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Abstract

This paper discusses a perception-based theory for a multi-variate stopping problem with
a monotone rule by Yasuda et al. (1982). The problem is developed by using the percep-
tive analysis of the previous work(Kurano et al. (2004)). We will show a recursive equation
which determines the perceptive value of its equilibrium point for the model.

Key Words and PhrasesEquilibrium point, Fuzzy perception equilibrium payoff, Fuzzy perception stop-
ping problem, Monotone logical rule, Multi-variate stopping problem.

1. Introduction

In a social life or in business, a group decision-making cannot be avoided and be carried
up by taking each individual opinions into the whole group decision. In our previous works(
Yasuda et al. (1982)), the multi-variate stopping problenpiplayers > 2) has been formu-
lated. The key point of a group decision at each stage is to sum up each individual declara-
tion(opinion) by cooperating a monotone logical rule in order to make the group decision, that
is, "stop” or "continue” the multi-variate stochastic process.

In order to review the result and extend it to our fuzzy model, we firstly consider the
following processes: LeX = (Xy,---,Xn) be a sequence gFdimensional random vectors on a
probability spacéQ, %, P). The planning time horizon il and p means a number of players.
That is,Xn = (X},---,XP),n=1,--- ;N with X! (i = 1,---, p) a payoff for playeri when the
process have stopped at stage

To describe an individual declaration of each player, let us cong@ids-valued,{X}-
adapted procest = (di,---,dy),i = 1,---, p. Such a sequenc®, called an individual strategy
for playeri, is interpreted as follows: On the basis of the observed Vdue - , X, at stagen,
the decisiord@, = 1 means that playerdeclares to stop the process zdhd; O is otherwise. The
set of all individual strategies of playewill be denoted byD' (X) depending orX = {Xi\ n=
1,---,Nji=1,---,p}

A {0,1}-valuedp-variate logical functionr= ri(x!,--- ,xP) : {0,1}P — {0,1} is said to be
monotone iff(0,---,0) =0, 71(1,--- ,1) = 1 andr(x},--- ,xP) < m(y*,- - - ,yP) whenevex' <y
for eachi (Fishburn (1971), Yasuda et al. (1982)). A stopping time of the process is defined by
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P
the individual strategy and the monotone rule: For dny (d*,---,dP) € D(X) := |'|D' (X)
i=

with d' = (dj, - ,dy,) € D'(X),i =1, .,p,
tn(d) £ { smallestn such thavt(dy, - ,dP) = 1}

withd = (d';i =1,---,p),d = (di;n=1,--- |N). Thus, the expected payoff of playefor
X= {Xf‘v n=1,--- N,i=1,---,p} with the individual strategd under the monotone ruleis
defined byE[X| 1.

Under the assumption that the value of random vectors is known to all players, an equilib-
rium point*d = (*d},--- ,*dP) € D is explicitly given and its corresponding equilibrium payoff
is calculated by a recursive equation of Dynamic Programming in Yasuda et al. (1982). Here-
after the above problem will be denoted by PRO®r,N} to distinguish it from a perceptive
model given in the sequel section. In many practical situation, we are often forced with the case
that the value of the sequence of random variable is partially observed by dimness of perception
or measurement imprecision. In order to treat with such a situation, we use a fuzzy percep-
tion function(Baswell/Taylor (1987)) by which the perception level of each random variable is
represented.

In this paper, we give a fuzzy perception model F-PR&BT,N} which extends a proba-
bility model PROBX|m,N} and characterize the perception value of each player’s equilibrium
payoff. The payoff can be calculated by a fuzzy recursive equation. This problem is motivated
by Zadeh'’s paper(Zadeh (2002)) on a perceptive-based probability theory in which the percep-
tion value of the objective function under possibility constraints is introduced and calculated
using a generalized extension principle.

The perceptive analysis developed in this paper is related to our previous works. A model
of stopping problems is formulated in Kurano et al. (2004) and that of Markov decision pro-
cesses is in Kurano et al. (2005a) and Kurano et al. (2005b). However the basic assumption
implemented in the previous stopping problem is different from this paper. The model which
we want to consider here is restricted within two decision case, th&b,is}. Its general for-
mulation of a fuzzy decision case seems to be a quite difficult.

2. A fuzzy perception function and a pseudo order

In this section we will give some notion and the definition of fuzzy perception functions.
Also, a pseudo order on the set of fuzzy sets is described because the fuzzy perception model
for multi-variate stopping needs this notion.

For any setA, a fuzzy set orA will be denoted by its membership functi@n: A —

[0,1]. The a-cut of & is given bya, := {x € Aja(x) > a}(a # 0) and, fora =0, & :=

cl{x € Ala(x) > 0} where cl means the closure of set. For other notions of fuzzy sets, refer
to Dubois/Prade (1980), Zadeh (1965). [Febe the set of all real numbers a@(R) the set

of all fuzzy sets orR, andR C Z (R) the set of all fuzzy numbers dR, i.e.,T € R means that

TR — [0,1] is normal, upper semi-continuous and fuzzy convex and has a compact support.
Let C be the set of all bounded and closed intervaloThen, for any € R, it obviously holds
thatfy € C(a €[0,1]). So, we writefq = [Tq, Tq]| (0 € [0,1]) as a closed interval. A map

X :Q — Ris called a fuzzy perception function(Baswell/Taylor (1987)) or a fuzzy random vari-
able (Puri/Ralescu (1986)) if, for eachandw, the closed intervaXy (w) = [ Xq (W), ™Xq ()]

is endowed with each measurable end points.
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Let denote all of integrable random variable @, %, P) by 2". For any fuzzy random
perception functiorX, its expectatioreX € R is defined by

EX(x) £ sup{E(X)(X); X € Z7,E(X) =x}

provided thatfi(X) is a fuzzy set on2” and fi(X)(X) = infueq X(w)(X(w)) for all X € 2.
Obviously, we have

E() = | [ () dP(@), [ (@) dP(0)
Next we define a binary relatiog on.# (R) as follows.

Definition 2.1 For anyS;7 € #(R), a relations < 7 holds if both of(i) and (ii) are satisfied
simultaneously:

(i) Forany xe R ande¢ > 0, there exists ¥ R such that x< y ands(x) < F(y) + &.
(ii) Foranyye R ande > 0, there exists x R such that x< y ands(x) > F(y) — &.

This binary relation is an extension of the well known partial order called the fuzzy max
order(Ramik/Rimanek (1985)). We should prove its property of pseudo ordering.

Lemma 2.1 The binary relatiornx is a pseudo order or# (R).

proof. First it trivially holds thaS< Sfor Se .# (R). The next is to show the transitivity. Assume
thatS< t andt < 7 for §t,7 € .#(R). FromS< t it follows that for anyx € R ande; > 0, there
existsy € R which satisfyx < y ands(x) < t(y) + &;. For thisy, we selecz € R ande, > 0 with
t(y) <T(2) + & andy < zsincet < T. Thus, we hava(s) < (z) + & + & with x < z. Similarly,
there existx € R such tha§(x) > (z) — € andx < zfor anyz € R ande > 0. These shows that
S< T, which completes the proof. O

3. Fuzzy perception model of multi-variate stopping

In this section a fuzzy perception model for multi-variate stopping problem is defined.
Before the definition, we need a next assumption on the given probability space which is impor-
tant to show the continuity of random vectors. This cause the determination of each individual
decision.

Assumption 3.1 The probability measure P with underling space, %, P) is assumed to be
non atomic.

Let denote by.2 P*N the set of allN-dimensional row random vector whose elements
are mutually independemt-dimensional column random vectors. That is, a random variable
X! € 2 means a payoff for playeis= 1,---, p at time-parameten = 1,--- ,N. Composing
each of time stage and whole of players payoff, it is constructed as

Xp= (X}, XD T € 2P andXl € 2
2 PNL X = (X,---,Xy) | are mutually independent for=1,--- N,
|:1, 7p

where(---)T is the transpose of a vector.
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Definition 3.1 An individual stopping strategy fun_ctioﬁ of player (i=1,---, p) are defined
asthema@' = (&;n=1,--- ,N): X € 2PN . D\(X).

We denote byA' the set of all individual stopping strategy functions of pIayandA =
ne lA' Simply call 3 € A as a stopping strategy function. Dét= (X;;n=1,---,N) be a

sequence op-dimensional fuzzy perception function witk, = (Xrﬂ). For anyd = (5‘;i =
1,---,p) € A and a monotone rule, the d-stopped fuzzy perception payoff of playér =
1,---,p) is afuzzy set ofR and defined by

V/(3)(x) £ suppg (X) (3.1)
XeA
where the supremutd € Ais taken all over on the range of set

A= {X c g PxN ’ E (><tin(5(x))) :X}

and B B
Hg(X) 2 Inf Xa(Xa(0)) A+ A X (X(0)) (32)

andXn(Xn(@)) £ X3(XH(@)) A+ AXE (X (@)
The stopping strategy functiod = (*0';i = 1,---,p) € A is called an equilibrium point
(cd. Vorobe'v (1977)) if for each(i = 1, - -, p) it holds that

V(') =V (57/8) (3:3)

forall & € A, where*5~1/8' £ (*81,... ,*0'~1,8' *6'HL,... *5P).

The objective of our fuzzy perception problem is to find an equilibrium p@ir¢ A and
to calculate the equilibrium fuzzy perception paydffd)(i = 1,---, p). This problem will be
denoted by F-PROBX|m,N} in the afterwards.

4. Equilibrium fuzzy perception payoffs

In order to discuss F-PRQE|m,N}, we need the following results on PROB|m,N}
given in the previous work(Yasuda et al. (1982)).

For anyp-dimensional random variabléX, = (Xl;i=1,---,p);n=1,--- ,N}, we define
a sequence of vectofs, = (Vi;i=1,---,p);n=1,--- ,N} inductively by, for each=1,--- , p,

{ Mle_(Xﬁ‘)_ . . _ . . (4.2)
Vap1 = Vn+ @' (Vo Xn-n) EQXy_n = V) = B' (V| Xn-n) EQOQy_pn — V)~
where .
a'(Va|Xn—n) = P| (Cr]]_, “la, 1, |C|+17--- 7|C,‘,’) =1], (4.2)
B! (Va|Xn—n) = P[m(lct, -+ , d;l,o, lgist, o lep) = 1] (4.3)

andC) = {X,{'H, > v,%}(j =1,---,p) andla is an indicator of sef.

Lemma 4.1 (Corollary 2.2 in Yasuda et al. (1982pr a sequencgvy} given in(4.1), define
a strategy'd = (*d') with *d' = (‘dj)) € D'(X) by "dy = ljyioi 3 (N=1,---,N;i = 1,--- . p).
Thend is an equilibrium point for PROB(M,N) and \ = E (X,(-a))-
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We note here that the equilibrium stopping stratétyy D' (X) of playeri for PROBX|,N)
is determined byX € 2PN, Therefore the equilibrium stopping strateglyc D'(X) is recog-
nizable or is reflected ovet € 2 P*N. Such an individual stopping function will be defined

by , . .
*3'(X) = ("61(X), -+, "B\ (X)) (4.4)

explicitly expressing of random variab¥ee 2 PN,

Theorem 4.1 For a sequence of fuzzy perception functighs: (X;,---,Xy) and a monotone
rule 1T, a strategy functiorid' defined in (4.4) gives an equilibrium point for F-PRO8m, N}.

Proof. Let select anyd' € A'. For x € R with V(*6~'/8')(x) > 0 ande > 0, there exists
X € 2PN such thate (Xtin(*afi/ai)) =xandV(*571/8")(x) < ug(X) + & from the defini-
tion of (3.1). Since'd(X) is an equilibrium point for PROBX |, N}, it follows thatx <y =
E ()(tin<*5<x)>) impliesV (*8') > pg(X). And thenV (*5~1/8')(x) < V(*8)(y) +&.

Similarly, for anyy € R with V'(*0)(y) > 0 ande > 0, we haveV'(*0'/d")(x) + € >
v (*8)(x) provided thay > x £ E (X{n )). Thus, combining two order relations of (3.3), we

(*3(X)

haveV (61 /5') < ¥ (*5). O

The next lemma is to prepare an explicit form of the perception value corresponding the
equilibrium point. This is a general case for the monotone rule.

Lemma 4.2 Forv=(V},--- ,vV?) c RPand Y= (Y1,--- )YP) € 2P, let, foreach j=1,--- , p,

G,V 2V+a' (WE[Y —V] = B(VYE[Y V], (4.5)

where
a' (VY) 2 P[r(let, -, lgiet, L lgist, - lep) = 1], (4.6)
B (VY) 2 P[r(lct, - lgio1,0,lgist, -+, lep) = 1] 4.7)

and 0 £ {YI >Vi}. Then, &(Y,v) (i=1,---,p) is continuous inY,v) € 2P x RP.

Proof. Since the underlyin® is assumed to be non-atomic by (3.1), the dominated convergence
theorem implies thatr' (vY), Bi(v]Y) are continuous irfY,v). And both of€E [Y' —V/]" and
E[Y'—V]] " are also continuous. Hence the assertion is obtained immediately. O

For a given sequencé= (Xy,---,Xx), let define
Xv(n) é (Xvan+175<Van+23 e aXVN)

forn=1,---,N. By considering the F-PROEX(n)|m,n}, we denotel, = (Vi;i = 1,---, p) the
fuzzy perception value of its equilibrium point.

Theorem 4.2 It holds that, forn=1,--- ,N, i=1,---,p,
(i) V., eR.
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(i) Thea-cutis given as'?",w [ﬁnaﬁ\?' o) Where
Vo =E[Xal: Voo =E[Xql: (4.8)
W Y inyyG (Y,v)
ha = Minyy v
{ o = Maxy,yG'(Y,V) (49)

where theminy, and max, are taken over the sdf(Y,v) € 2P x RP| Ko <Y <
TXN-n"Vn < v < TV} with the order relation< of component-wise iRP.

Proof. The proof proceeds by induction on From the definition ofr-cut and the expectation
of fuzzy set, _ _
Vig = {XeR|V(*3)(x)>a}

= {E) eR | Xy eXa )

— [E(X0), ECX)]

which implies thais?i1 eRand (4.8) holds fon = 1. To prove it forn, suppose that (i) and (ii)
are hold in case ai— 1. So

n+1a {Vln+1{x} ’ U (X >aaX=(X1a"'aXN)€5{pr}
where\“/'nHa is given in (4.1) with respect t§ ¢ 2 PN and g (X) isin (3.2). Thus, by (4.1),
(4.2) and (4.3), we can obtain that
vi.n-s-l,a = {Gi (Y,v) ‘ Y e )zN—nAcr(x%VE vn,a} = [7Vn+1.a, +Vn+lﬁa]

holds. This completes the proof of theorem. O

5.  An example of a simple majority rule

In this section, we discuss the caseef 2 and the monotone rule igx%, x?) = max{x},x?},
that is, it is a simple majority rule. Applying this case to Theorem 4.2, the sequence of iteration:

Vg =E[Xal, Vg =E["Xdl- (5.1)
and the recursive equation of (4.9), foe 1,2 andn=1,--- ,N,
{ Vo=V FE(Xn— V)T = POXITL 2 VP OECX p— V)~ 52)
V= VatECX 0= V)T POXET, 2 VOECK, - V)

are obtained. Thus the fuzzy perception value of equilibrium poifWi3), ¥(*5)) = (Vi, V&)
for an individual stopping strategy functiod = (*6*,*52) with a usual result of fuzzy max
order.
To show a concrete numerical calculation considered in Kurano et al. (2004), it is treated
an independent, uniformly fuzzy random variables. Ket (Xi,---,Xy) with two players
= (X}, X2),n=1,--- N and a triangle-fuzzy random variable

Xo=(Ya/Xa/2Zn) =12 (5.3)
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Table 1: Triangular fuzzy number

= (Ya/%0/Z3)

0 XY X Xtz

i.e. the center iX! with a left and a right spread, — Y\ X! -+ Z! respectively. In oder to simplify
the calculation, we assume that these are independent and uniformly distributed as

X\ ~U[0,1], Y.z ~u[0,1/2.

In this case the fuzzy perception value of the equilibrium p@int (V:,v2) could be
explicitly expressed as follows.
Here we use a notatidh andFF, a distribution function o, cooperating with a parameter
a by
T(X) 2 E(W—-x)T (—00 < X< +0o0)
where random variablé¥ = X +Y, Z =X —Y with X ~U[0,1] andY ~ U[0,a] (0 < a< 1/2),
then
1/2+a/a—x, (x<0)
1/2+a/2—x+x3/(6a), (0< x < a)
T(x)={ 1/2+a/2+a%/6—(1+a/2)x+x?/2, (a<x<1)
(1+a—x)3/(6a), (1< x< 1+a)

0,(1+a<x)
0,(x<0)
X2/(2a),(0 < x < a)
F(x)£PW <x)={ —a/2+x (a<x<1)
—(a+1/a)/2— (1+1/a)x—x?/(2a),(1<x< 1+a)
1,(1+a<x)

in cases like this. SindB(W —x)~ =T(x)—a/2—1/2+x,E(Z—x)T =T(x+a), E(Z—x)~
T(a+x)+a/2—1/2+xandP(Z < x) = F(a+Xx) are hold, we can express the above recursive
iteration (5.1) and (5.2) as follows: By the symmetry of play&ts: V2 and, set
U £ V3 = V3 (5.4)
and we want to grasp a form of-cut U o = [Un.a, "Unq] for eacha € [0,1]. By substituting
=(1-a)/2,

Ug=1/2-(1-0a)/4, TUq=1/2+(1-a)/4 (5.5)

forn=1--- N—1, we had calculated (5.2) as
Unita = Ung+T(TUhae+(1—0a)/2)— (1-F("Una))
X{T("Una+(1—0a)/2)+(1—a)/4—1/2+ TUnq},

Unirta = g +T(TUng+(1-0a)/2) — (1-F("Una))
X{T(Uhag+(1—0a)/2)—(1—a)/4—1/2+ Una}.

(5.6)
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Table 2: Thea —cuts of the fuzzy equilibrium point

a=1 a=0.7 a=05
(1—a)/2=00 | (1-a)/2=0.15| (1-a)/2=0.25

[ n] uli] | lower  upper | lower  upper |
1 0.5000 0.4250 0.5750| 0.3750 0.6250
2 0.5625 0.3811 0.7654| 0.2669 0.9004
3 0.5890 0.2851 0.9995| 0.1494 1.2709
4 0.6022 0.2418 1.3124| 0.1494 1.7487
5 0.6092 0.2418 1.6604| 0.1494 2.2265
6 0.6130 0.2418 2.0085| 0.1494 2.7043
7 0.6152 0.2418 2.3566| 0.1494 3.1821
8 0.6164 0.2418 2.7047| 0.1494 3.6599
9 0.6171 0.2418 3.0528| 0.1494 4.1377
10 0.6175 0.2418 3.4008| 0.1494 4.6155

The numerical result is as follows: We use the notatiffj = 1/2,un+1] := 1/2+
un®2n=12,... witha= (1—a)/2. The case ofr = 1,a= (1— a)/2 = 0.0 corresponds
the non-fuzzy model PROB model with the equilibrium valje] and, “lower” “upper” means
the extremal point of interval for each lewe!
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