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Abstract. In this paper the Hamiltonian for the system of semi-relativistic particles inter-
acting with a scalar bose field is investigated. A scaled total Hamiltonian of the system is
defined and its scaling limit is considered. Then the semi-relativisticd8atger operator

with an effective potential is derived.
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1 Introduction

In this paper we consider the Hamiltonian of the systerN giarticles linearly coupled to a scalar bose
field. We assume that particles obey the semi-relativistic&®thger operator

N
Hy = Z,/_Aj +M2,
J:

whereM > 0 is a rest mass. There has been many results on the spectral propefrjesRefier to e.g.
[21, 6, 3, 4, 5, 20]. The free Hamiltoniaih, of the scalar bose field is defined by the second quantization
of the multiplication operatow, which is formally expressed by

Hy = /Rd w(k)a* (k)a(k)dk

The state space of the interacting system is definel by L?(RIN) @ Fp(L2(RY)) whereFp(L%(RY))
is the boson Fock space @A(RY). The total Hamiltonian is given by

H = Hy®l + | ®Hp + KHi, KER. (1)

Here the interactiohl, is denoted by formally

N 1 7 .
o= (Rl ealk) + fk)oak),

wherefy is an multiplication operator ob?(RY).



We consider the scaled Hamiltonian
H(A) = Hp®l + A1 ®@Hp + KAH;, A > 0. )

We investigate the asymptotic behaviortdf/A) asA — . The unitary evolutiore ™" (N) generated by
H(A) is given by

ctHN) _ o _iA2t<,§1 <%>2+<%>2 + Hy + (K)H )

HereA%t denotes the scaled timeA~—2p the scaled momentum f@r= —iJ, A~?M the scaled mass,

and A~k the scaled coupling constant. As far as we know scaling limits of the Hamiltonians of the form
(2) is initiated by E. B. Davies [2], wherd (A) with semi-relativistic Schirdinger operator replaced by

a standard Schdinger operator is considered and a &tihger operator with an effective potential is
derived as\ — . This model is called the Nelson model, and our result can be regarded as a semi-
relativistic version of [2]. In [1], a general theory of scaling limits is established and it is applied to
scaling limits of a spin-boson model and non-relativistic QED models. In [10], by removing ultraviolet
cutoffs and taking a scaling limit of the Nelson mogehultaneouslya Schodinger operator with the
Yukawa potential or the Coulomb potential is derived. Refer to see also [8, 17, 18, 16, 19].

In the main theorem, it is shown that foe Z\R,

" 1
s—/l\ian(H(/\)—z)f1 = (le\/—Arl—Mz + Vett(X1,-+ ,XN) — Z) Pay, 3)

where
fX] ) fx, (K) + f, (k)fxJ (k)

Veff(xla" , X Z/Rd k) : dk7

andPq, is the projection onto the closed subspace spanned by the Fock v&auahthe bose field.

For the strategy of the proof of the main theorem, we use a unitary transformation, tballdobssing
transformation Then we apply the general theory investigated in [1] to the unitary transformed Hamil-
tonianU (A)~tH(A)U(A), and the consider the asymptotic behaviodd\) *H(A)U (A) asA — oo,

This paper is organized as follows. In Section 2, the theory of boson Fock space is described. Then the
total state space and the total Hamiltonian is defined, and the main results are stated. In Section 3, the
proof of the main theorem is given.



2 Main Results

2.1 Boson Fock Spaces

In this subsection we give the mathematically rigorous definition of the bose field. The state space of the
bose field is given by the boson Fock spaggL?(RY)) = @ ,(2IL2(RY)), where®lL?(RY) denotes
the n-fold symmetric tenser product &?(R%) with ®2L?(RY) := C. The Fock vacuum is defined by
Q= {1,0,0,---} € Fp(L2(RY)). The finite particle subspacg™ (D) on the subspac® c L%(RY) is
defined by the set o¥ = {W(W}=_ satisfying that¥™ € 2D, n > 0, and¥™) = 0 for all ¥ > N
with someN > 0. Leta(&), & € L2(R®), anda*(n), n € L3(RY), be the annihilation operator and the
creation operator ofi,(L2(RY)), respectively. Then they satisfy the canonical commutation relations on
FiN(L2(RY))

(&), &' (m)] = (&,1),  [a(&),a(n)] = [a‘(&), a"(n)] = 0.

Let Sbe a self-adjoint operator drf(RY). The second quantization 8fis defined by
© n
dr(s) = l@-1@_S ®l---xl)]|,
n=0 \ J=1 jth

Forn € D(SY/2), itis seen that(n) anda*(n) are relatively bounded with respectdd (S)*/? with
the bound

la(m) W] < |S72n | dr (9)*2¥], W e D(dr(s)¥?), (4)
la*(m)W < IS™2n ldr (9*2W +[In[IWll, W e D(dr()*?). (5)

The field operator and its conjugate operator are defined by

(—am +am).

Sl

o(6) = o5 (a@) +@(®). o) -

2.2 Main Theorem

In this subsection we define the total Hamiltonian and state the main results. The state space of the
system for theN-particles coupled to bose field is defined by

3 = L*(RYM) @ Fu(L*(RE)).
The free Hamiltonian of particles and the bose field are defined by

N
Hp = Z\/—AJ‘%—MZ, Hy = dl‘b(w),

=

whereM > 0 is a rest mass ana@ denotes the multiplication operator by the functiak), which
describes the energy of the boson with momenku/e assume the following condition :

(A.1) wis non-negative.



The interactiorH, is defined by

N
II E ¢ IX' 9
| J ( J)

wherefy is the multiplication operator satisfying the following condition :

(A.2)

2
sup d|fx(k)|2dk <o, and sup (k)|

dk < o
xeRd /R xeRd JRI - (K)

The total Hamiltonian of this system is given by
H = Ho + kH,

where Hyp = Hy®1 + | ® Hp. By (4), (5), and the assumptioAQ), it is seen that théi, is relatively

bounded with respect tb® Hl/z. HenceH; is relatively bounded with respect tdy with infinitely
small bound. Then the Kato- Relllch theorem shows Hhég self-adjoint and essentially self-adjoint any
core ofHp. Then in particularH is essentially self-adjoint o)y = Cg(RIN)&F"(D(w)), where
denotes the algebraic tensor product.

Let us introduce the scaled total Hamiltonian
H(A) = Ho(A) + KAH,

where Ho(A) = Hp®1 +A?l @ Hp. We introduce an additional assumption on the interaction.

w( w(k

(A.3) sup [ra “X(I':))fdk < o, and suprd LBk |2dk < oo,
xcRd

(A.4) sup Jrd "?X(”U‘(X( Pk < oo, sup Jira 1EAE )| dk < o0 and (2% by eRr xyeRY

(k)2 w(k

Under the condition( == O b —) € Rin (A.4), it follows that[I( 2 fx),I‘I(f—oﬁ)] =0,x,y € R4

w 'w
Remark 2.1 Let us define that x{k) = —XR%'(‘L)) e 'k with w(k) = w(—k). Here xr denotes the
characteristic function oif0, R). Then the conditionfA.1)-(A.4) are satisfied, and the interaction fi$
formally expressed by

Z ) XR |k| k)eik-xj + a*(k)e—ik»(j)dk.
R

The main theorem in this paper is as follows



Theorem 2.1 AssumeA.1)-(A.4). Then for z= C\R it follows that
s—lim (HA) -2 = (Hp + Ve(X1,~,Xn) — 2)® Poy,

N—o0

where
ij ) Ty, (K) + Ty, (k)fXj (k)

Veff(xla" 7 Z\/;d k) dk,

and Ry, is the projection onto the closed subspace spanned by the Fock vdgyum

Remark 2.2 When f(k) = 2BUKD e=ikx with e(k) = w(—k), the effective potential is given by

VoK)
IXr(K)|

Vert(X1, -+, Xn) = ZZ 9 (,,)k 7|k-(Xj*X|)dk7

By using the norm convergence theorem considered in ([18] ; Lemma 2.7), the the next corollary follows.

Corollary 2.2 AssumeA.1)-(A.4). Then for z= C\R it follows that

s— lim e N (| g Py,) = e t(H + Verlaxa) o,

N—o0

3 Proof of Main Theorem

The outline of the proof of Theorem 2.1 is as follows. A unitary transformatioh), called the dressing
transformation, is defined and we consider the unitarily transformed Hamiltahian—H (A)U (A).
Then we apply the general theory on scaling limits in [IPto\) ~*H (A)U (A).

Under the conditionA.3), the following unitary operator can be defined :

U(A) = J(0) 2,6
It is seen that on the finite particle subspace
nE.eml = 5 (En+0.8),  &nel’®), ™)
By (6) and (7), we have
UN)TH(AU(A) = Ho(A) +K(A) (8)
where
K(A) = UN) T (Ho@DU(A) — Hp®1 + Vesr(Xe, -+ ,Xn)- (9)

Now we apply the general theory on scaling limits investigated in [1]. Let us set the total Hilbert space by
Z=X®Y. LetAandB be non-negative self-adjoint operatorsX6andy, respectively. Here we assume
that kerB # {0}. We consider a family of symmetric operatdfS(A) } A~ satisfying the conditions :
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(S.) For all ¢ > 0 there exists a constaf{e) > 0 such that for al\ > A(g),
D(A®1)ND(I ®B) C D(C(A)), and there exists(g) > 0 such that

ICA)®|| < gf[(AR T+ Al @ B)®||+b(e)| P

(S.2 There exists a symmetric operatron Z such thatD @ kerB c D(C) and for all
ze C\R),
s— lim C(A) (A2 1 +Al@B-2) =C(A-2 1aohs,

whereR;s is the orthogonal projection froi onto kerB.

Proposition A ([1] ; Theorem 2.1) AssumeS(1) and §.2. Then (i)-(iii) follows.
(i) There existg\g > 0 such that for al\ > Ag,

X(A) =A@1 + Al @B+C(A)

is self-adjoint onD(A® )N D(I ® B) and uniformly bounded from below fak, furthermoreX(A) is
essentially self-adjoint on any coreAfz | + 1 ® B.

(i) Let X =A®| + (I @ B)C(l @ Bs). ThenX is self-adjoint oD (A®|) and bounded from below,
and essentially self-adjoint on any corefR .

(iii) Let z€ Nasp, P(X(A)) N p(X), wherep(O) denotes the resolvent set of an operdtoiT hen

s— lim (X(A) =2 t=X-27 Y1 @m).

N—oo

Now we consideH (A) again. What we have to prove is thd{A) satisfies the conditioS.1)
and (S.2) by applyingHp(A) to A® 1 + A | ® B and K(A) to C(A). First let us consider the term
UA)"H(Hp®1)U(A) in (9). Letus sep = (p,---,p%) = (=i, -+, —is%). Then by the spectral
decomposition theorem,

U (@ U(A) = i\/ (U 2penun) + M2 (10)
=
follows. We see that
[A(fx), ] = iN(d f). (11)
Then by @.4), it follows that forW € Dy,

d 0x‘-’ij 2
(U(/\)*l(pj®l)U(/\)>2LIJ - ( 1<ﬁ]f®l+(/K\)l‘l(Jw)> +M2) W,

Then we have




whereY denotes the closure of the operatorHere we abbreviate as

Of. . d Oty o
I'I(?)-(p@)l) = Zlﬂ(T)(p ®1),
Oy Oy d  Oufy. Oy
I'I(?)TI(?) = ‘Zln( © )(P(T)-
Then we see that
N 1/2
UA) T (Hp®1)U(A) = < (—A,@I + Qj(A) +M2) ) , (13)
= Do

where

). (5

H-(Bie1) - in( —0)-n(=

K ijx

o = (5)
Proposition 3.1 AssumédA.1)-(A.4). Then fore > 0O, there existg\(g) > 0 such that for allA > A(€),

IUA) T (Hp@ UMW = (Ho@ 1) W[ < gHo(A)W|| + b(e) || W] (14)

where l¢) is a constant independent &f> A(g).

Before proving Proposition 3.1, we show the following lemma.

Lemma 3.2 For A > 0andd € (0, 10) there exists M(d), v=1,---,d, such that
1B (—A+M2+A) (/A +M2+1)~ M, (3). (15)
(Proof) Forp:(pl,--.,pd)eRd,v:l,---jd,weseethat
| p¥ (P2 + M2+ A) (/P2 + M2+ 1) 1/2|_ y)\z+5p|( 24 M2 2) (/P2 + M2 41)7Y2,
We shall show that
sup IAZFOpY| (P2 M2+ )L (/p2+ M2+1) Y2 < oo, (16)
>0,peR

and hence (15) follows from the spectral decomposition theorem. The Young's inequality shows that for
q>landg>1 satisfyingé + % =1,

A3HOpY| < q/\< z+0)d ~|p K (17)

follows. Let us takey = (3 + &)~ for & € (0, 45), and henceg = (3 — 8) L. Then we have

1 1 -
AT < (GHOA + (5-8)p'|E0 (18)



Note that

sup A (PP+M2+ ) (V/p2+M24+1) Y2 < o, (19)
A>0,peRd

Since 0< & < 15, we see that} — )~ < 3, and hence
sup [p¥|Z9 7 (p2+ M2) (/P2 + M2+ 1) Y2 < oo, (20)
p>Rd

Then we have
sup_[p¥|(2707 (p? + M+ A) NV PP+ M2+ 1)

A>0,peRd
< sup|p’|G=0 " (p2+ M) L(\/pZ 4 M2+ 1) V2 < w, (21)
peRd

By (18), (19) and (21), we obtain (168

(Proof of Proposition 3.1)
It follows that for a nonnegative self—adjoint operafr

NG f/ (S+A)"1Sdd), ®eD(S). 22)
Let
AN = (—85@1 +Qi(A) + MZ)[DO,
Bj = —Aj®| + M2
Then we have fo € Dy,
N o0
(u(/\)1(Hp®I)U</\)—Hp®I)W=Z7lT/ 7{( (N +A) A (A) = (Bj+A)"'Bj} WdA
N 1 1
=3 ) VAN ) A ()~ By) (B A) T e
P
N1

_Z /\FAJ ) 1A)TQi(A) (Bj +A)TWdA.  (23)

By (13) and the spectral decomposition theoré(é; (A) +A) || < A > 0 follows, and then we

have

)\+M2’

N
\(um)1(Hp®I)U<A>—Hp®I)stzl,lT/o Aﬂﬂz IQI(A) (Bj+A) W] dA.  (24)
=
We see that

Qi (B -+0) 2w < (1) (1In¢

Ofy. ~ Aty
2 BB+ A) W+ () By 2) )

2 Ofy, Ofy,
() NS N8y + ). (25)



Note that

Ofy,
w

M=) (B;@1)(Bj +A) W

Oy fx. i
< Y INEES) 0 @Hy+ 1) 2 (5 @1)(B)+4) HHp@ 1 +1) 2 (Hp @1 +1)V2(1 @ Hy + 1))
Vv
(26)

Here we used the boundness (4) and (5). Applying the Lemma 3858 ® 1)(Bj +A) Y(Hp® | +
1)~%2| in (26), it is seen that fod € (0, 1), there existrj(5) > 0 such that

HI'I( XJ)(pJ®|)(BJ+)\)—1q}H < Jl( )H(Hp®|+1)1/2(|®Hb+1)1/2wu?
w )\§+5
and hence we have
LI 1 aj(9)
M=)~ (8@ 1B+ A) ) < S8 (IHW -+ [Ho) +1¥]). (27)

Since(|[Hp @ 1W|| + ||l @ HoW||)2 < 2||Ho(A)||2, we have

oo \/X Dij A 1 ® 1
. . . - < O; .
| o NS0 (501 (8+2) 1jdA < a(8) (/O (A+M2)/\5d)\)(\/§|]H0(A)HJH+||W||)
f (29)
Ay,
By [M(—*) (I ®@Hp+1)"2|| < e and ||(Bj+A) Y| < 547, we have
Aty Aty
I ( wx')(Bj+7\)_1W|| <|n( wa J(1@Ho+ 172 [[(Bj +A) M| |(1 @ Ho + 1)Y2W)
1 Af
< i ~1/2 12
< 3wl @R+ D@ Ho + 17| (29)

Then by ||(I ® Hp+ 1)Y2W|| < |[Ho(A)W|| + || W], we have

© A Afy -
| N5 +4) 2w

<IN 1oy +2)742) ( / wﬁdA) (IHo(AWI -+ 1)

(30)
In addition we also see that
Ofy. Of,. Ofy. Ofy.
()P (B ) 240 < )P0y ) (B ) 2 1@ Myt )]
<1 i@y n @ 0 e hy+ 11 0 Hy+ 1w
—A+M2 w w b b ’
(31)



Since||N(&)M(n)(Hp+ 1) 71| < o for &,n € D(w), we obtain

o VA Ofy Ok .
| NG N (B 4+2) WA

fy, fy, o
<Ine J)ﬂ(Dw‘)(Hbﬂ)lH(/ ( v

w
Then from (28),(30), (32) and (25), the proposition follouls.

Proposition 3.3 AssumdA.1) - (A.4).
(1) For € > 0, there existg\(g) > 0 such that for allA > A(¢),

KW < el[Ho(M)W[ + v(e)[¥],

holds, where/(¢) is a constant independent &f> A(g).
(2) Then for all ze C\R, it follows that

0o (A+M2)2

dA) (IHo(A) W[+ [w1)

LPE@Q,

s—/l\im K(A) (Ho(A) —2) ! = Vet (Hp — 2) 1@ Py,

(Proof)

(1) By the condition A.4), Vet is bounded. Thefil) follows from Proposition 3.1.

(2) Itis seen that

K(A) (Ho(/\)— )71 — K(A) (Hp— )71®P9b+K(/\) (HO(/\)— )71<|®(1—P9b)).

By Proposition 3.1, we have

s— lim K(/\)( (Hp—z)_le;PQb) W :veff( (Ho— z)_l®PQb> W,

N—o0

By (33), we see that for > 0 there existg\(¢) > 0 such that for al\ > A(¢)

—1 -1
IK(A) (Ho(A) = 2) || < e[|+ (elZ + v(&))I| (Ho(A) - 2) P

Note that lim_.. H(Ho(/\)— 2) (I ®(1—Pgb))LPH = 0, and

lim

N—o0

By (35) and (36), we obtain (341

(Proof of Theorem 2.1)

hence we obtain

K(A) (Ho(/\)— z>_1 (l ®(1—Pgb))qJH — 0.

®cH.

(32)

(33)

(34)

(35)

(36)

By Proposition 3.3, it is shown th&t(A) satisfies the conditiofS.1) and(S.2) by applyingHg(A) to

A®|+A1®BandK(A) toC(A). Hence by the Proposition A,

s— lim (H(/\)—z)& — lim U(A) (H()(/\)—z)fluu\)—l - (Hp+veﬁ—z)7l®PQb.

N—oo N—oo

Thus the proof is completed
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