet cutoffs. Now we state the main theorem.
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Theorem 3.1 Assume0 < α < 1
2, and0 < |κ|<

√
4π√
N−1

. Then it follows that for z∈ C\R,

s− lim
Λ→∞

(
H(Λ)−κ2EN(Λ)−z

)−1
=

(
N

∑
j=1

√
−4 j +M2 + κ2Veff − z

)−1

⊗PΩb, (18)

where

Veff(x1, · · · ,xN) = − 1
16π ∑

j < l

1
|x j −xl |e

−m |x j−xl |,

and PΩb is the projection onto the closed subspace spanned by the Fock vacuumΩb.

By using the theorem ([19] ; Lemma 2.7), the we obtain the following corollary

Corollary 3.2 Assume0 < α < 1
2, and0 < |κ |<

√
4π√
N−1

. Then it follows that

s− lim
Λ→∞

e−it( H(Λ)−κ2EN(Λ)) (
I ⊗PΩb

)
= e

−it

(
N
∑
j=1

√
−4 j+M2 + κ2Veff

)

⊗PΩb.

4 Proof of Main Theorem

Let

πΛα (x) =
−i√

2

(
−a(

ρΛα ,x

ω3/2
) + a∗(

ρΛα ,x

ω3/2
)
)

.

The unitary transformation, called the dressing transformation, is given by

U (Λ) = e
i( κ

Λ)
N
∑
j=1

πΛα (x j )
.

It is seen that on the finite particle subspace onFfin
b (L2(R3)),

[πΛα (x),Hb] = −i φΛα (ωξ ),

[πΛα (x),φΛα (y)] =
−i

(2π)3

∫

R3

ρΛα (k)
ω(k)2 e−ik·(x−y)dk.

Then we have
U(Λ)−1H(Λ)U(Λ) = H0(Λ) + EN(Λ) +KI(Λ)+KII (Λ),

where

KI(Λ) = U(Λ)−1(
Hp⊗ I

)
U(Λ) − Hp⊗ I

KII (Λ) =−κ2

2
1

(2π)3

N

∑
j < l

∫

R3

ρΛα (k)
ω(k)2 eik·(x j−xl )dk.

Then by the spectral decomposition theorem, we have forz∈ C\R,
(

H(Λ)−EN(Λ)−z
)−1

= U(Λ)
(

H0(Λ) +KI(Λ)+KII (Λ) −z
)−1

U(Λ)−1. (19)

We shall show thatH0(Λ), KI(Λ) andKII (Λ) satisfy the conditions(A.1)-(A.3) in Section 2.
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Proposition 4.1 Assume0 < α < 1
2. Then the following(1) and(2) hold.

(1) For ε > 0, there existsΛ0 ≥ 0 such that for allΛ > Λ0,

‖KI(Λ)Ψ‖ ≤ ε‖H0(Λ)Ψ‖ +ν(ε)‖Ψ‖, Ψ ∈D(H0(Λ)) (20)

follows, whereν(ε)≥ 0 is a constant independent ofΛ > Λ0.
(2) It follows that

s− lim
Λ→∞

KI(Λ)Ψ = 0, Ψ ∈D(H0(Λ)). (21)

(Proof)
LetWj , j = 1,2, be the non-negative and self-adjoint operators withD(W2)⊂D(W1). Then it is seen that
for ψ ∈D(W1)∩D(W2),

√
Wjψ = 1

π
∫ ∞

0
1√
λ
(Wj +λ )−1Wj ψ dλ , and(

√
W1−

√
W2)ψ = 1

π
∫ ∞

0

√
λ (W1+

λ )−1(W1−W2)(W2 +λ )−1ψdλ . Then we have

‖(√W1−
√

W2)ψ‖ ≤ 1
π

∫ ∞

0

√
λ

λ +E0(W1)

∥∥∥ (W1−W2)(W2 +λ )−1ψ
∥∥∥dλ , (22)

whereE0(X) is the infimum of the spectrum of the operatorX. Let us use the notation̂p = (p̂1, · · · , p̂d) =
(−i ∂

∂x1 , · · · ,−i ∂
∂xd ). By the commutation relation[Π( fx), p̂ν ] = iΠ(∂xν fx),

we have forΨ ∈D0,

(
U(Λ)−1(p j ⊗ I)U(Λ)

)2
Ψ =




d

∑
ν=1

(
p̂ν

j ⊗ I +
(κ

Λ

)
Π(

∂xν
j
fx j

ω
)

)2

Ψ. (23)

Then by applyingU(Λ)−1(p̂2
j ⊗ I)U(Λ)+M2 to W1, andp̂2

j +M2 to W2 in (22), we have

‖KI(Λ)Ψ‖ ≤ 1
π

(κ
Λ

) N

∑
j=1

∫ ∞

0

√
λ

λ +M2

∥∥∥ Sj(Λ)(p̂2
j ⊗ I + M2 +λ )−1Ψ

∥∥∥ dλ

+
1
π

(κ
Λ

)2 N

∑
j=1

∫ ∞

0

√
λ

λ +M2

∥∥Tj(Λ)(p̂2
j ⊗ I + M2 +λ )−1Ψ

∥∥ dλ , (24)

where

Sj(Λ) = −2
3

∑
ν=1

π
(

ikνρΛα ,x j

ω3/2

)
(p̂ j

ν ⊗ I) − π

(
k2ρΛα ,x j

ω3/2

)
, (25)

Tj(Λ) =
3

∑
ν=1

π
(

ikνρΛα ,x j

ω3/2

)2

. (26)

By the following Lemma 4.2, there exists constantsβ j(δ )≥ 0 for 0 < δ < 1
10, γ j ≥ 0, andν j ≥ 0, such

that
∥∥∥ Sj(Λ)(p̂2

j ⊗ I + M2 +λ )−1Ψ
∥∥∥ ≤

(
β j

Λα

λ 1
2+δ

+ γ j
Λ2α

λ +M2

)(∥∥∥ H0(Λ)Ψ
∥∥∥+‖Ψ‖

)
(27)

∥∥∥ Tj(Λ)(p̂2
j ⊗ I + M2 +λ )−1Ψ

∥∥∥ ≤ µ j
Λ2α

λ +M2

(∥∥∥ H0(Λ)Ψ
∥∥∥+‖Ψ‖

)
(28)
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Then by (24), (27) and (28), we have

‖KI(Λ)Ψ‖ ≤
(

C1

Λ1−α +
C2

Λ1−2α +
C2

Λ2(1−α)

)(∥∥∥ H0(Λ)Ψ
∥∥∥+‖Ψ‖

)
, Ψ ∈D0, (29)

whereC1 =
N
∑
j=1

κβ j (δ )
π

∫ ∞
0

1
(λ+M2)λ δ dλ ,C2 =

N
∑
j=1

κγ j

π
∫ ∞

0
1

(λ+M2)2 dλ , andC3 =
N
∑
j=1

κ2µ j

π
∫ ∞

0
1

(λ+M2)2 dλ . Since

D0 is a core ofH0(Λ), (29) follows for allD(H0). Then(1) follows for 0< α < 1
2. We see that(2) follows

from (29).¥

Lemma 4.2 There exist constantsβ j(δ )≥ 0 for 0 < δ < 1
10, γ j ≥ 0, andν j ≥ 0 such that

(i)

∥∥∥∥ π
( |k|ρΛα ,x j

ω3/2

)
(p̂ν

j ⊗ I)(p̂2
j ⊗ I + M2 +λ )−1(H0(Λ)+1)−1

∥∥∥∥ ≤ β j(δ )
Λα

λ 1
2+δ

, (30)

(ii)

∥∥∥∥∥ π

(
k2ρΛα ,x j

ω3/2

)
(p̂2

j ⊗ I + M2 +λ )−1(H0(Λ)+1)−1

∥∥∥∥∥ ≤ γ j
Λ2α

λ +M2 , (31)

(iii)

∥∥∥∥∥ π
( |k|ρΛα ,x j

ω3/2

)2

(p̂2
j ⊗ I + M2 +λ )−1(H0(Λ)+1)−1

∥∥∥∥∥ ≤ µ j
Λ2α

λ +M2 . (32)

(Proof)
(i) By Proposition B in Appendix, it is seen that

∥∥∥∥ π
( |k|ρΛα ,x j

ω3/2

)
(p̂ j

ν ⊗ I)(p̂2
j ⊗ I + M2 +λ )−1Ψ

∥∥∥∥

≤
∥∥∥∥ π

( |k|ρΛα ,x j

ω3/2

)
(I ⊗Hb +1)−1/2

∥∥∥∥
∥∥∥ (p̂ j

ν ⊗ I)(p̂2
j ⊗ I + M2 +λ )−1(Hp⊗ I +1)−1/2

∥∥∥

×
∥∥∥(I ⊗Hb +1)−1/2(Hp⊗ I +1)1/2Ψ

∥∥∥

≤ c j(δ )

λ 1
2+δ

∥∥∥∥ π
( |k|ρΛα ,x j

ω3/2

)
(I ⊗Hb +1)−1/2

∥∥∥∥
∥∥∥(I ⊗Hb +1)−1/2(Hp⊗ I +1)1/2Ψ

∥∥∥ (33)

It is seen that
∥∥∥ |k|ρΛα

ω3/2

∥∥∥ ∈O(Λα) and
∥∥∥ |k|ρΛα

ω2

∥∥∥ ∈O(Λ α
2 ). Then by (16) and (17), we see that

∥∥∥∥ π
( |k|ρΛα ,x j

ω3/2

)
(I ⊗Hb +1)−1/2

∥∥∥∥ ∈ O(Λα). (34)

By using
∥∥(I ⊗Hb +1)−1/2(Hp⊗ I +1)1/2Ψ

∥∥≤ ∥∥ H0(Λ)Ψ
∥∥+‖Ψ‖ and (34), we have

∥∥∥∥ π
( |k|ρΛα ,x j

ω3/2

)
(p̂ j

ν ⊗ I)(p̂2
j ⊗ I + M2 +λ )−1Ψ

∥∥∥∥ ≤
(

β j(δ )
Λα

λ 1
2+δ

)(∥∥∥ H0(Λ)Ψ
∥∥∥+‖Ψ‖

)
. (35)

Thus we obtain(i).
(ii) We see that
∥∥∥∥∥ π

(
k2ρΛα ,x j

ω3/2

)
(p̂2

j ⊗ I + M2 +λ )−1

∥∥∥∥∥≤
1

M2 +λ

∥∥∥∥∥ π

(
k2ρΛα ,x j

ω3/2

)
(I ⊗Hb +1)−1/2

∥∥∥∥∥ ‖(I⊗Hb+1)1/2Ψ‖
(36)
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Note that
∥∥∥k2ρΛα

ω3/2

∥∥∥ ∈O(Λ2α) and
∥∥∥k2ρΛα

ω2

∥∥∥ ∈O(Λ 3
2α). Hence by (16) and (17), we have

∥∥∥∥∥ π

(
k2ρΛα ,x j

ω3/2

)
(I ⊗Hb +1)−1/2

∥∥∥∥∥ ∈ O(Λ2α). (37)

Bu using‖(I ⊗Hb +1)1/2Ψ‖ ≤ ‖(H0(Λ)+1)Ψ‖ and (37), we obtain
∥∥∥∥∥ π

(
k2ρΛα ,x j

ω3/2

)
(p̂2

j ⊗ I + M2 +λ )−1Ψ

∥∥∥∥∥ ≤ γ j
Λ2α

λ +M2

(∥∥∥ H0(Λ)Ψ
∥∥∥+‖Ψ‖

)
,

and thus we have(ii) .
(iii) It is seen that
∥∥∥∥∥ π

( |k|ρΛα ,x j

ω3/2

)2

(p̂2
j ⊗ I + M2 +λ )−1

∥∥∥∥∥≤
1

M2 +λ

∥∥∥∥∥ π

(
k2ρΛα ,x j

ω3/2

)
(I ⊗Hb +1)−1

∥∥∥∥∥ ‖(I ⊗Hb +1)1Ψ‖
(38)

Note that
∥∥∥ |k|ρΛα

ω3/2

∥∥∥
2
∈ O(Λ2α),

∥∥∥ |k|ρΛα

ω3/2

∥∥∥
∥∥∥ |k|ρΛα

ω2

∥∥∥ ∈ O(Λ 3
2α) and

∥∥∥k2ρΛα
ω2

∥∥∥
2
∈ O(Λα). Hence from

Lemma A in Appendix, we have
∥∥∥∥∥ π

(
k2ρΛα ,x j

ω3/2

)
(I ⊗Hb +1)−1

∥∥∥∥∥ ∈ O(Λ2α). (39)

Bu using‖(I ⊗Hb +1)1/2Ψ‖ ≤ ‖(H0(Λ)+1)Ψ‖ and (39), it follows that
∥∥∥∥∥ π

( |k|ρΛα ,x j

ω3/2

)2

(p̂2
j ⊗ I + M2 +λ )−1Ψ

∥∥∥∥∥ ≤ µ j
Λ2α

λ +M2

(∥∥∥ H0(Λ)Ψ
∥∥∥+‖Ψ‖

)
.

Thus we obtain(iii) . ¥

(Proof of Theorem 3.1)
Let us show thatH(Λ) satisfies the conditions (A.1)-(A.3). It is easy to see thatH(Λ) satisfies (A.1) and
(A.2) from Proposition 4.1. Then, let us consider the condition (A.3). By the spherical symmetry ofρΛα ,
we see that

∫
R3

ρΛα (k)
ω(k)2 eik·xdk = 2π

|x|
∫ ∞

0
χΛα (r)
r2+m2 r sin(|x|r)dr = π

|x|
∫ Λα

−Λα
1

r2+m2 r sin(|x|r)dr. Then we have

KII (Λ) = − κ2

16π2

N

∑
j<l

1
|x j −xl |GΛα (x j −xl ), (40)

whereGΛα (x) = Im
∫ Λα

−Λα
1

r2+m2 ei|x|zdz. Let ΓΛα = {z= t
∣∣ −Λα ≤ t ≤ Λα}∪CΛα with CΛα = {z=

Λαeiθ
∣∣ 0≤ θ < π}. We see that

∫
ΓΛα

z
z2+m2 ei|x|zdz= iπe−mx and

∣∣∣∫CΛα
z

z2+m2 ei|x|zdz
∣∣∣≤ Λ2α

Λ2α−m2

∫ π
0 e−|x|Λ

α sinθ dθ .

Then we have ∣∣∣ GΛα (x j −xl ) − πe−m|x j−xl |
∣∣∣ ≤ 2

Λ2α

Λ2α −m2 δΛα (x j −xl ), (41)
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whereδΛα (x) =
∫ π

2
0 e−|x|Λ

α sinθ dθ . By Lemma C in Appendix, we have forψ ∈C∞
0 (R3N),

∫

R3N

∣∣∣∣∣∑j<l

1
|x j −xl | ψ(x1, · · · ,xN)

∣∣∣∣∣
2

dx1 · · ·dxN ≤ 4(N−1)‖Hpψ‖2. (42)

Hence by the uniform boundnessδΛα (x)≤ π
2 , (41) and (42), it follows that for sufficiently largeΛ > 0,

‖KII (Λ)ψ‖ ≤ κ2

√
(N−1)
8π

‖Hpψ‖ +
κ2

16π
‖ψ‖ (43)

follows for ψ ∈C∞
0 (R3N). SinceC∞

0 (R3N) is a core ofHp, (43) follows for allψ ∈ D(Hp). Here it is

noted thatκ2
√

(N−1)
8π < 1

2 follows for |κ|<
√

4π√
N−1

. We also see thatδΛα (x)≤ ∫ π
2

0 e−|x|Λ
α 2

π θ dθ ≤ π
2|x|Λα .

Then lim
Λ→∞

δΛα (x) = 0 follows for x 6= 0. Hence we have

lim
Λ→∞

∣∣∣ GΛα (x j −xl ) − πe−m|x j−xl |
∣∣∣ = 0, a.e.(x1, · · · ,xN) ∈ R3N. (44)

Note that‖ 1
|xi−xl |ψ‖L2 < ∞ follows for ψ ∈ C∞

0 (R3N). Then by the Lebesgue dominated convergence

theorem and (44), we see that forψ ∈C∞
0 (R3N),

lim
Λ→∞

∫

R3N

∣∣∣ e−m|xi−xl |− GΛα (xi−xl )
∣∣∣
2
∣∣∣∣

1
|xi−xl |

∣∣∣∣
2 ∣∣∣ ψ(x1, · · · ,xN)

∣∣∣
2
dx1 · · ·dxN = 0. (45)

Hence by (45), we obtain forψ ∈C∞
0 (R3N)

s− lim
Λ→∞

KII (Λ)ψ = κ2Veffψ. (46)

Note thatC∞
0 (R3N) is a core ofHp. Then by using (43), we see that (46) follows for allψ ∈D(Hp). By

(43) and (46), we also see that

‖Veffψ‖ ≤ κ2

√
(N−1)
8π

‖Hpψ‖ +
κ2

16π
‖ψ‖ (47)

Then by (43), (46) and (47) , it is proven thatH(Λ) satisfies the condition (A.3). ¥

Appendix

Lemma A Let f , g ∈D(ω−1/2). Then it follows that forΨ ∈D(dΓb(ω)),

(1) ‖a( f )a(g)Ψ‖ ≤
∥∥∥∥

f√
ω

∥∥∥∥
∥∥∥∥

g√
ω

∥∥∥∥ ‖HbΨ‖,

(2) ‖a∗( f )a(g)Ψ‖ ≤
∥∥∥∥

f√
ω

∥∥∥∥
∥∥∥∥

g√
ω

∥∥∥∥ ‖HbΨ‖+‖ f‖
∥∥∥∥

g√
ω

∥∥∥∥ ‖H
1/2
b Ψ‖,

(3) ‖a( f )a∗(g)Ψ‖ ≤
∥∥∥∥

f√
ω

∥∥∥∥
∥∥∥∥

g√
ω

∥∥∥∥ ‖HbΨ‖+
∥∥∥∥

f√
ω

∥∥∥∥‖g‖‖H
1/2
b Ψ‖+‖ f‖‖g‖ ‖Ψ‖,

(4) ‖a∗( f )a∗(g)Ψ‖ ≤
∥∥∥∥

f√
ω

∥∥∥∥
∥∥∥∥

g√
ω

∥∥∥∥ ‖HbΨ‖

+
(
‖ f‖

∥∥∥∥
g√
ω

∥∥∥∥+
∥∥∥∥

f√
ω

∥∥∥∥‖g‖
)
‖H1/2

b Ψ‖+2‖ f‖‖g‖‖Ψ‖.

11



(Proof) SinceFfin
b (D(ω)) is a core ofHb, it is enough to show that(1) - (4) follows for Ψ ∈ Ffin

b (D(ω)).
(1) For Ψ = {Ψ(n)}∞

n=0 ∈ Ffin
b (D(dΓb(ω))), we see that

(a( f )a(g)Ψ)(n)(dk1, · · · ,dkn) =
√

n+1
√

n+2
∫

f (p) f (q)Ψ(n+2)(p,q,k1, · · · ,kn) dpdp.

Then by the Schwartz inequality, we see that

∣∣∣ (a( f )a(g)Ψ)(n)(k1, · · · ,kn)
∣∣∣

≤√n+1
√

n+2

∥∥∥∥
f√
ω

∥∥∥∥
∥∥∥∥

g√
ω

∥∥∥∥
{ ∫

ω(p)ω(q)
∣∣∣Ψ(n+2)(p,q,k1, · · · ,kns)

∣∣∣
2

dpdp
}1/2

,

and thus

‖a( f )a(g)Ψ(n)‖2
⊗nL2(R3) =

∫ ∣∣∣ (a( f )a(g)Ψ)(n)(k1, · · · ,kn)
∣∣∣
2
dk1 · · · dkn

≤ (n+1) (n+2)
∥∥∥∥

f√
ω

∥∥∥∥
2∥∥∥∥

g√
ω

∥∥∥∥
2 ∫

ω(p)ω(q)
∣∣∣Ψ(n+2)(p,q,k1, · · · ,kn)

∣∣∣
2

dpdpdk1 · · · dkn.

It is noted that

(n+1) (n+2)
∫

ω(p)ω(q)
∣∣∣Ψ(n+2)(p,q,k1, · · · ,kn)

∣∣∣
2

dpdpdk1 · · · dkn

= (n+2)
∫

ω(p)

(
ω(q)+

n

∑
j=1

ω(k j)

)∣∣∣Ψ(n+2)
(

p,q,k1, · · · ,kn

)∣∣∣
2

dpdpdk1 · · · dkn

≤ (n+2)
∫

ω(p)

(
ω(p)+ω(q)+

n

∑
j=1

ω(k j)

)∣∣∣Ψ(n+2)(p,q,k1, · · · ,kn)
∣∣∣
2

dpdpdk1 · · · dkn

=
∫ (

ω(p)+ω(q)+
n

∑
j=1

ω(k j)

)2 ∣∣∣Ψ(n+2)(p,q,k1, · · · ,kn)
∣∣∣
2

dpdpdk1 · · · dkn

=
∥∥∥ (HbΨ)(n+2)

∥∥∥
2

⊗n+2L2(R3)
.

Hence, we see that
∞
∑

n=0
‖a( f )a(g)Ψ(n)‖2

⊗nL2(R3) ≤
∞
∑

n=0

∥∥ (HbΨ)(n+2)
∥∥2
⊗n+2L2(R3) ≤

∥∥ HbΨ
∥∥2

, and thus(1)

is obtained.

(2) By the canonical commutation relations, we have forΨ ∈ Ffin
b (D(ω)),

‖a∗( f )a(g)Ψ‖2 = (a( f )a∗( f )a(g)Ψ ,a(g)Ψ) = ‖ f‖2‖a(g)Ψ‖2 +‖a( f )a(g)Ψ‖2.

Then we have‖a∗( f )a(g)Ψ‖ ≤ ‖ f‖‖a(g)Ψ‖+‖a( f )a(g)Ψ‖. By using(1), we have(2).

(3) Sincea( f )a∗(g)Ψ = a∗(g)a( f )Ψ+( f ,g)Ψ follows for Ψ ∈ Ffin
b (D(ω)), we have‖a( f )a∗(g)Ψ‖ ≤

‖a∗(g)a( f )Ψ‖+‖ f‖‖g‖‖Ψ‖. Then by applying(2), we have(3).
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(4) By the canonical commutation relation, it is seen that forΨ ∈ Ffin
b (D(ω)),

‖a∗( f )a∗(g)Ψ‖2 = (a( f )a∗( f )a∗(g)Ψ ,a∗(g)Ψ) = ‖ f‖2‖a∗(g)Ψ‖2 +‖a( f )a∗(g)Ψ‖2.

Thus we have‖a∗( f )a∗(g)Ψ‖ ≤ ‖ f‖‖a∗(g)Ψ‖+‖a( f )a∗(g)Ψ‖. By (3), we obtain(4). ¥

Proposition B ([22], Lemma 3.2)
For0 < δ < 1

10, there existsc j(δ )≥ 0, j = 1, · · · ,N, such that forλ > 0,

‖p̂ν
j (p̂ j +M2 +λ )−1(

N

∑
l=1

√
p̂l

2 +M2 +1)−1/2‖ ≤ 1

λ 1
2+δ

c j(δ ). (48)

(Proof) Let p j = (pν
j )

3
ν=1 ∈ R3. From the spectral decomposition theorem, it is enough to show that

sup
λ>0,pl∈R3,l=1,··· ,N

|λ 1
2+δ pν

j | (p2
j +M2 +λ )−1(

N

∑
l=1

√
p2

l +M2 +1)−1/2 < ∞. (49)

From the The Young’s inequality, it is seen that forq > 1 andq̃ > 1 satisfying1
q + 1

q̃ = 1,

λ
1
2+δ |pν

j | ≤
1
q

λ ( 1
2+δ )q +

1
q̃
|pν

j |q̃.

Let us setq = (1
2 +δ )−1 for 0 < δ < 1

10. Then q̃ = (1
2−δ )−1 holds, and we see that

λ
1
2+δ |pν

j | ≤ (
1
2

+δ )λ + (
1
2
−δ )|pν

j |(
1
2−δ )−1

. (50)

It is seen that

sup
λ>0,pl∈R3,l=1,··· ,N

λ (p2
j +M2 +λ )−1(

N

∑
l=1

√
p2

l +M2 +1)−1/2 < ∞. (51)

Note that(1
2−δ )−1 < 5

2 follows for 0 < δ < 1
10. Then it follows that

sup
pl∈R3,l=1,··· ,N

|pν
j |(

1
2−δ )−1

(p2
j +M2)−1(

N

∑
l=1

√
p2

l +M2 +1)−1/2 < ∞. (52)

Then by (52), we have

sup
λ>0,pl∈R3,l=1,··· ,N

|pν
j |(

1
2−δ )−1

(p2
j +M2 +λ )−1(

N

∑
l=1

√
p2

l +M2 +1)−1/2

≤ sup
pl∈R3,l=1,··· ,N

|pν
j |(

1
2−δ )−1

(p2
j +M2)−1(

N

∑
l=1

√
p2

l +M2 +1)−1/2 < ∞. (53)
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By (50), (51) and (53), we obtain (49).¥

Lemma C It follows that
∫

R3N

1
|xi−xl |2

∣∣∣ ψ(x1, · · · ,xN)
∣∣∣
2
dx1 · · ·dxN ≤ 4

∫

R3N

∣∣∣ ∇xi ψ(x1, · · · ,xN)
∣∣∣
2
dx1 · · ·dxN, i 6= j.

(Proof) Forε > 0, let us setai, j,ε(x1, · · · ,xN)=
(

aν
i, j,ε(x1, · · · ,xN)

)3

ν=1
with aν

i, j,ε(x1, · · · ,xN) =
xν

i −xν
j

|xi−xl |2+ε .

It is seen that
∥∥ (∇xi + tai, j,ε)ψ

∥∥2 = ‖∇xi ψ‖− t (ψ, [∇xi ,ai, j,ε ]ψ) + t2‖ai, j,εψ‖, for t > 0. Note that

[∇xi ,ai, j,ε ]ψ =
3
∑

ν=1
[∂xν

i
,aν

i, j,ε ]ψ =
3
∑

ν=1

(
3

|xi−xl |2+ε −
2|xi−xl |2

(|xi−xl |2+ε)2

)
ψ. Hence we have

‖∇xi ψ‖2 ≥
∫

R3N

{
t

(
3

|xi −xl |2 + ε
− 2|xi −xl |2

(|xi −xl |2 + ε)2

)
− t2 |xi −xl |2

(|xi −xl |2 + ε)2

}∣∣∣ ψ(x1, · · · ,xN)
∣∣∣
2
dx1 · · ·dxN.

(54)
Note thatsup

ε>0

1
|xi−xl |2+ε ≤ 3

|xi−xl |2 . Note that
∫

R3N
1

|xi−xl |2
∣∣ ψ(x1, · · · ,xN)

∣∣2dx1 · · ·dxN < ∞ follows for

ψ ∈C∞
0 (R3N). Then by applying the Lebesgue dominated convergence theorem to the right side of (c)

asε → 0, we have‖∇xi ψ‖2 ≥ (−t2 + t)
∫

R3N
1

|xi−xl |2
∣∣ ψ(x1, · · · ,xN)

∣∣2dx1 · · ·dxN. Since−t2 + t ≤ 1
4, the

proof is completed.¥
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