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Abstract

A Schroder category extends the category of all binary relations among sets,
that is, it realises a relatively huge part of predicate logic. On the other hand
Urysohn’s lemma asserts that every pair of disjoint closed subsets in a T4 topological
space can be separated by a continuous function into the reals. Usually the lemma
is demonstrated with calculus of elementary set theory. However the structure of
this lemma is very interesting from a view point of lattice theory and relational
method. This paper gives a relational proof for Urysohn’s lemma within Schréder
categories.
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1. Introduction

Relational methods (2006) have been developed a number of algebraic theories and
applications of (binary) relations in not only mathematics but also computer science,
e.g. graph theory (1993), program semantics (1986), (1986), network flows (2006)
and so on. Major algebraic frameworks for relations are relation algebras (1941), alle-
gories (1990), Schroder categories and Dedekind categories (1980). Relation algebras
due to Tarski founded the modern algebraic system summarising so far study on logic
of relations. Allegories serves a foundation for various relational categories including
Schréder and Dedekind categories. Schroder categories naturally extend the category
of all relations among sets, that is, it realises a relatively huge part of predicate logic.
Hom-sets in a Dedekind category are Heyting algebras, instead of boolean algebras in
Schroder categories. Though Dedekind categories are weaker than Schroder categories,
they give a formal model of fuzzy relations that are important to engineering applica-
tions. On the other hand Urysohn’s lemma shows that T} topological spaces satisfy the
functional separation property and is a crux to prove Urysohn’s imbedding theorem.
Usually the lemma is demonstrated with a series of calculus in elementary set theory.
However the structure of this lemma is very interesting from a view point of lattice
theory and relational method. This paper gives a relational proof for Urysohn’s lemma
within Schroder categories.

We now review the fundamentals on Urysohn’s lemma. Let (X, Ox ) be a topo-
logical space. A subset U of X is called open if U € Ox, and a subset C of X is called
closed if its complement C'~ is open. For a subset S of X its closure S° is the least

* Department of Informatics, Kyushu University, Fukuoka 819-0395 Japan. kawahara@i.kyushu-u.ac.jp



70 Y. KAWAHARA

closed subset of X containing S, that is, the intersection of all closed subsets containing

S.

The fourth separation axiom, so-called Tj-axiom, for topological spaces was defined
as follows:

DEFINITION 1.1 T;-AX10M. For every pair of disjoint closed subsets C' and D of X
there exists a pair of disjoint open subsets U and V' of X such that C C U and D C V.
O

It is well-known that the Ty-axiom is equivalent to the following

(T;-axiom) For every pair of a closed subset C' and an open subset U of X with C C U
there exists an open subsets V' of X such that C CV CV*® CU.

Urysohn’s lemma below shows that T spaces satisfy the functional separation
property and leads Urysohn’s imbedding theorem that normal spaces with countable
basis can be imbedded in the Hilbert cube.

THEOREM 1.2 URYSOHN’S LEMMA. Let X be a Ty-space. For every pair of disjoint
closed subsets C and D of X there exists a continuous function f: X — [0,1] such that
flx)=0ifzeC and f(x)=14ifx € D.

Sketch of Proof. Let L = [0, 1] be the unit interval and let
T:{% |n7m€NandO<m<2"}
be a dense subset of L with an injection j : T — L. Construct a T-indexed set {U; | t €
T} of open sets in X such that
Vs,teT. t<s—CCUCUCU;,CD". ()
Define a function f: X — L by

Fo) = inf{teT|xzelU} ifx€Uerl,
11 otherwise.

It is clear that 0 < f(z) < 1 for all z € X, and f(z) =0 on C, and f(z) =1 on D.
Finally the continuity of f follows from a fact that

Va,b e L. f7'0,a) = UrerpcaUe A f71(b,1] = UerpeiUs ~.
O

The T-indexed set {U; | t € T} of open sets in the above proof is regarded as a
(binary) relation p C X x T by (z,t) € p <> x € Uy, and another T-indexed set {U; ™ |
t € T} of open sets corresponds with a relation v € X x T by (z,t) € v <>z € U} ™.
The condition Uy C U? in (*) is simply written as p C v~ using relational expression.
Also from the condition Vs,t € T. t < s — U C Ug we have

(x,t)ev: « 2x2e€U
— VseT. t<s—xeUs {UCUs }
— VseT. (z,s) e~ —s<t.
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The last condition will be written as v~ C pu~ © j&j¥, where j, p~ and © denote the
inclusion map of T' C L, the complement of p and the residual composition, respectively.
This is a motivation of the paper.

This paper is organised as follows. In section 2 we will review the definition and
some fundamentals on Schroder categories. In section 3 we will state the definition
of topologies and continuous functions in Schréoder categories. In section 4 we will
demonstrate main results corresponding to Urysohn’s lemma in Schréder categories.

2. Schroder Categories

In this section we recall the definition of a kind of relation category which we will
call Schroder categories (2000), (1993). Schroder categories are Dedekind categories
whose hom-sets are complete boolean algebras.

Throughout this paper, a morphism « from an object X into an object Y in a
Schroder category (defined below) will be denoted by a half arrow o : X — Y, and the
composition of a morphism « : X — Y followed by a morphism 8 : Y — Z will be
written as a8 : X — Z. Also we will denote the identity morphism on X as idx.

DEFINITION 2.1. A Schroder category S is a category satisfying the following four
conditions:
S1. [Complete Boolean Algebra] For all pairs of objects X and Y the hom-set S(X,Y)
consisting of all morphisms of X into Y is a complete Boolean algebra with the least
morphism 0xy and the greatest morphism V xy. Its algebraic structure will be denoted
by
S(X,Y) = <S(X, Y), C, U, _,Oxy,va),

where C, U, M and ~ denote the inclusion order, the join, the meet and the complement
of morphisms, respectively.

S2. [Converse] There is given a converse operation * : S(X,Y) — S(Y,X). That is,
for all morphisms o,/ : X — Y, §:Y — Z, the following converse laws hold: (a)
(ap)t = ptat, (b) (af)f = a, (c) If a C o, then of C ot

S3. [Dedekind Formula] For all morphisms a: X — Y, 6:Y — Z and v: X — Z the
Dedekind formula a8 M~ C a8 M afy) holds.

S4. [Zero Relation] The least morphism Oxy is a zero morphism, that is, a0y z = Oxz.
O

A Schroder category is an abstraction of the category of all relations among sets.
In what follows, the word relation is a synonym for morphism of Schroder categories.

In a Schroder category S the converse operation  : S(X,Y) — S(Y,X) is a
C -preserving involutive bijection and so it holds that Og(y = Oyx, Vyy = Vyx,
(Ujay)f = I_Ija?-, (Mjay)f = I"Ijoz§ and o~ % = of ~. Consequently

S3t. aﬁl‘l'yg(al_l'yﬁu)ﬁ and S4%. Oxy3=0xyz

are valid.
An object I of a Schroder category S is called a (strict) wnit if 077 # id; = Vs
and Vx;Vix = Vxx for all objects X. A relation f : X — Y is called a function,
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denoted by f: X — Y, if it is univalent (f*f Cidy) and total (idx C ff*). A function
f: X — Y is called an injection if ff* = idy. The universal relation Vyx; : X — T
and the identity relation idx : X — X are functions. An I-point x of X is a function
r:I— X.

In Schroder categoreis the residual composition a © 5 : X — Zofa: X — Y
followed by 3 : Y — Z can be defined as «© 3 = («f7)~. The residual composition will
be frequently used in the paper. For example, the supremum relation sup(p,&) : V — X
is defined by

sup(p, &) = (po ) N((poé) od)

for a pair of relations p : V — X and £ : X — X. The following lemma shows four
logical equivalences in Schroder categories.

LEMMA2.2. Leta: X =Y, 3:Y — Z and v: X — Z be relations in a Schroder
category S. Then the following holds.

(a) afCy—aly " CPh oy B Ca, (Schroder equivalence)
(b) yEao g« alyC B, (Residual equivalence)
(c) yEaof—alyop, (Galois connection)

Proof. (a) First we will prove the implication o3 C v — afy~ C 7. Assume af3 C v,
which is equivalent to oMy~ = 0xz. Then

afy"MB C of(y"MaB) { Dedekind Formula S3 }
= aflxz {apny~ =0xz }
= Oyg, { Zero Relation S4 }

which implies afy~ C 8~. The converse implication a3 C v — afy~ C 8~ is a variant
of the first implication. The proof of another equivalence a8 C v < v~ 3% C o~ is
analogous.

(b) The residual equivalence is direct from

YCa0p <« af” Ty { Complement }
— aflyC B { Schroder equiv. (a) }

(¢) The Galois connection is clear from the following

YEaOf « afyLCp { Residual equiv. (b) }
- AlaC gt { Converse }
— aLC~y0oph {Residual equiv. (b) }

O

The residual equivalence proved above indicates a fact that a Schroder category
is a Dedekind category. The basic properties of Schroder categories are listed in the
following proposition, which will be demonstrated in the appendix at the end of the

paper.
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PropPOSITION 2.3. Let o, : X — Y, 68,8 :Y - Z,~:Z U, §:U — Z,
p:V =X and £ : X — X relations in a Schréder category S. Then the following holds.

(a) Ifa C o and BC G then af C o'F,

(b) IfaC o' and BE B theno OB C a0,

(©) a(UsB;) = Usaf; and (Uj05)8 = U8,

(d) If a and § are univalent then a(B11 )6 = aB6* MaB'st,

(e) If a is total, ' is univalent and o C o' then a = o/,

(f) a0 (Bo7y)=afoy and (a0 f)yE o By,
C(a©p)o M,

a0f=((@op)oph)os,

)
)
)
)
)
)
g) a
)
(i) If a is a function then « © = af and a(BOy) = af O,
)
)
)
)
)
)
)
)
)

(
(h

(j
(k

If B is a function then af © v = a © B,
If § is a function then (o © B)§* = a © B4*,
sup(p, £%) = sup(p © €4, €),

sup(p,§) E p© & Esup(p,§) ©¢,

If €€ C € and sup(p, &) is total then sup(p,&) = p O,
If f : W — V is a function then fsup(p,&) =sup(fp,§),

(1
(m
(n
(o
(p) If €M &P Cidx then sup(p, ) is univalent.
(@) If o and § are functions then (36%)~ = aB~6¥,

(1) (@op)f=8"*0a " O

A relation £ : L — L in a Schroder category S is called an order if it is reflexive
(idr, C €), transitive (¢ C &) and antisymmetric (¢ M &F C idp). Then inclusions
¢ C ¢ and €8¢~ C € hold by applying the Schroder equivalence to €€ C €. Also
note that ¢# O ¢ = ¢ iff idx C € and €€ C €. An order & is complete if sup(p, €) is total
(consequently, a function by 2.3(p)) for all relations p : V' — L. For each complete order
¢ : L — L we can define two I-points 1 and T by

1p =sup(0r,&) and Tp=sup(Vir,§).

The next proposition claims the basic property of I-points | ; and T, for complete
orders.

PROPOSITION 2.4. Let £ : L — L be a complete order. The the following holds.
(a) L =V, 0& and L=V,
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(b) T, =ViL @§ and TLEI:i =ViL.

Proof. (a) The first identity is direct by 07 © € = V. The second identity simply
follows from sup(0;z,,£)¢ = 07, © & = Vi, using 2.3(n).

(b) Note that sup(Vyz,€) = sup(0;r © €%, €) = sup(0rz, &%) by 2.3(1). Hence the state-
ment is a dual of (a). O

3. Topologies

Let X be an object and S(I, X) the set of all relations from I into X in a Schroder
category S with a unit I. For a subset X of S(I,X) we define two subsets J(X) and
M(X) of S(I, X) by

peJ(X) < p=UA for some subset 4 C X,
pEM(X) < p=nA for some finite subset A C X.

The two operators J and M are closure operators, that is, they are expanding (X C
M(X) and X C J(X)), idempotent (MM (X) = M(X) and JJ(X) = J(X)) and mono-
tonic (if X C X’ then M(X) C M(X’) and J(X) C J(X’)). Since S(I, X) is a complete
boolean algebra, a distributive law

(Ujrery ) T T (U e K ) = Ui, gm) e By i (Bgy T+ T4,

holds and so does the inclusion M J(X) C JM(X).

DEFINITION 3.1. A subset O of S(I,X) is a topology on X if J(O) = O and
M(0O) = 0. O

A topological object (X,O) is a pair of an object X and a topology O on X. In
a topological object (X,0) a relation p : I — X is called open if p € O, and the
complement of an open relation is called closed.

For every subset X of S(I, X), JM(X) is always a topology on X, because M JM (X)
CJIMM(X)=JM(X) and JIM(X) = JM(X).

DEFINITION 3.2. Let (X,Ox ) and (Y, Oy ) be topological objects.
(a) A function f: (X,0x) — (Y,Oy ) simply denotes a function f: X — Y,

(b) A function f : (X,0x) — (Y,0Oy) is continuous if of* € Ox for all relations
o € Oy. O

Now we recall a simpler way to show the continuity of functions with a subbasis of
topology.

PROPOSITION 3.3. Let f : X — Y be a function and Oy = JM(Y) for some
Y C S(I1,Y). Then a function f: (X,0x) — (Y,Oy) is continuous if o f* € Ox for
all relations o € ).
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Proof. First let 7 € M(Y). Then there is a finite subset {v1,...,v,} of Y such that
T =N}_ v It follows from

T = (M) f* = Ty v f? {2.3(d) }

that 7% € Ox by the assumption. Next let ¢ € Ox = JM(Y). Then there is a subset
{7j}jes of M(Y) such that ¢ = Ujecy7;. It follows from

off = Wjesm)ff = Uesrif* {23(c) }

that o f¥ € Ox by the first result. Therefore f is continuous. O

4. Main Results

In what follows we assume the following setting in a Schréder category S with a
unit I:

Assumption A complete order £ : L — L, an injection j : T — L and a set I(T) of
I-points a : I — T satisfy the following conditions:

(A1) €8 0ECE,
(A2) LIaeI(T)aua = idrp.
(A3) aj&j** € {07,id;} for all a,b € I(T). O

The condition (A1) means that T is dense in L, and (A2) and (A3) are special
point axioms. Note that (A1) is equivalent to (A1%) & ~j%j © ¢* C €% by 2.3(j) and (1).

We choose a topology JM(T) on L, where
T ={aj¢ % |ac I(T)} U{ajé™ |a e I(T)}.

This topology is an analogy to the usual topology on the unit interval [0, 1] generated
by open intervals with rational ends.

To define topological objects similar to Ty-spaces we make use of the existence of
two relations which correspond to the T-indexed sets with the condition (*) stated in
the introduction.

DEFINITION 4.1 T4-0BJECTS. A topological object ( X, O) (in a Schroder category
S) is called a Ty-object if for every pair of closed relations p, o : I — X with pfo =0;x
there exists a pair of relations u, v : X — T satisfying the following conditions:

(a) pU = OIT and ov = OIT7
(b) pEv™ Cu~ 05",
(c) apf € O and avt € O for all a € I(T). O

Now we state the main theorem asserting a relational version of Urysohn’s lemma
for ordinary T4-spaces.
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THEOREM 4.2 URYSOHN’S LEMMA. Let (X,0) be a Ty-object. For every pair of
closed relations p: I — X and o : I — X with pMo = 0rx there exists a continuous
function f: (X, 0) — (L, JM(T)) such that xf = L for all I-points x : I — X with
rCEpandyf =Ty for all I-points y: I — X with y C o.

P

I—=X—7=T

J

NE

Proof. By the definition 4.1 there exists a pair of relations u, v : X — T satsfying the
conditions 4.1 (a), (b) and (c). Define two relations f, g : X — L by f = sup(uj,§)
and g = sup(vj,&*). As the order ¢ is complete, f and g are functions. Also note that
fé=pj o€ and g¢* = vj O €* by 2.3(n). Now the identity f = g will follow from (U1)

— (U4) below:
(U1) fC g&* : By 4.1(b) we have

L

pCv™ Ep” 085 Cvojeit = g¢ft,
which is equivalent to pj C g&¥, because j is a function. Hence

f (nj©& o { f=sup(uj,§) }
(9F 0 o€ {ujCge 23(b)}
g€t { g : function and ¢f © ¢ = ¢ }

[ 17

(U2) g¢ j* Cp:

v~ 055t { 4.1(b), Galois conn. }
gt ot {vCg&fbygCrjoct}
9(& 5% 0€)j* {g,j:function }

géj*. { (A1) }

Thus taking complements of both sides we have g€~ j* C p.
(U3) fC g€

11

f IES)S { f=sup(uj,&) }
g jfjo¢  {(U2)}

g(e % o0& { g:function }
3 { (A1)}

(U4) f =g : By (Ul), (U3) and the antisymmetry of £ it holds that

fCgénge =géng’) Cy.

Therefore we have f = g by 2.3(e). Next we will show that f : (X,0) — (L,JM(T)) is
continuous. By 3.3 it suffices to see that aj¢~#f* € O and ajé~ f* € O for all a € I(T).
Let a € I(T) and set I, = {b € I(T) | ajé*;*b* = 0r7}. Then

ajéfft = aj(fe)* {(fO)~ =f&, 23(q) }
= aj& it {feE=pjo&=(ujc )" }
= Uerryaj& **0fbpt { (A2) Uper(r) b0 =idr }
= Uper,but. {bel, < ajé *5%* =ids, (A3) }

1101 m
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Hence ajé~4f% € O by the definition of topologies. Analogously ajé~ ff € O follows
from

ajé ff = aj(fet)? {(fO)~=r&, 23(q) }
= ajéjht {ref=vjoe =wjc )}
= Uperryajé jfovt { (A2) Uyerer b =idp }
= Uy, {be Il — ajéj'* =id;, (A3) }

where I} = {b € I(T) | ajéj** = 0;7}. Finally let 2, y : I — X be I-points with = C p
and y C o, respectively. Then

xf = sup(zuj,§) { z:function, 2.3(o) }

= sup(07z,§) {azpCEpp =07}
- J-L7

and
yf = sup(yvj, &%) { f =g and y: function, 2.3(o) }
= sup(0rr. &%) {ywCov=0rr}
= TI. {24}

This completes the proof of the theorem. O

The topology JM(7T) on L coincides with a more natural topology under stronger
conditions.

PROPOSITION 4.3. Let I(L) be a set of I-points x : I — L and set Ty = {z&™ |
v e I(L)yu{zt |z e I(L)}. If (Bl) aj € I(L) for all a € I(T) and (B2) z€jta? €
{077,idr} and z€%j%a* € {O7r,idr} for all x € I(L) and a € I(T), then JM(Ty) =
JM(T).

Proof. By (B1) it is trivial that 7 C 7. We will see 79 C J(7). Let x € I(L) and set
I, ={a € I(T) | z¢j*a* = 077}. Then it holds that
a€” = afjljen { (Al) &~ =¢75%¢ }
= Usernyz& j*aaje™ { (A2) Userr) afa =idr }
= uaelmajgia { a € Ix - ng]ﬂaﬁ = id]a (BQ) }

which proves z¢~ € J(T). Analogously z£~ % € J(T) follows from

pemt = gttt { (A1) =gttty
= Ugermz€ *jtafajé™? { (A2) Ugerr) afa =idr }
= Uepaié {ael} —a¢ tjta =ids, (B2) }

where It = {a € I(T) | x&#j%a* = 077}. Hence we have JM(7) C JM(7y) € JMJ(T) C
JM(T). O

Remark. The conditions (A3) and (B2) are trivial if there is no relations in S(I,I)
except for 07y and id;.
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5. Conclusion

The paper demonstrated Urysohn’s Lemma in Schroder categories by regarding a
series of open subsets as a binary relation. The results of the paper shows the capability
of relational methods in application to mathematical analysis. On the other hand the
author encountered some difficulties to apply theory of relations to even a part of general
topology, because usual mathematics unconsciously uses the essential property of points.
The notion of I-points contains not only crisp (or standard) I-points but also non crisp
ones. To avoid the disadvantage caused by the fact, the author assumed the sets I(T)
and I(X) with some strong properties.
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6. Appendix
In the appendix we give the proof of Proposition 2.3.

(a) Assume o C o/ and S C (3. Then

g g

C
C ofoaf, {af Cap and2.2(b) }
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which proves a8 C «f’ again by 2.2(b). Another inclusion a8 C &/( is obtained by
applying the converse.
(b) Assume o C o’ and 8 C . Then

adop) C o¥dop) {ald, S2(c)and (a)
C B {d/OFCaOpand 2.

cC g,

which shows o/ © 8 C a © (' again by 2.2(b).
(c) The first identity follows from

}
2(b) }

a(U;B))Ey < U;BCafoy { Res. equiv. 2.2(b) }
— Vj. B Catoy
— Vj.af;Cy { Res. equiv. 2.2(b) }

UjaB; Ev.

The second identity (U;c;)8 = Uj;a,0 is obtained by applying the converse.
(d) Tt follows from

faghn fo'g? {(a) }
flan fifa’g*g)g* { Dedekind formula S3 and S3¢ }
flama’)gh. { f, g : univalent and (a) }

flana)g?

M

(e) Assume that « is total, o is univalent and o C o’. Then

O/

acta’  { a:total }
ad’ta {aCd, (a), S2(c) }

a, { & : univalent }

M

which proves a = o/.
(f) The first identity follows from the following equivalences.

nCa0(Boy) < anC Oy {Res. equiv. 2.2(b) }
- pBlafnCr { Res. equiv. 2.2(b) }
— nCaBoy. {Res. equiv. 2.2(b) }

The second inclusion is direct from

(@0 f)y E By. {a*(a0OP)CH}

(g) It is simply obtained by applying the Galois connection 2.2(c) to an inclusion a© g C
aop.

(h) An inclusion « © 8 C ((a © 3) © %) © B is a corollary of (g). The converse inclusion
follows from (g) and (b).

(i) Let a be a function. Then

a0 B) {a:total }

o {f(@0B)EB, }
aoafaB {afaBCafaf}
aopf. { @ : univalent, (b) }

a0

IRRINRINRIN
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The second identity holds from

a(fOy)=a0(BOy)=aB0y

using the first identity and (f).

(j) Let B be a function. Then a0y =a 0 (80 v) = a© B by (f) and (i).

(k) Let ¢ be a function. Then
(@ © B)s* a© fst { ()}

(a© B6%)66% {6 : total }

a0 Bstsst { (f) }

a0 Bt { 0 : univalent }

I

(poghon(((pothogoth
(po&Hhodn(podh {(h)}
sup(p, &%).

sup(p © &%,¢€)

(m) The first inclusion is trivial. The second inclusion is deduced by applying the Galois
connection to the trivial inclusion sup(p, &) C (p © &) © £F.
(n) Assume that sup(p,€) is total and ££ C £. Then

sup(p,§)§ C po¢ {(f)and T &}
C sup(p, o {1}
C sup(p,§)§.  { sup(p,§) : total }

(o) Let f be a function. Then

fsup(p,&) = f((poN((pog) o)
= fpodnfl(pooc) {(@)}
= (frodn((frogoty {@}
= sup(fp,§).

(p) Let £ME Cidy and set 7 = p © €. Then the univalency of sup(p, &) follows from

(sup(p, §))* sup(p, €) (rA(rog)irn(rod))

C o) (rogir
C ¢fingit {rf(ro&)C e}
C idy. {¢né¢Cidy }

(q) Let « and § be functions. Then

affaf=6 = a(BNp)e* {(d)}
= Oxv, {pNB~ =0yz, S4}
and
Vxu aatV x 86 { «,0 : total }
{a*Vxy§ CEVyyz }

a(BUBT)  {Vyz=pUB }
apstuap=. {(c)}

e
Q
<
>
N
<



Urysohn’s Lemma in Schréder Categories

(a0 p)} =

\
~

fa=t)" {af=af'" and S2(a) }
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