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AN OPTIMAL STOPPING PROBLEM ON TREE

By

Hiroshi HisANO*

Abstract

This paper deals with an optimal stopping problem where both transition
weights and terminal rewards are given on tree with a root. It is shown that
the optimal stopping rule can be constructed by backward induction. It is also
clarified that there is no need to take into the consideration the condition that not
only the terminal rewards but also transition weights should be* positive”.

Key Words and Phrases: Node, Optimal stopping, Principle of alternate optimality, Stopping
rule, Tree.

1. Introduction

A general theory of optimal stopping has been established by Snell (1952), Chow,
Robbins and Siegmund (1971), Shiryaev (1978) and others. A main concern was a class
of infinite-horizon problems. Recently a finite-horizon problem has been frequently ap-
plied to mathematical finance, in particular to pricing of American option, e.g. Shiryaev
(1999). On the other hand, the theory of optimal stopping is closely related to dynamic
programming, e.g. Bellman (1957) and to Markov decision process, e.g. Howard (1960).
A construction of optimal stopping rule for finite horizon problem is performed through
backward induction ,which is a fundamental idea of dynamic programming/Markov de-
cision process. These results are mainly constructed on stochastic dynamic systems.

In this paper we consider a class of optimal stopping problems on finite trees. Thus
systems we consider are not necessarily stochastic.Our tree has a transition weight on
arc, which may take negative values. The transition weight is a generalized transition
probability such as in stochastic dynamic programming or in Markov decision processes.
This report,which is continued from Iwamoto(1977), Iwamoto(2002) and Hisano (2002),
presents a recursive result under a most relaxed condition.

2. Tree, node and stopping rules

In this paper we are concerned with optimal stopping on finite trees. For the sake of
simplicity, we choose a typical tree and present our results there. Our results are easily
transliterated onto a general tree, which takes much space for definitions and notations.

Let us now consider a typical tree T' with one root sp (a on the graph below).

* Department of Information, TOHWA University Fukuoka 815-8510, Japan. tel +81-92-541-1152
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Figl: An illustration

For z,y € T, when node z is adjacent to node y, we describe it z - y or y — x
and furthermore such an adjacent path itself shall be described with the same sign.

Example 2.1 On Fig 1, the whole adjacent paths are composed of a — b,a — ¢,a —
d,b »e,b— f,c—>g,c—>h,g—>i,9—>7,9—>kh—=1h—>m.

We call the nodes on the bottom row, e, f,i,j,k,[,m, as well as d, leaves, and a
path from the root to a leaf (a line of adjacent paths) a full path. On Fig 1, there are
eight full paths: a - b »>e,a 20— f,a >c—>g—>t,a—>c—>g—ja—>c—>g—
k,a—c—h—1l,a— c— h— m,a — d, which corresponds with the number of the
leaves. A part below the node x of tree T" is called a sub tree and indicated as T'(x).

Example 2.2 On Fig 1, T = T(a),T = {a}UT(D)UT(c) UT(d), and T'(b),T(c) and
T(d) are sub trees. A sub tree with two levels is called a branch. T'(b),T(g) and T'(h)
are branches of T'.

2.1. Stopping rule

Definition 2.1 A stopping rule, which is a sub set of T, is constructed inductively as
follows: If T(x) is two levels tree then the stopping rule of T(x) is {x}, {s1,$2, ", Sk}
We denote the set of stopping rules for T, S(T(x)). This means S(T(z)) = {{z} U
{s1,82,--,sk}} = {{w,s1,52, -, sk }}, and, in other words, it is either a point set of
the root or a set of all leaves. When a sub tree with three levels T'(x) is constructed
of several branches and it is described as T(x) = {z} U{T(s1),T(s2), --,T(sk)}, the
stopping rule for T(x) is S(I'(x)) = {{e},Uiz, S(T'(s:)}. In this conteat U;_, means
an union of some S(T'(s;)) -

Example 2.3 On Fig 1, S(T'(¢)) = {{c} U{S(T(9)) US(T(h))}}.

Because S(T'(g)) = {9} U {i, j,k} and S(T'(h)) = {h}U{l,m},

S(T(g)) u S(T(h)) = {{97 h}7 {97 l, m}7 {i7j> k, h}7 {i7j> k,l, m}}

In this manner, the stopping rule I' for T = T'(a) is defined by backward induction.
Note that T is a sub set of the power set of T (e.g. T C 27).
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Otherwise, the stopping rule can also be defined as follows:

Definition 2.2 The stopping rule for T'(a) is a set of subsets of T'(a) and gives only
one common node among full paths.

This definition of the stopping rule clarifies the following;:

The total number of the stopping rule
Theorem 2.1

“S(T(z)) =2, if T(x) is two levels tree.
l ﬂ
S(T(x) =1+ H S(T'(si)

Proor. It is obvious that the total number of the stopping rule S(7'(z)) for a
branch T'(x) is 2. The total number of the stopping rule S(T'(x)) for a sub tree

T(w) ={x} U{T(s1),T(s2), .-, T(s:)}
. ;8
1+ H1 S(T(s:))
because )
S(T(x)) = {{x}, Llle(T(si))}-
O ) O

2.2. Recurrence reward function

For any stopping rule 7, the reward u(v) is defined as follows:

u(y) =Y gla,er)g(er, x2) -~ glaw, )t(s),

sey
where z1,z,,- -,z are the nodes from a to s,and g(-,-) are transition weights.
Definition 2.3 For T'(z) = {z} U{T(s1),T(s2),...,T(s:)} ,
let
V(z) = Max{ Y g(z,5)V(s) + 9(z,s)v(s),t(x)},
g(x,s)>0 g(wx,s)<0
v(z) = min{ Y glz,s)o(s)+ D gla,8)V(s),t@)}.
9(x,5)>0 g9(x,5)<0
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where t(z) is a terminal reward at x, and g(x,s) is a transition weight in the from x to
s (where x — s). For aleafx € T, let V(x) = v(z) = t(x).

Then, the following holds:
Theorem 2.2

<
&
[l

Maz[g(a,b)v(b) + g(a,c)V(c
9(a,b) v(b) + g(a,c) V(c)
9(a,b) t(b) +g(a,c) t(c)
Maz[g(b,e) V(e) + g(b, f
g(be) V(e) +g(, f) V(f
g(b,e) t(e) +g(,f) t(f)
Maz[g(c,g) V(g) + g(c, h) v(h),t(c)]
(¢,9) V(g) + g(c, h) v(h)
(9) +

¢ 9)
(c,g9) t(g) +g(c,h) t(h).

) +9(a,d)V(d),1(a)]
9(a,d) V(d)
g(a,d) t(d)

V(f), ()]

_I_
+

(AVARAY,

<
—
S
=

Il

)
)

<
O
v v

g g
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As these inequalities are held, for v = {b, ¢, d}, for example,

Via) = g(a,0)t(b) + g(a,c)i(c) + g(a, d)t(d) = u(7).
Thus, V(a) > u(y) is provable for Vy € T.

The essential point of this proof lies with the fact that V(a) can be evaluated with a
formula solely with the function ¢, as the following are held:

g9(a,b) < 0 implies g(a,b)v(b) > g(a,b)t(b)
and
gla,c) > 0implies g(a,c)V(c) > g(a, c)t(c).

\_/
<)

an be proved exactly in the similar manner, because
n[ (a,0)V(b) + g(a,c)v(c) + g(a, d)v(d), t(a)] < g(a,b)V(b) + g(a, c)v(c) +
,d)o(d) < g(a,b)t(b) + g(a, 0)t(c) + g(a, d)t(d) = u(y).
Theorem 2.3
Via) =u(y*) for 37* €T, v(a) =u(y*) for 34" €. (2.1)

Proor. The whole nodes are divided into the fist-row node {a}, the second-row
nodes {b,c,d}, the third {e, f,g,h} and the fourth {i,j,k,l,m}. The stopping rule v*
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can be constructed for in the following procedure:

We define a stopping rule v* as follows.
(1) For the first-row node {a}, If V(a) = ¢(a) then set v* = {a} else next.

(2) Apply the following to the second-row nodes {b, ¢, d} respectively:

(2-1) If {g(a,b) > 0 and V(b) = t(b)} or {g(a,b) < 0 and v(b) =t(b)} , add b to v*.
(2-2) If {g(a,c¢) > 0 and V(c) = t(c)} or {g(a,c) <0 and v(c) =t(c)} , add ¢ to v*.
(2-3) If {g(a,d) > 0 and V(d) = t(d)} or {g(a,d) < 0 and v(d) = t(d)} , add d to v*.

In case of Fig 1, V(d) = v(d) = t(d) and consequently it is evident that the node d is
included in v*

If {b,c,d} are all added to v* in this procedure, v* = {b, ¢, d}. Otherwise, go to the next
procedure (3). (Henceforth suppose that yv* O {b,d} .)

(3) For the third {e, f, g, h} belonging to a sub tree starting from a node which has not
been added to v* by the procedure (2) (g and h are such nodes provided that v* D {b,d}
in the procedure (2)), apply the following respectively:

If {g(a, C)g(c, 9) > 0and V(g) = t(g)} or {g(a,c)g(c,g) < 0 and v(g) = t(g)},

add g to v*.

If {g(a,c)g(c,h) >0 and V(h) =t(h)} or {g(a,c)g(c,h) < 0 and v(h) = t(h)},

add h to y*.

If both g and h are added to v* in this procedure, v* = {b,d} U {g,h} . Otherwise go
to the next procedure (4).

(4) Since the fourth are all leaves, it is understood that: Then g ¢ ~* implies {7, j, k} € v*
and h ¢ ~* implies {I,m} € v*.

~*, constructed in this manner, satisfies V(a) = u(y*)

Now supposing that v* = {b,d, g,l,m} , the following formulae is held based on the
foregoing construction:

0 and V(b) =t(b)} or {g(a,b) <0 and wv(b) =t(b)}
and V(d) =t(d)} or {g(a,d) <0 and v(d) =t(d)}

0 D=t
(c.9) >0 and V(g) = t(g)} or {gla,c)g(c.g) <0 and v(g) = t(g)}
e.,h) < 0 or V(h) # t(h)} and {g(a,c)glc,h) > 0 or v(h) # t(h)}

Out of these, (i) and (ii) are so self-explanatory that the explanation is omitted.
In addition, in consideration of Fig 1, when

9(a;b) <0, g(a,0)g(c,9) >0, g(a,c)g(c,h) <O,

these conditions are equal to
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Now that,

u(y") = g(a, b)t(b) + g(a, d)t(d) + g(a,c)g(c, 9)t(g)
+g(a,c)g(c, h)g(h,Dt(l) + g(a,c)g(c, h)g(h,m)t(m)u(y")

= g(a,b)v(b) + g(a, )V (d) + g(a,c)g(c,9)V(9) + g(a, c)g(c, h)g(h, 1)t(l)
+g(a, c)g(c, h)g(h,m)t(m)g(a,c)V (c)

= gla,c)g(c, 9)V(g) + gla,c)g(c, h)g(h, D)t(l) + g(a, c)g(c, h)g(h, m)t(m)

are given, we obtain[J

u(y") = g(a, b)v(b) + g(a, d)V(d) + g(a,c)V(c) = V(a).

In other words, it is sufficient to prove,

Vie) = g(c,9)V(g) + g(c, h)g(h, D)t(l) + g(c, h)g(h, m)t(m).

Meanwhile, we learn[]
v(h) = g(h, Dt(l) + g(h,m)t(m)
since
v(h) # t(h),

and finally we have proven
v(c) = g(e, g)v(g) + gle, L)V (h) = g(c, g)v(g) + g(c, h)g(h, D)t(l) + g(c, h)g(h, m)t(m).

Now we know that v* is always constructible with this logic. O

3. Dynamic programming

This subject can also be rehashed as a problem of dynamic programming with
the terminal rewards, as illustrated below. On the following Fig 3, each node has an
indication of an aggregate of the rewards on the path and the terminal, where

tla) = 1, 1(b) =3, t(c) =2, t(d) =6, t(e) = (f)= tlg) =1,
t(h)y = 3, t(i) =-3, t(j) =5, t(k) =1, t(l ) t(m) = 1( bold characters in Fig 3 )

e.g. the reward at e is computed by g(e) = g(a,b)g(b,e)t(e) = (—6) x 2 x 1 = —12
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Fig 2: An original problem (bold : original terminal rewards)
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Fig 3: A rehashed dynamic programming (bold: aggregate terminal rewards)

Those two figures show that U(a) = V(a),u(a) = v(a).

The label of each node shows the maximum (above) and the minimum (below) of the
process reward up to that point. (In Fig 3 valuation is the sum of the labels of the
adjacent nodes.) Thinking this way, we understand that the optimal stopping rule is a set
of « which satisfies U(x) = t(z). In Fig 3 the optimal stopping rule is {b,d, 1, j, k,I,m}.
As an aggregate terminal reward including the path information is given at each node, it
is obvious that the maximum (or the minimum) of this problem of dynamic programming
is identical to the maximum (or the minimum) of the original problem. The optimal
stopping rule of a sub problem with a root of any node composing the optimal stopping
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rule of the problem rehashed as dynamic programming as above, is the node itself
(namely a point set of root). (This is the principle of optimality.) Now we illustrate
that the solution for the optimal stopping rule for original problem and that in the
rehashed problem are substantially the same and thus the optimal stopping rules in
these two problems are identical.

Y

A(©)g(c,9)t(9) @) A()g(c, B)E(h)

Fig 4: A rehashed rewards

In the original problem, let the terminal reward at nodes ¢, g, h be t(c),t(g), t(h) respec-
tively, and let the product of path rewards from a to ¢ ,g(a,s1)g(s1,s2) - g(s,c), be
A(c). Then, the problem rehashed as dynamic programming has the following terminal
rewards:

Let that the label at the node ¢ in the original problem be % and that at the node ¢

in the rehashed problem be Z((CC)) , the following formulae hold between these labels:

Lemma 3.1 If g(a,s1) - g(sk—1,5k)9(sk,c) > 0, then

U(e) U

VO = e aee e - A
o - u(c) o)
g(a@s)) 9(kr,50)9(m 0~ Ale)

If (a7 81) e 'g(Sk—la Sk)g(‘sk:c) < 07 then

B u(e) u()
VO = ) et e - A
o - U(e) _ U

gla,s1)---g(sp—1,5%)9(5k,¢)  Alc)’

O Notation O Suppose g(si, s;) # 0.

PrOOF. We make a proof with backward induction, depending on the location of
node c.
(1) In case node c is a leaf.
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Since U(c) = u(c) = gla,s1) -~ g(sk—1,51)9(sk, c)t(c), V(c) = v(c) = t(c), Lemma 3.1
holds.

(2) In case node ¢ is not a leaf.

Suppose that for the nodes adjacent to node ¢, p1,p2, -, p1, g(c p1) > 0,9(c,p2) >
07 T 'g(capl) > 0; and for q1,92, - ;qﬂwg(c; ql) < O,Q(C, qZ) < 0 (C qm) <0.
When g(a,s1)--g(sk—1,5%)9(sk,c) >0,

V(e)

[ m
= Maﬂf[z 9(c,p)V (i) + Zg(c, g;)v(q;), ()]

1 m
— Maz g(e,p)U (pi) 9(c, q;)U(g)) .
=M [izl 9(a,s1)g(a,s2) -~ g(sk,c)g(c,p;) ; (a,s1)g(a, s2) -~ g(sk,c)g(c qJ)’t( )
because

if g(a,s1)g(a,s2) - g(sk,c) >0, g(c,q;) <0 weobtain g(a, s1)g(a,s2) - - g(sk, c)g(c, ;) <
0 and thus

Vi(gj)
_ U(g;)
gla,s1) - g(sk—1,5)9(sk,¢)g(c, q5)
[ m
_ U(ay)
= Maz Z g(a s1)9 81,82 g (sk,c) + Z g(a,s1)g(s1,52) g (sk,c)’ t(c)]
i=1 j—l
1
— M i U( , . o)t
g(a,s1)g(s1,82) - g(sk,c “ ZUP +Z (@), 9(a,51)g(s1,82) g (s1,)H(C) |
Ule)
gla,s1)g(s1,82) - g(sk,¢)
v(c)
1 m
=min[»_gle,pi)o(pi) + Y 9(c,q;)V(g)), ()]
i=1 j=1
(¢, pi)u(p:) = g(c, qj)ulg;)
= in 7t c
- [Z gla,s1)g(a Sz) -g(sk,c)g(c, pj) Z:: (a,s1)g(a,s2) -~ g(sk, c)g(c, ¢;) (€]
[ m
s u(pi) u(q;)
= min] Z 9(as1)9(s1,53)9(omre) T Z Samat e gt 1) ]
i=1 j=1
1

= PTE mln Z —|—Zu (a,s1)9(s1,82) - g(sk,c)t(c) ]

9(a,51)g(s1,52) - =
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. (o)
g(a,s1)g(s1,82) - 'g(skac)7

thus Lemma 3.1 holds.

When g(a,s1) - - g(sk—1,5%)9(s%,¢) <O,

V()
l m
= Max[z g(e,pi)V(pi) + Zg(ca qj)v(g;), t(c)]

l

_ Maz(y" g(c, pi)u(pi) i g(c, qj)U(sz

— g(a,s1)g(a, s2) - g(sr, )g(c, pj)

= 9(a,s1)g(a, 52) -~ g(sr, )g(c, 45)
! m
_ u(p:) u(g;)
= M‘“”[Z (@s)gGns2)9(sm0) T Z T@sDatnsa) g HO)]
=1 j_]-
1
= mm i)+ gla,s 51,82) -+ g(sk,c)t(c
9@ 5)9(1,52) - g(sm,c ; (p ; (45), 1)g(s1,82) -+ g(sk, ¢)t(c) ]
_ u(c)
9(a,s1)g(s1,82) -+ g(sk, )
v(c)
l m
= minl)_ g(e,pi)o(pi) + Y 9(c,q;)V(g), ()]
i=1 j=1

_mm[Z ENAT aSCZ)Pi)U(Pi) i ENAT ( Qj)U(Qj)

9(sk,c)g(c,pj)
1

— mi U(pi)
= min] Z Gl g(sne) g (ome) T Z Tt 1) ]

1
R R Ma"ZU”’ Z gl g O
_ U(e)

g(a,s1)g(s1,52) -~ g(s1,¢)

and thus Lemma 3.1 holds. a
Lemma 3.2

Ula) = V(a), u(a) =v(a)

PROOF. Let p1,po,---,p be the nodes adjacent to node a

such that

g(aapl) > Oag(aap2) > 07"'g(a7pl) > 0;
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and q1,q2,- -, qm, be the nodes adjacent to node a
such that

g(a7QI) < 07g(a7Q2) < Oag(a’aqm) <0.

Via) = Maz[)_ gla,p)V(pi)+ Y gla,q;)v(g;), t(a)]

i=1 j=1

_ l LUp) & | Ulg)
- Max[;g(a7pl)g(a,pi) +j2219(a7q.])g(a,qj)7 t(a)]

l m
= Maa}_ U+ Ulgy), o) = Ul
l m
v(a) = min[zg(a,pi)v(pi)+Zg(a,qj)V(qa'), t(a)]

j=1

l m
= min[Zg(a,pi) u(p;)z) -I-Zg(a,q]') u(qj). , t(a)]

g(a, g9(a, q;)

l m

= min[z u(p;) + ZU(%’); t(a)] = u(a)

=1 j=1

This completes the proof that the optimal rewards in the original problem and those in
the rehashed problem are identical. O

Theorem 3.1 When g(a,s1) -+ g(sp—1, $x)g(sk,c) > 0,
the following two are equivalent:

V(e) = t(c) in the original problem
U(e) = gla,s1) - g(sk—1,5%)9(sk,c) t(c) in the rehashed problem

Also, when g(a,s1) -+ g(sk—1,sk)g(sk,c) <0,
the following two are equivalent:

v(c) = t(c) in the original problem

u(c) = gla,s1) - g(sk—1, $k)g(sk, ¢) t(c) in the rehashed problem
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ProOOF. It is evident from Lemma 3.1. O

With this Theorem 3.1, the nodes included in the optimal stopping rule for original
problem are included in the optimal stopping rule for rehashed problem and wvice versa.
Therefore, it holds that the optimal stopping rules in both problem are completely
identical.

3.1. Principle of alternate optimality

Theorem 3.2 In the original problem, principle of alternate optimality holds in terms
of the following:

If {s1,s2, -+, sk} is the optimal stopping rule for the original problem,

then the following hold:

Given that the nodes precedent to s; (1 <1 < k) be a,bigy, -, by (1 < i < K).

(1) If g(a,bi(i))g(biiy, bagay) - 'g(bm(i);si) >0,

s; is the mazimum optimal stopping rule for the sub problem T(s;),
(2) 1f g(a,b1(s))g(bigiys ba(i) - 9(bmiy» s1) <0,

s; 1s the minimum optimal stopping rule for the sub problem T(s;).

PrOOF. If Theorem 3.2 is not true, the total optimal value may increase or de-
crease by replacing the optimal stopping rule for the sub tree T'(s;) with another, which
is contradictory to the fact that {si,sa,- -, sk} is the optimal stopping rule for the orig-
inal problem. ad

Theorem 3.3 We construct the optimal stopping rule for the original problem as fol-
lows:
For each node x, let

V(z) = Max( Z g(x,s)V(s)+ Z g(x, s)v(s),t(x)],

g(x,s)>0 g(w,s)<0
v(x) = min( Z g(x, s)v(s) + Z gz, s)V(s),t(x)],
g(x,s)>0 g(x,s)<0

by backward induction,Consider the whole set of node ¢ satisfying

g(a,s1)g(a, 52) -~ g(sk, ¢) > 0 and V(e) = t(c) (v(c) = t(c)),
g(a,s1)g(a, 52) -~ g(sk, ¢) <0 and v(c) = t(c) (V(c) = t(c)),

and, let the factors of such a set which are arranged to exist once on each full path be

{817 52,0, Sk}-
Then, {s1,S2,---,S,} is the mazimum (minimum) optimal stopping rule.

Proor. We shall prove for the maximum case here, since the minimum case can
be demonstrated in the same manner. In accordance with Theorem 3.2, each node
s; (1 <i < k) is the optimal stopping rule for sub tree T'(s;).

Now we consider replacement of one node (e.g. sj)out of {s1,s2, -+, sk} to the set



An Optimal Stopping Problem On Tree 57

{p1,p2, -, Pm} such that s; — p1,s1 — p2,---,51 — Pm,. Then, the reward of the
sub problem T'(s;) given by s; is greater than the reward given by {p1,pa2, -, Pm} ,
and consequently we find that such replacement does not contribute to increase of the
reward of the original problem T'(a).

On the other hand, consider replacement of s; with a precedent node p; (e.g. s < p1)-
As s1 is not necessarily the sole node among {s1, s2, - - -, s } which is subsequent to p;, we
assume that {s, s2,---, s} is subsequent to p; (e.g. p1 = s1,p1 — S2,---,p1 — p) and
that {si+1,Si42, -+, sk} is not subsequent to p;.Then, as {s1,s2, -+, s} is the optimal
stopping rule for the sub problem T'(p;), the reward of the sub problem T'(p;) given
by {p1} is not greater than the reward given by {s1,s2, -, s}, and consequently we
find that such replacement does not contribute to increase of the reward of the original
problem 7'(a).From the above, we find that the stopping rule {sy, s2, - - -, si} constructed
in this manner is the maximum optimal stopping rule. ad
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