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Analysis of weak turbulence model by multiply coupling triplets of

eiganmodes;
nonlinear interaction between elements and the interactive states.
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Behavior of a nonlinear system (such as space plasma) is often discussed via evolution of eigenmodes
of associated linearized system and nonlinear interactions among them. A minimum unit for representing
such a nonlinear interaction is a triplet of eigenmodes, which satisfies the resonance condition. First,
we discuss behaviour of a triplet in terms of ”interaction (e.g. flux between the sites)” and ”interactive
states (e.g., phase difference among the sites)”. Then we construct a simple model of weak turbulence
by multiply couple such triplets. Interestingly, this simple model has a hierarchy structure which is
universal to the complex systems. Numerical study shows that the system exhibits intemittency and
long time evolution is controlled by self-organized criticality. We discuss these specific features of the
system by invoking the concept of the ”interaction” and the ”interactive state”.
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Fig. 1 The triplet, the fundamental element of three non-
linearly interacting eigenmodes. Frequencies of the
eigenmodes, w1, wz, and w3 satisfy the resonance
condition, w1 + wo = w3.
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Fig. 2 Time evolution of N; with the initial condition,
N3 >> Nj, N3. The system is ’unstable’ in that
the ’quanta’ originally stored in mode 3 are re-
distributed to modes 1 and 2 within an instability
time scale ( 20).
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Fig. 3 Same as Figure 2 except that the initial condition
here is N >> Nj, N3. The system is ’stable’ in
that the values of N1, N2, and N3 do not evolve
drasticallly.
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Fig. 4 The multiply-coupled triplet model considered in
the present paper. The resonance condition gives
the Fibonacci sequence, wji2 = wjq1 + wj.
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Fig. 5 Time evolution of N1, N2, N3, and @ for the case
that |C1}|C2||C3| cos8 =0
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Fig. 6 Relation between cos# versus dN3(= —F).
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Fig. 7 Time evolution of quanta{wave action) and cos#6:
Unstable case.
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Fig. 8 Time evolution of quanta and cos 8;Stable.

Fig. 9 Time evolution of quanta and 6 ,when system is
unstable and |C1]|C2||C3|cos 8 # 0

Fig. 10 Time evolution of quanta and 6 ,when system is
stable and |C}||C2{|C3| cos8 # 0
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Fig. 11 Relation between 6 and F for a (single) triplet.
The exchange of quanta between the sites is en-
hanced when the relative phase is approximately
constant in time, while the exchange of quanta is
reduced when the relative phase varies rapidly.
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Fig. 12 Time evolution of N2 for the multiply-coupled
model.
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Fig. 13 Time evolution of N19 for the multiply-coupled
model.
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Fig. 14 Time evolution of N38 for the multiply-coupled
model.
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Fig. 15 Plot of N; versus the site number, j, when the
system is considered to be in the statistical equi-
librium. Note that the vertical axis is in loga-
rithmic scale, while the horizontal axis is in linear
scale. However, since w; is approximately propor-
tional to the j-th power of the ’golden number’
(c.f., eq.(12)), the plot suggests that N; is given
as a power law in terms of w;j. The power law
index turns out to be -1, implying that the en-
ergy equi-partition is attained at the statistical
equilibrium state.
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Fig. 16 Density plot of cos@; versus time, when the sys-
tem is in the statistical equilibrium. Notice spo-
radic change of the relative phase () often occurs
simultaneous at several neighbouring sites.
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Fig. 17 Time evolution of élg.
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Fig. 18 Time evolution Fyg and élg when the system is
in the statistical equilibrium.
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Fig. 19 Relation between Fig and é]_g. As in Figure 11,
here it is seen again that the exchange of quanta
between the sites is enhanced (reduced) when the
relative phase is almost constant (varies rapidly)
in time.
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Fig. 20 Time average of | Fj| of each triplet when the sys-
tem is in the statistical equilibrium.
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Fig. 21 Time average of |N_,l of each triplet when the
system is in the statistical equilibrium.
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Fig. 22 Time evolution of N2 and 83 in the initial stage
of the system evolution.
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Fig. 23 Time evolution of cos §; in the initial stage of the
system evolution.

Fig. 24 Time evolution of Fi3 (thin line), F14 (dotted
line) and Fi5 (solid line).
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Fig. 25 Early time evolution of F14 and Fij5. The part of
gray lines is where cos6 = 0.
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Fig. 26 Early time evolution of N3 and F3.
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Fig. 27 Early time evolution of 2, 18 and 4¢.
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Fig. 28 The histgram of 19 in the case of the statical
steady state. Time evolution of 6; takes all vali-
ues equally.
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