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Abstract

The exponential-gamma (EG) process is a process made up of two random com-
ponents X and Y: one exponentially distributed and the other gamma distributed.
The EG process has attracted applications in almost every area of the sciences and
engineering. In this note, we derive the exact distributions of aX + Y, XY, and
X/Y and discuss how they are relevant to the applications of the EG process.

Key Words and Phrases: Exponential distribution, Gamma distribution, Linear combination
of random variables, Product of random variables, Ratio of random variables.

1. Introduction

The exponential-gamma (EG) process has been a traditional model for many areas
of the sciences and engineering. As the name implies, the process is composed of two
random components: one exponentially distributed (say X) and the other gamma dis-
tributed (say V). Usually, X and Y are assumed to be independent random variables.
The composition of X and Y can take different forms depending on the nature of the
application of the EG process. For example, in marketing sciences, the EG process is
used to model repeat visiting behavior with individual’s inter—visit times assumed to
be exponentially distributed and governed by a rate that is gamma distributed across
the population, see Morrison and Schmittlein (1988). This example clearly involves the
product XY. In production research, the EG process is used to describe the sequence of
busy and idle periods. If one is interested in the inter arrival time (sometimes referred
to as the cycle time) between idle periods or that between busy periods then that would
entail the sum X + Y, see Nadarajah and Kotz (2006). For other related examples, see
Park and Fader (2004) and Schroder (2004).

In this note, we derive the exact distributions of aX + Y, XY, and X/Y when X
and Y are independent random variables with their probability density functions (pdfs)
specified by

flx) = Xexp(=Az) 1)
and
a,a—1 o
oy = ) ®
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respectively, for x > 0, y > 0, A > 0, 4 > 0 and @ > 0. We assume without loss of
generality that o > 0. The calculations involve several special functions, including the
modified Bessel function of the first kind defined by

» o 1 2?2\ "
I(z) = 2”F(u+1)kz:(V+1)kk! (4) ’

=0

the modified Bessel function of the third kind defined by

9

the Airy function defined by

x ol
Ai(x) = fK (23 ),

o 1/3

the incomplete gamma function defined by

v(a,z) = /ta_lexp(—t)dt,
0

the complementary incomplete gamma function defined by

I(a,z) = / t* Lexp (—t) dt,

and the error function defined by

erfc(z) = % /OO exp (—t?) dt,

where (e)y =e(e+1)---(e+k—1) =T'(e+k)/T'(e) denotes the ascending factorial with
the convention (e)o = 1. The properties of the above special functions can be found in
Prudnikov et al. (1986) and Gradshteyn and Ryzhik (2000).

2. Exact Distribution of the Linear Combination

Theorem 1 derives explicit expressions for the pdf and the cumulative distribution
function (cdf) of aX + BY in terms of the incomplete gamma functions.

Theorem 1 Suppose X and Y are independent random variables distributed according
to (1) and (2), respectively. The cdf of Z = aX + BY can be expressed as

) = i (05) - e e (5) () @

for >0 and z >0, as
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for B <0 and z <0, and as
(pa)® Az
F = 1 _e
Z(z) (Ma — )\ﬂ)a €xXp Oé
for B <0 and z > 0. The corresponding pdfs are:

f2(2) = a(uaA—(u;ﬂ);ar(a) P <_Aaz) ! (a’ W)

for 3>0 and z> 0,
fo(s) = ) e (—Aa) r ( W—Aﬂ))

a(ua — AB)T aB
for <0 and z <0, and
At (_AZ>
Ty ) A

for <0 and z > 0.

ProoOF. If 8 > 0 then the result follows by writing

ZﬂY)

[0

z/B _
0 «

Pr(aX +08Y <z) = Pr(X§

S~
=k
>
<
S~—"
U
<
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@ oxp (— =/8 B
. (Z> _MXPF((W/O S exp (_uaa/\ﬂy> "

T(a)  (na—AG)" B

poexp(—Az/a) o (a’ z(por — Aﬁ)) ’

where the last step follows from the definition of the incomplete gamma function. The
result in (4) can be established similarly by using the definition of the complementary
incomplete gamma function. The result in (5) follows by setting z = 0 into to the two

incomplete gamma function terms in (4).

O

The following corollaries provide the cdfs for the sum and the difference of the

exponential and gamma random variables.

Corollary 1 Suppose X and Y are independent random variables distributed according
to (1) and (2), respectively. Then, the cdf of Z = X +Y can be expressed as

a

FA) = 1 (0) = o e (397 (a0 2(u— )

I'(a) A)*T(a)

for z > 0.
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Corollary 2 Suppose X and Y are independent random variables distributed according
to (1) and (2), respectively. Then, the cdf of Z =X —Y can be expressed as

Fu(z) = ﬁr (a, j2) — M)m) exp (=A2) T (@, 2(1 + A))
for z <0 and as
_ p
Fz(z) = 1- mexp (—Az)

for z > 0.

Using special properties of the incomplete gamma functions, one can obtain simpler
expressions for (3)—(4) when a takes integer or half integer values. This is illustrated in
the corollaries below.

Corollary 3 If a > 1 is an integer then (3)—-(4) can be reduced to the simpler forms

Fy(z) = l—e (—)ailyj—%e -
YT T T G P T
(pa)® ( /\z) — "
Tt e Xp | T — k!
(o — AB) /)i M
for 3> 0 and z > 0, and
a1 1 “ a—1 L
Y (pev) Az ¢
F = — N 0 A o &l
z(2) exp(-y) kZ:o k' (pa—AB)" P ( T ) il

for B <0 and z < 0, where x = z(uaw — A\B)/(af) and y = uz/pB.

Corollary 4 If a —1/2 > 0 is an integer then (3)—(4) can be reduced to the simpler
forms

_1ya—3/2 exD( — a—3/2
Fae) = 1= antelyp) - R ST (), et
k=0
 (pa)” Az (o) *erfe (V) . Xz
e (55) e oo ()
(—1)*"2 V()" exp(—a) A o .
+ (’ua . Aﬂ)ar(a) €xXp <_ o > ;) (1 - a)a—k—3/2(_z)
for >0 and z > 0, and
_ 1ya—3/2 S~ a—3/2
Fz(Z) _ erfc(\/gj)—l—( 1) Fge p( y) Z (1_a)a7k73/2(_y)k
k=0
_ (pa)®erfc (V) . Az
(o = A9 p( )

—1)%32/z(pa)® exp(—x Az
. )(ua/\(g)“)r(a)p( e <_a> > (1= a)epzp(-2)*
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Figure 1: Plots of the pdf of (3)—(4) for A=1, p =1, a = 0.5,2,5,10, and (a): o =1
and 5 =1; (b): a=1and §=-1; (¢): a=1and §=2;and, (d): a=1and = -2.
The curves with the left to the right correspond to increasing values of a.

for B <0 and z < 0, where x = z(ua — \3)/(aB) and y = pz/B. If a = 1/2 then the
terms containing the sum 22;3/2 should be ignored.

Figure 1 illustrates possible shapes of the pdfs (6)—(8) for selected values of «,
and a. The four curves in each plot correspond to selected values of a. As expected, the
densities are unimodal and the effect of the parameters is evident.

3. Exact Distribution of the Product

Theorem 2 derives an explicit expression for the cdf of XY in terms of the modified
Bessel function of the third kind.

Theorem 2 Suppose X and Y are independent random variables distributed according
to (1) and (2), respectively. The cdf of Z = XY can be expressed as

2(Apuz)/?

F(z) = 1- T(a)

K, (2 )\,uz) (9)
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for z > 0. The corresponding pdf is

B Q(Au)(a+1)/2z(a71)/2 a
f(Z) = F(a) Ka—l (2 )\/LZ) + WKQ (2 AILLZ)
a(/\u)a/2za/2—1
for z>0.

PROOF. The cdf corresponding to (1) is 1 — exp(—Ax). Thus, one can write the
cdf of XY as

Pr(XY < z)

/0 " Fx (/) fr o)y
[ e ()}

Ma /(X) a1 )\Z
1- y*exp <uy - > dy
[(a) Jo Y

7
i’ (11)

1-—

Application of equation (3.471.9) in Gradshteyn and Ryzhik (2000) shows that the in-
tegral I can be calculated as

Az a/2
I = 2 (u) K, (2 Auz) . (12)
The result in (9) follows by substituting (12) into (11). The result of (10) follows by
using the property K,(z) = —K,_1(2) — (v/2)K,(z). O

Using special properties of the modified Bessel function of the third kind, one can
obtain simpler expressions for the cdf of XY when a — 1/2, a — 1/3 or a — 2/3 takes
integer values. This is illustrated in the corollaries below.

Corollary 5 If a — 1/2 > 0 is an integer then (9) can be reduced to the simpler form

a—1/2

. Vma"exp(—x) (j+a—1/2)!
F(z) = 1 2“*1/2F(a)\/5 JZ:;) j!(_j+a—1/2)!(233)j»

where T = 2v/Apz.
Corollary 6 If a — 1/3 > 0 is an integer then (9) can be reduced to the simpler form

(=) 3BT (—1/3)
3°/5T(a)T(1 — a)

x [32/%2/31&1' ((3/2)2/%2/3)

F(z) =
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a—4/3

(a—k—4/3)! 22\ "
% 2) Kl (a — 2k — 4/3)1(4/3), (1 — a),, (4)

k—
_92/3 75 ((3/2)2/33:2/3>

a—1/3

(a—k—1/3)! 22\ "
% ];) K (a— 2k — 1/3)1(1/3), (1 — a),, (‘4) ]

where T = 2v/Auz.
Corollary 7 If a —2/3 > 0 is an integer then (9) can be reduced to the simpler form

_(=D*Ar(-2/3)
21/3335/51(1 — a)T(a)

x [9:1:4/3Ai ((3/2)2/%2/3)

F(z) =

a—>5/3

(a—k—5/3)! 22\ "
<D g (a— 2k — 5/3)1(5/3)% (1 — a), (4)

k=0
_421/332/3Ai/ ((3/2)2/3x2/3>

a—2/3

(a—k—2/3)! 22\ "
8 ];) Kl (a— 2k — 2/3)1(2/3), (1 — a),, (‘4) ]

where T = 2v/Auz.
Figure 2 illustrates possible shapes of the pdf of (9) for selected values of a. As
expected, the densities are unimodal and the effect of the parameter is evident.

4. Exact Distribution of the Ratio
Theorem 3 derives an elementary expression for the edf of X/Y.

Theorem 3 Suppose X and Y are independent random variables distributed according
to (1) and (2), respectively. The cdf of Z = X/Y can be expressed as

N A
F(z) = 1 TESYE (13)

for z > 0. The corresponding pdf is

a

f(z) = m

for z>0.

PROOF. The result follows by writing

Pr(X/Y <z) = /0 h Fx (2y) fy (y)dy
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Figure 2: Plots of the pdf of (9) for A=1, p =1 and a = 0.5,2, 5, 10.

* py* " exp (—py)
| e (g R

a

F’éa) /OOo y*exp {—(pn+ Az)y} dy

_
(1 +A2)"

1-—

The proof is complete.

Note that the distribution given by (13) is the well-known F' distribution.
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