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Abstract.

We show a special feature for the cover time of trees that is not satisfied by those

of other graphs. By using this property, we show the relationship between the cover times of a
tree and its subdivision, and we compute exactly the distribution of the last vertex visited by a
random walk, the expectation and the Laplace transform of cover times of spider graphs as integral
representations. We also discuss some comparison results for spider graphs.
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1. INTRODUCTION

Let G = (V, E) be a finite connected graph possibly with
self-loops. Throughout this paper, we consider a discrete-
time, irreducible random walk ({X;}iez. o, {Ps}zev) on G
with transition matrix P = (p(z,y))syev Where Zso =
Z N [0,00). We suppose that P is compatible with the
graph structure in the sense that p(z,y),p(y,z) > 0 if and
only if xy € E. The cover time C = C¢ is the number of
steps needed for a random walk to visit all the vertices of
G. In other words,

(1.1)

C = maxoy,
zeV

with o, being the first hitting time to a vertex x € V. The
basic results for cover times can be found, for instance, in
[1, 3] and references therein. In [4, 5], we obtained the
Mobius inversion formula for the cover time in terms of the
first exit times.

Theorem 1.1 ([4, 5]). Let C(V) be the totality of vertex
sets of connected subgraphs of G, and set

D,={AeC(V);NA) =V, A#V, A>3z},
where N(A) is the 1-neighborhood of a set A, i.e.,
N(A)=AU [N,
z€A

and N is the neighborhood of x € V. Then, for x,y € V
and t € Z>o, we have

]P:E(C = t7XC = y)

S ()N, (1 = 1, X,
BeD,

=y),

where T = inf{t € Z>o; Xy & B} is the first exit time
from a subset B. Moreover, the set D, in the formula can
be replaced by Dy \ D,,.
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From this theorem, once we characterize the sets D, and
Dy, we can write down the joint distribution of the cover
time and the last visited point as an alternating sum.

The situation becomes simpler for random walks on trees.
In what follows, we only consider the case where G is a tree.
We say that a vertex [ of a tree is a leaf if its degree is one;
the set of all leaves is denoted by L. In the case of trees,
we can rephrase Theorem 1.1 as follows:

Theorem 1.2. Let G be a finite tree and L the set of its
leaves. Then, for x,y € V and t € Z>(, we have

P, (C=tXc=y) = Z(fl)lA\Jrlpx(JA =t, X5, = ).
ACL
AZO

In particular, for any function f : R — R,

(1.2) E,[f(C)] = Y (~1)AHE,[f(on)]

ACL
A£D

where op = Inf{t € Z>; Xy € A} is the first hitting time
to a (non-empty) subset A C L. Similarly,

(1.3) P,(Xc=vy) = Z(_l)‘Al—i_le(XaA =y).

ACL
Ady

Remark 1.3. From (1.3) we see that P,(X¢c = y) = 0
unless y € L, that is, the maximum of first hitting times
is attained at a certain leaf, which implies that when G
is a tree, (1.1) can be written as C' = maxjer 0;. On the
other hand, oo = minjep o; for A C L. Therefore, the
formula above can be understood as the ordinary inclusion-
exclusion principle when G is a tree.

In Section 2, we remark that the cover times of trees
have similar property to what is enjoyed by the first hitting
times (Lemmas 2.1 and 2.2). We also derive the formula
clarifying the relationship between the cover times of a tree
and its subdivisions (Theorem 2.5).
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In Section 3, by using Theorem 1.2, we will give integral
representations for the Laplace transform of cover times
of spider graphs, the distribution of the last vertex visited
by a random walk and the expectation (Theorems 3.1, 3.7,
and 3.10). As a corollary, we remark some comparison
results for the cover time of spider graphs (Corollary 3.8
and Remarks 3.11).

2. COVER TIME OF THE n-SUBDIVISION OF A
TREE

Let W = {w : Z>¢o — V} be the set of discrete-time
random walk paths on a set V. Let F; be the filtration
generated by the coordinate maps {X;(w) = w(s),s =
0,1,2,...,t}. An {F;}-stopping time 7 : W — {0,1,2,... }U
{o0} is called a terminal time under P, if it satisfies

7(w) =k +7(0rw), Pg-as. on {7 >k},

for all k € Zsg, where (fpw)(n) = w(n + k),n € Z>g
is the shifted path by time k € Z>¢ (cf. [2]). The first
hitting time o4 to a set A is a terminal time under P,
for x € V while the cover time is not since the cover time
needs memory of which vertices are visited. Nevertheless
the following lemma holds.

Lemma 2.1. The cover time on a tree satisfies
C(w) =k + COpw), Py-a.s. on{or >k},

forx €V and k € Z>o. In particular,

C(w) =1+ C(bhw)

under Py, for x € V\ L.

(2.1)

Proof. From Remark 1.3, we see that

Cw) = max o(w) = rlneaLx(k + o1(Okw)) =k + C(Orw),

P,-a.s. on {op > k} for every x € V. Here we used the fact
that o; is a terminal time and oy > k& means that o; > k
for alll € L. O

This is a remarkable feature for the cover times of trees
and it often makes the situation simpler.

When G is a tree, the cover times inherit some prop-
erties such as harmonicity from the first hitting times by
Lemma 2.1.

Lemma 2.2. Let G be a tree and | € L be a leaf.

(1) The function o(z) = Pr(Xc = 1) is P-harmonic in
VAL, ie.,
(2.2) Yo(x) = (Pio)(x)

for x € V\ L, where (Pf)(x) = > cyp(2,y)f(y). In
particular, o(x) is determined as the unique harmonic ex-

tension if the boundary values {1o(l),l € L} are known.
(2) The function 1 (x) = E,[C] satisfies

(2.3) Y1(x) =1+ (Py1)(w)
forz e V\ L.
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Proof. Both assertions follow immediately from (2.1). They
also follow from Theorem 1.2 since ¢p o(z) = Py(Xo, =1)
and ¢ 1(x) = Ey[oa] satisfy the same equations (2.2) and
(2.3), respectively. O

Remark 2.3. The cover times for general graphs with cy-
cles do not satisfy (2.2) and (2.3).

Now we introduce the notion of the n-subdivision of a
graph.
Definition 2.4. For a graph G = (V| E), the n-subdivision
G, = (Vp, Ep) of G is defined by replacing each edge in F
with a path of length n 4+ 1. The vertex set V is naturally
regarded as a subset of V,,, and we write V C V.

It is worthwhile to notice a trivial fact that the set of
leaves of a tree T leaves unchanged by the operation of
taking n-subdivision. So we can identify the set of leaves
in V with that in V,, in an obvious manner.

The next theorem shows that the simple relationship be-
tween cover times on a tree and its subdivision.

Theorem 2.5. Let T = (V,E) be a tree and T,,—1 =
(Vae1, En1) its (n — 1)-subdivision for n > 2. We denote
by ({Xe}ttezoor {Pataev) and ({Xihiezoo, {Potaev,_,) the
simple random walks on T and T,,_1, respectively. Then,
when y € V,_1 is a vertex between a and b for an edge

abe E, forl e L,

(2.4) If"y(f(cTnil =1)
—(1- Bpu(Xe, = 1)+ SRy (X, = 1)
n n
and

(25) ny [OTn—l]

k k
= k‘(n - k‘) + n? {(1 - E)]Ea[CT] + nEb[CT]} s
where k = d(a,y) is the (shortest path) distance between a
and y in Tp_1. In particular, ifa € V C V,_1,

(2.6) Po(Xe,, , =1)=Po(Xc, =1),
(2.7) Eo[Cr,_,] = n®E,[Cr].

Proof. Let us consider an edge ab € E and the correspond-
ing path P, of length n in T;,_; with end-points a and b.
Since the function 9g(y) = ]f”y()N(CTn_l =) foraleafl € L
is harmonic outside L from Lemma 2.2(1), the values v, (y)
on the path P, is determined as a linear function with
boundary conditions ¥g(a) and 1(b) at a and b, respec-
tively. Similarly, the function ¢ (y) = E,[Cr, ] satisfies
(2.3). Hence, it is easy to see that

(28) i) =kn k) + (1~ Dpin(a) + S (0)
Therefore, (2.4) and (2.5) follow from (2.6) and (2.7), re-
spectively.

For (2.6) and (2.7), it suffices to show that the same
equations hold for the first hitting time o, to each non-
empty subset A C L because of (1.2) and (1.3), which
follow from Lemma 2.6. O
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Lemma 2.6. Let T,,_1 be the (n — 1)-subdivision of a tree
T. Let A be a non-empty subset of L andl € L. Then,

(2.9)
(2.10)

Po(X,, =1) =Po(Xy, =1),

Ea[UA] = RQEG [O’A].
foraeV CV,_1.

Proof. We only show (2.10). The equality (2.9) can be
shown in the same manner. Let ¢ p(z) = Eyfoa] for x €
Vi—1. It holds that

(2.11)

praa) =1+ P1.4(Y),

1
|Na(Tn—1)| Z

YENG(Trn—1)

for a € V. C V,_1, where N,(T},,—1) is the neighborhood of
the vertex a in T),_;. By the same argument as before, we
see that

(212)  draly) =n—1+ (1 - )dial) + > dial)

when y € N,(T,,—1) is between a and b for ab € E. By
substituting (2.12) into (2.11), we have

él,A(a) B 1 ¢~51,A(y)
N AP PR

n
yENL(T)

where N,(T) is the neighborhood of a vertex a € V in

T, and |Ny(Ty—1)| = |Na(T)|. Hence, {2409 4 ¢ v ¢
V,.} satisfies the same equation as {¢1.a(x) := Ez[oa],z €

V'} should satisfy. In the same manner, w forl € L
satisfies the same boundary condition as that for ¢ 4 (7).
Consequently, we can conclude that ¢14(a) = n?¢1 a(a)

forany a € V C V,_1. O

3. COVER TIMES OF SPIDER GRAPHS

Let Gy ms,...,my be aspider graph which is obtained from
K paths such that each length is m;,i € [K] :={1,2,...,K}
by identifying each one of the end-points. We call the iden-
tified point the origin and denote it by 0. More precisely,
the vertex set and the edge set are written as

K
V={0}u U{(i,;p),x: 1,2,...,m;},
i=1
K
E=|J{G.z-1)(,2),x=1,2,... ,m},

i=1

where (7,0) is understood as the origin 0. We denote the
leaf (i,m;) by I; for i € [K]. Throughout this section,
for simplicity, we consider simple random walks on spider
graphs.

We will compute the Laplace transform of the cover time
of a spider graph.
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Theorem 3.1. The Laplace transform of the cover time of
a spider graph G, ... .m, by a simple random walk is given
by

K 1 oo . K .
Eo[ei)\c] _ Z bk(/\) /O e Gkt H(efajt e Y t)dt

k=1 J
J

where ap(A) = tanh(mgr(\)) and bp(\) = sinh(mgr(N))
with k(\) = log(e + ve2A —1).

Remark 3.2. Given m; > 0,7 € [K], let C,, be the cover
time of Gy, nmy- Since nk(A/n?) — V2X as n — oo,
it is easy to verify that

lim Eole /7"
n—oo
Koy /oo LK
—A 't —Ajt —AT
:Z e 'k H(e it — e N)dt,
= Bi(A) Jo o

where Aj(\) = tanh(myv/2)) and By (\) = sinh(mgv/2X).
It should be the Laplace transform of a constant multiple
of the cover time of K-rays by Walsh’s Brownian motion
starting at the origin (the common vertex). Similar expres-
sions can be found in Section 17.2.3, [7]. So far we do not
know the inverse Laplace transform.

Before computing the Laplace transform, we compute
P.(we = I;) and E,[C]. First we show three lemmas. In
what follows, we set

Qj = m;17 JE [K}

and use the following notation
[A] = {k € [K];l € A}

for AC L.

Lemma 3.3. For a given j € [K], let A C L with A 3 ;.
Then,

3'1 ]P) XO'A — l] fr— L
(3.1) of ) Zke[A] Ok

_ 7y = ) Ok ke (A,
(32)  Pu(Xoy =1lj) = {PO(XUA =1;), k¢I[AL

Proof. Set ¢a(k,x) = P 0)(Xo, = ;) for x € [my] and
oa(0) = Po(X,, = ). Since ¢ satisfies (2.2), we may
assume that

¢A(kvw) = ﬂA(k)x + YA, ke [K]v

where 4 = ¢ (0). They satisfy the following boundary

conditions:
¢A(k7mk) - 516,]; ke [A]a
oAk, my) = oa(k,mp — 1), ke [K]\[A],
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A simple computation yields

Ba(k) = ar(Or,; —va), ke[A]
Ba(k) =0
Zke[K] Ba(k) =0

Hence, we obtain

gl =
NFe—
Zke[/\] Ak
Therefore, we obtain (3.1) and (3.2). O

Lemma 3.4. Let A C L with A # (. Then,

2 Zke Zke[A

(3.3)  Egloa] =

Zke

Proof. Set ¢p(k,x) = Eq, ) loa] for & € [my] and ¢4 (0) =
Eo[oa]. Since ¢ satisfies (2.3), we may assume that

(3.4) oalk, ) = —z2 + Ba(k)z + Ya,
where 4 = ¢ (0). They satisfy the following boundary
conditions:
¢A(kamk) = 07 lk S Aa
¢A(kamk):1+¢)/\(kvmk_1)v lk eAc’
Pa(0) =1+ & Dperry oalk, 1)
A simple computation yields
ﬁ/\(k‘) =Mk — QEYA, Iy € A,
(3.5) ﬁA(k) = 2my, I € A°,
Zke[K] Pa(k) =0
Hence,
2 ke(x) Mk = Dge[a] Mk

YA =

Eke[A] Ak
O
Lemma 3.5. Let S be a finite set, and let p1 and py be

positive measures and v a signed measure on S. Suppose
that py has full support. Then, for z € C, we have

Z Z‘A| /00 H(l ﬂl(y)t) 1 d
= + ze™ — t
Acs p1(A) 0 yes
and
3 _ V)
oo (D) + pa(A°)
AZD
= Z / Ze—m(x)t H (ze—ltl(y)t + e—lifz(y)t)dt_
zeS yeS\{z}
In particular,
2 —e —p(y)t
Z nid) = ze H (14 ze )dt
ros M1 0 yeS\{z}

ASz
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Proof. We only show the second formula.

3 )

= p(A) + p2(A°)

AZ0

- Y v \A|/ ol (D) Fua(A)} gy
ACs weh

=Y w3 M / o (Mt=pa (A%)t gy
€S Adz

= Z / e h1 (@)t H (ze= MWt 4 =@ty gy
z€S yeS\{z}

The first formula is obtained in the same manner. O

Remark 3.6. In the same manner as before, we can show
the following. Let S be a finite set with |S| = n and p a
positive measure with full support. Then, we can see that

> (=DM a(d) ! = Elmax X
and
SO DM ] {a)) Tt = Blnax X = X,),

ACS
A>z

where {X;,7 € S} are the i.i.d. random variables such that
each X, is exponential with parameter p({i}) respectively.

We define
() =

I a—e=h

kE[K\I

for I C [K]. For example, when I = {1,2,3}, we simply
write @12 3(t). We note that 0 < ®;(¢) < 1 forall ¢t >0
unless I = [K].

Theorem 3.7. Let C be the cover time of a spider graph
Gy ma,....mi 0y a simple random walk. Then,

]P)O(XC = l]) = / Otj
0

P, (XC = lj) = (1 — 5k,j)/ Oéjeiajtq)j,k(t)dt
0

et (t)dt

for each leaf l; € L. Moreover,

Py (Xe = 1)
= Plk (XC = lj)akx + IPO(XC = lj)(l — akx).

Proof. From (1.3), (3.1) and Lemma 3.5, we obtain

Po(Xo =1;) =Y (-)AHPy(X,, =1)

ACL
ASLJ-
a
_ E :(_1)|AH-1 J
= 2 kela] Ok
ASlj

o0
= / Oéje_ajtq>j(t)dt.
0
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We also obtain the second formula in the same manner by
noticing that the alternating sum in (1.3) should be taken
over the set {A C L\ {lx}; A 3 {;} if k # j because of (3.2).
The last assertion immediately follows from harmonicity.

U

Corollary 3.8. Suppose m; < m;j. Then,
(3.6) Po(Xe =1) <Po(Xc =15).
Proof. Suppose m; < my, or equivalently a; > a;. Then,

Po(Xc =1;) —Po(Xe = 1)

_ /0 (a6, (1) — e 41, (£)

o0
= / {aje_ajt(l
0

oo t
= ;0 / dt/ dSeiajtiais{l - ei(aiiaj)(tis)}q)i,j (t)
0 0

> 0.

- e_o”t) — aie_a'it(l —

e_ajt)}q%,j (t)dt

O
Remark 3.9. It follows from Lemma 3.3 that
o
Po(X,, =1j) = —2—.
L J Zle a

Hence, as expected, the converse inequality to (3.6) holds,

i.e., when m; < mj, then
Po(Xo, = 1) > Po( Xy, =15).

Theorem 3.10. Let C be the cover time of a spider graph
Gy ma,....mie 0y a simple random walk. Then,

Eo[C]= ) my /00{2—(2—e_akt)<1>k(t)}dt
kE[K] 0
B0 = 3 m [ {2- - e el 0}

for every leaf l; € L, where

D (t) = {Tj,k(t), Z ij,

Proof. From (1.2), (3.3) and Lemma 3.5, we obtain

|A|+122k€ (K] Tk — Zke my

EO[C] = Z( ) Zk (A ap,

ACL
AF£D

=2 ka / ].—(I)@

ke (K]

_ Z mk/ aktq)k

ke[K]

ka/ {2-(2

ke[K]

— e NPy (1) }dt.
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For [, [C], we notice that

E; [oa] = m} +Eoloa], if A Zlj,
i 0, itA>i;,

from (3.4) and (3.5). Then, we see that

E,lCl= > (=)™ m] + Eoloa))

ACL

ABLj, AF£D
7m " Z |A‘+12Zke Zke[A}m
ACL Zke
ABLj,AF£D
:m + 2 Z mk / (1-9,
ke (K]
— Z mk/ akt‘bjk d
ke[KI\{5}
— 2 +2m]/ (1— @, (6))dt
DIy R R RO
ke[KN\{5}
O

Remark 3.11. It is obvious that for any tree E,[C] attains
the minimum at a certain leaf. When a spider graph with
K = 3,4, it is not difficult to see that [ [C] < E;,[C] if
m; > m;. However, when K > 5, it is not necessarily the
case. Indeed, for G 2,11,13,13, Ei,[C] > Ey, [C] even though
mg > mq. Here the spider graph Gi2,11,13,13 is minimal
among such graphs in the lexicographic order when K =
5. We feel that E;[C] attains the minimum at the leaf ¢;
corresponding to the largest m;.

Example 3.12. We consider the regular spider G, ... my
with m; = N/K € N;i=1,2,..., K. From Theorem 3.10,
we see that

N [o.¢]
N1t
K k:k‘ K|

It also follows from Theorem 2.5 since G, m, With
m; = N/K is the (N/K — 1)-subdivision of Gy, ;. If
K=N0<a<1l),

_ e—Kt/N)(l _ e—Kt/N)K—l}dt

Eo[C] ~ 2aN?*"%log N (N — o).

Lemma 3.13. Given a non-empty set A C L and v; €
R for i € [A]. Let ¢p be a function on the spider graph
Gum,,....mix = (V, E) satisfying for A > 0

oda(v) = e N Poy)(v), veV\L,

(bA(i)mi) = Yi» l; €A,

da(i,m;) = e 2pa(i,m; — 1), 1; € A°.
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Then, we have

2
I

Q)

>

ke[A]
lu'f_:fk — "k

X

/J’Tk _ NTk>_1
mi mi
ke[A] pi™ A+ p

Y
sinh mpk
ke[A]

X ( Z cothmpk + Z tanhkaJ)ila

ke[A] ke[A]e

ke[A]e

where i+ = pr(A) = e* £Ve2X — 1 and k = log .

Proof. We may assume that ¢, (k,z) = App? + Brpp® for
some Ay and Bj on each path, and from the boundary
conditions at 0 and leaves, we obtain

Ak-l-Bk:d)A(O), ke [K]
App™ + Bpp™ =y, I € A,
Appl™ = Bp™, I, € A°,

For the third conditions, we used the equalities pypu_ =1
and 1 —e Mg = FV1 — e=22. Also we have

K K
S A=Y
k=1 k=1

from ¢5(0) = e & > reik] @k, 1). By solving these
equations, we obtain the assertion. O

Proof of Theorem 3.1. From (1.2), we see that

]Eo[ef)\C'] _ § :(71)|A‘+1E0[67/\0A}.
ACL
AZD

We set ¢ (v) = E,[e~?92]. Since ¢, satisfies the assump-

tion in Lemma 3.13 with 7, = 1, we obtain ¢, (0) as in
Lemma 3.13. By setting

v({k}) = (sinhmgr) ",
pa({k}) = (1) = tanh g,

in the second formula in Lemma 3.5 we obtain the desired
integral representation. O
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