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Relativistic ring distribution of plasma particles generates electromagnetic waves via the relativistic
cyclotron resonance. The long time evolution of this so-called cyclotron maser instability at null
wave number K= 0) is studied in detail, by performing particle simulations using a plasma which
consists of relativistic ring electrons, background positrons, and background electrons. The linear
and nonlinear stages of the system evolution are discussed for both gyrotropic and nongyrotropic
ring distributions. The linear theory predicts that, when the initial ring energy is strongly relativistic,
there appears a critical initial ring momentum at which the system is marginally stable. Numerical
simulations show, however, that the system is nonlinearly unstable even when the initial ring
momentum exceeds the critical momentum. The final saturation level of the wave energy is obtained
analytically. © 2002 American Institute of Physic§DOI: 10.1063/1.1431593

I. INTRODUCTION The waves are generated as a result of azimuthal bunching of
One of the eminent relativistic effects in a plasma is aring particles caused by the relativistic mass dependence of

downshift of the particle cyclotron frequency due to relativ- the particle cyclotron frequency. Chu and Hirshffetsha- _
istic mass increase. Consequently, the resonance conditid¥zed @ linear dispersion relation of the cyclotron maser in-

between particles and waves is modified by the Lorentz facstability assuming the delta function type relativistic ring dis-
tor, vy, tribution as a free energy source. They compared two

unstable modes: the temperature anisotropy driven instability
@ =K =Qo/y=0, @ (w/kjc<1) and the cyclotron maser instabilityw(k|c
wherew is the wave frequency; the parallel wave number, >1), for parallel propagation. One of the most successful
v| the parallel particle velocity, an@ is the nonrelativistic  applications of the cyclotron maser instability to space
cyclotron frequency, respectively. The Lorentz factpr plasma phenomena was the theory of AKR proposed by Wu
=1+ (pf+pi)/mjc? depends both on parallep() and and Lee® They explained the generation of the X-mode
perpendicular |f,) momenta, wheren, is the particle rest waves observed in the AKR source region by using the rela-
mass and is the speed of light. The relativistic resonancetjyistic loss-cone distribution. Galeev and Krasnosel'skikh
condition represents an ellipgler »/kjc>1) or a hyperbola 456 around the same time, suggested that the synchrotron
(for w/kje<1) in thep;—p, space, while the nonrelativistic jgtapility can generate the S-bursts in Jupiter radio emis-
one represgqts a straight line. This dlfference in t.he r€SOsion. Wingleé discussed in detail the linear growth rate of
n?nce C.ond'tt';.)l.n.s leads to some drastic changes in certa{ﬂe cyclotron maser instability using a Dory—Guest—Harris
plasma instabilities. (DGH) distribution function(Dory et al®) including the fi-

The ring instability is an ideal subject to study such ef- " . .
fects. The ring distribution generates electromagnetic WavegIte temperature effect. It is concluded that the azimuthal

via the cyclotron resonance, E(l). When w/kjc<1, the bunching instability treated by (?hu_and_ HirshfFeIic_t ob-
well-known temperature anisotropy driven instability is ex- served when the phase synchronization tlme.scale.lts Igss than
cited in both nonrelativistic y=1) and relativistic ¢>1)  he wave growth time §ca|e, and Wu andlo?_mstgblllty IS
plasmas. However, its/kjc>1, only the waves satisfying ©Pserved in the opposite case. Frewtdl™ studied mul-
the relativistic resonance condition can interact with the rincfiPle harmonics of the cyclotron resonance for oblique propa-
distribution. Such waves are called the cyclotron maser emisgation.
sion. A review on the kinetic cyclotron maser instability is ~ The nonlinear stage of the instability has also been dis-
given by Wu! The cyclotron maser instability has been dis- cussed theoretically and numericallg.g., Quead! Moure-
cussed extensively, for applications in space plagm, the nas et al,*? Pritchett™® and Queauet al!*). According to
auroral kilometric radiation, or the AK3 and for laboratory  these studies, there are two candidates for the wave satura-
experiments. tion. When the excited waves have large frequency band-
The mechanism of the electromagnetic radiation due tavidth, the quasi-linear diffusion stops the wave growth. On
the cyclotron maser instability was proposed in the latethe other hand, when the waves have narrow frequency band
1950's, independently by TwigsSchneidef, and Gaponof.  width, the instability is mainly terminated by the particle
trapping in the momentum space. The saturation levels for
3Electronic mail: matsukiy@esst.kyushu-u.ac.jp each mechanisms are obtained by the conditions of
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afqlop, =0 for the quasi-linear diffusion ané~ Oy, for L.

the trapping, respectively, whe# is the linear growth rate

and )y, is the trapping frequency of the ring particles. 0.
For astrophysical applications, Volokitit alX® derived

the linear dispersion relation and the quasi-linear evolution

equation for the synchrotron instability in a relativistic 0.

electron—positron plasma in the pulsar magnetosphere.g

Hoshino and Aron€ performed numerical simulations of the

instability assuming the homogeneous cold relativistic ring

distributions of electrons and positrons, and studied the re-

laxation of the system. They compared the results with simu- g,

lations by Langdonet al.” Gallant et al,'® and Hoshino

et al,*® who studied the structure of relativistic perpendicu-

lar shocks in electron—positron and electron—positron—  ©-

proton plasmas. It is concluded that the synchrotron maser

instability efficiently thermalizes the particle distribution

downstream of the S_hOCk' . FIG. 1. Parallel dispersion relation of the electromagnetic wéthes solu-
Most of the previous studies focus on the parameter regon, of Eq.(4)] for a=0.01,a=p,=1. The solid and dashed lines show the

gime, k, c/Qg~1, and the wave propagation direction real and the imaginary frequencies.

around 90° with respect to the ambient magnetic field. This

is because the relativisitic cyclotron maser instability is ex-

pected to generate waves with a peak intensity around the

parameters above. On the other hand, one of the most curi- kfc? v} (1-a)wj
ous properties of this instability is that waves at null wave 0=1- 02 o0(0t+tQy) olo—Q)
numberk=0 can be destabilized, i.e., the instability without

spatial dependence. Strictly speaking, there are always awg Yo pg(wZ—kﬁCZ)

boundaries in realistic systems, so the 0 mode cannot be - (4)
allowed to exist, but consideration of this wave enables us to

discuss nonlinear evolution of the system with high accuracyynere
since consideration of spatial dependence of the instabilit

can be totally neglected. Furthermore, it makes the analytical 1

treatment of strongly relativistic phenomena feasible, whil entump, and rest mass,. Hereafter we normalize all the

most of the pas.t.stud|es qnly_ looked at weakly reIat|V|st|cphysical variables so thafl,=c=my=1, and definea
plasmas. In addition, we will discuss the effects of nongyro-_ 0202
preF0-

tropy of the ring distribution function. B

’ysz ')’Ow_QO ZmSCZ( ')/Ow_Qo)z ,

p is the plasma frequency; is the density ratio of
ring electrons to the background positrong,
+ pg/mac? is the Lorentz factor of a particle with mo-

A numerical solution of Eq(4) with «=0.01 anda
=po=1 is given in Fig. 1. The solid and dashed lines denote
the real and the imaginary frequencies, respectively. Around
II. LINEAR THEORY kﬁ~o, the dispersion curves degenerate around the resonant
frequency,w~1/y,. There are two unstable modes: the one
with short Wavelengthqu/w2> 1) is the temperature anisot-

We assume that the plasma consists of three componenigpy driven mode, and its maximum growth rait&)(is ob-
background electrons, background positrons, and ring elegained as
trons. In this section, for simplicity, all the components are

A. Dispersion relation for gyrotropic ring distribution

assumed to have no thermal spread. Then the distribution [aa pgo
function of each component is written as 6= 777/2 ©)
0
JOZL s(ppd(pL), 2) This mode is present also in a nonrelativistic plasmg (
2mp =1). The mode with long wavelengthk{/w?<1) has the

maximum growth rate & /w=0,

Nro
fro 2D, o(pp) 8(pL—Po)» ©)

S (S ©
where the subscriptsandr represent the plasma specigs ( " 2 432 N (1+2a) 73—1’

. . . . 0

is the background electrons and positrons, ansl the ring

electrong, ny denotes the plasma densify, andp; are the and it is unstable only in the relativistic case, because the
perpendicular and parallel momenta, apgl indicates the first term in the parentheses of the numerator of the sixth

initial ring momentum, respectively. term (w?) vanishes in the nonrelativistic limit.
The electromagnetic dispersion relation for parallel  In obtaining Egs.(5) and (6) we assumedv~ 1/y+ &
propagation is then given as with an ordering, O(a)=0(py)=€°, O(a)=¢€? and
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0(8)) =€, wheree is a small parameter. We will discuss i.e., the ring particles are constantly accelerated by the elec-
more in detail the analytical expressions for a variety of patric field, which the particles feel as dc. For each ring par-

rameter regimes in Sec. Il C. ticle, the net momentum gain can be either positive or nega-
tive, as seen in Eq8). Hereafter we assume that the wave is

in resonance with the ring particles, since this is the case
leading to the instability. The background electrons and pos-
itrons, on the other hand, have different gyro-frequencies

The ring system we defined in the previous subsection isrom the ring particles, and so their response to the electric
at an equilibrium state if there is navave electric field.  field is given by Eq.(10).

However, when a small perturbation electric field is given to As the ring partic|e5 gain momentum, their gyro-
the system, the ring electrons are either accelerated or decetequencies start to deviate from the zeroth order value,
erated, depending on their relative phase to the phase of the

electric field, and thus the ring electrons start to make differ- QO<

B. Physical mechanism of the instability

ential Larmor rotation, caused by relativistic mass variation. — =~ -

P
2| 1- P teog g m). 12

This in turn leads to accumulation of the ring electron den- Yo
sity at a certain phase angle, which equivalently acts as &y giferential rotation results in an accumulation of the

feedback current to enhance the initially given electric ﬁeld'differential density: using the above equation and @) in
We describe this mechanism in some detail below. the Appendix, we find

First we suppose that a small perturbation electric field is
given to the systenk=E,(cos#,sin 7), wheren= ot is the

. n, QgpoP
phase of the electric field. This electric field will induce a Nicog p— n+ Py~ 2—r Opg lsin(<1>— 7). (13
perturbation in the ring distribution function, which we write ™ %
as Therefore, we have
nr
N($,t)= 5 +Ny(t)cos =7+ dy), Y] Cn QupeP _
oo 53 v (14
P(¢,t)=pot+Pi(t)cos ¢— 7+ ¢p), €S) Yo

whereN(¢,1) is the differential density of the ring distribu- This density accumulation at a relative phask from the
tion, P(¢,t) is the ring momentum radius, and is the electric field contributes to the generation of a perturbation
phase angléazimuthal anglgin the perpendicular momen- current,

tum phase spacef. the Appendix. The constantsg, and

dp, will be_ determined later. We_include expli_cit time de- . 27r|'\|1p0 . anQOngl
pendence i, and P, (and also inE,) for clarity of the Ji=q 0 sin(¢—n)d(¢p—n)= BV
discussion, but exactly the same argument can be made by 0 Yo (15

letting these variables be constant, while allowiagto be

complex. . _ _ . where we have only considered the current perpendicular to
By using Eq.(A4) in the Appendix, to the first order, we the electric field. Finally, from the perpendicular component

have of the Maxwell's equationl£+J=0), we have

Picos d— n+ dp) +

QO)

o+ —2|Pysin(¢— 7+ dp) Q

Yo * e —7—0E1+Jn=0, (16)
0

=qE cog¢—17), 9
where the overdot represents a time derivative. The reso\’yhere the resonance condition is used.
P ’ Thus from Egs(11), (15), (16), we have a set of evolu-

nance condition between the wave and the ring particles ilsion

given by equating the coefficient of the second term to zero, equations,
w+Qo/'y0=O. qn p2
When the wave is far from the resonance, the above p —qE,; E,=— 0p1' (17)
equation requires 23/8
& m (10) which includes a purely growing eigenmode with the growth

P ~ _—; ~ . . . -
Y0+ Qolyo =7 rate, @°n,p5/2y3) %= (aapj/2y3)Y This is the main part

This relation implies that the particles simply follow the ro- ©f the linear growth rate Eq(6) obtained in the previous

tating electric fieldm/2 out of phase, so that there is no work S€tion- , , _
acting on the particles. In order to be more precise, the di-electric response of

When the wave satisfies the resonance condition(®g. the b{ickgro_und as well as the ring s_pecies can b_e included in
reduces to the discussion. Given the perturbation electric field the

_ induced electric field influenced by the “bulk” motion of the

P,=qE;; ¢p=0, (1)  plasma, is given as
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2 2 2
Eina wy (1-a)w, awy

E  o(0tQ) o(0—0Qp o(yew—Qg)

1+2a)y5—1
_ ( : )70 , (18
Yo—1
which essentially is the first five ternfexcept for the second
term) in Eq. (4). Using E;,4 in place ofE; in the second
equation of Eq(17), we recover Eq(6).

From the argument above, it is clear that the relativistic
ring instability is driven by the perturbation current Eg5)
which is created by the accumulation of the ring electrons at
a phase angler/2 off the phase of the wave electric field.
Since the accumulation of the ring electrons is due to the
differential Larmor rotation, Eq(14), which is a direct con-
sequence of the energy dependence of gyro-frequency, Ec
(12), the instability is intrinsically relativistic.

Re[w], Im[w]

C. Parametric survey of the dispersion relation

Re[o], Im[]

The linear dispersion relation, E@4), is numerically
evaluated for th&k=0 mode with various values &, pg,
and «. In Fig. 2, we show the realsolid lineg and the
imaginary (dashed linesfrequencies plotted versus the ini-
tial ring momentump,. As illustrated in pane(c), the dis-
persion curve can be divided into three different regimes, anc
the analytical approximation for the roots can be obtained for

Re[ow], Im[w]

Re[o], Im[]

S. Matsukiyo and T. Hada

I L
(b)

each regime as follows.

1. Regime (i) (Po<pi)

When pg is small and of the order of, thenw can be
written as w~1/y+ w;~1—p5/2+ w,+ - - -, where w; is
found to be of the order of®. From the lowest order of Eq.
(4) we obtain

~1— p_% +i @

w 2 = 2 .
This approximation is shown as a dotted line in regiimen
Fig. 2(c). The upper limit of this regimep;, is determined
later.

(19

2. Regime (i) (pi<po<pc)

Whenpy>1, it is appropriate to assunpg andy, be of
the order ofe 2, andw of the order ofe?. Then the lowest
order of Eq.(4) gives

A+poB A(A+3pgB
o= "o (11 \/1—(—p°2)), (20)
PoA (A+poB)
whereA=2(1+2a) and B=«a. The marginal stability is

given at

2(1+2a)
T aa

Pc (21

Under the parameters used in Figc)2 pc=600. Whenpg
<pc, EQ.(20) is simplified as
1 aa

N aa
0o " 2122~ V21t 2a)py (22

w==

Re[w], Im[w]
Re[o], Im[o]

FIG. 2. Stability of thek=0 mode for various values @f, py, anda. The

solid and dashed lines represent the real and the imaginary parts of the
frequency as a function of initial ring momentupy for (@) a=0.01, «
=0.01, (b) a=0.01,a=0.1, (c) a=1, «=0.01, (d) a=01, «=0.1, (e) a
=100, «=0.01, and(f) a=100, «=0.1.

Comparing the imaginary parts of Eq49) and(22), we
find
1/5

_( 2a
Pi=| w1+ 2a)

This is shown as a dotted line in reginie in Fig. 2(c).

3. Regime (i) (pc<py)
Whenp, exceedpc defined above, the system becomes
stable, and Eq(20) gives two real roots,
1 aa 3

“2p, " Tr2a’ 2pg 23

w7
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FIG. 3. Parallel dispersion relation of the electromag-
netic wavegthe solution of Eq(4)] for po>1. (a) The

solid lines represent solutions o) in which both T1

and T2 are neglected, and dashed lines denote solutions
with only T2 neglected but T1 includedb) The solu-

tion of Eqg. (4) for «=0.01a=1,p,=100. The solid

and dashed lines show the real and the imaginary fre-
guencies.

= - o

o —————

0.0001 T T 0.0001 T T T

-100x107 0 50 100 -100x107° 0 50 100

The similar stabilization in an electron—proton plasma with- ~ We start from the Vlasov equation in the cylindrical co-

out background electrons is reported by Yoon andordinate,

Davidson?® The reason why the system is stabilized as the

free energy is increased can be explained in terms of a loss of (i_ Qo i)f - _4E afj 25)

an energy channel from the ring electrons to the background ot vy d¢) | qr ap’

plasma. This point can be understood by examining in detail

the dispersion relation, E@4), as follows. where is the gyrophase defined ky=tan™*(p,/p,), and
The contribution of the ring electrons to the dispersionother physical quantities are

relation arises via the last two ternt®rms in big parenthe-

ses on the right-hand sidéRHS) of Eq. (4), which we call fj=Tfoj+ofj,

T1 and T2 hereafter for brevity. In parameter regirtiesand E—SE (26)
(iii ), the term T2 acts as the driving force of the instability, '

while T1 simply provides charge neutralization. Namely, B=B,

without the term T2, the dispersion relation becomes similar

to the one of a stable multi-component plasma with heavyrpe presence of the nongyrotropy/§4+0) in the ring

(due to relativistic mass incregsplasma species. In Fig. glectrons implies the nonstationarity ff: it should have the
3(a), solid lines represent solutions of Eg) in which both 5y

T1 and T2 are neglected, and dashed lines denote solutions

with only T2 neglected but T1 included. Clearly, inclusion of * .
the term T1 splits the dispersion curve into upper and lower fo= Z Gn(py p,)e neren, (27)
branches, with the cut off frequency of the upper branch e
(w) at 1
1 aap? Gn:ﬂf fod" (T d( g+ Ot), (28
W= —_— (24

—+ .
Yo 2a+(1l+2a)pg . .
where()=Q,/v, and we dropped the subscriptfor sim-

The instability takes place as the driving term T2 is alsopjicity. The zeroth order distribution function, E(7), is a
included[Fig. 3b)], so that it can give away its energy at the solution of Eq.(25).

resonance frequency=1/y,. Sincew is close to (1) Linearizing and Fourier transforming E(25),
only whenpy<pc, the system is destabilized pg exceeds
Pc- . Qg 9

o= g ot

lll. DISPERSION RELATION FOR NONGYROTROPIC P
RING DISTRIBUTION =—q>, SE(w—nQ)- d—Gne*‘""5
n p

In this section we extend our analysis to a nongyrotropic

distribution function, which are often detected in space plas- G, n Sl

mas. A number of peculiar and interesting features of the :_q; ap, - EGn)E-#e

instabilities driven by the nongyrotropic distribution func-

tions have been discussed extensively by many autleags G, n in—1)0

Sudar?* Brinca et al,?? Cao et al,?® and Freundet al®%). o, EGn E-e , (29

Among them is the presence of the coupling between the

right- and the left-hand polarized electromagnetic wavesvhere E.=(E,*iEy)/2. Putting f(w)=2,f (o)
found in a gyrotropic plasma and also the electrostatic wavesxp(—in¢) and comparing the coefficients of identical har-
even for parallel propagation. monics(exp(—ing)), we have
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g G . n—-1 i I I I 1 L I _
fo(w)=—i— Q( ni_ nl) 107 !
w—n ap. P |
dGpyy N+1 ) !
XE, (w—(n—1)Q)+ +— 107 B
+lo=( o) ap. p, "t :
5 |
XE_(w—(n+1)Q)|. (30 g 10 B
Ampere’s law together with Eq30) leads to
_4_ L
P’ [E+(@) dGo 10 Pe
wE.(w)=—4mq 2 fdpjdpizy PR
. E+(w120)((96¢2+ 2 G ) @3 107 T T T T T T
0¥ O p,  p. TPl 107 107 107 10° Do 10" 102 10®  10f

The second term O_n the RHS of HGJ') Com_es from the FIG. 4. The growth rate of thke=0 mode in the nongyrotropic plasma with
nongyrotropy of the ring electrons. Iffy is written asf, m=2 fora=1 anda=0.01 as a function op,.

=F(p),p)P(p+Qt), where ®(p+Qt)=(1/12m)2,P,

exp(—in(¢+Qt)) and &,= [Dexpin(p+Qt))d(d+QOt),

then G,=F®,/27. As pointed out by Brincat al.?? the The expression of the linear growth rate at the same
higher order G,,|n|=3) harmonics do not contribute to the ordering of parameters in obtaining E@) is derived as

linear dispersion relation. This is easily confirmed by using

. 2_q
the expression o, \/— 5 7’0— (35
1 mi o] (1+2a)ys—1
m ,20 o ¢+ Qt+ F) (m=2), This is slightly larger than the gyrotropic case, because the
D(p+ON)=1 4 (32)  current induced by the perturbation is enhanced when
— (m=0). = 2. Figure 4 shows the numerical solution of the growth rate
2m for a=1 anda=0.01. Dependence tp, similar to the gy-

rotropic case is observed. Howeveg; is slightly less than
Here the casen=1 is excluded, since this choice of  the gyrotropic plasma.
violates the initial assumption of a null zeroth order electric
field. The termsG.., are finite only wherm=2, so that the
perturbation current fom=3 becomes identical to that of
the gyrotropic casenj=0). In the present study we drop spatial dependence of all
While paying attention to the momentum dependence tdhe physical variableg.e., we consider a zero-dimensional
the arguments oE.. , the term includinggG..,/dp, in Eq.  system so that we can focus on time evolution of the insta-

IV. NUMERICAL SIMULATIONS

(31) becomes bility driven solely by the relativistic mass variation; this
2 way, we can discuss nonlinear evolution and saturation of the
J pt _ . ) o :
— | dp,{|—|——=+=] [E-(07F20Q) system with extremely high accuracy. The relativistic elec
ap, | 2(yo+ Qo) tromagnetic full particle code is used to follow nonlinear
p2 H0F2Q) E-(0T20) time evolution of t,he |nsta_b|I|ty, in which we smultaneously
+ — — 5 solve the Ampere’s law witlV =0 and the equations of mo-
2(yo+Qo) 9Py Hw+2Q) tion of particles. We confirmed that this instability is ob-

(33 served for a wide range of parameters as the linear theory
If we assumeF=(1/p,)d(p)) 8(p. —Po), then the second predicts. The simulation parameters used for each run are
term in Eq. (33) is proportional to JE;(w+2Q)/d(w summarized in Table I.
IZQ)|w=wO, where wy=w(p, =py), and is equal to zero,
and the arguments dE. become independent of the mo-
mentum. Then, we arrive at two equations relatihg: Here we show time evolution of the system for the gy-
) ) rotropic ring distribution withpg=5(<p¢) (run 1). Figure 5
wp wpPow shows the snapshots of the distribution of ring electrons, in
W= ( yoTQq 2y(yw T Q)2 () the momentum phase space.{ p,) (left panel3, and the
phase space ahp and ¢, (right panel$, whereAp is the
w?,pgw deviation of the ring momentum from its initial value, and
27707 002 Ex(0+2Q0)=0. (34 the phase difference, is the difference between the phase
viyo+{o of each particle to the phase of the electric field.
The final dispersion relation is given by requiring the above At t=2300, the distribution is almost the same as initial
relations to have nontrivial solutior{gero-determinamnt conditions. At later timestE& 600,800), the ring is gradually

A. Run 1 (py<pc) for gyrotropic ring distribution

Go|E

+ Gy
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TABLE |. Parameters for simulation runs.

Fixed parameters

Initial particle numbers n.=10 000
n,=10 000
n,=10 000
Density of ring n./n,=0.01
Initial thermal spread Pwn/pPo=0.001
a (= w0} a=1.0

Simulations for gyrotropic ring distributionsn(=0)

run 1 run 2 run 3 run 4 run 5 run 6 run 7 run 8

Time step:QpAt 0.01 0.01 0.01 0.1 0.1 0.1 0.1 0.1
Initial ring momentum:pg /mgc 5.0 10.0 50.0 100.0 150.0 200.0 250.0 300.0

run9 runl1l0 runl1ll runl1l2 runl1l3 runl1l4 runl1l5 run 16

QoA 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
Po/MgC 350.0 400.0 450.0 500.0 550.0 600.0 601.855 606.0

run1l7 run18 run19 run 20 run 2l

QpAt 0.1 0.1 0.1 0.1 0.1
pPo/mec 620.0 650.0 700.0 750.0 800.0

Simulations for nongyrotropic ring distributionsn&2)

run 22 run 23 run 24 run 25
m 2 2 3 3
QoAt 0.01 0.1 0.01 0.1
Po/mMgC 5.0 301.0 5.0 601.0

broken and steepens around a stationary poing,atw/2.  motion for the three plasma components, Ampere’s law, and
This steepening of the ring in the momentum space is chathe conservation of total energy,
acteristic of the relativistic effect, i.e., the larger the momen-

tum is, the less the cyclotron frequency becomes. Latér at Ps=Q<E+ EXQOSQ, (36)
=6,500, it is seen that the majority of particles bunch around s

the stationary point, although the rest of the particles also 1 _

almost fill the separatrix, which is recognizable in the phase 0= n—j +E, (37)
space ofAp and ¢,. At this stage it is expected that the 0

instability has already terminated due to the particle trapping. W (i 0) = Wiierd(tsad + Wiineticl tsad - (39

In Fig. 6, time history of the electric field energy for the
same run is shown. It is confirmed that the time developme
of the system is divided into two stages: the linear growt
and subsequent nonlinear saturation. The oscillation in th
nonlinear stage corresponds to the trapping oscillation of th
ring electrons.

- Sgturation levelThe ;aturation mechanism of this insta- Pe=0<Ecar COS @5, (39)
bility is the phase bunching of the ring electrons. The satu-

n‘{he saturation level is determined by solving these equations
hsimultaneously. Here the subscriptrepresents the plasma
gpecies é,p; background electrons and positroms, ring
8Iectr0n$, Qe,r=Qoer=—1,0,=Q0p,=1, and the dot repre-
sents the time derivative. These equations can be rewritten as

ration level can be estimated by modeling the final state of . %E . _0s 40
the instability, which is obtained from simulations. We illus- ~ ¥s~ ~ p_FsatSiN @5 - = @, (40
trate our model in Fig. 7. After sufficient time, it is expected

that the electric field amplitude becomes constant. In addi- > asqu C0S ¢.=0, (41)
tion, we assume that the phase relations between the wave <5 Vs

and each plasma component becomes as folloWsall the
ring electrons concentrate at the stationary poimt, ( oE +E aq Esinqp -0 (42)
=m/2), making a single cluste2) the background elec- el S T Sy =
trons and positrons shift in the momentum phase space £2
= — i i t
(®e,p /2) so that the total electric force is canceled. L agye= D acveo, (43)

Therefore, the equations we consider are the equations of 2
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FIG. 7. The model of the saturation statgngle cluster on the frame
rotating with the wave electric field.

Figure 8 compares the saturation level of the electric
2 field energy obtained by the model abdselid line) and the
simulation resultgdots, as a function of the initial ring mo-
mentum,py. AS pg is increased the wave saturation level
increases also. However, whexy is further increased be-

- yond the critical momenturp defined in Eq(21), the satu-
ration level drops significantly, although it is still consider-
ably larger than the noise level, which is typically around
10°%. In the next section, we analyze the results of the an-
other simulation rur{run 15 in which p, is just abovep..

B. Run 15 (py>p) with gyrotropic ring distribution

When pg>pc, the linear theory predicts the system to
be stable, but the numerical simulation shows that the system
FIG. 5. Time evolution of the ring distribution for run 1. The panels on the is driven unstable after a sufficiently long time. Figure 9
left side represent the distributions in the perpendicular momentum phasghows the time history of the wave electric field energy for
space p,—py). In the panels on the right side, the horizontal axes indicaterun 15 [ po=601.855(pc)], which can be divided into
the .relative phaseq;) of _ea_ch particle to the wave_elgc‘tr_ic field, and the three(instead of two as in run)]different stages. Character-
vertical axes are the deviation of momentum from its initial vali@). istic about this run is the first stage €0<100,000), in

which the wave energy lingers at a relatively low level com-
ared with the final wave energy in stage lll, although even
where ¢ is the phase difference between the phase of each; this time the wave energy is much higher than the noise

particle species to the phase of the electric field, @i the  |evel. Then, the linear instability is suddenly triggered
density ratio of species to total plasma. _ aroundt=100,000, indicating the beginning of the second
Whenp, anda are of the order ot°, we find the satu- stage. The evolution is then followed by the saturation (
ration level of the electric field to be given by >110,000).
The distribution of ring electrons in the stage | is shown
in the phase space dfp and ¢, in the upper panel of Fig.

aapy(v—1)
Esar™ 2 . (44)
(1+2a)y;—1

10°
1 1 1 1 o /
10 @ - 0-—0
3 ] [ /“ e
107° - o
J i 1072 Y "
107 5 - g /. L4
3 3 'y
- - 10 o .
B“_‘ 10 10 _J -
- - -4
. 10
1077 o o Pc
T B -5
107 B 1
10716 - 0 200 400 600 800
Po
| | I |

0 500 10(%0 1500 2000

FIG. 8. The saturation level of the electric field energy as a function of
initial ring momentum. The solid line is obtained by solving E@$), (37),

FIG. 6. The time history of the electric field energy for run 1. and(38), the dots indicate the results of numerical simulations.
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FIG. 9. The time history of the electric field energy for run 15.
FIG. 11. The frequency spectrum of the wave electric field in stage | for run
15.
10. Clearly, two stationary points separated byr in ¢,
have appeared in the phase space, and many ring electrons
have started to bunch around them, making a double-clusteuency 1#,, but electrons resonate with neither of these
structure. This structure is not time stationary, but it oscil-waves, since the ring electrons are located outside the sepa-
lates back and forth in the direction dfp, and is quite ratrices in the phase space. Figure 11 shows the frequency
stable as already shown in Fig. 9. In Fig. 8, the “saturation”spectrum of the wave electric field fort<<51,000, which
levels plotted forpy>pc correspond to the wave energy in is within stage I. Although the wave energy is distributed in
stage |. After a long time, this metastable state eventuall@ rather wide range of frequencies, caused presumably by
evolves to the single cluster staféne lower panel of Fig. spreading of the ring electrons, wave—wave interactions, and
10), accompanied with much larger wave energy than thathe finite sampling time scale of the data, two peéksli-

with the double-cluster state. cated by arrows corresponding to the two waves mentioned
Quasi-saturation mechanisms we discussed before, above, are eminent.
according to the linear theory, when is increased and ex- The presence of two waves naturally produces the beat

ceedyc, the degeneracy of wave modes around 1/y,is ~ wave. The beat period estimated from the two peaks in Fig.
resolved, and two wave modes appear arokrd. The fre- 11 is consistent with the oscillation period of the field energy

guencies of these waves are close to the ring cyclotron fren the early period of stage | in Fig. 9. In the dynamical
system for a particle interacting with two waves, for in-

stance, it is well known that there appears the secondary

100 - resonance outside of the separatrix of main resonance. The
double-cluster state, here, corresponds to it.
50 =
C. Numerical simulations for nongyrotropic ring
& o distribution
v Here the time evolution of nongyrotropic ring instability
is investigated. The linear theory shows that the ring distri-
100 - bution function withm=2 [wherem is the azimuthal non-
| | | | | | | gyrotropy number defln_ed in E¢B2)] makes the grovv_th rate
3 > . o N ) 5 slightly larger, andpc slightly less than the gyrotropic case,
while the linear dispersion properties remain unchanged
r when the distribution function wittm=3. In the following
600

Ap

-200

-400

-600

0 500 10(%0 1500 2000

FIG. 10. Ring distributions in thé\p-¢, phase space at stagesupper FIG. 12. The time history of the electric field energy for run 22. The dashed
pane) and Il (lower panel for run 15. line, which corresponds to the gyrotropic case, is added for comparison.
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we show numerical simulation results indicating the differ-
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ences between the gyrotropic and nongyrotropic ring distri- 492 4 -
butions. . -

10 4 -
1. Runs 22 and 23 (m =2) 10 i N

In Fig. 12, time history of the wave energy for run 22 3z
[nongyrotropic withm=2 andpy=5 (<pc), solid ling] is

10°

compared with the gyrotropic run with the same parameters 107° 4

(dashed ling As the linear theory predicts, when the nongy- 2 ]

rotropic distribution is used, the linear growth rate is en- 7] B
hanced, and also the amplitude and time period of nonlinea 444

oscillations are larger compared with the gyrotropic run. o 1'0 2'0 3'0

Figure 13 represents time evolution of the ring electrons,
presented in the same format as Fig. 5. C1 and C2 denote the

t

FIG. 14. The time history of the electric field energy for run 23.

two clusters. In the linear stage400), the electrons at C1

provide energy to the wavep{(E<O0), while those at C2

absorb energy from the wave-€>0). The wave resonates cated near the trapping separattas seen in Fig. )3 trap-

more efficiently with the electrons at C1 than those at C2ing oscillation has a longer time period and larger ampli-

because the deviation of the phase of C2 from its initiakyde compared with the gyrotropic run. On the other hand,

value is greater than that of C1. After a long timetatl the eventual saturation level is almost equal for both runs,

=1,400, the instability is already saturated, represented byye to the mixing within the separatrix.

electrons at C1 and C2 both being trapped by the finite am-  The time history of wave energy for run Zp,=301

plitude wave. _ . (>po)] is shown in Fig. 14. The wave energy gradually
Figure 12 compares the time evolution of the wave enyrows in this case too, despite of that the system is linearly

ergy for the nongyrotropigsolid line) and the gyrotropic  gtgple.

(dashed lingruns made by using the same parameters. For

the nongyrotropic run, since the electrons were initially 10-2 Runs 24 and 25 (m =3)

When the ring electrons have a nongyrotropy with

°] = 0 =3, the characteristics of the instability becomes the same as
] 2 the gyrotropic casenj=0). Figure 15 compares time histo-

- .o 14 ries of the wave energy obtained from runs witl 3 (solid
- 2 & o line) andm=0 (dashed ling In both casespy=5 (<pc).

] - Both at the linear and nonlinear stages, no apparent differ-

P I — ences can be recognized between the two runs, except for a
little difference in the fluctuation amplitude of the wave en-

8 ergy after the saturation.

Figure 16 represents snapshots of the ring electrons

4| = C2 2
2-] L drawn in the same format as Fig. 5. The time development of
= 5 o C1 R the clusters are quite different depending on their initial po-
- C1 ] . = sitions in the phase space. One of the clusters, C2, was ini-
B _ ) tially near the saddle point at=— 7/2. Att=1,400, it was
Ce -4 0 & 8 LL Lo ;s strongly elongated along the separatrix. On the other hand,
o C1 and C3 only followed the equi-energy contours without
‘- t= 400
37 0 @l
& o ] o7, 107
— 2 & o ! -
-4 107
— & -1
- L T ST T — 107®
-8 -4 0 4 8 -3 -2 -1 0 2 3

-12
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FIG. 13. The time evolution of the ring distribution for run 22.

-3 -2 -1 ‘ﬁ
T

FIG. 15. The time history of the electric field energy for run 24. The dashed
line, which corresponds to the gyrotropic case, is added for comparison.
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FIG. 17. The time history of the electric field energy for run 25.

marginally stable, since the wave sustained by the back-
ground plasma can no longer resonate with the slow cyclo-
tron motion of the ring electrons ag, exceedP.

We performed particle simulations using various param-
eters and discussed the nonlinear evolution of the system. It
was found that, in contrast to the prediction from the linear
theory, the system can become unstable even wbgn
>pc: the system first settles to the double-cluster state with
relatively low wave energy, and after a long time, the linear
instability is triggered spontaneously due to thermal noise
which is always present in the system, and the final single
cluster state is realized. The saturation level of wave electric
field for the single cluster state is estimated.

We have measured the transition timégf), i.e., the
time required for the system to evolve from the meta-stable,
double-cluster state to the eventual single-cluster state, by
running several simulations giving various thermal spread to

much distortion in the shape of the clusters. After sufficientthe ring electrons,). The initial average ring momentum
time, however, they are all mixed and the instability saturatesind particle numbers are fixed py=800 (>pc) and ng

at the same energy level as the gyrotropic case.

Whenp,=601 (>pc), qualitatively speaking, the time
history of the wave energFig. 17) exhibits similar behavior
as in the gyrotropic casef. Fig. 6). However, in the non-

=n,=n,=3,000. The results are shown in Fig. 18. Wipgn

is less than 50, the system was found to be practically stable,
and the finite value oT ¢, could not be determined from the
simulation. Whenpy, is increased starting from 507

gyrotropic run in which the ring electrons are initially con- gradually decreases and becomes almost constant around
centrated at several phase angles, a mixture in the pha$é<py<65. ThenTg, suddenly drops apy, is further in-
angle has to take pladglue to small thermal spread in the creased. Whepy,> 70, T¢, decreases only slightly s, is
distribution function before the double cluster structure ap- increased. This behavior is similar to the property of the
pears. Hence the time evolution is much slower for the nontangevin model in which a mass point moves within a po-

gyrotropic runs.

V. SUMMARY AND DISCUSSION

tential well with double local minim&Fig. 19b)]. Initially

we suppose that the mass point is located near the potential
minimum to the left, which is at a higher energy level than
the minimum to the right. As the amplitude of noise given to

The long time evolution of th&=0 mode waves gener- the mass point increases from zero, the transition time scale
ated by the relativistic ring distribution is investigated. Thefor the mass point to travel from one local minimum to the
dispersion relations for gyrotropic and nongyrotropic ringother decreases, and the time scale decreases significantly as
distributions were evaluated analytically and numerically.the noise energy and the energy of the gap separating the two
The nongyrotropic dispersion relation bears similar properpotential wells become equivalent. For the ring system, the
ties as those discussed by Brinegal.?? such as the cou- condition py>pc corresponds to the appearance of a local
pling of different wave modes which are independent in aminimum (the double-cluster statat a site close to the ini-
gyrotropic plasma, and an enhancement of the growth ratgal state. Wherpy<pc, there is only one global minimum

for nongyrotropy withm= 2.

as described in Fig. 18). Besides the discussion above, in

By solving the dispersion relations with relativistic ef- this paper we have almost always neglected the thermal
fects, it was found that there exists a critical value of thespread of all the plasma species for simplicity. A few com-
initial ring momentum,pc, at which the system becomes ments are necessary here. First, it has already been discussed
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FIG. 18. The saturation time fqu,=800 as a function of the thermal spread

of momentum of ring electrons. APPENDIX: FLUID DESCRIPTION OF THE RING

DISTRIBUTION

that the thermal spread in the ring distribution allows the It iS instructive to formulate the evolution of the ring
cyclotron damping to enter in the ring cyclotron instability, distribution from the Viasov-fluid point of view, in which the
reducing the growth ratéwWingle€®). For thek=0 mode distribution is represented as a continuous ring m_th(_a mo-
also, it is natural to expect that the inclusion of the thermafMentum phase space. We assume that the ring distribution
spread in distribution functions modifies the linear growthhas zero width both in the parallel and perpendicular mo-
rate through cyclotron resonance. However, it is unlikely thaffe€ntum directions, while the distribution is a continuous
it will bring drastic qualitative changes in the time evolution function of the phase angl@zimuthal angleof the perpen-

of the instability. Second, in case of relativistic, nongyrotro-dicular momentum,b. Namely, we write the distribution

pic instability, one should pay attention to the fact that theirfunction as

wave frequer_mies he_lve_ explicit dep_endence _to_ the particle S(p,—P(o))
momentum, if the distribution function has finite thermal  f(pj,p.)=N(¢)d(p)——,
spread. This effect does not appear in a nonrelativistic PL
plasma. whereP(¢) is the ring momentum radiusnomentunm and

In realistic space and astrophysical plasma situations, tht(¢) is the differential density of the ring per unit azimuthal
ring distribution will destabilize finit& modes as well as the angle. By definition5"N(¢)d¢=n gives the ring density.
k=0 mode, and the particle free energy will be distributedThe form of the distribution function defined above is valid
among all the possible unstable wave modes. In fact, it i®nly until the instability enters the nonlinear stage &(@)
known that the linear growth rate for the cyclotron maserbecomes multi-valued. Although this difficulty may be
instability is maximized for perpendicularly propagating avoided by introducing parametric representations of the
waves. We stress again that the system we studied in thiariables[e.g., by lettingP=P(7) and ¢= ¢(7), with an
paper is a special subset of space plasma in reality, witBppropriate parametey], we do not do so here, since our
which the nonlinear time evolution can be discussed in deprimary interest of the evolution equations derived here is in
tail. examination of the linear instability in Sec. Il B.

We showed that whep,>pc, the system is stable even Integrating Eq.(25 over the momentum phase space
though free energy is available. As far as the cyclotron masegxcept for the azimuthal angle, one obtains the continuity
instability of the fundamental resonance is concerned, thigquation forN(¢),
meta-stf'ible state exists also for systems alk_)wmg fikjte IN(p) o (Qo qE sin(é— 77))
depending on the parametqrg, a, and«. In a high energy ——|N(p)| —+ ————
astrophysical plasma, such as the pulsar driven nebulas in at Ib Y P(¢)
which y>1 ando <1, whereoc=1/avy is the Lorentz invari- whereE and » are the magnitude and the phase angle of the
ant ratio between the field and the particle energy, the meteelectric field, respectivelyi.e., E=E(cosy,siny)]. The evo-
stable state may be realized for the fundamental resonancieition of N(¢) is determined by the differential density flux
However, even in this case the higher harmonic waves can hia the azimuthal angle direction, which consists of the Lar-
destabilized. In future publications we hope to discuss morenor rotation[the second term in E4A2)] and the accelera-
details on the meta-stable state, including estimation of thdon of the particles due to perpendicular electric figide
energy levels, transition time scales, and the conditions fothird term).
the meta-stable state to emerge in a more general setting of The integration of Eq(25) with a weight ofp, yields
the system. the conservation of the momentum flux,

(A1)

=0, (A2)
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