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Abstract

We obtain a stochastic approximation of a jackknife variance estimator bfsaatistic
and also derive an approximation of a studentizestatistic, in which we substitute the
jackknife variance estimator. An Edgeworth expansion with remainder txén’nl/ 2)is
established for the studentizéestatistic. Using the Edgeworth expansion, we also discuss
a normalizing transformation which improves the accuracy of the coverage probability of
confidence interval.

Key Words and Phrases: Edgeworth expansion, Gini's mean differen¢¢;decomposition, Jackknife
estimator of variance, Normalizing transformation, Studentlzsthtistics.

1. Introduction

LetXy,---, X, be independently and identically distributed random variables with distribu-
tion functionF (x). Let J(u) be a score function arfeh(u) be an empirical distribution function,
ie.

n
-1
Fa(u)=n i;I(Xi <u)
wherel (-) is an indicator function. Then dnstatistic is given by
T(Fn) = /0 "ErLwI(u)du
whereF; 1(u) = inf{x; F,(x) > u}. T(F,) is regarded as an estimator of T(F)
T(F) = /OlF‘l(u)J(u)du,

andT (F,) constitutes a subclass bfstatistics (see Serfling (1980)). The asymptotic variance
of N(T(F) —T(F)) is given by

0%(3,F) :/j’ /f I(F(u)J(F (1)) [F (min(u,t)) — F(u)F (t)]dudt
For a standardizeb-statistic\/n{T (Fs)) — T(F)}/o(J,F), Helmers (1982) obtained an Edge-

worth expansion with remainder teragn—%/2) and Alberink, Pap and van Zuijlen (2001) dis-
cussed Edgeworth expansion of the standardizethtistic under weaker conditions &fu).
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26 Y. MAESONO

A jackknife variance estimator gf/n(T (F,) — T(F)) is given by

n

6%(J,F) =(n-1) Z[T(Fn;i) —T(Fn))? @)

whereF,; is an empirical distribution function based on a sample-efl points withX; left out.

Parr and Schucany (1982) show tldgt(J,F) is a consistent estimator of(J,F) under some
regularity conditions. Shao (1991) also showed the strong consistency of the jackknife variance
estimator for a generalizedstatistics, which is proposed by Serfling (1984) and incltdés).

In this paper we will obtain a stochastic approximation of the estim@f¢d, F) and study an
Edgeworth expansion of the studentidedtatistic

VT (R) -T(F)}
6(J,F) ’

Let us define "
K(u) = / J(v)dv.
0
Boos and Serfling (1979) (see Serfling (1980) p.265) showed that

T(R)-T(F) = - [ [K(R(w) ~K(F(w)]du @)

Using this form, we will discuss asymptotic properties of the jackknife variance estimator and
the studentized-statistic.

In Section 2, using the form (2) and th&-decomposition, which is due to Hoeffding
(1961), we will obtain the stochastic approximation of the jackknife estim@t¢d, F) with
remainder terno_ (n~%/2) where

P{|o.(n"*/?)| = en*Z(logn) "'} = o(n~*/?) @)

for some constant > 0. We will also obtain a stochastic approximation of the studentized
statistic. In Section 3, we will discuss the Edgeworth expansion with remaindenoferri?)

and obtain a normalizing transformation that improves the convergence rate of a confidence
interval forT (F).

2. Stochastic approximation of jackknife variance estimator and studentized.-statistic

In the sequel we use one symhml(n‘l/z) which satisfies the equation (3). Note that
oL(n"Y2) 4o, (n"¥?) ando, (n~Y/?)o, (n"1/?) are als, (n~1/?). From the Markov’s inequal-
ity, if E|[R® = O(n~1/2-9/2-9) (a > 0,8 > 0), we have thaR = o (n~%?). We will obtain
stochastic approximations of the jackknife variance estimator and the studebht&tatistic
with remainder terno, (n~%/2).

First we obtain the stochastic approximation of the jackknife variance estidatdsF ).
Let us define

k(ut) = F(min(u,t))—F(u)F(t)
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and

=[] PE@)IEONT6GWIGD —ku}
+2J(F(u))J(l)(F(t))k(u,t)f(Xi;t)}dudt
wherei(X;u) = I(X < u)—F(u). Then we have the following stochastic approximation of
G62(J,F).
Theorem 1. Assume thatM)(u) is bounded for0 < u < 1 and J@ (u) satisfies a Lipshitz

condition for orders > 0, i.e. |3? (u) — 3@ (v)| < H|u—v|* for someH > 0. If

[ Fua-Fu <,

we have
n

FOF)=c*QF) 407§ ar(X)+ o (n"Y/2),

It is easy to see thad[a (X;)] = 0. Using this stochastic approximation, we can discuss
asymptotic properties ofi?(J,F) and obtain the Edgeworth expansion of the studentized
statistic.

Since the Edgeworth expansion has a bounded derivatiRé|® > n—1/2¢,} = o(n~1/?)
for &y — 0, we can ignoreR when we discuss asymptotic distribution with remainder term
o(n~1/2). Using the stochastic approximation of the jackknife variance estingg@r,F), we
will obtain an stochastic approximation of the studentikestatistic,/n{T(F,) —T(F)}/
6(J,F). Let us define

n - _%/fJ<1)<F<u>>F<u><1—F<u>>dU»

~ [ aF@)TOG U

2 (X, X)) = / Ji Xi; u)l (Xj; u)du.

Then we have the following theorem.

01(Xi)

and

Theorem 2. Under the same conditions of Theorem 1, we have
T(Fn)—T(F)
= n'n+ ”l_igl(xi) + nfzg 92(%, Xj) +n 2o (n"1/?) 4
1= 2
and

6(J,F)=0(J,F)+ nli 2?((;% +o,(n"Y?). (5)
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Using these stochastic approximations, we can obtain a stochastic approximation of the
studentized.-statistic. Let us define

n Efa(X1)091(X1)]

U T GEFR) T 20%0,F)
i = c?(la()(F))
and
92(X7y)

V2(X,Y) ){Ofl(X)gl(Y) +a1(y)01(X)}-

o(J,F) 2030J,F
Thus we have the following theorem.
Theorem 3.Under the same conditions of Theorem 1, we have

V(T (Fn) —T(F))
6(J,F)

n

N 2040 Y25 v (X) +n732 5 va(X, X)) + R
3 2

where
P{|Ra| > n~Y2g,} = o(n~*/2)

for gy — 0.
Theorem 3 shows that the studentiZedtatistic is an asymptotit -statistic. For the
asymptoticU-statistic, Lai and Wang (1993) obtained an Edgeworth expansion. Using the

stochastic approximation of Theorem 3, we can obtain the Edgeworth expansion of the stu-
dentizedL-statistic.

3. Edgeworth expansion and normalizing transformation

Let us assume the following conditions.

(Cl) E{|V1(X1)‘4+ |V3(X1,X2,X3)‘4} < 00 andoz(J, F) > 0.
() limsupy . |[E[exp{itvi(X1)}]| < 1.

Let us define

ks = E[VJ(X)]+3E[vy(Xa)va(Xo)Va(Xe, X2)],
2 _
Pu(x) 7’(3()(6 D

and then it follows from Lai and Wang (1993) that
VHT(R)-T(F)} 1y
— <
P{ 5(3.F) nors X}
= ®(x) —n Y2@(x)P(x) + o(n"/?).
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Thus expanding with respect to'%/2t, from the standard argument (see Petrov (1995) p.16),
we have the Edgeworth expansion\gh{T (F,) — T(F)}/&(J,F) as follows.

Theorem 4.If the conditions of Theorem 1 ai, C, hold, we have

sufp PG o <o -] ot

where
Qn(X) = P(X) = 2@ {P1(X) + T}
As pointed out by many authors, we cannot improve the convergence rates by inverting
the above Edgeworth expansion. Konishi (1981) and Hall (1992) proposed normalizing trans-
formations which remove bias and skewness. Here we consider the transform@ji@rhich

satisfies SRR _T(F))
n ~1/2
sgd {n( 50.F) ) gx}—m(x)‘fo(n /2y, (6)
Using this transformation, we can construct a confidence interval B, which improve the
convergence rate.

Fujioka and Maesono (2000) have obtained the normalizing transformation for asymptotic
U-statistics. Applying their result, we can get the transformation which satisfies the equation
(6). Let us define

1

1
p = —BE[VE(Xl)} = 5EVa(Xa)va(Xe)va(Xe, X2)],
1 1
q = 6E[Vf(xl)] + 5B (X)vi(Xe)va(Xe, X2)] —
and p andq are consistent estimators pfandq, which satisfy
nY2p=n"2p4+o (n"Y?) and nY24=n"Y2q+o (n"Y?). )
Define
P
e —s+ L+ 4 +3 s3 8
() = Vi f ®)

Then, from Fujioka and Maesono (2000), we have the following theorem.
Theorem 5.1f the conditions of Theorem 4 and the equat{@hhold, we have

s {r(TRITE) ot -t )

Let us define
m(uy, Uz, uz) = F(min(uy, uz,u3)) — F (ug)F (min(up, us))
—F (uz2)F (min(uy, ug)) — F (uz)F (min(ug, uz)) + F (u1)F (U2) F (Us),

T o) @) )

xm(Uz, U, Uz)durdipdus,

L)L IFIF I Fus)

xk(uz, up)k(ug, uz)dudupdus.
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Then, from direct computations, we have

E[g1(X1)a(X1)] = e1+ 2ey, E[Vila.(xl)] = #’
E[v1(X)va(X2)va(Xe, X2)] = — 03817,:) - Gs(eZJ,F)’
"= 0. 20%0F) M K= mEE

For p andqin the normalizing transformation, we have

_et3e n
and =550 " oa.F)

_ 2e1+3e
~ 603(J,F)

Substituting the empirical distributiof,(u) in the definitions of,e; ande,, we can get the
following estimators), & andé,:

A= [ 30 () Fn(U) (1~ Fa(u))dluy ©)

R(u»t) = Fa(min(u,t)) — Fa(u)Fn(t),

M(ug, Uz, uz) = Fy(min(ug, Uz, us)) — Fa(u1)Fa(min(uz, us))
—Fn(u2)Fy(min(uz, uz)) — Fa(uz)F(min(ug, up))

+Fn(U1)Fn(U2)Fn(U3),
1= ‘/_i /_0; /_0;‘J(Fn(ul))J(Fn(Uz))J(Fn(Ug))
x MUy, Uz, uz)dupdpd ug, (10)
€ == /:, /:, ./:,J<Fn(“1>>J(Fn<Uz>>J“>(Fn(u3)>

xR(ul,uz)R(uz,u3)du1du2du3. (11)

Inverting the transformatior(s) in (8), we have a confidence interval ©fF) with con-
fidence coefficient — a. The inversion is given by

i(t) = \@{1+ 30 i)}1/3— vn

Then we have the following corollary.
Corollary. If the conditions of Theorem 4 and the equat{@hhold, we have

P{T(F) - 3z 2 < T(R) < TG + 14z

>

)

= 1-a+o(nt?)

wherez, /, is an uppera /2-point of the standard normal distribution.
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Then the above confidence interval has a second order accuracy. It is easy to show that for
fixedzy 2
_ pZ ,+4
n l(za/z) R Zyj2— #

Examples.

(1) For the score functiod(u) = 1, the corresponding-statisticT (F,) is the sample mean and

it is easy to check that the conditions for the score function in Theorem 4 and 5 are satisfied.
From direct computation, we have

n=0, o%J,F)=Var(X;), e=E[{Xi—E(X)}®] and e=0.
Thus we can apply Theorems 4 and 5 to the sample mean.
(2) We consider the score functidfu) = 4u— 2 and the correspondinf(F,) is the Gini's mean

difference. It is easy to check that the conditions for the score function in Theorem 4 and 5 are
satisfied. Since

n=-2[ Fu{l-Fu}du

the biasn is always negative. If the underlying distributi®i(u) is N(u, c?), the biasn =
—2v/20. The asymptotic variance is

2 _ ° t _ _ _
a(J,F)_s/_ /_ (2F (t) — 11{1— F () }{2F (u) — 1}F (u)dudt

If the underlying distributior (u) is N(u, 02), using the integration by parts, we can show that

16 40/3 16 4
2 _52(10 =,
I F)=0 (7‘[ 3 +ﬁ+3)'
It may be possible to calculag andey, if the underlying distribution is normal. For construct-
ing the confidence interval, we do not need to obtain explicit forms8,F), n, e; ande,.
We can use the estimatad2(J,F),7,& andé& in (5), (9), (10) and (11).

4. Proofs

First we review the moment evaluations of tHedecomposition, which is very useful for dis-
cussing asymptotic properties of statistics. Léts,---,X ) be a function which is symmetric
in its arguments anB[v(Xy,---,X/)] = 0. Let us define

pl(xl) = E[V(X11X27"' aXf)]7
P2(x1,%2) = E[v(X1,Xz, -+, X)] = pr(xa) — pa(X2), -,
and
r—1
Pr(X1,X2, e ,Xr) = V(X17X27 e 7Xr) - z ; pk(xi17xi27 e axik)
k=1C

wherey ¢, indicates that the summation is taken over all integgrs- , iy satisfyingl <i; <
--- < ik < n. Then we can show that

E[pk(xlv"' 7Xk)|xla"' 7Xk—1] :0 as. (12)
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and ] ‘
; VX, X ) = S (?_k)/\" (13)
where

Ak:(‘z Pk(x|1> 7Xik)'
n.k

Using the equation (12) and moment evaluations of martingales (Dharmadhikari, Fabian and
Jogdeo (1968)), we have the upper bounds of the absolute momextsisffollows.

Lemma 1. For g > 2, if E|v(Xy,---, X% )|9 < o, there exists a positive constaBdf which may
depend orv andF but not onn, such that

E|Al? < Cr2E|p(Xy, -+ X, )| (14)
Proof. See Fujioka and Maesono (2000).

Next we will obtain moment evaluations f#,(u) — F (u)| and|Fy;i(u) — Fy(u)|. From the
definition we have

Fyi (U) — Fn(u) = —nfllf(xi;u) + n(nl_ 1 Jnlr(x,-;u). (15)
Thus we have the following lemma.
Lemma 2. Forr > 2, we have
E|Fa(u) — F(u)|" < Cn"/2F (u)(1 - F (u)) (16)
and
E[Fri (U) — Fn(u)|" <C(n—1)""F (u)(1—F(u)) (17)

whereC is a constant.

Proof. Since .
Fa(u) — F(u) = nfl_Zf(X;; u)

and|l (X;u)| < 1, it follows from Lemma 1 that

E|[Fn(u) - F (W' G u)lf

cn"2E|T(X;;
Cn2E[I (X u))?

< |
< [
Cn"2F (u)(1—F(u)).

From the equation (15) and the Minkowski’s inequality, we have

[E|Fi (U) — F(u)|'T/"
rq1/r 1 n . _
|7+ [E‘n(n_l) Jle(x,-,u)

< [e[-24i0cw

r} 1/r.
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Sinceli(X;u)| < 1, we can show that
1 - r ~
E|—=106u)]| = (-1 ENOG I

< (n=1)Eli(X%;u)l*= (n—1) "F(u)(1-F(u)).
Further from Lemma 1, we can get

E’; i r(x--u)(r —cn ' (n— 1) 2E|{ (X u)[f

nin-1) & " ’

< C(n—1)"¥2F(u)(1—F(u)).
Thus we have the desired result.

Proof of Theorem 1. Let us define

A = /JFn )[Fi (U) — Fn(u)]du,

I
\
L.
:T'
:T‘
\_/
5"'
—~
™
o
c

and

Then we have
(n=1) 5 [T (Fni) — T(Fa)]?
i; nl n
n . . . . .
= (=D A 2ATA) (AP (R
=
+2A)RY +2A) R} (18)

We will study each term precisely.

[(n—1) 514 (A))2)
Hereafter, for the sake of simplicity, we ugenstead of[,. It follows from the equation (15)
that

n

(n—1) Z(A&”f

_ il //J Fa(U D% u)T (1) dudt
D lezl//J (Fa(u (% wi(X;;t)dudt
_ //J (Fa(u FO%; u) (X t)dudt

n(n—1 ;/ J(Fa(u T4 i(Xj;t)dudt (19)
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Let us define

a - i; [ [ 3F @) 3R T06;6i06 ) dudt
@ = }n//J<1>(F(u))J(Fn(t))[Fn(u)fF(u)]l~(><a;u)|~(xi;t)dUdL

& = 5 //J Fn() F (u)]2T(%; u)l(%; t)dudt
and
= ,112 / / [J“)(F*(u))—J<2>(F(u))]J(Fna))%[Fn(u) _F(u)?
xT(X;u)l(%;t)dudt

whereF; (u) is betweerF,(u) andF (u). Then expanding arourfé(u), we have

ié/ I(Fa(u))I(Fa(t)T(X; u)i(;t)dudt
= ay+atazta.

Further let us define

by — rllzl Y EGOE GO AIEIET

by = En //J(F(u))J<1)(F(t))[Fn(t)—F(t)]f(Xa;U)r(Xa:t)dUdt

by — / [ 3F @) F@) S [Falt) ~ FOT06 )06 dud
and
53 [ [AE@E ) 32O 5RO - FOF

xT(%; u)(X;t)dudt
whereF;*(t) is betweerF,(t) andF (t). Then expanding arourfél(t), we have
a; = by +by+bz+ba.

From the Lipshitz condition and boundedness of the score fundtignwe have
Elbs| < n—lczl//E [IFn(t) — F (£)[257(%; u)T(X; ) dudt
From the Hblder’s inequality, we get
E[[Falt) = F (O SIT0G wT(x:t)

< {EIRm-For} fEiocuir)
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It follows from Lemma 2 that

E[IFn(t) —

Further we can show that for<t

a normalizing transformation.fstatistics

F()|%%) <Cn 2 SF(t)(1—F(t)).

ENN(X;u)i(%;t)[?

IN

AF (u)(1—F(t)

Therefore, we get

I/t
or- //q
ILE

- //q
e

IN

IA

)
Fu@-FU){
)

1-F(t)—2F(u)+3F(u)F ()}

O BTG} dudt
1/2
()F(W(L-F(1)} " dudt
FO(L-F(u ))}1/2dudq
(- F )} dud

F(t)(1—F(u ))}l/zdudt]

— cnt 5/2{/{F(u)(17F(u))}l/zdu}

— O(nflfs/Z).

Thus we havé|bs| = O(n™
Forb; we get

1—5/2) =0(n~

*12// IF

For by, we have

b, =

YIEGT

+n_zzl§//J(F(u))J

= *ZZZ.Jrn*l//J
+n*2(Z //J

1/271/275/2) andb, = OL(nfl/Z)_

) {6 w (X, t) —k(u,t) }dudt
F(X;u)i2(X;t)dudt
F ()X u)T(6; 1)(X;;t)dudt
)(1—2F(t))k(u,t)dudt
TG WX HT(X5t)

(X u)i (Xj;t)r(xi;t)}dudt

35

(20)
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//J (X u)2(X:t)

7(172F(t))k(u,t)}dudt

where

It follows from the conditions of Theorem 1 that
2 2 2 2
C/-~~/E (X i2(X:t d dt
\k|'|l (06w [ 206310 ] uﬂ :
C/ / |‘| ET(X; \4J‘IIE|| (X:t,)] } |_|dukﬂdtg

CkEll/{F(Uk)(l— F(Uk))}l/“dwﬂ/{F(tg)(l— F(t,))}¥4dt,

< 0o,

Elz[?

IN

IN

IN

SinceE(Z;) = 0, we have
no2
E|n2 lei‘ —o(n %) = o(n" Y2 1-32)
i=
andn2y" ,Z = o (n"Y/?). Here we get
E [f(Xl; Ul (X H)T(Xait) +T(Xe; U>r(Xz;t)r(X1;t)’X1 = X]

= k(ut)i(xt).

Thus it follows from theH-decomposition that

_zg //J TG WX DT(X5t)

H(X;; )r(xj;t)rm;t)}dudt

- *12\//J u, )7 (X t)dudt
+n’2(§ //J 1)K (%, X;;t;u)dudt 21)
where
K" (X, Xj;t;u)
= TOGOTG DTG U) +T(Xu) = k(u, ) Tt +T(X ) )
Similarly we can show that

by — Zi//J )3@)(F (v))k(u, V)F (v) (1 — F (v))dudv

+n*22 //J u, V)T (X; v)T(Xj; v)dudv

+oL(n"Y/?) (22)
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andby = o (n~Y/2).

For ay, let us define
2n n -
ci=n Ja Xi;u)l (Xi; v) [ (Xi;u)dudv
=ty 1// DI W4 TXg: )

and

-3

S S [ [ 30 ()30 (F )04 ) 6 WT(Xw)
JZZ// u v u i

k=1

:M:

x [ (Xe; v)dudv

Then, similarly asy, we have thasy = ¢; + ¢, + 0, (n~1/2). UsingH-decomposition, we can
show that

o = n‘1//J(l)(F(u))J(F(v))k(u,v){l—2F(u)}dudv
+n1ii [ 3% F@)3F @)k o6 ududy
+n‘2; //J(l)(F(u))J(F(v))k*(Xi,Xj;u;v)dudv
+oL(n"Y?). (23)
Similarly we have
*1//\1 F (v))K2(u,v)dudv
n2 2//J ()3 (F (v) k(u, )T (% W) (X5 v)dudv
+o|_(n*ni/2). @4)

Further forag, we can show that
- 271n//J(Z)(F(u))‘](F(V))k(UvV)F(U)(lfF(u))dudv

nfzg /'/‘J(Z)(F(u))J(F(V))k(U»V)r(XﬁU)r(Xj;u)dudv

+oL(n"Y?), (25)

Itis easy to see thaiy = o, (n~1/2) and, similarly tobs, we can show thais = o, (n1/2).
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We will consider the second part of (19). Let us define
a = —n(nzl); //J(F(u))J(Fn(v))r(Xi;u)r(Xj;v)dud\;
i p 2 ][I F@IEE© - Fo)

8%
\

% = e 2 [ %[Fnu F ()2

% = g 2 [ é[ﬁ() Fu)?
< (X; u)I(XJ v)dudy
% = g 2 ][OV - EE)

1

x = [Fa(u) — F (W)]3T(X; u)[(X;; v)dudv

&l

whereF; (u) is betweerf,(u) andF (u). Then expanding arourfé(u), we have
2 ~ ~
_n(nl)22//J(Fn(u))J(Fn(v))I(Xi,u)I(Xj,v)dudv
= qt+aHtagt+a;tas

Similarly asa;, we can show that

& = —”2%2//J(F(U))J(F(V))|~(Xa;u)f(Xj;v)dudv+ o (n"?).

Further we can show tha, a3, a; anda;; are allo, (n~/2).

[(n—1) 57, 2A0A)]

It follows from H-decomposition and Lemma 2 that

-1 izA;“Ay
= (n-1) Z//J Fa(u N)[Frii (U) — Fn(u)]
[Fn.( ) — Fn(V)]?dudv
— (-1 Zi/ I(Fa(u F(%; u)i2(X;;v)dudv

+oL(n"Y/?).

(26)
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Similarly to a;, we can show that

n . .
(n—1) Y 2AVAY (27)

= - //J(F(U))J(l)(F(V))k(u,v)(l— 2F (v))dudv+o (nY/2).

For the rest terms of (18), we can show thantn—/2). Here we considein—1) Z?leA(li)Rw.
Here we have

n . .
E\(n—l),ZZAQ”R.%'H < 2n(n-DEAYRY)|

< 2n(n—D{E(AY)%E(RY)2H2,

From Lemma 2, we can show that

J(Fn(u))I(Fa(V)) [Fra (u) — Fa(u)][Fra (V) — Fn(V)] }dUdV
1/2

(u)] E[Fn;l(v)_Fn(V)]z} dudv

_ / / {F (L F () F2{F () (1~ F ()} 2dudv

INA
0O
\
|
H —~— A=
m
EL
/"'\
3-”

IA
Q.
>

Similarly, it follows from the Lipshitz condition that
E(Rél))z

¢ [ [ E{IFualv) ~ Fol)P1Fa(v) ~ Fa()***}dudv
c / [ {ElFns(w) ~ Fo(w) el s (v) ~ Fo( 672} duv

76 25)

IN

IN

Thus we have

El(n—1) 5 247'RY| = O(n*)
andson—1)5, 2A(1i>|:\>,<1i> =o (n1/?),

From (20)(27), we have Theorem 1.

Proof of Theorem 2. Let us define
4 = —/J(F(u))[Fn(u)—F(u)]du,
& = —5 [IVEWIRM-FWP

d = 3 [IDFW)F) ~F )]y
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and 1
= 5q [ IV FW)FW - F () du
Under the conditions of Theorem 1, it follows from Lemma 2 that

E(ﬁ{T(Fn)T(F)}idi‘z
c// \Fn (U)|*3|Fn(v) — F (v)[*Sdudv

—3 S)

IN

and then .
VT (Fo) —T(F)} = VA3 diou(n ).

It is easy to show that

d = —= Zi/J
% = /J (- F (u)du
T 21/‘] W){(%; u) — F (u) (1~ F () }du

n—zng ) (F ()T 0O%; u)T (X u)du

= g3 [IIFA-FW)IGU
—n3(§/\] ) (F (u))T(%; u) (X5 u) (X u)du

_~_n71/20L(n71/2)
andd, = n~%20, (n~%/2). Thus we have the equation (4).

Using Taylor expansion, we have

1 . 2 1 5 50
=0+ —(6%2-0%)— —(6%°-0%)2%+-—
20( ) 803( ) 5

where(o*)? is betweero? andg?. Let us define

n

Dlz.zlal(xi) and Dzzg C{z(xi,xl‘).
1= n,2

Then we have

62— 0?=n"15+n"'D1+n"2Dy+0 (n"Y?).
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Using Lemma 1, it is easy to see that

n~?Df = n'E[af(Xy)] + n‘zg 201 (%) a2(X)) + o, (n"Y/2).

Similarly we can show that

1/2
E|n—3DlD2|2+£/2 S n_6_3£{E‘D1|4+£E‘D2‘4+8}
— O(n7373£/4)
and them~3D;1D; = o, (n~Y/2). We also haver*D3 = o (n~*/?). Thus we have

(62— 0?)2=n"'E[a?(X)]+n? g 2a1(X)a1(Xj) + oL (n"Y3). (28)

Sinceo > 0, we have

P{’ﬁ(dzf 02)3’ > n‘l(logn)‘l}
< Pllo’|< 50} +P{ 2|62~ o?[ = nt(iogn) 1},

It follows from |(0*)? — 02| < |62 — 02| that

P(l(0")°~0? > 20%)

< P{6*—0? > S0} =o(n ).

If we can show that62 — g2)3 = o_ (n~%/2), we have the equation (5). It is easy to see that
P{In"1D10. (n"¥?)| > n~Y(logn)~1}

P{In"'Da| > 1} +P{JoL(n"?)| > n"*(logn) "}

o(n~%?).

IN

Similarly we get—2D,0. (n~%?2) = o, (n-¥/2). Further applyind-decom-
position, we can show that

n‘lDln‘zg 2a1(X)a1(Xj) = o (n"Y?)
n,2

and
n’zDzn*Zg 2a1(%)a1(X;) = o (n"Y/2).
2

Itis easy to see that 2E[a?(X1)|D1 = o, (n~Y/2) andn—3E[a?(Xy)]D2 = o (n~/?). Therefore
we have(62 — 02)% = o (n~/2). This completes the proof of Theorem 2.
Proof of Theorem 3. Since the studentizdd statistic is a special case of the ratio statistics and

for the ratio statistic, Maesono (2003) has obtained the stochastic approximation with remainder
term oL(n—l/Z). Then applying the result of Maesono (2003), we can obtain Theorem 3.
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Proof of Theorem 4.From Lai and Wang (1993), we have

V{T(Fn) —T(F)}
P{ 5(3,F) < X}
- IR TEN ey o)

= ®(x—nY21) —n2p(x—nY21)P (x—n"Y2T)
—np(x—n"Y21)Py(x—n~Y21) 4 0o(n"/?).

Using Taylor expansion, we can easily obtain the Edgeworth expansion of the studéntized
statistic.
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