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Abstract. The system of semi-relativistic particles coupled to a scalar bose field is inves-
tigated. A renormalized Hamiltonian is defined by subtracting a divergent term from the
total Hamiltonian. We consider taking the scaling limit and removing the ultraviolet cut-
offs simultaneously for the renormalized Hamiltonian. By applying an abstract scaling limit
theory on self-adjoint operators, we derive the Yukawa potential as an effective potential of
semi-relativistic particles.
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1 Introduction

We analyze the system of ti\esemi-relativistic particles coupled to a scalar bose field. We are interested
in the asymptotic behavior of the renormalized Hamiltonian which is defined by subtracting a renormal-
ization term from the total Hamiltonian for the system. The scaling limit of the total Hamiltonian with
fixed ultraviolet cutoffs is considered in [22]. In this paper, we take the scaling limit and remove the
ultraviolet cutoffs simultaneously for the renormalized Hamiltonian. In the main theorem, we derive the
semi-relativistic Sctirdinger operator with the Yukawa potential. To prove the main theorem, we apply
an extension of the abstract scaling limit theory on self-adjoint operators obtained by Arai [2].

The state space for the systemMNbgemi-relativistic particles coupled to a scalar bose field is defined by

H = L2(RN) @ Fp(L2(R?)) whereTp(L2(RY)) is the boson Fock space dJﬁ(R3) Here we assume

N > 2. The free Hamiltonian of the semi-relativistic particle is definedHgy= Z V=2 +M2where

M > 0 denotes the fixed mass of the particles. Then the total Hamiltonian for the interacting system
H = Hp®l + 1®Hp + kHi(Ao), K €R.

whereHy is the free Hamiltonian of the bose field, ahtji(Ag) = Z O, (Xj). Heregn,(x) denotes the

field operator with the fixed paramet&g > 0 of the ultraviolet cutoff



Let us introduce the scaled total Hamiltonidi/\) defined by
HA) = Hp®l + A2l@Hy + KAH|(AY), a>0. (1)

We are interested in taking the scaling limit and removing the ultraviolet cutoff simultaneously for
the renormalized HamiltoniaH (A) — En(A) whereEn(A) is the divergent term defined by (A) =

N Xna (&) i\ /2
o (Jre Bigck)

Historically Davies [3] investigates a scaled Hamiltonian of the form (1) with replacing the semi-relativistic
Schibdinger operator with the standard Stdinger operator. Then he derives the Sclimger operators

with effective potentials by taking the scaling limit As— . In [2], Arai investigates an abstract scal-

ing limit theory, and apply it to a spin-boson model and the non-relativistic QED models in the dipole
approximation. In [11, 12], the scaling limit of tHé-body Schédinger operator coupled to a scalar
bose field with removing ultraviolet cutoff is considered. As is mentioned above, the scaling limit of the
Hamiltonian of (1) with the fixed ultraviolet is considered in [22] . For other results on this subject, refer
to[9, 10, 13, 14, 18, 19, 17, 21].

Now we state the main theorem. Assume hata < % andO < |k| < \/% follows. Then it follows
that forze C\R,

N -1
s_AnTw(H(/\)—EN(A)—z)*l = (le\/—A,-JrM? + K Vet — z) Pay, (2)

1 L omixil

Vet (X1, -, XN) = — €
eﬁ( 1, ) N) 167TJZ| \Xj—XI\

where

andPq, is the projection onto the closed subspace spanned by the Fock vauum

We prove the main theorem by the following strategy. We consider an extension of the abstract scaling
limit theory on self-adjoint operators obtained in [2]. Then we investigate its applition to the Hamiltonian
U(A)~* (H(A) —En(A)) U (A) where U(A) is a unitary transformation, callétle dressing transforma-

tion.

This paper is organized as follows. In Section 2, we consider an abstract scaling limit theory on a self-
adjoint operators. In section 3, we define the systerN semi-relativistic particles interacting with a
scalar bose field and the main results are stated. In Section 3, we prove the main theorem by applying
the dressing transformation and the abstract scaling limit theory.



2 Abstract Scaling Limit

In this section we consider a generalized scaling limit on self-adjoint operator&.dretB are operators
onX andYy, respectively. We analyze the opera¥qr\) onZ = X ® Y, which is defined by

X(N) = Xo(N) + G(A) + Ci(N) @I, N> 0,

whereXp(A) = A®I| + Al ®B. Itis note thatD(Xp(A)) = D(A®1)ND(l ® B). We assume the
following conditions.

(A.1) AandB are non-negative and self-adjoint. K&r# {0}.
(A.2) For alle > O there exists a constant &) > 0 such that for all\ > A(¢),
DA1)ND(I ®B) C D(C(A)) follows, and ford € D(Ax 1)ND(l ®B),

GNP < el Xo(A)P[| +b(e)||®]|

follows, whereb(g) > 0is a constant independent&f> A(g). There exists operat@; on
X suchthatb(Ax1)ND(l @B) C D(C), and ford € D(Ax1)ND(l @ B),

s—Iim G(AN)D = Co.

N—oo

(A.3) ForallA >0, D(A) C D(C;(A)) follows. There exis < ¢ < % andd > 0, which are
independent oA > A with some/\q, such that fop € D(A),

I (NP < c|A®] +d]|P]].
There exists operat@; on X satisfyingD(A) C D(C; ), and ford® € D(A),
G < cl|Ad|| +d]®]],

and
s—/l\im C||(/\)CD = Co.

Proposition 2.1 AssumeA.1) - (A.3). Then(i)-(iii) follows.
(i) X(A) is self-adjoint and essentially self-adjoint on any core of At | ® B.
(ii) The operator

Xo = A®| + (1 ®Pre)Ci(I ® Pkes) + Cii @ Pies

is self-adjoint and essentially self-adjoint on any core of Awhere R is the projection onto kerB.
(iii) Forallze C\R,

s— lim (X(/\)— )_1 = (Xo — 2 1 ®Pies).

N—o

Remark 2.1
Proposition 2.1 with the condition)C= 0 is investigated in ([2], Theorem 2.1).



(Proof)
(i) Letd € D(A®1)ND(1 ®B). By (A.2),(A.3) and ||[(A® )| < [|[Xo(A)P||, it is seen that for suffi-
ciently large/A > 0,

[(am+aim ) o < (e+0) | e[+ (be) +d)j@]. 3)
Then for sufficiently smalt > 0, £ +c < 1follows, and hencé) follows from the Kato-Rellich theorem.

(i) From(A.2) and(A.3) we see that

ICHA) (XN =2 < e Xo(M)(Xo(A) =2) | + b(e)|[|(X(N) —2) ]|, (4)
ICIA) @D (X(N) =27 < cf (A1) (Xo(A) =2)~H| + dl|(X(A) 27| ()

Then we have

< (eld+b(e) +d) | 6(A) =2 W]+ c| (A2 1) XN =2 H| +eWl.  (©)

We see that

(an+ainer) (xm—2) v

s— lim Xo(A) =2t = (A—2) 1@ Pyes, S_/I\ian(A(gl)(XO(A)_Z)_l = AA—2) 1@ Pyes.

N—oo

Then we have

[(c+cien) (A=2 0 Pues) ¥ < ((e+0)ld+b(e) +d) [ (A=) & Pie) | +(e+0) ]|

(7)
Then we obtain foP € D(A),

[0 ©Pies) (CitCion) (1©Pes)®| < (e +0)l(Aa @] + ( 2(e +0)[2] +b(e) +d) []. ()
Sincee + ¢ < 1 follows for sufficiently smalle > 0, then we obtairgii) from the Kato-Rellich theorem.

(iii) Let ze C\R satisfying Rez= 0. We see that

-1 -1
c.(/\)(xo(/\)—z) :C|(/\)(A—z)_1®PkerB+C|(/\)<Xo(/\)—z) (I - 19 Preg).  (9)

By (4), we have foE > 0,

-1
SN (%) -2) " (1-15Piae)|
< (€12 +b(e)) [(%(A) =2 (1 ~ 1 ©Piee) ¥ +¢ (1 —1 ©Pieg)¥ll.  (10)
Then for sufficiently smalt > 0, we obtain

s— lim G(A) (xo(/\)—z)flu —1®Peg) = O. (11)

N—o0
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Hence by (9), (11) an@A.2) , we have

GN) (XN ~2) " = G(A-2) ' 5Pies, (12)

We also see that

fim [[Cu(m) @ 1) (Xo(n)~z) (11 @pkerB)wH

< lim (c
/\*)oo

Hence by (13), we have

-1

(%8 -2) -1 0P mo ¥+ (e -2) (1 -10Pwe¥]) <0 @3

s-lim (Cu(A) 1) (xo(/\)— )71 = Ci (A—2) " ® Pyes. (14)
By (3) and||(Xo—2) 71| < & , we have

I

b(e)+d

<2(e+c)+ E

H(c|</\>+cn</\>®|) (%) -2) " (15)

Note that0 < ¢ < 3. Then|[(Ci(A) +Ci (A) ®1)(Xo(A) —2) 71| < 1 follows for sufficiently smalk > 0
and sufficiently largéz|. Hence by (12) and (14), we have

co n

s-lim (Xo(A) —2) 1 =s-lim (Xo(/\)—z)l{ (c.(/\)+c|.(/\)®|) (xo(/\)—z)_l}

N—o0 N—o0 =

_ i((A—z)lééPke,B){ (C|+C|| ®|) ((A—z)_l®PkerB>}n
= (X0 —2) 11 ® Pyem).
Thus we obtairgiii) . B

3 Interacting System and Main Result

In this section, we define the Hamiltonian for tNesemi-relaivistic particles system coupled to bose
field, and state the main results. The total Hilbert space for the system is given by

3 = L2(R3N) @ Fp(LA(RY)),

whereFy(L2(R?)) = @n_o(®IL%(R?)) and ®IL2(R?) denotes the-fold symmetric tenser product of
L2(R3) with ®2L?(R}) := C. The free particle Hamiltonian is given by

N
Hp = —Aj+M?,
p J;\/ j

whereM > 0 denotes the fixed mass. The free Hamiltonian of the scalar bose field is given by

Hi :é (i(l@---l@g/@l---@l)),

n=0 \ ] jth



wherew(k) = vkZ + m2, m> 0, is the energy of the boson with momentira R3. For f,gc L2(R3),
a(f) anda*(g) denote the annihilation operator and the creation operator, respectively. The field operator
with the cutoff parameteh > O is given by

nx) = ;( a®) +a*<‘;“g>).

Here we seppx(k) = pa(k)e > and pa(k) = xa(|k|) wherexa(|k|) is the characteristic function
on [-A,A] CR.

The total Hamiltonian is defined by

H = Hy®l + I ®Hp + kH; (No),

N
wherek > 0is the coupling constant, ad{ (Ao) = 5 ¢n,(X;) with the fixed parametekg > 0
=1

Let us consider the self-adjointnesstbf For f € D(w /), itis seen thaa(f) anda(f) are relatively

bounded with respect ﬂdg/ 2 with

f 2 2
Ja(F)WI < H1Hy . We D(HY?), (16)
. f 2 2
& (W< | lH W+ TV e DH). (17)

By (16) and (17), it is seen that (o) is relatively bounded with respect ta Hé/z. ThenH,(A) is
relatively bounded with respect tdg with infinitely small bound. From the Kato-Rellich theorem, it
is proven thaH is self-adjoint and essentially self-adjoint on any corddpf Then in particularH is
essentially self-adjoint oy = CZ(R¥V)&JF"(D(w)), where® denotes the algebraic tensor product,
andF{"(D(w)) denotes the finite particle subspace®(w). In this paper, the finite particle subspace
F,/n (M) on the subspackl C L?(R3) is defined by the set 8F = {W(V}=_ satisfying thatV(") € @I0M,

n> 0, and¥) = 0 for all n’ > N with someN > 0.

Now we introduce the scaled total Hamiltonian defined by
HA) = Hp®1 +A21@Hp + KAH(AY).

Let us consider the renormalization teEx(/A) defined by

En(A) = (2';)3 ( /R 3 ﬁ(z"i(ri‘)zdg "

We consider the asymptotic behavior of the renormalized Hamiltodigh) — En(A) as/A — o with
removing the ultraviolet cutoffs. Now we state the main theorem.




Theorem 3.1 Assumé < o < 1, and0 < |K| < \/%' Then it follows that for 2 C\R,
-1
s—/I\ian(H(/\) K2En(N) <Z \ A M2 4 K Ve — z) ®Pq,, (18)
where
Vei(X1, -, XN) = — 1 Z 1 e MIxj—x|
MU 167 &, [xj — ] ’

and Ry, is the projection onto the closed subspace spanned by the Fock vdayum

By using the theorem ([19] ; Lemma 2.7), the we obtain the following corollary

Corollary 3.2 Assumé < a < 3, and0 < [k| < \/%' Then it follows that
N
, —it| 3 /—AjFM2 + K2, ﬁ)
s— lim e—lt( H(/\)—KZEN(/\)) (l ® PQb) —e (Jl i e % PQb_

N— 00

4 Proof of Main Theorem

Let

. ;' o Pnax « PN x
TC/\“(X) - \/é( a(w3/2)+a(w3/2))'
The unitary transformation, called the dressing transformation, is given by
N
i(%) Y ma(xj)
U(A) = o (R) 27w,

It is seen that on the finite particle subspacefh(L?(R®)),

[Ma (X),Hp] = —ighe(wé),

[Tha (X), na (Y)] = (2_7_;)3 - ‘Z)\Eé;)e_ik'(x—y)dk_

Then we have
U(A) TH(AU(A) = Ho(A) + En(A) +Ki(A)+Ky (),
where
K (A) = U(A)*l(Hpe;l)U(/\) — Hp®|
K2 N

2 pAa ek (i) k.
R3 w

Ki(A) =— 3

Then by the spectral decomposition theorem, we have §o€C\R,
-1 -1
(HW —Enn)—2) = U (Ho(h) +Ki(A) +Kn(A) —2) UL (19)
We shall show thatHo(A), Ki(A) andKj (A) satisfy the condition§A.1)-(A.3) in Section 2.

~



Proposition 4.1 Assumé < a < % Then the following1) and (2) hold.
(1) For € > 0, there existé\o > 0 such that for allA > Ay,

KAWL < el[Ho(A)W] +v(e)[¥], W e D(Ho(N)) (20)

follows, wherev(g) > Ois a constant independent &f> Ao.
(2) It follows that
s— Iim Kj(AN)W = 0, W e D(Ho(N)). (21)

—00

(Proof)

LetW;, j = 1,2, be the non-negative and self-adjoint operators Witib) C D(Wy). Then itis seen that
for gy e DWL)NDWL), /Wiy = 2 (W,+/\) W ¢ dA, and(vW —VWB) g = L [P VA (WL +
A)~ (Wl—\/\lz)(VV2+)\) Lyda. Then we have

- vy < 2 [T

T Jo W()(V\/l) 1_VV2)(\N2+)\)71L[JHd)\7 (22)

whereEq(X) is the infimum of the spectrum of the operaXorLet us use the notatigh= (pt,---, p9) =
(—i,-+,—i5%). By the commutation relatiofil(f,), p] = iM(dx f),
we have folV € Dy,

d dx‘-’ij ?
(U(/\)’l(pj®l)U(/\))2lP - (Z (pjv®|+(f\)r|( L )) )w. (23)

v=1

Then by applyindJ (A)~ ( @ DU (A) +M? to W, andpJ+M2to\Nz|n(22) we have

K< (% )%/w | SVET e+ M2h) | )

1/k\2N o /X , B
+71(K> le/o vz IV EF @1+ M2+ 2) W] da, (24)
where
S (P o K2pa
v=1
S (iKYppax; |
=2 "( w3/2'X1> | (26)
v=1

By the following Lemma 4.2, there exists constai{6d) > 0for 0 < & < &, yj > 0, andv; > 0, such
that

|sn@zer + M2ea) )| < (BJAziaJF"J;\sz) (|[Homyw|| +1wr) @
[n@ e + M) 20| < s (| Homw] + ) @8)



Then by (24), (27) and (28), we have

C G G
KW s( "o+ i+ ) (|| Hotmyw ]| + 1), WeDo,  (29)
20 o )
whereCy = J;Kﬂ‘ Jo” raensdA . Co = T o orwepdA, andCs = J;K#J Jo grawedA. Since

Do isacore oHy(A), (29) follows for aIID(HO). Then(1)follows forO< a < é. We see thaf2) follows
from (29).1

Lemma 4.2 There exist constanf$;(6) > 0for 0 < & < 1—10, yj > 0, andv; > 0 such that

i KIPA“X ' (v o 1y (21 1+ M2+ A) 2(Ho(A) - 1) < B Aa (30)
(i) HW (Bf @D(PT @1 + M=+ A)"H(Ho(A) +1) J() 5
.. kZP/\“,x- A2 2 -1 1 /\20
(ii) n(a)w' Bl + M) HN + )7 < e 31)
o 1KlPrx C 2 | + M2+ A)"L(Ho(A) + 1)1 e 32
(”I) w3/2 (p]® + + ) ( 0( )+ ) = uJA+M2 ( )
(Proof)
(i) By Proposition B in Appendix, it is seen that
Klpaex; \ | - . _
Hn( w3/2X1>(pj RNEF@! + M2 +A) 1Y
< KIonex Y om0 22| || (57 @ D201 + M2EA) H(Hy o1 4+ 1) 12
<| (=5t ) e+ )2 | B en@en + M2+ (H el + 17|
x H(I @ Hp+1) Y2 (Hy® | +1)1/2wH
¢j(9d) K| pna x, ~1/2 ~1/2 1/2
S n< St ) 1@+ 1) H(l@HbH) (Ho®1+1) wH (33)
It is seen thaﬂ% € O(AY) and”'k‘w# € O(A?%). Then by (16) and (17), we see that
|k’p/\“.,x- _1/2
Hn( w3/2'>(|®Hb+1) 2|l e O(A9). (34)

By using|| (I @ Hp+1)"Y2(Hp @1 + 1)Y2W|| < || Ho(A)W|| + ||¥ and (34), we have

Hn<!kfg;xj><m @) (pj el +M2+)\)1qJH < <BJ( ),\2+6>(H Ho(AW|[+ 1)) . (35)

Thus we obtairi).
(i) We see that

kzp/\a7 : 1
n( ws/zxj> (BFel + M2+2)

M2+A

(1@ Hp+1) 2w

I(zp/\‘7’7X' _1/2
n( S | 1@H+ )™

(36)



€ O(/\%"). Hence by (16) and (17), we have

k2ppa x; _
“ n(aﬁ/;'> (I@Hp+1)7Y/2
Bu using||(I ® Hp+ 1)Y2W¥|| < ||(Ho(A) 4+ 1)W|| and (37), we obtain
k2onax; \ . _
(<) e

and thus we havéi) .
(iii) Itis seen that

2
Note thatH kng\z“

€ O(A%) and H S

e O(N™). (37)

< 3y (| Hore]+191).

o[ KIPr 2(p 221 + M24A)? L Ko (I @He+1)" 2| [|(1 @ Hp+ 1) W
w?/? =Mz w32 P P
(38)
2 2
Note thatH“Z‘}é’/A;’ € O(N?%), ’“ﬂﬁ% H‘klw# € O(A3%) and kz’% € O(A%). Hence from

Lemma A in Appendix, we have

k2pna x; _
H n( w3/2xl> (l@Hp+1)~t

Bu using||(1 © Hp + 1)2W|| < || (Ho(A) + 1)W|| and (39), it follows that

€ O(N2). (39)

o]+ 1)

|k|p/\a,Xj 2 A2 2 -1
||rr< 7 ) P?el + M2+A) | < HJA+M2<’

Thus we obtairgiii) . B

(Proof of Theorem 3.1
Let us show thaH (A\) satisfies the conditiong\(1)-(A.3). Itis easy to see thai(A) satisfiesA.1) and
(A.2) from Proposition 4.1. Then, let us consider the conditi@KBI By the spherical symmetry @i,

we see thafs pa’;‘(’k()‘?eik‘xdk — |2X’|T A fgjﬁgr5|n(|x|r)dr =N N i1 sin(|xr)dr. Then we have

k2 N
_167'[2]; IXj —Xi

whereGpa(x) =Im ™, o€z LetTaa = {z=t| =A% <t <A} UCh« with Cpe = {2=
N€9]0 <6 <m}. Weseethaf; , zZ-€Xdz=ime ™ and‘fcl\a ZEoelzdz < Az{,\zfng JoTe Minsinbgg,
Then we have

K|| (/\) = G/\u (Xj — X ), (40)

/\20‘!
< 2———0n(Xj— X)), (42)

Gpe (xj —xi) — e ™| N20 _ 2

10



wheredpa (X) = fog e XATsinddg By Lemma C in Appendix, we have fgr € CZ(R3V),

2
L

1
dxi---dxy < 4(N—1)[|Hop|*. (42)
Hence by the uniform boundnedg (x) < 7, (41) and (42), it follows that for sufficiently large > 0,

X} —Xi

l-nU(Xla tte 7XN)

N—-1
ikl < 2Dy Ky (43)

follows for ¢ € C(R3). SinceCg(R*) is a core ofHy, (43) follows for allL[J € D(Hp). Here it is
v/ (N—1 a2

noted thak? (Sn ) < 3 follows for |k| < \/%. We also see thalixe (x) < f2 e XN 78dg < TR

Then/l\im opa (X) = Ofollows for x # 0. Hence we have

lim ’G/\G(Xj—X|) — e ™l = 0 a.e.(xg, - ,xy) € R, (44)

N—oo

Note '[ha'[”ﬁLIIHLz < o follows for ¢ € C3(R®N). Then by the Lebesgue dominated convergence
theorem and (44), we see that fpre C (RV),

2 2
i ~Mxi=x| _ G g . -
/l\anw - e Gha ( X|)‘ |X| X|| ‘ l,U X1, ,XN) dxyq---dxy 0. (45)
Hence by (45), we obtain fap € C3(RN)
s— lim Ku(A)y = K2Vl (46)

Note thatCg (R3V) is a core oH,. Then by using (43), we see that (46) follows for @l D(Hp). By
(43) and (46), we also see that

erw] < k2V "D

A T (47)
Then by (43), (46) and (47) , it is proven that/\) satisfies the conditiorA(3). B

Appendix

LemmaA Letf, g € D(w ?). Then it follows that fol¥ € D(dlM,(w)),

W Jata@wl < || |- e,

@ 1 (ha@wl < ||| it + 1| ] 2,

@ tatar@wl < ||| w7 a1+ e a1
@ 1aa@wl < | ol |2

w (10| |+ | vt ) ez aisinaien

11



(Proof) Since&rﬁ”( ( w)) is a core oMy, it is enough to show th4t) - (4) follows for W € Fi"(D(w)).
(1) For¥ = {Wix e Fin(D(dry(w))), we see that

(@(1)alg)¥) ™ (dia, -+ dkn) = VT I+ 2 [ T(p) @)W (p. gk kn) dpcp.

Then by the Schwartz inequality, we see that

(a(f)a(@W) ™ (k, - kn)

< \/m\/anZHkH H\/%H { /w(p)w(q) ’q;(n+2)(p’q,k1,... ,kns))z dpdp}l/z,

and thus
2
Ha(f)a(g)w<n>||énL2 RS) /‘ (K, - kn)| dkq - dkn
f % g |> 5 2
3(”+1)<”+2>H\ﬁ NG /w<p)w(q)]‘v<’”>(p,q,k1,---,kn) dpdpdk; --- dkn
It is noted that
2
(n+1) (n+2) /w(p )W”*Z p,q,K1,---,kn)| dpdpdk; --- dkp

2
dpdpdk; -- - dkn

2
dpdpdk; --- dkn

<(n+2) /w
:/(&)( + w(q +le )‘W”*qukl, - kn)

= H (Hpr)(n+2)‘ ;n+2|_2(R3) '

n+2/w (w +Zw )‘w’”z(qul, ,kn>
(w w(q) + iw(kj)> ‘Lp(n+2)(p,q,k1,... ,kn)

2
dpdpdk; --- dky

Hence, we see thag |a(f)a(g)w™ H®nL2(R3)
n=0

S §OH (HbLIJ)(rH_Z)H;nJrZLZ(RS) < H Hbl'pHZ, and thus(l)
n

is obtained.

(2) By the canonical commutation relations, we havetfor F"(D(w)),

&’ (Fa@W|? = (a(f)a' (a@)¥ ,a@)W) = | F|2la(@) W]+ la(F)a(g) W%
Then we havella(f)a(g)¥|| < || f[[[a(@)] +||a(f)a(g)W]. By using(1), we have(2).

(3) Sincea(f)a*(g)W = a*(g)a(f)W+ (f,g)¥ follows for W € F"(D(w)), we havel|a(f)a*(g)W|| <
la*(@)a(f)W[l + [ f[ lgll|*l]. Then by applyind2), we have(3).
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(4) By the canonical commutation relation, it is seen thatfor Ffi"(D(w)),

la*(f)a’(g)W|* = (a(f)a*(f)a’(g)w,a"(g)¥) = || f|*la () W|* + la(F)a* (g)W|*
Thus we havdla*(f)a*(g)W| < || f||[|[a*(g)¥] + ||a(f)a*(g)¥||. By (3), we obtain(4). &

Proposition B ([22], Lemma 3.2)
For0 < & < £, there existg;(8) >0, j =1,---,N, such that fon > 0,

N
o ) - ) 1
B (B + M2+ A) (3 /B M4 1) 22 < (). (48)

=1
(Proof) Letp; = (pj) _, € R3. From the spectral decomposition theorem, it is enough to show that
N
sup AZ+opY| (PF+MZ+2) (S (/PR +M2+1) 2 < o, (49)

A>0,p €R3 =1, N =1

From the The Young's inequality, it is seen thatfps 1 and§ > 1 satisfying% + % =1,

AEHO|pY| < qA( 210 ~|p, 4.

Letus sefj= (3 +0) 1 for0< & < . Then §= (3 — &)~ * holds, and we see that

1 1 1 1 x\-1
MO < CHan + (G- 3)lpt|Y

5 (50)

Itis seen that

N
sup A (p?+M2+A>‘1<Z\/pF+M2+1>‘1/2 < . (51)
|=

A>0,p €R3I=1,---,N

Note that( — 5)~1 < 3 follows for 0 < & < . Then it follows that

sup  [pY|G0 " (p?2 4+ M?)- Z\/ p2+M24+1)"Y2 < oo, (52)

p€ER3|=1,- N

Then by (52), we have

sup Ip,l"5 (P} M2 Z\/ p?+ M2+ 1)1/

A>0,p €R3,I=1, -
< sup  |p|E0 T (pP M) (Z\/p2+M2+1)*1/2<°°- (53)
=1

p€ER3|=1-,N

13



By (50), (51) and (53), we obtain (49

Lemma C It follows that

1 2 2 L
/R3N ’Xi_XI‘Z ‘ W(Xla"' 7XN)‘ dxp---dxy < 4/R3N ‘ DXiW(le" 7XN)‘ Xm"'dXNv I 7& J-
3 vV _xY
(Proof) Fore >0, letus sed; j ¢(X1,- - ,XN) = (ai‘fj,e(xl,--- ,xN)) - with ai‘fj’g(xl,--- JXN) = %
Itis seen that| (Dxi+ta;7j,g)wH2 = [|[Ox @l —t (@, [Ox,aije]¥) + t2||aj ey, fort > 0. Note that
3 3 2 i— 2
[Ox,a,je] = Vzl[dxi",ai‘ij,g]w = v§1(|xi*"3"2+5 - (|xi‘:(x|\§1s)2> . Hence we have

3 2/xi —x[? IXi — X |2 2
: 2>/ — ! g2 A .
10672 Jon {t<lxi—X||2+£ (X —x|2+€)° t(|Xi*X|\2+£)2 ’LP(XL ’XN)‘ o
(54)

3 Note that [a ﬁ] WXy, ,xN)|2dx1---de < o follows for

1 <
X2+ = |x—x?

Note thatsup—
£>0 i

W € CF(RN). Then by applying the Lebesgue dominated convergence theorem to the right side of (c)
ase — 0, we havel| Oy ¢[|* > (—t*+1) fran e | Wxa, )| Zdxy -+~ dxy. Since—t2+t < 1, the
proof is completedl
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